Copyright © 1984, by the author(s).
All rights reserved.

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation

on the first page. To copy otherwise, to republish, to post on servers or to redistribute to
lists, requires prior specific permission.



STABILITY STUDIES OF MULTIMACHINE POWER SYSTEMS
WITH THE EFFECTS OF AUTOMATIC VOLTAGE REGULATORS

by

H. Miyagi and A. R. Bergen

Memorandum No. UCB/ERL M84/39
14 March 1984

ELECTRONICS RESEARCH LABORATORY

College of Engineering
University of California, Berkeley
' 94720 ‘



Stability Studies of Multimachine Power Systems

with the Effects of Automatic Voltage Regulators

H. Miyagi* and A. R. Bergen
Department of Electrical Engineering and Computer Sciences

and the Electronics Research Laboratory
University of California, Berkeley, CA 94720

Abstract

The §tabi1ity of power systems including the effects of automatic
voltage regu]ator§ is studied via Lyapunov's direct method. The multi-
variable Popov criterion developed by Moore and Anderson is employed in
constructing a Luré type function for a power system consisting of syn-
chronous machines interconnected by a lossless transmission system. The
‘Lyapunov function constructed for the system with only flux decay is
regarded as a special case of the result obtained in this paper. The
effect of an automatic voltage regulator on power system stability is
illustrated by numerical examples, showing some shifts of equipotential

curves which are due to changes of voltage regulator gain.
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I. AIntroduction

In power system stability analysis, the direct method of Lyapdnov :
has been utilized by many authors over the last two decades. In their
work, several researchers [1]-[8] have discussed power systems, taking
into account the effects of control apparatus such as velocity governors
(GOV) or automatic voltage regulators (AVR). In spite of its important
role in stability, however, there have been comparatively few attempts
to consi&er the effects of AVRs while much of the literature has dealt with
GOV. Pai and Rai [6] have obtained a Lyapunov function for a power system
considering simple voltage regulator action. For the system including an
AVR in a feedback loop, another result has been reported in [8]. However
these papers have dealt with single-machine systems. Multimachine systems ‘
considefing the effects of AVR dynamics have not been discussed.

More recently, Kakimoto et al. [9] have modified the Moore-Anderson
theorem [10] according to Desoer-Wu's condition [11] for the stability
criteria. The result was applied to a multimachine power system with
field flux decays. and a Luré type Lyapunov function was constructed with -
the method established by Willems [12] and other researchers [13] [14].

In their method, however, one .has to choose the function Vis which is an
integration of the nonlinear part of the system. The choice of this
function is somewhat intuitive and is not readily extended to systems
with AVR dynamics or to other more complex systems.

In this paper, the function V] is uniquely obtained by determin{ng
an arbitrary matrix Q first, namely, all elements of the matrix Q are
determined so that the curl equations may hold for the nonlinear components
of the system given [7]. Once Q is determined, V] will be given by a line
integral of the non]ineaf components and is independent of the path of

integration. Thus a Luré type Lyapunov function is constructed for the
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multimachine power system with AVR.  The linear part of the Luré type

function is determined by the procedure developed by Willems [12].

We note the voltage regulator modifies the original behavior of the
system, hence, when we discuss the generator with AVR, we should pay
attention to the effect of installation of this control system on the
stability of the original system. A poor design will sometimes violate
. the stability of the original system. The Moore-Anderson theorem yields

extra conditions for the stability of the system, in connection with
the installation of AVR.
The drganization of the paper is as follows. In Section II, we
_present the dynamic equations of the system, taking into account flux
decays and AVR. The AVR dynamics with feedback loop are approximated by
- first-order responses. In Section III, the stability criteria are given
according to the Moore-Anderson theorem, including stability criteria
which are due to installations of AVR. The nonlinear part of the Luré
type Lyapunov function, i.e., v](g), is also determined in this section,
being concerned with Desoer-Wu's condition. The linear part of the
Lyapunov functfon is derived in Section IV by solving matrix equations.
The proéedure established by Willems is used for'determining the unknown
matrices. In Section V, we discuss critical values of the Lyapunov
function. A discussion related to the choice of some coefficients
appearing in the Lyapunov function is also given. Section VI gives
examples to shqw the effect of an AVR on powek system stability. The
final Section VII summarizes the main results of the paper and briefly

outlines several extensions to be developed in future work.

II. Dynamic Model of Power System

In this section, we consider a power system consisting of n synchronous



machines includ%ng the effects of field flux decays and AVR action. The
synchronous machines are modeled by internal voltages which are connected
to the machine terminals via transient reactances. A simplifying assump-
tion is that the quadrature reactances_are.equa1 to the transient reac-

tances, in which case, neglecting resistances, a dynamic model of the ith

machine is given by [16]

My =+ Dy gg = Pi - L, Byj By By sin Sy
dt” J=1
(1)
dE; ,
' — - . =X .
Taoi T8 = Bexi = B * (Xgi=%gi) 14
the AVR is modeled by a linear Ist-order response as follows:
dE_. . ' :
. exi _ ;0 - _yO .
Tvi 7dat ° (Eexi'Eexi) “i(vti Vti) (2)

In (1) and (2)

Gi: machine internal voltage phase

E.: machine internal voltage magnitude

Eexi' excitation voltage magnitude
o . e
Eexi' Eex1 at equilibrium

Vti: terminal voltage magnitude

o . e

Vti' Vti at equilibrium

Taoi: open circuit time constant of machine
T .: time constant of voltage regulating system
feedback gain of voltage regulating system

Idi: d-axis current

B..: susceptance parameters of reduced system



In this system, some of the machines may act as motors while the rest act
as generators. Despite this fact, we.simplify by supposing each machine
has an AVR‘system.' In addition, as the terminal voltage has a root square

form of direct and quadrature components, a feature which frustrates the

proposed analytical method of constructing Lyapunov functions, we assume
simply Vii = kivtqi’ where ki is a constant [8]. .This assumption is
reasonable for a 1ightly loaded system.

Under these assumptions and taking into account the condition that
dzai/dtz, d§;/dt, dE;/dt and dE_ ,/dt are equal to zero at equilibrium,

the system dynamics (1) and (2) may be rewritten as

2
d=s ds. n
i i 00 i O .

dE.

bt TP o
Yi g = - %(E5Ef) + Bi(Egyi-Eqys)
a 0 0
- jzl Bij{Ej cos 61j-Ej cos 6ij}
J#i (3)
‘ dE_ .
exi _ _ 0y . r 0
gi dt : ¢i(_Eexi Eexi) ni(Ei Ei)
n 0 0
+ . . {E® ) . E. ..
jZ] BU{EJ cos 513 EJ cos 513}
J#i

where the superscript "o" denotes the value at the equilibrium state and



Xdi~*di Xdi~*di
T .
_ _ doi 1
i XgimXgs oM TRt Y11 . “
q)‘ = ] T s Es: = ‘—-r—-'T\ri
Toougkyxgs LT
. 0 s (o] 0.
We define AG, A 8,-6;, w; A A6;, AE; A E,-Ef and AE, ; A E, =B for

i=1,2,2++,n, and 46, A AS;-A6 for i = 1,2,°°-.n-1, choosing the nth
machine as reference. Furthermore, we define a (4n-1) vector x , (mn)

vector ¢ and (m+n) vector f(u) as

|
fie>
-
la
>

(5)

>

£,(a)
F(a)
£,(a)

‘where g, and f ](_c_) are m (=n(n-1)/2) vectors, 9, and f 2(gz) are n vectors

-

and

AS. s

AE



- B, ,((EO+aE, ) (E%+aE, )sin(6? - % sin 62,
f]k = Bij{(Ei+AEi)(Ej+AEj)s1n(61.j+A¢S1.j) E1EJ sin GU}
n P - | ' |
= ° 0 - (E%uaE, 0 +A6, . 6
for jZ] Bij{Ej cos 61.3. (Ej+AEJ)cos(61J+A6U).}V . (6)
J#i
Then the state model is given by
x =Ax-BFQo) . o
T ' (7)
g=Cx
where
- T 7 _ i}
0 K ] (4] 0 0
R R R T o
A= - - » B = -
o o -rle y's| S o Y
o o - -yl L0 gt
I : (8)
T - l: & 00 Q_} | ) 1
0 01 o0 {° ="
| - T ' -e!
e 0 | e 1 0
I= s &=
-1 T' -1 9 En

in which A is a (4n-1)x(4n-1) matrix, B is a (4n-1)x(n+m) matrix, C is a
(4n-1)x(n+m) matrix, K is a nx(n-1) matrix, T is a nxm matrix, G is a

(n-1)xm matrix, T' is a (n-1)x(m-n+1) matrix, G' is a (n-2)x(m-n+1) matrix,

nxn diagonal matrices. We notice a relationship T = 53.

III. Stability Criteria of the System

The transfer functionof the linear part of the system (7) relating



o to -F(g) is given by

W(s) = c'(s1-a)8
1.1 RN
Lilts tewlp) w's 0
= (9)
-1
0 Uy  -UE
where B £. ¢ ]
'l (S+‘£—"
U, = diag i i
L O, b B
(s+=D)(s#2) T+
Y E9° Ny Yy
- - (10)
_ .6, _
U, = di Y
=2 T 4139 ( + N +¢)£,-+e,.
s+—)(s —t
Y &7 My Yi

The nonlinearity F(o) is assumed to satisfy the following conditions [11]:

(i) F(o) is continuous, and maps R™M into R™M

(ii) For some constant real symmetric matrix N,

ET(_) No2>0 forallo€ RN

and

Fla) =0 ifa=0

(iii) There is a scalar function vy (0) such that V](g_) > 0 for all

o€ Rm+", V] (o) = 0 for ¢ = 0 and for some constant real matrix Q
VV](c) Q" Fo) . for all ge R

Using the above conditions in [11], we obtain a version of the Moore-

Anderson‘ theor'em as follows:



Theorem

If there exist real matrices N and Q such that
Z(s) = (N+Qs)u(s) | - (11)

is positive real, then,vassuming there are no pole-zero cancellations,
(i) there exist real matrices P, L, Wy with P positive definite and

'symmetrié, satisfying
T

PA +ATP =-LL (12)
P8 = CNT+ATCQT L, - (13)
T T Ta AT ' ‘
Wiy = QCB+B'CQ .(14)

and

(I1) these matrix relations along with (i), (ii) and (ii1) may be used to
establish that the null solution of (7) is asymptotically stable in the
large. 4 | . )

To establish this result we use the Lyapunov function

V(x) =5 x"B x + V, (o) (15)
with
V(x) = - 2"L-EW0) (LTx-upfF) - xTenT ‘ (16)

Note that under the conditions stated we obtain a global stability
result. For our application, however, (ii) and (iii) are not satisfied
globally and we will use V(x) to estimate a region of asymptotic
stability.

In this paper, Q,which is required to satisfy Desoer-Wu's condition
(iii), is specified so that VV](g) ='QT§Q2) satisfies the curl equations



QF(@)];  alR'F)]
o0 = aci _ (]7)

J
In our case (17) implies the result
Q=al (18)

where q is an arbitrary constant. Thus we can obtain V] (g) by a line

integral which is independent of the path as

(e = [ 0" E@)) e

g

1
=q J; - do +q I— f dgz
= ni] g B, [ (E+AE, ) (E%+AE, ) {cos 87, - cos(82.+a8, )}
a i=] j=i+] L Ikt B R B ij ij iJ
- BE;AE; cos 5° - A8, .E%9 sin 62.] (19)

ijmi-j ij

Now let us define N with a scalar constant n as

LonL e |
G o

Descer-Wu's condition (ii) with this N implies n _g{ f](é) > 0. In this
particular problem, however, the term _q1]- f1(g) can have negative values
around the origin as pointed out by Pai and Rai [6]. Hence it is desirable
to remove this condition, letting n=0. On the other hand, however, this
selection of n may lead to a pole-zero cancellation between (N+gs) and

W(s). In order to avoid the pole-zero cancellation, we give n a nonzero
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value in constructing the Lyapunov function, and after the function is
obtained we let n=0, according to the procedure given in:[9]. Substituting

(12) and (20) into (11) gives

(2,(5) 0
s) = | 7
0 Zps)
- -1
[mas) 3 1TG1ew ) W 2
0 as(Y. Y -Uog h

(21)
The conditions for Z(s) to be positive real are:

(1). Z(s) has elements which are analytic for Re(s) > 0
(2) ;f(s) = z(s*) for Re(s) >0

(3) 7'(s*) + Z(s) is positive semi-definite for Re(s) >0

The first two conditions clearly hold. In this case condition (3) will be
satisfied if both Zl(s*) + gq(s) and z;(s*) + ZZ(S) are positive

semi-definite for Re(s) > 0.

qD1-nM
21T diag{ 2 7, } T
- M D

We have

(s%) + 4(s)

2 2 (22)
w (P FPoPa=-tyd,}
2l(s*) + Z,(s) = 2q diag| — 2> 178
2 =2 2 2 2
(‘P4‘N ) +‘P3w
where
] (¢i-81)
Yy = s Yo = (23)
LR 2 48,
Q. o ;B
i i %Py
w = e —— R w D ——
3 v & 4 Y6
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Hence if there exist constants

M;
qQ>ng- for all i (24)
i ,
and
v; >0
Bit; . 25)
;-85 > ¥i0: (a;4n,) for all i ) (

ZT(S*) + Z(s) is positive semi-definite, which implies Z(s) is positive
real. This means the system is asymptotically stable under the conditions

(24) and (25). The extra condition (25) is due to the installation of
the AVR.

IV. Lyapunov Function

In our case; it is not enough to simply find conditions guaranteeing
the existence of a Lyapunov function. We need to find the function to
estimate the region of asymptotic stability. For this purpose we use the
Willems technique to find the matrix P which satisfies (12), (13) and
(14).

Let P, L and LA be partitioned as

p—

P11 B2 B3 By Ly Ly
oo | P21 B2 Pz Bog Lo | e b
B B3 By By L1 L3 _
(26)
| P By By3 Py | | L1 Lz |
Wy My
I
| ¥y Uy




~ Then as a consequence (14) leads to

=0 ,Wy=0

LI Hyy=0

T Ty o=
Wy olyp + Hyollyy = 20y

From (13), we have

_of . _ ol .
Py =Pp3 =0 Byp =Py =20
Paay V= Pyalt = =(LyyHyotlyoly)
L E A £ P14 L PAOPLoY
- Loqyp ¥ Loy, =0
=1 _
PioM T =nG
P MIT = gk G
Po T =aK G
-1 A 1T
Pagt " =P3ef " = -aly ‘@) - (Lgihyptlsoiys)
-1 A 1T
Pagt - Bgpf = alx '8) - (Lyqllyptlyohipy)

Furthermore we obtain the following relations from

) T T
L1 =0, Lyp = 0, Pyg =Py =0, Py = Pgy =0

T -1n _
Pk =P’ =0

-1 T )

:
K Pyp= (W' D)TRyy + Py KT - PooT'D = =(Lyqlgythoplsy

-1 A 1T 1T T, T
“Pagx ‘e Pagt n- (x7'0) Pay - (£710) Py = - (Lgylyytlaskyy)

-1, -1 Sy T 1T T
Paar ' w-Pygf'n +(x'8) Py - (£710) gy = - (Lyglyytyalyy)
A, - ST LT, T T
Pagt B -Pyse '8 +(x 'B) Pay- (& '0) Pyy = -(Lygqlyytlyolyy)
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(27-1)

(27-2)

(28-1)
(28-2)
(28-3)
(28-4)
(28-5)
(28-6)

(28-7)

(29-1)
(29-2)
(29-3)
(29-4)
(29-5)

(29-6)



We also have

T T _

Latboy + Lobpy = 0

Lykar * Lyokyp = 0 | (20-7)
Lotk + Logkly - 0 |

Loykay * Loplgp = 0

which may‘be satisfied with

E31°0 Lgyy=0, Ly=0 | (30)
Thus, the solution of (12), (13) and (14) reduces to the solution of
(27), (28), and (29).
Now, substituting (30) into (28-3) gives L21yqz = 0 which leads to
= 0.

-42
Solving (28-4), (28-5), and (29-2), we obtain well-known results

(141 [15] [16] |

Pip-m D 1Dy 0 0y,
Pip = Bypk'D'M | | | | (31)
Ppp =M+ uMl M

where gn_] is the matrix D with nth row and nth column deleted, p and u

are scalar constants and 1 is a matrix with all elements equal to 1.

Substituting (31) into (29-3), we have the matrix inequality
2(-D+TM) - u'(M1D+DIM) <0 (32)

where u' = (u-p)/q
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The determinant of the left side of (32) is a quadratic in u'. Hence
(32) will be satisfied if u' lies between the two roots of this quadratic -

equation given by [14]

: 2
(u')z n21 n (DiMj DjMi)
' i=1 j=i - LMD, -L .
.1 1 j=1+1 4(D1 3 Ml)(DJ q MJ)
n D.M,
-u ] - 120 (33)
1"] Di-‘q— Mi

Next we determine Psq, Pg,, and P,,, by solving (27-2), (28-6),
(28-7), (29-4)-(29-6).
Substituting (28-6) and (28-7) into (29-4) and (29-6), respectively,

we obtain the following equations:

(Lap*a M3p) (LiptHone) - (P3e (o) - () (Page )T =0 (38)
and
(g8 (Lgp-Hpo8) - (Pgaf)(e-8) - (0-8) (BQee™T =0 (3)

In addition, substituting (28-6) and (28-7) into (29-5) gives
| T,T v T - - - 5
(Lyp-8'Hop) (L3p#Hona) = (Phut)(en) - (o-8)T(Rge )T =0 (36)

In these derivations, one should remember that P is a symmetric matrix and

2qy"" = Wb My, which is the solution given by (27-2)

We define
T,T
Hy Algy *aWy
ml
Hy ALy "By, (37)
-1
& 4 Pyel
-1
LoN Y1



ilow it fs convenient to assume 9](Efﬂ)’ 22(915) and ﬂaﬂl(ﬁfﬂ)'](g:ﬁ) are

symmetric matrices. Then (34) and (35) reduce to .

] T -1
2y = 5 HyHy(an)
1 2 =14 (38)
b - bl
Substituting (38) into (36) gives
¥ U - tern) (6803 g 10, - (o) (28017 = 0 (39)
which leads to
= (e (080 Thy (40)

The above equation gives the relationship between LBZ and 542.
Next we derive the relationship between 244 and 334, by substituting
(34) and(40) into (35). Thus we obtain

= () (e-8)1 e, (41)

. Substituting (34), (40), and (41) into (28-7), we can obtain the following

equation with respect to'ﬂqz
(0-8) Tt () ' 1Dty (o) ™13 - €Dy (o) ™08 (o) ™ Ty
- 2(0-8) "M (e+) ™ 1 - 83 Hpp =0 (42)

In order to solve (42) easily, we will assume Lo and L,, are diagonal

matrices which implies ﬂq and 52 are also diagonal matrices. Thus we have

L,, = diag{%,,}
=42 2k (43)

X
[

Hy = diag{h;.}
Hy = diag{h2k}
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Solving (42) with respect to h]k’ we can obtain

B &y ‘
w (o -8 ) + /o, Lo -8) "B (9k+nk)}]
Tk © '

h (44)

¢k'6k ] Ek
% Yk

~for k = 1,2,°++,n, where W = /Zq/yk .

In order for h]k to be a real number, it is required that

OBy > Bkgk(ak+nk)/(¢kyk). This requirement is identical to the
condition that the positive real matrix Z(s) exists for the system, as
shown in inequality (25). Although Qe have two solutions th and h;k in
(44), h;k‘= minlh]kl is chosen.v The reason for this choice will be given
later. )

From (34), we obtain

1. e .2 -
By = g dias ke 1, (49)

Using (37), (41), and (45), 344 is. given as

- 1 . gk(¢k’6k) 2
Py = 7 diag (ot )2 Mk (46)
%Mk
Finally using (28-6), (37), (42) and (45), we can derive P, as
I I I Y
P33=2 mag[pk-gk "k T o6 (nk6k+¢kak)} (47)

On the other hand, 52 which is related to 542, is determined by substituting
H; into (40) as |

Ny OBy
iy = diag T hik (48)
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.

Thus, P, L and Wy are all determined.

Now "the Lyapunov function given in (21) with n=0 reduces to

n by 2 & ey |
fih 2 |/ T T e
+q nil E B [:(E0+AE )(E%+aE ;) {cos 82 -cos (87 +a6, )}
A Rt Ml LS Mt ij 15700
0 : 0.0 .. .0
- AEGAEg cos 87 - 84y EjE; sin 85 (49)
with
V(x) = - %'E’_TLZ]L;]E
1 n .=B. 2
i d B AR 5

The extra terms, which are due to the AVR, are obvious in (49) and (50).
If one let B{ be zero, i.e., hy; = 0, in (49) the Lyapunov function

which includes only the effects of flux decays is obtained.

V. Critical Value

The region of asymptotic stability R is defined in terms of the

critical value VC as follows:

-18-



R={x[V(x) <V} | (51)

The technique of determining Vc by evalhating V at the "closest" unstable
equilibrium point may be employed.
The unstable equilibrium points of the Lyapunov function may be

determined by sb] ving

subject to the constraint V](g) > 0.

In case of p = 0, the critical value Vc is given by

n Jn;B:+d.o. 2
v.o=3 § (L1 11 (agYy
¢ 24| %y L
+q nii E Bss [(ﬁ0+AE“)(E°+AE“){cbs 69 .-cos (9. +asY.)}
=7 jefer W T I iJ 1 713
u,-u 0 u 00 _. 0 4. A
- AEJAE cos 854 - 484 ¢ EGES sin Gij] (53)

where "u" denotes the closest equilibrium point to the origin. As found
in (53), V, does not depends on hy, (i = 1,2,-+=,n), while V in (49)
depends on them. Hence, if one choose hli so that its effect on V is

small, a wider stability‘region will be guarantegd. This is the reason why

we have chosen the minimum value of |h11|'1" (44).

VI. Example

Let us consider a three-machine system as shown in Fig. 1. In this
system M] and M2 act as generators while M3 acts as a load. We investigate
the effect of AVR action on power system stability from the standpoint
of modification of the equipotential curves with the gain parameter of

the AVR system. In order to clarify the effect, we impose the flux decay
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and AVR action on only the No. 1 machine. In this connection, the system
constants for the No. 1 machine including the AVR systemAare listed inv
Table 1.

Figure 2 shows the equipotential curves for the system without the
AVR i.e.; with only flux decay, under the constraints A623 = 0 and Aé] = 0.
Equipotential curves of the system including the AVR with p = 1.1 and yu = 2.2
are given in Fig. 3 and Fig. 4, respectively, under the constraints
A623 =0, Aé] =0 and Aéexi = 0. While flux decay is seen to make the
stability reaion narrower, voltage regulator action corrects this
situation. The degree of correction depends on u, the magnitude of the
féedback gain of the voltage regulating system. The comparison between
Fig. 3 and Fig. 4 shows how the AVR gradually changes the figures of
potential energy level of the system. For reference, the equipotential
curves of the system neglecting both flux decay and AVR action is also
given in Fig. 5. It is found that with the increase' in magnitude of p

the curves approach the situation shown in Fiq. 5.

VII. Conclusiohs

This paper has given a Lyapunov function for a multimachine power
‘system taking automatic voltage regulator action into consideration.
The nonlinear function V](EQ has been obtained uniquely by determining
the matrix Q first. A1l the elements of the matrix were determined so
that the curl equations might hold for the nonlinear components of the
system equation. The Moore-Anderson theorem yielded extra conditions
on the power system,'in connection with the installation of the AVR which
may have some implications on system design. The effect of AVR action on
power system stability was investigated from the standpoint of changes

in the equipotential curves.
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An inclusion of load characteristics, which also plays an important
role in power system stability, is currently investigated and will be

discussed on another occasion. -
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Table 1. System constants (p.u.)

X =115 . Xy = 0.3

Tior = 6-6 [s], Ty =0.10s], Ky =1.021

vl
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Fig. 1 Sample system
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Fig.2 Equipotential curves without AVR
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Fig.3 Equipotential curves with AVR (pu=1.1)



Fig. 4 Equipotentijal curves with AVR ('/_,, =2.2)
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Fig.5 Equipotential curves without flux decay and AVR



	Copyright notice 1984
	ERL-84-39

