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I. INTRODUCTION

We shall consider two optimal control problems for linear

systems whose behavior may be described by the set of differential

equations
a r
x.(t) = jé;l aijxj(t) + j:zl bijuj(t) i=12,...n. (1)
The - indicates differentiation with respect to t, and all of the quan-
tities in (1) are assumed to be real. The vector x(t) = (xl(t), xz(t), .. .xn(t))
is called the state (at time t) and the function t—u(t) = (ul(t), uz(t), . .ur(t)),

the control.
The first problem is to choose a control over t, <t <t, which trans-
fers a specified initial state to a preassigned terminal state in such a way

that the integral

t

]
J Ox(t), wt) at (2)
tO )

is minimized. In (2), fo is a convex function and x(-) is the solution
of (1.) corresponding to the control u. We assume that the magnitude of
each component of the control is bounded in absolute value by unity, i.e.
lu(t)| <1, i=12...r forall t.

The second problem is to choose, for each initial state, the con-
trol over the interval 0 <t < co in such a way that the integral

(e 0]

I 2x(t), u(t) at
0

is minimized. It is assumed again that fo is convex and that each

component of the control is bounded in absolute value by unity. This
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mathematical model is frequently used to represent the behavior of a
regulator syétem.

Both of these problems will be treated by using Pontryagin's
maximum principle. As is well known, the maximum principle
specifies a set of necessary conditions for a control to be optimal.

Two of the principal results of this report are that the maximum prin-
ciple is also a sufficient condition for optimality for the first problem
and for a particular case of the second. These results are essentially
the contents of Theorems 4 and 10, which are similar to results ob-
tained by Gamkrelidze for the time optimal control problem. 1

In Sec. II, we develop both of the problems together. The main
results are Theorems 1 and 2 which assert the existence of an optimal
control for the problems. These theorems are apparently new although
some papers have been devoted to the question of the existence of
optimal controls for related problems. 2,3

Sec. III is concerned with the first problem exclusively. The
main result is that the maximum principle is a sufficient condition for
optimality when the problem is normal (Theorem 4). We show that the
problem is normal whenever the specified terminal state is in the
interior of K, the set of states reachable from the initial state. K is
shown to be convex, and to have a nonempty interior when (3) is con-
trollable. If (3) is controllable, the interior of K is, roughly speaking,
almost all of K, and therefore the maximum principle is almost always
a sufficient condition for optimality.

We consider a special case of the second problem in Sec. IV. The

most important assumption is that

fo(x, u) = _1- <{, Q)> + _1 <u, R1,>
> .

2

where Q and R are non-negative and positive definite matrices, res-
pectively. We show that the maximum principle, suitably strengthened,

is a necessary and sufficient condition for a control to be optimal

“



(Theorem 10). Because of its engineering importance, the problem of
constructing an optimal feedback control (the synthesis problem) is
treated in some detail. This problem was discussed by Jen_wei4 and

Letov, > but it appears that their results are in error.

A. NOTATION AND CONVENTIONS

For the most part we shall use standard mathematical notation.
Typical symbols for functions are x(:), t—>u(t), g:Rn—»R, while the
values of the functions at particular values of their arguments are
denoted x(t), u(t), g(x), respectively. Matrices are denoted by capital
letters such as A, B, Q. No distinction is made between row and
column vectors; the meaning will always be clear from context. For
example, if A is an n xn matrix and x, ¢ are n-vectors YA and
Ax have meaning only if ¢ is a row-vector and x is a column vector.
The scalar product of Xr:1 (xl, TR .xn) and y = (yl, S RERY yn) is
denoted <<, )> = zi: 1 %Y The norm of x, unless specified

otherwise, is max |x| The O(e¢ ) and o(e ) notation have their
1<i<n !
usual meaning: f = o(e¢ ) means lim f/e = 0 and g = O(e¢) means there

is an A such that |g/e | <A. «—0



II. TWO OPTIMAL CONTROL PROBLEMS

A. SUMMARY

In Part Bthe two control problems to be studied are formulated
precisely, and the notions of admissible control and transfer are de-
fined. The synthesis problem, i.e., that of finding an optimal feed-
back control, is stated in Part C. The principal results of the section
are in Part D where existence theorems for optimal controls are proveci
(Theorems 1 and 2). Their proofs, like those of similar theorems in
Markus and Lee, 2 are based on the weak compactness of the set of
admissible controls. What is new in the proofs is the exploitation of the
convexity of the cost function fo and the applicétion of the Banach-Saks
theorem to obtain strongly, instead of weakly, converging sequences.
Lemmas 1 and 2 are also important because they are used later in Sec. III,
where Problem I is treated, and in Sec. IV, where a special case of

Problem II is solved,

B. PROBLEM STATEMENT

In this section we formulate the two problems that will be considered.

The first is a particular case of those considered by Pontryagin in Ref. 7,
with the greatest specialization being to a linear system, and the second is

a regulator problem.

The control region £, a subset of R’ the real r-dimensional vec-

tor space, is assumed to be

Q ={(ul,u2,...ur)| Iui|_<_1, i:l,Z,...r}

We say a function t—u(t), is an admissible control iff u(t)e2 for each

t and it is measurable. For brévity, frequently the adjective '"admissible"
will be omitted and "control'" will mean "admissible control."

Comment: In any engineering application, of course, a control must
be at least piece-wise continuous for it to be physically realizable. How-

ever, in proving the existence theorems (Theorem 1 and 2) it is necessary

o«



to use measurable controls. Technically, the reason for this is the fact
that the class of measurable controls is closed under passages to limits.
We will consider systems whose state at time t is described by
the set of differential equations,
n

%.(t) = ax(t)+ bu(t), i=12,
%, JZI z

the coefficients aij and bij being real constants. Introducing the
matrices x = (xl, Xy o .xn), u= (ul, Uy - .ur), A= (aij) and B = (bij)’

these equations are

5<=Ax+Bu. (3)

Eqgs. 3 are called the state equations of the system.

For any control t—»u(t), the solution (trajectory) of (3) satisfying

the initial condition x(to, u) = X0 is given by

A(t-to) t  A(t-T)
x(t, u) = e xo + J e Bu(t)dT . (4)
t
0
For brevity, x(-, u) often will be abbreviated to x(:), when the control
intended is clear from context. Occasionally, the notation x(-, u, xO) will
be used whenever the initial state is important.

The control t—su(t), t0 <t< tl, is said to transfer the state from
position X4 to %) iff the solution of (3), x(-, u), satisfies the boundary
conditions x(to,u) = X and x(tl, u) = X - The states X and x, are
called, respectively, the initial and terminal states.

We consider in addition the integral

4

I 0 (x(t, u), ut)) dt

t

where the function fo satisfies the conditions



0
1. fo and Ef_, i=12,...n

ox,
i
" n
are continuous on R x

2. fo is convex: For all X} Xp Uy, Uy and 0 <\ <],

0 0 0
f (Xx1+ (1- )\)xz,)\ul-i- (l-k)uz)i)\f (xl, ul) +(1-XN)f (xz, uz).

The first problem we shall study is ,
Problem I: For the system (3), given states X, and X} and
times to, t1 among all admissible controls t-——su(t), t _<_t f.tl’ which
transfer X to Xy find one for which f:l fo(x,. u) dt is a minimum.
Comment: The case when the cost function f~ depends solely on
the control u, is especially important in engineering problems. For

example, if fo(x, u) = 2;1 Iuil , the integr.al

o+

1
, o (t) ] at

N+

t i=1

0
might physically represent the fuel expended in control by u.

In Problem I the control is explicitly required to move the state
to position X,- However, in some engineering problems this requirement
is not essential. For example, suppose the process described by (3) is
the deviation of a regulator from its equilibrium state, x = 0, the normal
mode of operation. In other words, x(t) represents the displacement of
the state from the desired one at time t. Then, a natural measure of the
performance of a control t—su(t), 0 it < oo, is the integral

& .0
J £(x v at
0 .

where we might, for example, specify fo(x, u) > 0 with equality if
(%, u) = (0, 0).
With this motivation, we formulate

]



Problem II: For the system (3) given the initial condition
x(0) = X0 find among all admissible controls: t—pu(t), 00<t < oo one

for which the integral
oo
f fo(x, u) dt
0
is a minimum.

A control which is a solution to either of the problems cited above

is called an optimal control, and the corresponding trajectory, an optimal

trajectory.

C. THE SYNTHESIS PROBLEM

In engineering problems, it is often necessary to consider more than
a single initial state. For example, in the regulator problem cited above,
no initial state is distinguished (x0 might represent a displacement from
equilibrium due to some load disturbance). In this case, a solution of
Problem II for all X is needed.

This requirement leads to the so-called synthesis problem for
Problem II. We say a function x—u(x) from R® to @ is an admissible

feedback control iff for every X

1. The differential equation

%X = Ax + Bu(x)

has a solution, x(-), 0 it < oo, satisfying x(0) = xq-
2. The (time) function t——pu(x(t)) is an admissible control in the
sense previously defined.
The synthesis problem corresponding to Problem II is

Problem II': For the system (3) among all admissible feedback

controls x—»su(x), find one such that for every initial state the integral
® 0
f £7(x, u(x)) dt
0 .

is a minimum.



A solution to the synthesis problem is called an optimal feedback

control. If x—pu(x) is such a control, the differential equation

%X = Ax + Bu(x)

determines all of the optimal trajectories of the system.

Comment 1: The relation between Problems II and II' may be seen
as follows:

Suppose t—bu(t), 0 <t < oo, is optimal for initial state Xy Let the
corresponding solution of (3) be x(-, u). Then if t, <t'< oo the control
t—pu'(t) defined by u'(t) = u(t), t' <t< oo, is thim;l for initial state
x(t',u). This is clear since once a:state x(t', u), the subsequent control
must be optimal. Observe that the value of the control depends solely on
the state, and the value of t' is immaterial. Thus t-—»u(t) actually deter-
mines a value of u(x) for each stéte on the trajectory x(-,u). Conversely,
if x—su(x) is a solution of the synthesis problem, the control t—su(x(t))
(for each initial state) is a solution to Problem II. |

Comment 2: For many engineering problems, the solution to the syn-
thesis problems is the desired one. The function x—u(x) defines a feed-
back control; whereas, a solution to Problem Il is an open loop control.

Generally speaking, feedback control systems are preferable to open-loop

systems.

D. EXISTENCE THEOREMS

In this section, we show that the problems formulated above have a
solution under suitable hypotheses (Theorems 1, 2 and Corollary 2). The
proofs are based on the weak compactness of the set of admissible controls,
the convexity of fo, and the Banach-Saks Theorem. The actual proofs of
the theorems will not be needed in the sequel, although Lemmas 1 and 2
are used later. The reader may therefore omit the proofs of the theorems
without loss of continuity, and go on to the next chapter.

Consider to and t1 fixed (finite) and let U be the set of all ad-
missible controls defined on [t0’ t]] . U is a subset of the Hilbert space

L, of square integrable vector functions on E:O, t]] . In proving the

2

~)



existence theorems, however, it is necessary to consider LZ with its

weak topology. The following lemma plays a crucial role in what follows.
Lemma 1: U is convex and compact in the weak L2 topology.
Proof: If u, and u.e U, then Xu1+ (l-X)uze U for all Oi)\ _<_1,

1 2
because for any te [to, tl] , )\ul(t) +(1-X) u,(t)e @ since R is convex.

Hence, U 1is convex.

U is bounded as a subset of L, since Q is bounded and t, -t is
finite. It is easy to show U is closed in LZ (consider L‘2 with its norm
topology). Therefore, U is compact in the weak L, topology.

We will also use the Banach-Saks theorem whose proof may be found
in Ref. 8.

Theorem (Banach-Saks): Given in L, a sequence {un} which con-
verges weakly to an element u, there is a subsequence {unk} such that the

arithmetic means

in norm.

The next result is simple, but is quite useful and will be needed
in Secs. 3 and 4 as well as here.

Lemma 2: Let u, and u,e¢ U and suppose x(, ul) and x(-, uz)

are the corresponding solutions of (3). Thenif 0 <\ <1

x(,hup + (1= X) wp) = Axle,w) + (1= M) (-, u,)

Proof: From (4) we have

Alt - t5) ¢ oAt-T)
x(t, Ay +(1-Nuy) = e S Xp t { e B(Auy(7) + (1-N)uy(7))dr
0
Aft - tg) 1 A(t
“he x, +n S T By (v ar
t
0



At-t t

)
O R I
t b
0

=\ x(t, ul) +(1 - N)x(t, uz)

which proves the lemma.
Using Lemma 2, it is easy to prove by induction
Corollary 1: Let U, uy, ..y € U and x(-, ui), i=1,2...k be the

corresponding solutions of (3). Then

u, +u, +...+u k
x [, 1 2 k = 1 z x(.,u,) .
k k . 1 1

1=

We note also the following property of convex functions:

Lemma 3; Let x—»d(x) be a convex function defined on R™. Then

X, + x5, +...+x% k

1T *2 k 1
$ < Z ¢ (x,) .
( k )_k 121 ot

Proof: The lemma is true for k = 2 by definition. Assume it to be

true for n=k - 1. Then,

X, + X5+ ...+ X
1 2 k
k

il
-B-
NN
|><
e

+
-
]
fo
"
N
+
+
»
-~
~—
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which proves the lemma.

We are now in a position to prove an existence theorem for optimal
control in Problem I.

Theorem 1: In Problem I, if there is a control t—»u(t), t : ti tl’
which transfers X4 to Xy, there is an optimal one.

Proof: Let F< U be the set of all controls which transfer X, to x;.
F is convex, in view of Lemma 2, and it is nonempty by hypothesis. Con-

sider the function C:F—®R defined by

Y

clw) = [ 2t w), ult) at

and let d = inf C(u). We have to show there is a u ¢ F such that C(u)=d.
ue F

If F is finite, the theorem is trivial. If F is infinite, choose a sequence

{un} in F such that

Clu) < d+ R (5)

21’1

Since U is compact, there is a u¥ ¢ U and a subsequence of {un}
converging weakly to uw¥. From (4) and the definition of weak conver-
gence, we see that u* ¢ F, i.e., u¥ transfers Xq to X - We will show
u* is an optimal control.

The Banach-Saks theorem (renumbering indices if necessary) states

there is a sequence of functions {Vn} converging to u* in norm with

u1+ u2+...+ uk

k

The V)€ F because F 1is convex. Denote the solution of (3) for control

u by xk(- ). Then using Corollary 1, Lemma 3 and Eq. (5) in that order,

-11-



to‘ -

tl X, + x5 + +x u, + u,+ + u 7
I A (1 2 kK 1t% k) a

to k k

k 1
<1 S J P at
— . 1 1
k i=1 tO
k
<a+ 2 S L o<a+l
- kK iS1 L K

21

Since vk———bu* in norm, it is clear that x(t, vk)——bx(t, u*) for

each t (See (4)). In addition there is a subsequence of {Vk} converging

a

to u¥* almost everywhere on [to, tl] , SO we may assume vk—bu* a.e..

Therefore, since f is continuous

N}

lim fo (x(t, v vk) = fo(x(t, u*), u*) a.e.

k—» o0

k)'

The theorem then follows from the inequalities,

a< [ 0 (x(t,ux), ux) at

1l
<,

im0 (x(t, v ) V) dt
t k—»o0 .

]
(.

lim inf fo (x(t, vk), vk) dt
t k—»00

>

-12.



t

< lim inf f
~— k—»00 to

1
£(x(t, v,)) at

= lim inf C(vk) =d .
k—» 0

The fourth line follows from the Fatou-Lebesque theorem.
In order to prove the existence of an optimal control for Problem II,

two additional assumptions will be made about the function fO:
1. 2(x,u) >0, £0,0)=0 (6a)

o
2. for every C, if f fO(x, u)dt < C then there exist C1
0

such that 0 r 2
Z w'(t)dt<C, . (6b)
o i1

Eq. (6a) is natural in engineering problems, and it rules out the possibility
of the integral in Problem II diverging to -co. Eq. (6b) is somewhat more
restrictive but is satisfied in the important cases when fo(x, u) = §(x)
+]|u|| where I lul | is either zr u2 or Zr I u l The integral of
i=1"% i=1 1%l &

the latter two terms might represent, physically, energy and fuel, respec-
tively, expanded in control by u.

With these assumptions, an existence theorem for an optimal control in
Problem II is

Theorem 2: In Problem II, suppose that Eq. (6a' and (6b) are satisfied. Then

if there is a control v such that

0
J £t v),v) dt < 0
0

there is an optimal control.

-13.



Proof: For each admiésible control, let .

Clw= [ £ (x(tu)u)dt
0

From (6a), C(u) > 0 for all u. By hypothesis, there is an admissible
control v such that C(v) < co. This fact along with (6b) allows us to
restrict the search for an optimal control to some bounded set in LZ [0 o),
the Hilbert space of square integrable function on [0 ). The theorem then
follows in essentially the same way as Theorem 1 was proven.

If in addition, we make the following assumlitions about the system of
(3) '

1. itis a Lyapunov sta.ble10 (7a)

2. it is controllable, 11, 12 (7b)

then the second hypothesis of Theorem 2 is always satisfied. To show this,
13

we will need the following theorem due to LaSalle.

Theorem (LaSalle): Suppose system (3) satisfies conditions (7).
Then. for any initial state X there is an admissible control t—u(t),
t, <t<t, which transfers X, to the origin x = 0.

0—-"=-70
Corollary 2: In Problem II, in Eq. (6) and (7) are satisfied, there

exists an optimal control.

Proof: Using LaSalle's theorem, there exists a control t——u(t),

ty <t< t)s which transfers Xy to x = 0. Define the control t—»v(t) by

u(t) t0 _<_ t _<_t1

vty =

0 t1<t<oo

Since fO(O, 0) = 0, C(v) < 00, which, in view of Theorem 2, proves the

corollary.

-14.
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E. NOTES AND REMARKS

The idea of introducing the weak topology was used first by
Gamkrelidze in proving an existence theorem for the (linear) time optimal
control problem. 1 Existence theorems for optimum control were proven
by Markus and Lee2 and Roxin3_ for certain nonlinear systems, but their

hypotheses are not fulfilled for the problems considered here.

-15-



III. THE MAXIMUM PRINCIPLE AND PROBLEM 1

A. SUMMARY

We shall tr‘eat Problem I using the maximum principle in this
chapter. In Part B we formulate the maximum principle as it applies to
the problem. The main result of the chapter is Theorem 4 which asserts
that the maximum principle is a sufficient condition for optimality when
the problem is normal. In Part D, we show that except possibly when the‘
terminal state X lies on the boﬁndary of K, the set of states reachable
from the initial state Xq» the problem is normal. We show that K is
convex and has nonempty interior when the system (3) is controllable.
Therefore, when (3) is controllable ""almost all" choices of a terminal

state for which the problem makes sense, give rise to a normal problem.

B. THE MAXIMUM PRINCIPLE

In this section; we shall formulate the maximum principle as it
applies to Problem I. For the most part, we shall use the notation and
conventions in Pontryagin. 14

We introduce the scalar differential equation

(1) = Ox,u), t,<t<t (8)

0 1

with the initial condition
xo(to) = 0.
The meaning of fo, x, and u is the same as in the last chapter. We

observe that the right hand side of (8) does not depend on X and that

<t _<_. tl, is any admissible control, the solution of (8) is

if t—su(t), t,

given by
t
xo(t) = [ O(x(t, u), u(t)) dt

t
where x(-, u) is the solution of (3), the state equations, corresponding to
u. The value of xo(tl) may therefore be interpreted as the cost associ-
ated with the control u.
Following Pontryagin, we combine Egs.(3) and (8) into a single

equation. Letting x = (x'o, Xy o .xn), (3) and (8) are equivalent to the

-16-
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vector equation,
i = £(x, u) (9)

where the i-th component of f(x,u) is given by

Ox,u)  if i=0

fi(x u) = n r
= 2 a.. x. + E b..u.,, i=1,2,...n .
iz1 1 ) i=1 1] )

We consider in addition to the system of Eqgs. (9), the auxiliary set

of equations

. 0 n
b(t) = -¢O—af—cﬁ,;‘;—“) - jzlajiq;j(t) i=0,1,2 ...n (10)

In (10), the coefficients aij are the same as in (3). We do not
specify the initial conditions for the q;i, and therefore to each control u,
there corresponds not just one solution of (10), but a family of solutions.
We note that q;o(t) is a constant because (afolaxo) = 0, and that (10) is a
linear equation in the variables LIJO, 411, .. .Lpn.

Letting ¢ = (¢0, LIJI, .. ¢n), we define the real valued function W by

the equation
W(iﬁ X, u) = <k_|J:_£> . (11)

using ”)9‘- , (9) and (10) can be expressed in the form of the following

Hamiltonian system:

dx.
i _ .
T = o i=0,1,2,... n (12)
dy,
i -3 .
= = aXi i=0,1,2,...n. (13)

This is the reason why % is called the Hamiltonian.
’ For fixed values of i and X, the Hamiltonian is a function of
ue Q. Let d’)7(_g_;,_>_<) be the maximum of "H (W x, u) over Q:

M (& x) = max Y x, v) (14)
ue 2

-17-



Since 2 is compact, and m is continuous, 27} (Y, x) is well defined.
The maximum principle as it applies to Probl_er-r; Iis expressed in
Theorem 3: If t—-»u(t), to i t_<_t1, is an optimal control for Prob-

lem I, then there is a nontrivial solution of (12), y(‘), corresponding to u

such that

1. % (@(t), x(t), u(t)) = ) (Y(t), x(t)) almost everywhere on

[tor t1] -
2. 77 (W(t), x(t)) = co‘nstant.‘
3. yp <O.

It will be necessary in the sequel to distinguish between the case when
Ll)o < 0 and when LIJO =0. If q;o < 0, the trajectory f(" u) is said to be
normal; if n.po = 0, it is said to be abnormal. When l.IJO < 0, since (12) is
linear, in the variables Lpo, lIJl, R ¢n, we may assume ¢o = -1. We shall

also say the problem is normal or abnormal according to whether tpo <0

or Lpo = 0. This terminology is also used in the classical calculus of varia-
tions.

We remark that the maximum principle consists of a set of necessary
conditions for a control to be optimal. Somewhat loosely, we shall speak of
the maximum principle itself as being a necessary condition for a control to
be optimal. Similarly, we shall say that the maximufn principle is a suffi-
cient condition for a control to be optimal iff every control which satisfies

the conditions 1-3 of Theorem 3 is necessarily an optimal control.

C. SUFFICIENT CONDITIONS FOR OPTIMALITY

We shall show the maximum principle is a sufficient condition for a
control to be optimal for Problem I, provided the problem is normal. This
will be accomplished in two steps. First, we derive the weaker result that
the maximum principle is a sufficient condition for a control to be stationary.j
Then we shall prove that it is a sufficient condition for a control to be optimal -
(Theorem 4).

If t—pu(t) and t——pu'(t), t0 f.titl’ are two admissible controls, it

will be convenient to let

T A control u is said to be stationary if controls (¢) distant from u, in
a suitable metric, are at most ofe ) '"better than it."
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Bl

dwu)= [ Jlut) - o] at . (15)
t
0

Although we shall not use the fact that d is a distance in the mathematical
sense, it is helpful to keep the intuitive idea of a distance in mind.

In the sequel we need a formula which can be deduced from a more
general result by Rozonoer. 16 Fdr convenience and completeness, we have
given a proof of this result in Appendix A. The formula in question is con-
tained in

Lemma 4: Let t—bu(t) and t—u'(t) be admissible controls and
x(-) and x'(:) 'be the solutions of (12) corresponding to u and u' respec-
.t—ively. Suz)pose there is a solution i(-) of (13) corresponding to u such

that almost everywhere on [to, tl-]

Al (4(t), x(t), ult)) = MWt), x(t)
Then
QU x'() - x(5)> +ole) < 0 (16)

when d(u, u') <e.

Proof: Lemma 4 is proved in Appendix A.

‘We define the cost associated to a control u by the formula.

cw) = J 2x(t, ), u) at . (17)
Yo
Using Lemma 4, we now show that the maximum principle is a sufficient
condition for a control to be stationary, when the problem is normal.
Lemma 5: Let t—>u(t) and t—>u'(t), to it < tl’ be admissible
controls which transfer xy to x;. Suppose there is a solution of (13)

1
Y(*) such that almost everywhere
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G (e), x(t), u(t) = /2] (WD), x(8)
Then, if _)E(-,u) is normal,
C(u) - C(u') < ofe)

when d(u, u'}) < €.

Proof: Let _)i(') and x'(-) denote the solutions of (12) correspon-

ding to u and u', respectively. Since x(-) is normal, we may assume
lpo = .1, and because both u and u' transfer %0 to X X(tl) = x'(tl).

Therefore, from Lemma 4, it follows that
xo(tl) - »x(')(tl) +o(e) < 0

But since C(u) = xo(tl) and C(u') = xb(tl), this proves the lemma.

We are now in a position to prove the main result of the chapter:

Theorem 4: In Problem I, let t—bu(t), t0 i t< t), be an admissible
control which transfers xy to x;. Then a sufficient condition for u to be
optimal is that there exists a solution i(-) of (13) corresponding to u such
that

Lo B (o), x(t), w(t)) = J7(§(t), x(t)) almost everywhere on [ty t,] -

2. Lpo <0. ‘ _

Proof: The proof is by contradiction. Suppose that u' is an optimal

control (such a control exists by Theorem 1) but that u is not optimal, i.e.

t
]
cw) - cuy = I P - Ox,uydt=d> 0
: t
0

where x(:) and x'(*) are the solutions of (3) corresponding to u and u'

respectively. For each 0 <\ <1, we consider the controls

t—iu)\(t)= (1 - n)ut) +(1-XN)u'(t), tn<t<t
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In view of Lemma 1, each uy is admissible, and we observe that

t

1
J )y - u (0] at
%o

d(u, uy )

t

1
» S et - wm]] ac=xp (18)
t
0

where we define B by the last equality.
By Lemma 2, the solutions x)\(-) of (3) corresponding to uy satisfy

the boundary conditions X)\(tl) =%, 80 each u, transfers X to x) - Then

\
using Lemma 2 and the convexity of f°, in that order,
Y
Clu) - Clu )= S Pz - Px,u ) at
\ N O
t
0
t
Lo 0
= J 7 Pw - o Mx Ak, (L2 N u+ Au) dt
t
0
Y
> 7 Oxw) - (- n) L% u) + nO(x, uY) dt
- t
0
B
= v I P - O, udt = d.
t
0

Putting A = ¢/B in the last expression and in (18), this contradicts
Lemma 5. Therefore u must be an optimal control.

Comment: Theorem 4 shows that Problem I is equivalent to solving
a two-point boundary value problem: In the system of Eqs. (12) and (13),

the initial and final values of x are known, but the boundary conditions on
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L|J1, Yos v e q;n are not. When fo does not depend on x explicitly, and
only on u, special methods for solving the boundary value problem have
been derived. See, for example, Neustadt, 17 who without using the
maximum principle derives the equivalent of Theorem 4 under these cir-
cumstances. In addition, he gives a computational procedure for solving

the resulting boundary value problem.

D. NORMALITY

In this section, we shall show that the normality hypothesis in
Theorem 4 is essentially unimportant when system (3) is controllable.
This will be accomplished by showing that except possibly when the ter-
minal state x) lies on the boundary of K, the set of states reachable from
the initial state Xq the problem is normal. We show K is convex, and
that it has nonempty interior when system (3) is controllable. The set of
terminal states which can give rise to an abnormal problem is therefore,
in a sense, negligible when (3) is controllable.

We first consider the set of states reachable from the initial state xq
at time t = t1 by admissible controls. Referring to (4), we see that this

set is (U is the set of admissible controls)
K = {ye Rnl y = x(tl, u) for some u e'U}

where

At -t.)
x(tl, u) = e 10 Xg t f eA(t'T') Bu(T)dT

In considering the time-optimal control problem, LaSalle proved that K
was convex and compact. 13 We shall give a different proof of the same
result.

Lemma 6: K is convex and compact.

Proof: It suffices to prove Lemma 6 for the set

) tl :
K' = {ye Rnl y = f e'AT Bu(T), d7, ue U}
fo
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At
because K may be obtained from K' by multiplying by the matrix e

Aty -t
and translating the result by (t; -to)

xq- These two operations, of
course, do not effect the properties of convexity and compactness.
We recall that U is convex and weakly compact (Lemma 1), and we

define the linear transformation L:U—R" by

Lu = f e'AT Bu(T) dT

Then if X X, € K', there exists U, u, e U such that x = Lu1 and
Xy = Luz. Since L is linear, for any 0 <\ <1,

z = )\xl +(1 - )\)x2 = L()\u1 + (1 -X\) uZ)
U being convex, )\u1 + (1 - \) u, e U, and therefore ze¢ K', proving K!
is convex.

To prove K' is compact, first we observe that L is continuous when
U is given the weak LZ topology and R™ the usual topology. Since
K' = L(U), K' is compact (the continuous image of a compact set is compact),
which completes the proof of Lemma 6.

We now show that the set of terminal states X which give rise to ab-

normal problems is a subset of the boundary of K.

For abnormal problems LIJO = 0, and the Hamiltonian reduces to (see

(11))

%[ ll; X, u) = <qJ, Ax + B1> (19)

where we define = (L|Jl, LJJZ, .. .LIJn). Moreover, with Vg = 0, the differen-
tial Egs. (10) which the Lpi satisfy, simplify to

Il

b(t) = - 521 agds(t) i=12 ..
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or in vector form,

¢= -y A, (20)

Clearly ?v[ , in abnormal problems, attains its maximum as a func-

tion of u simultaneously with the function

<‘|’f Bu>

We want to consider all possible abnormal optimal trajectories, so

in the sequel we assume that u maximizes 2 :

u(t) = sgn (Y(t) - B), to < tit1 (21)

where sgn: R™R" is the vector valued function whose ith component,

1iiir, is(x=(x1,x2,...xr))

1 if x>0
i
(sgn x), = -1 if x, <0

undefined if X, = 0

We observe that if X is a terminal state which gives rise to an abnormal
problem, any optimal control for X must satisfy (21) for some solutions
of (20).

Now we consider the set
r = {ye Rnl y = x(tl, u), u satisfies (21)} .

In view of the previous discussion, I" contains the set of terminal states

which give rise to abnormal problems. The relationof I' and K is given

in
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Lemma 7: I' is the boundary of K.

Proof: First we review how the boundary of the convex set K,

denoted 9K, may be cha.ra.cteriz.ed.]'8 Geometrically, y ¢ 9K iff there
exists a hyperplane containing y such that K lies entirely on one side
of it. Analytically, this is equivalent to the statement: y ¢ 0K iff there
exists Lpo ¢ R™ such that for all z ¢ K

L 2>

“We note that, as in the proof of Lemma 6, it suffices to consider the

sets
5
K'= {YE Rnl}’= f e-AT Bu(T)dT, ue U}
to
Y
r'-= {ye Rnl y = f e'AT Bu(T)dT, u satisfies (21)}
£

and prove that I"' is the boundary of K'.

We remark that every solution, Y(-), of (20) is of the form

lIJo -e’At, for some LIJOE R". Therefore, if ye I'', for some LIJO,

t
1
y = f e'AT B sgn (Lpo . e'AT)- BdrT
t

0
We consider
Y
<L|JO, y> = f <L|JO e—AT B, sgn(q;o . e'AT B)> dr
0 (22)
Note that <¢0, y> is well defined even though sgn(q;o . e'AT B) may

not be.
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Now let ze¢ K'. Then for some ue U,

t

1
z = f e'AT Bu(T) dT
t
0
and
Y
<L|JO, z> Coo= <f q;o e-A-r B, u(‘r)> dt
‘t
0

Comparing (22) with the last expression, since each component of

u is bounded in absolute value by unity,

P> > o

The last inequality, in view of the previous discussion, shows that
ye 0K', which proves the lemma. '

Recalling the definitions of K and I, we have immediately from
Lemma 7

Corollary 3: If the terminal state X belongs to the interior of

the set of states reachable from X by admissible controls, Problem I
is normal.

Corollary 3 is correct but meaningless if K, the set of states
reachable from X by admissible controls, has empty interior. A
necessary and sufficient condition for the interior of K to be nonempty
is for system (3) to be controllable. To see this, recall that by definition,
(3) is controllable iff given any states X to X there exists a bounded.
function t—u(t) € Rr, tof_t itl’ which transfers X4 to ;- It follows
that without the restriction u(t)e Q, the set of states reachable from X4
is all of R"™ iff (3) is controllable. Because (3) is linear, it is then clear
that the interior of K is nonempty iff (3) is controllable.

We summarize the main results of this chapter by combining

Theorems 3 and 4 and Corollary 3 in
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Theorem 5: In Problem I suppose X belongs to the interior of
the set of states reachable from xq by admissible controls, and suppose
<t<t

t—su(t), t transfers X to x,. Then a necessary and sufficient

0 r 1
condition for u to be optimal is that there exist a solution () of (13)
corresponding to u such that
1. ’H (Y(t), f(t)’ u(t)) = M7 (ip_(t), i(t)’ u(t)) almost everywhere on
o t1] -
2. M ((t), x(t)) = constant.
3. 4;0 <0.

Remark: Theorem 3, like Corollary 3, is meaningful only when the

system (3) is controllable.

E. NOTES AND REMARKS

LaSalle proved Lemma 6 using Liapunoff's theorem on the range of
a vector measure. 13 We have preferred to give an independent proof of the
lemma because our proof, perhaps, relies on more well known tools. The

idea used in proving Lemma 7 is contained in Neustadt. 17

-27-



IV. A SPECIAL CASE OF PROBLEM II

A. SUMMARY
We shall consider a special case of Problem II in this section. The

most important assumption is that

fo(x, u) = ;1 <x, Qx> + ..2]L <u, R1>
where Q and R are non-negative and positive definite matrices, respec-
tively. Special emphasis is placed on the problem of constructing an optimal
feedback control because of its engineering importance.

As the problem is formulated, there is no form of the maximum prin-
ciple which is applicable, the difficulty being in the boundary conditions at
0. In PartC we show how the problem can be stated as one for which the
maximum principle applies without éctually changing the problem. The
principal results in part C are Theorems 6 and 7 which state, respec-
tively, that the optimal, control is unique and that the optimally controlled
system is asymptotically stable in the large.

~ In Part Dthe maximum principle as it applies to the reformulated
problem is stated. We strengthen the maximum principle in Part E to a
form in which we can show it is both a necessary and sufficient condition
for optimality. The sufficiency proof is carried out in Part F, and the final
result is stated in Theorem 10. |

We consider the synthesis problem in Parts G and H. The optimal
feedback control is shown to be a linear function of the state in a neighbor-
hood of the origin in state space (Proposition 1), but no closed form ex-
pression for it is derived for all states. However, it may be computed,
roughly speaking, by running system (3) backwards in time, in a way '
similar to that proposed by LaSalle for the time optimal control problem. 13

Part H deals with some computational aspects of the synthesis problem.

B. PROBLEM STATEMENT
In this chapter we shall consider a special case of Problem II (see

Sec. II, Part B). The following special assumptions are made:
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L Pfxw=2L  Goed o+ 2 <o, RE>  where Q and)
2

2
R are non-negative and positive definite matrices, respectively,

System (3) is controllable and Lyapunov stable.

The only element of the set

M = {xe Rnl <eA£ X, QeAtx> VtiO}

is x=0. X23)

|
o

We note that the first two assumptions fulfill the hypotheses of Corollary 2,
and therefore an optimal control for the problem exists. The reason for

the third assumption will be explained later.

C. PROPERTIES OF THE OPTIMAL SYSTEM

The purpose of this section is to convert the problem into one for
which the maximum principle is applicable. The difficulty is in the form
of the boundary conditions at infinity. We first prove the optimal control is
unique.

Theorem 6: If u and u, are optimal controls, then ul(t) = uz(t)
almost everywhere on 0 it < oo.

Proof: We observe that the function u—» <1, Ru> is strictly

convex, i.e., for 0 <)\ <],

Quup + (1= Nuy, Rvyy + (1-Mu,l>  <h <ujp Rup> H1-)) <@, Ru,>

with equality only if U = U, Therefore fo is also strictly convex. Con-
sider the (admissible) control,
ul(t) + uz(t)

t—u(t) = , 0<t<oo.
> —_

Let xl(‘ )s xz(-), and x(') be the solutions of (3) corresponding to up, u,,
and u respectively. Then utilizing LLemma 2, we have
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0 X, + X, . u+u'
J Lexwa = J £ (1 2, 2 Z)dt
0

(=]

Q0
0 0
< - \({ £(x, u) + £(x,,u,) dt

—

Since fo is strictly convex, the above inequality holds with equality only
if u, = u, almost everywhere. But since u, and u, are optimal, we
must have equality, which proves the theorem.

We now show that the optimally controlled system is asymptotically
stable in the large (a.s.i.1.). This enables us to adjoin to the problem the
requirement that the control transfer the :initial state to the origin, in the
limit at t—o0, without changing the problem. With this additional speci-
fication, the maximum principle is applica.ble.19

We let x—u(x) be the optimal feedback control for the problem
(see Sec. 11, Part B). Such a control exists and is unique by Corolléry 2

and Theorem 6, respectively. Consider the system

¥ = Ax +Bu(x) t> 0. (24)

System (24) describes the behavior of the optimally controlled system.

We define the function V:RE2 R by the equation,

(00}
Vix,) = { <& Q> + <G, Ru> dt (25)

where x(+) is the solution of (24) for the initial condition x(0) = X0 and

u is the associated control. Clearly, an equivalent definition of V(xO) is

Vi(x

0) = inf {OO <(, Q>> + <u, R\> dt

ueU

-30-
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where U is the set of all admissible controls, and x(:) is the solution
of (3) corresponding to the control u and initial state Xq- Since an
optimal control exists for each initial state Xy Wwe see that V is well
defined.

The assumption M = {0} (see (23)) is needed to prove the first state-
ment in the next lemma, and this lemma will be used in proving system
(24) is a.s.i.1..

Lemma 8: If M= {0} , then V has the following properties:

1. V(xo) =0 iff xq = 0.

2. If a_>__1 then V(axo) z V(xo).

3. V is continuous.

Proof: Lemma 8 is proved in Appendix 2.

We now are in a position to prove (24) is a.s.i.l..
Theorem 7: If M= {O} , thensystem (24) is a.s.i.l..
Proof: We have to prove that (24) is stable and that for any initial

state lim x(t) = 0. We first observe that for any Xq
t—0

t
1
Vix,) = V(x(t)) + J;) &+ o RS at (26)

Eq. (26) expresses the fact that the control t—»u'(t) = u(t), t <t< o is

the optimal control for initial state x(tl). From (26), since the integrand in

(26) is non-negative, it follows that
Vixg) < V(x(t)) . (27)

In other words, V as a function of time is nonincreasing.

We prove the stability of (24) first. Given ¢ > 0, let
S€ = {xe Rnl [l x| = e}

Then since V is continuous, V(x) > 0 for each x ¢ Se , and Se is compact,
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inf V(x)=b>0 . ' (28)
Xe Se

Since V(0) = 0 and V is continuous, we can find 0 < & <e such that if
|| X || <&, then V(xo) < b. Hence for any initial state x, satisfying
I X || <&, in view of (27) and (28), the solution of (24) remains inside
the set Se . This shows (24) is stable.
From 2 of Lemma 8 and (28), it follows that if || x|| > e, then
V(x) _>_b. Since B
t .

1
V(xg) = tlim _ fo G >+ <R dt
1

it follows from (26) that there exists T such that for all t1 >7T

V(x(t)) < b

which implies || x(t1)|| <e. Since € was arbitrary, this shows lim x(t)=0,

which completes the proof of the theorem. oo

D. THE MAXIMUM PRINCIPLE

In view of the previous section, the maximum principle can now be
applied to the problem. We shall formulate the maximum principle for it in
this section. With a few changes all of the discussion and definitions of Sec.
III, Part A, where we formulated the maximum principle for Problem I,
carries over in this case. For this reason, the presentation here will be
somewhat abbreviated.

We introduce the scalar differential equation

<4, Ru> t>0 (29)

xo(t)=;1 & Q>+

with the initial condition

xO(O) =0
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and consider the set of auxiliary equations,

n
ba(t) = - LR <A S a(t) i=0,1,2...n (30)
- ! 2 dx js1 M)

The coefficients a,; are the same as in (3), the state equations. We do
not specify the initial conditions for the qu, and therefore to each control
u there corresponds not one solution of (30), but a family of solutions.
We observe that xpo(t) is a constant because (8/8x0) <x, Qx> = 0.

The Hamiltonian for the problem is

Ny % w)= g+  <b Ax+ B (31)

where = (Lpl, b - .¢n) and ¢ and x are, as in Chapter II, (Lpo, Lpl, RN q;n)

and (xo, Xp . .xn), respectively. In terms of 0}4‘ Eqgs. (3),(29) and (30)

may be expressed in the form of the following Hamiltonian system:

x(t) = 2N i=0,L...n (32)
. By,

bty = . M i=01...n . (33)

t 3xi

Considering ¢ and x fixed, the Hamiltonian is a function of ue .

Let )M (Y, x) denote the maximum of ‘A over Q:

/(% x) = max Y (% u) | (34)

ue Q

. . . 7, . .
m (y, x) is well defined because § is compact and # is continuous.
The maximum principle as it applied to the problem is expressed in

. Theorem 8: If t—su(t), 0 <t < oo, is an optimal control, then

there is a nontrivial solution of (33), Y(), corresponding to u such that
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1. % (i(t), _}_c_(t), u(t)) = d”?(_\k(t),ic_(t)) almost everywhere on

E), oo)'.
2. 7] (40, x(t)) = 0.
3. yy<0.

We need to distinguish between the cases when L,JO <0 and -.IJO = 0.
The problem is called normal when 4‘0 < 0, and abnormal when ¢0 =0..
When the problem is normal, since (33) is linear and homogeneous in

LIJO, LIJl, N ¢n, we may assume xpo = _1.

E. A SPECIAL FORM OF THE MAXIMUM PRINCIPLE

In this section we shall strengthen Theorem 8, the maximum prin-
ciple as it applies to 6ur problem, in two ways. First, we show that the
problem is always normal, and secondly that the vector (t) in Theorem

8 must satisfy the boundary condition lim- {(t) = (-1,0,0,...0). The
‘ ' t—oo

final result is stated in Theorem 9. In this form, the maximum principle
will later be shown to be a sufficient condition for optimality. '

Lemma 9, whose proof is based on a construction that has been used
in sfudying the time optimal control problem, 1 states that the problem is
normal.

Lemma 9: For any initial state, the problem is normal.

Proof: Suppose u is an optimal control, and lpo = 0 in Theorem 8.

In this case we obtain from (31) and (33) the equations

%(\P: X, u) = <k|J, Ax + B'l>
o= -gA
where = (LlJl, q;z, e Lpn). We observe that these equations are identical

to (19) and (20). Then by exactly the same argument that follows (20),

u(t) = sgn (Y(t)- B) t_>- 0.
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We shall obtain a contradiction by showing that

Q0
j; <y, R> dt = o . (34)

First we observe that (t) # 0, since qu =0 and Lj;_(-) is a non-
trivial solution of (33). To establish (34), it suffices to show that the
set of points, t, for which {(t)- B =0 is a discrete set. Observe that
¢(t)- B is an analytic function since {(t) = ¢° e'At for some 0 # ¢Oe R".

Thus if (t)B vanishes on a nondiscrete set, it vanishes identically,

Y e B=0 t> 0 . (35)

Differentiating (35) successively with respect to t and putting t =0, we

have
W . B=0
W AB =0
(36)
W0 An-1B =0
Since by hypothesis (3) is controllable (see Ref. 20),
n-1
Rank {B, AB,...A" "B} =n
and therefore, since q;o # 0, (36) can not hold, proving the lemma.
In view of Lemma 9, we may put qJO = -1. Then if u maximizes
the Hamiltonian, from (31) we have
u(t) = sat (R B¥y(t)) t> 0 (37)
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where B™ is the transpose of B, and sat RE—sR" is the function

whose ith component, i<1<r, is(x= (%), %5, oo % )

(sat x); = <in if [ x| <1
-1

if x. < -1
i—

rl if x.1>1

In addition, with 410 = .1, the differential Eqs. (30) (or equivalently (.33))

which the LIJi satisfy become

. n n
q;i(t) = Zl ay%; - '21 aji¢j(t) i=12,...n
J = J =
where Q= (qij)’ or in vector notation
y x*
Y= -A Y+ Qx . (38)

We observe that to each control u, there corresponds a family of solutions
of (38) which depends on the initial conditions for the l]Ji .
Lemma 10;: Let u(-) be an optimal control and {(-) a solution of

(38) corresponding to u such that
u(t) = sat (R B* y(t)) .
Then lim Y(t) = 0.

t—»00

Proof: Lemma 10 is proved in Appendix 2.

Combining Theorems 8 and Lemmas 9 and 10, we have the following

form of the maximum principle,

Theorem 9: If t—»u(t), 0 <t < oo, is an optimal control, then there

is a solution of (38), Y(-), corresponding to u such that
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1. u(t) = sat (R™* B¥ y(t)).
2. lim yY(t) =0 .
t—» 00
. F. SUFFICIENT CONDITIONS FOR OPTIMALITY

We show that the maximum principle as stated in Theorem 9 is
also a sufficient condition for a control to be optimal (Theorem 10). The
proof of this result is similar to the proof of Theorem 4, the analogous
statement for Problem I, and it relies on Lemma 4. For brevity in nota-

tion, if u and u' are admissible controls defined over [0, ), we let

t
1

Clut)= J Gitw, extu)> + <o, RD> at
0

¢ (39)

1
d(u, u', t) = bf || u(t) - u)]| at

We first establish a preliminary result.
Lemma 11: Let t—u(t), 0 <t < oo, satisfy conditions (1) and (2)
in Theorem 9. Let t—u'(t), 0 <t < oo, be any admissible control. Then

for any 6> 0 and N > 0, there exists a t1 > N such that

Clu, t;) - Clu', t) < & | x(tpu) - x(t,u) ||+ ole) (40)

when d(u, u', tl) < €.
Proof: We observe that by putting ty = 0 in Lemma 4, it becomes

valid here, and we consider the end time t1 as a variable (but always finite).

Then since L|JO = -1, we have from Lemma 4,
) !
ty), x'(t,u) - x(t, u)> + ofe)

= C(u, t)) - C(u', t)) + <¢<tl), x(t,u') - x(tl,u)> + o(e) <0 .(41)

Eq. (41) is valid for any finite tl.
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Now we use the hypothesis lim {(t) = 0. Given N and § > 0,

we can find 1:1 > N such that t—>co

W) x(tpu) - x(t,w> <6 || x(t,u) - x(t, W]

The last expression together with (41) proves the lemma.
We are now in a position to prove the principal result of this section.

Theorem 10: Let t—su(t), 0 <t < oo, transfer X0 to the origin

x = 0. "Then a necessary and sufficient condition for u to be optimal is that
there exists a solution Y(:) of (38) such that

1. u(t) = sat (R-1 B* y(t)) t> 0

2. lim y(t) = 0.

t—> 00

Proof: The necessity part of the theorem is just a restatement of

Theorem 9.
To prove the sufficiency, suppose u' is the optimal control but u

is nonoptimal. Then for some a,

20 0
ff (x, u) - £ (x',u)dt >2a>0
5 Z

where x(') and x'(') are the solutions of (3) corresponding to u and u',

respectively. We can then find an N > 0 such that for all t1 > N

N 0 0
J P - O, uydt>a . (42)
0 =
For 0 < \ <1, consider the controls
t—-—buk(t) = (1 - X)) u(t) + Au'(t), t> 0 . (43)

Let Xk(') be the solution of (3) corresponding to u, . Then using Lemma

2, the convexity -of fo, and (42),
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t

1
0 0
_([)‘ £(x,u) - £(x,,u,) dt

t

1
= O - 2o n) x4+ A%, (1-N)u+rul) at
0

t

1
> P - {0-0) Loow e n P, un) at
-0

= f: £0x,u) - O(x',u) dt> a X >0
Restating the last inequality, we have,
C(u, tl) - C(u)\, tl) >akN >0 . (44)
X Now we use L.emma 1l to obtain a contradiction. From Lemma 2,
x)\(t) = (1 - N) x(t) + Ax'(t)

or
x)\(t) - x(t) = M (x'(t) - x(t)).

Because u' is optimal it transfers X0 to x =0, and therefore x'(t) is

bounded. Similarly, x(t) is bounded. Therefore, there is a constant @

such that for all t1

”x(tl) _x)\(tl)H <p .
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We observe that for finite tl’

t
&

1
d(u, u's t) bf lut) - w, @] at=x S [Jue - wo]fa
0

U\

with y < oo.
.Finally, applying Lemma 11, we get

C(u, tl) - C(u)\, tl) < SBN+ o(.‘y)\) . (45)

Since 6 can be made arbitrarily small, the last expression contradicts

(44). Therefore u must have been optimal.

G. THE SYNTHESIS PROBLEM

In this section we shall show how the optimal feedback control may
be determined. It is shown that the optimal control is a linear function of
the state in a neighborhood of the origin (Proposition 1), but no closed form
expression for it is derived which is valid for all states (a numerical example
for a simple second order system is given in Appendix C, and the results in-
dicate that the feedback control is not a simple function of the state). How-
ever, it may be computed, roughly speaking, by running the system (3) back-
wards in time, in a way similar to that proposed by LaSalle for the time
optimal control problem. 13

It is expedient to combine the state equations (3), the auxiliary
system (38), and the equation defining the optimal control in terms of 4,

(37) into a single equation. The equivalent equation reads

b4 A 0 f x B

I
+

sat(R™1B" ) (46)

" Q .at " 0
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where (x, ) = (xl,  SVRERE ¢ ¢1, ¢2, .. .¢n). The significance of (46) is
this: for any initial state X0 in view of Theorem 10, there is a LlJO
such that if x(0) = X0 and (0) = 11;0, then the x component of the solu-
tion of (46) is the optimal trajectory, while the y component and (37)
define the optimal control. According to Theorems 7 and 10, x(t)—*0
and Y(t)—>0 as t—>oo. Conversely, from Theorem 10, if we can find
a LIJO such that both x(t) and {(t) converge to 0, then the optimal control
is determined by (37) and {(t). Thus the problem of finding an optimal
control is one of choosing an appropriate { for each x.

Unfortunately, because (46) is nonlinear, there is no simple rela-
tion between x and a proper ¢ in general. However, for all states

sufficiently close to the origin we shall show there is a linear relation

between ¢ and x of the form

Px

<
]

where P is an nxn real matrix.

We first observe that if we replace the control region Q@ by RY,
i.e., the constraints on the control are removed, but otherwise keep the
problem the same, then everything done so far is valid if everywhere we
substitute R-! B* y for sa.t(R'1 B* ). In fact, the only places where we
used the fact that the control region was Q are in Eq. (37), Lemma 9, and
the existence Theorem 1. When the control region is RY, (37) is valid with
the above substitution, and the proofs of Lemma 9 and Theorem 1 carry over
essentially without change.

Assuming the control region is RY, (46) becomes the linear equa-

tion
X A BR’lB* X
= . (47)
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For brevity, let

A BR"IB*
D= .
Q -AT

Then, taking the Laplace transform of (47)

~

x(s) x(0) x(s)

~

U(s) 4(0) U(s)

where x(s) and ((s) are the Laplace transform of x(‘) and (),

respectively. From (48),

~

x(s) ’ x(0)
) = (s1.D)"} (49)
U(s) (0) '

Théright hand side of (49) is a column vector of rational functions in

s. Given x(0), in order to satisfy the desired boundary conditions at

o (x(t)—»0 and yY(t)—>0), it is necessary to choose y(0) so that

the poles at each of these rational functions have negative real parts.
Such a choice is possible because of Theorem 10 and the existence
Theorem 2. If we let x(0) take on the values ej =(0,0,...0,1,0,...0)
with the 1 in the jth coordinate, lf_j in, we get corresponding to
each ej for an appropriate value of {(0), a vector pj = (plj, ij’ . .pnj).
Now from the linearity of (49), it is clear that if x(0) =E?= 1 ozj ej, then
an appropriate choice for ((0) is z;lz 1 ozj Pj' In matrix notation, this

can be expressed

Y0) = Px(0), P = (Pij) : (50)
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It follows that in the case when control region is RY, the optimal feed-

T

back control,is, in view of (37) and (50),
x—>u(x) = R"F BY Px . (51)

Now we show that for states sufficiently near the origin the optimal
feedback control is given by (51) even when the control regionis .

Consider the system

-1

x=Ax + BR"™ B Px . (52)
In view of Theorem 7, itis a.s.i.l.. Let
n -1%
G= {xe R*| ||R"'B" Px|| < 1}

G 1is a neighborhood of the origin. Since (52) is a.s.i.l., we can find
a neighborhood S of the origin such that if Xq€ S, then the whole tra-
jectory of (52) starting at X4 remains within G. It is then clear that
the optimal feedback control for states in S is the same regardless of
whether the control regionis £ or R*. We state this conclusion in

Proposition 1: There is a neighborhood S of x =0 such that if

xe S, the optimal feedback control is

x—>u(x) = R 1B Px

P.TT

for some nxn matrix.

TThis result was obtained by Kalman. 21 In order to maintain the con-
tinuity of the discussion, and also give a way of computing P, we have
preferred to give our own development.

11

Later, by Lemma 12 we show P is unique.
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We observe that for x(0)e¢ S an appropriate choice for ¢(0) in
(46) to satisfy the boundary conditions at oo is given by (50). The
next lemma shows that this is the only proper choice.

Lemma 12: For each Xq there is a unique ¢° such that if

x(0) = x. and $(0) = ¥, then the solution of (46) satisfies

0

lim  (x(t), §(t)=0.
t—»00
Proof: Suppose (x(°), ¢(-)) and (x'(:), ¢¥'(‘)) are two solutions

of (46) satisfying lim (x(t), Y(t)) = lim (x'(t), ¢'(t)) = 0 and
t—»00 t—» oo

x(0) = x'(0) = Xq- We have to show {(0) = ¢'(0). From Theorem 10,

it follows that the controls

t—su(t) = sat (R™1 B* y(1)) £>0

t—su'(t)= sat (R"D B* y(t))  t>0

are both optimal for initial state Xq- By Theorem 6, u(t) = u'(t) on

[0, ), and therefore x(t) = x'(t) on the same interval. Then from (46)

0 A 0 0

¢ - P Q -A $ -y
or

d S

— (y-y)=-A(y-y)
dt ~

Solving the last equation

B3

W) - w(e) = e~ T (o) - (o))
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Since u(t) = u'(t) on [O, o), and both Y(t) and ¢'(t) converge to O,

for some T,

RUB* gy = RUB* gy t>T

Hence, after transposing,

(§0) - ¥(0)) e Bt B =0

We showed in proving Lemma 9 that the last relation holds iff {(0) = '(0),
which proves the lemma.

Lemma 12 implies that the matrix P in Proposition1l is unique.
Combining Lemma 12 and Eq. (50), we have

Lemma 13: There is a neighborhood S of the origin 'and a unique
matrix P such that if x(0) e S and {(0) = Px(0) then the solution of

(46) satisfies the boundary conditions

lim  (x(t), §(t) = O
t—>oo

We now are in a position to show how the optimal feedback control
may be computed. For states in S, it is given by Proposition 1. For
states not in S, we have no closed form solution. However, using Lemma
13 to determine the appropriate initial conditions, we can trace out a 7
family of optimal trajectories from S by integrating (46) backwards in
time. By making the family sufficiently large, we can determine the
feedback control on an arbitrarily '"dense' set of states. This procedure
is analogous to the method proposed by LaSalle for the time optimal con-
trol problem, 13 and is explained more precisely in the next two para-
graphs.

For each xe¢ S, let ¢ = Px. The differential Eq. (46) has a unique
solution on -00 <t <0 which satisfies the initial condition ((0) = Px and
x(0) = x. Each traj:ctory generated in this way determines an optimal
trajectory. For if we trace out these trajectories in the direction of in-
creasing t, both x(t) and {(t) converge to 0, and therefore, in view

of Theorem 10, are optimal.
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Now we show that the set of optimal trajectories generated in
the above way fills the entire state space R"™. Theorem 7 implies
1 be the

time x(tl)e S. From time 1:1 on, the trajectory must be optimal,

that every optimal trajectory eventually enters S. Let t

so if Y(-) is the corresponding ¢ component of the solution of (46),
we must have l.lJ(tl) = Px(tl). Hence the trajectory can be traced out
by integrating (46) "backwards'' in time with initial conditions
x(0) = x(tl) and {{(0) = P x(tl).

Since in the '"backward tracing' method of determining u(x),
the value of u(x) can only be determined in practice on a subset of
state space, we need

Proposition 2: The optimal feedback control is a continuous func-

tion.

Proof: Proposition 2 is proven in Appendix B.

H. SOME COMPUTATIONAL ASPECTS OF THE SYNTHESIS PROBLEM

In this section we give alternative methods for computing the
matrix P of the last section, and we show how a neighborhood of the
origin S having the required properties may be determined.

As stated in the footnote on page 43, Kalman derived the result
expressed by Eq. (51). Kalman also gave two methods for determining
the matrix P which can be moz-'e convenient than the method we gave.
We shall indicate his results in the next two paragraphs.

We recall that the matrix P has the property that if we put
$(0) = Px(0) in (47), the solution of (47) converges to 0 as t—>oo.
But the relation (0) = Px(0) holds not only for t = 0 but for all t,
and therefore y(t) = Px(t). Using this in (47), we get the two equations

te
lB’ Px

x=Ax + BR
Px=0Qx-A" Px

multiplying the top equation by P and equating with the second,
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1

PAx+ PBR ! B™ Px=Qx - A* Px

and since this relation holds for all x,

1

PA+A P+PBRIB*P-Q=0. (53)

Considering P as an unknown, (53) is a system of nonlinear algebraic
equations. In general (53) does not have a unique solution. However,
Kalman22 showed that the desired P is the unique symmetric negative
definite solution of (53). Therefore, P may be determined by solving
(53).

A convenient numerical method for computing P with a digital
computer is the following method proposed by Kalman. Consider the

nxn matrix Riccati differential equation

—dl: TA + A 7+ wBR

dt

lB*w-Q.

Let w(t, 0) be the solution of (54) which satisfies the initial condition

m(t, 0) = 0. Then the matrix P is given by

P= lim w(t 0).

t— 00

We observe that the matrix P is a solution of (54) since the right hand
side vanishes when w = P. Kalman showed that the solution ¥ = P is
a.s.i.l.; given any symmetric initial condition for (54), the solution of
(54) converges to P as t——o. This stability property of the solution
m = P means that the numerical computation is also stable.

Now we consider how a set S satisfying the conditions in

Proposition 1 may be computed. Consider the convex set
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G={xeR™ | ||R" B" Px||<1}.
We must choose S so that if x(0)e S then the whole trajectory of

%= Ax+ BR ' B® Px

remains within G. Letting D= A+ B R-l
where’ ej =(0,0,...,0,1,0,...0) with the 1 in the jt
for j=12,...n. Then we find the largest aj, j=12,...n such that

B* P, we compute eDt ej,

h .
coordinate,

for all t> 0, a. eDt e.¢e G. Since G is convex, the convex hull, H,
of {a. e. I j=12,.. .n} is contained in G, and furthermore if

J ) Dt

x(0)e H, then e~ x(0)e G for allt > 0. Therefore, an appropriate

choice is S = H.

I. NOTES AND REMARKS

The only place we needed the Lyapunov stability assumption was
in proving existence of optimal controls (see Corollary 2). In fact, the
stability was used only to show that any initial state could be transferred
to the origin by an admissible control. We give an example of a system
which is not stable, but for which there still is an optimal control for
arbitrary initial states, in Appendix C. The results of this chapter are
valid for this example. |

For regulating systems describable by Eqs. (3) having admissable
control region 2, the most widely studied design criterion has been
that of time optimality. We will compare briefly, time optimal regula-
tors with ones design according to our performance index. The time
optirhal feedback control (for so called normal systems) assumes only
the values +1 and -1 and may be realized with relays, for example.
However, in general, no formulas are known for the optimal control as
a function of the state. The same lack of knowledge prevails in our
case. The optimal control in our case has a simple realization only in -
some neighborHood of the origin in state space. In terms of performance,

there may be some reason to believe our regulator may perform better .
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in some cases: complaints have been made that some regulators
designed for time optimal behavior have excessive overshoots

during transient motions. By adjusting the values of the matrices

Q and R, we can alter the performance. When Q is '"large'' com-

pared to R, one would expect performance a.pproaChing time optimal

behavior.
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APPENDIX A

We shall prove Lemma 4. First we observe that for some

M < oo, the following inequality is valid;

max || x(t, u) - x(t, u) || <M d(u, u) (A-1)
tof.tf.tl v

where

t

1 .
dw,u) = |lult) - u(t)]| dt

t

0

(A-1) follows easily from Eq. (4). We also shall need
Lemma A-1: If fQ x [to, tl:'—*R is a continuous bounded func-

tion, then the function F:U-—R defined by

t

Fu)= [  f(u(t), t)dt

t

is continuous with respect to the distance d.

Proof: Given ¢ >0, we canfind 6' such that if
[l u(t) - u'(t)]] < &' then |[f(u(t), t) - fu'(t), t)| < e/2(t) - t,)- This
is possible since f is continuous. We then can find & such that if
d(u, u') < 6§ then the set D on which || u(t) - u'(t) H > &' has measure
less than €¢/4M, where M is the maximum of f. Then d(u,u') <

implies (DC denotes the complement of D in [to, t1] ),
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4

| F(u) - Fu)| = | [ £u) - fu') dt |
to
&

< [ |fw - fun]at
to

€ € _
=Mt ooy () e

which proves F 1is continuous.
We now prove Lemma 4, which we restate for convenience.
Lemma 4: Let t—su(t) and t—u'(t) be admissible controls
and x(') and x'(-) the solutions of (12) corresponding to u and u'
respectively. Suppose there is a solution y(-) of (13) corresponding

to u such that almost everywhere on [to, t1] ,

W (p(t), x(t), u(t)) = 47 (W(t), x(t)

Then

Yt x'(t) - x(]> + ofe) <0

when d(u, u') <e.

Proof: Consider the integral

t
1
I= f <i: _f(zi u) -._f(_}f': u')> dt
t
0
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where W= (Y, ¥, ..-¢ ) and f is defined in (9). Since Y, is a

constant,

I= Yo Il +1, (A-2)
where
B!
L= f Pxu- L) a
*t .
0
and
t1 v
I, = jt‘ <y A(x - ®) + Blu - u')> adt
0
in which ¢ = (\pl, q;z, e l]Jn). I1 majr be evaluated directly:
Iy = xp(t)) = %5 (t))
so we obtain for I the value
1= q;o(xo(tl) - x(')(tl)) + I . (A-3)

We obtain another expression for I by expanding fo(_}_(', u') in a

Taylor series. Recalling that fo does not depend on Xq
2(x', u) = 2%, u') + VE(x, ) - (x' - x) + ofe)

The remainder is o(e¢) because of (A-1)

Substituting in the expression for 11,
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t t

1 1
L= f Pxw-Loua+ [ v ) x-x)at
t t
0 0
+ ofe) . (A-4)

The second integral, I, differs by at most o(e¢) from
Y
= J vxuw - (x-x)at
Y

To see this, first note that

t
1
: 0 0
|1, - 1,| < max 1] x(8) - %8| I [| v (x, u) - V£ (x,u') || dt .
to2t=h t
0

The function Vfo considered as a function on 2 x [to, t1] satisfies the
conditions in Lemma 1. Therefore the assertion follows.
Substituting (A-4), after replacing Vfo(x, u') by Vfo(x, u), in
(A-2) and rearranging terms,
|
1= I % w - Pxun+ <y Blu-un>
%

t
1 als

gt gy v, x- x> at + ofe)
t

0

The integrand in the first integral is

,}I (_\k, * u) - ?#(_‘E: X u')
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which is non-negative by hypothesis. Therefore,
. * '
@Ay + v, x-x >dt 4 ofe)

Referring to (10) the integral in (A-5) is identical to

N :
1
15= f <¢, x! -x> dt
t .

0

and integrating I5 by parts,

I = <Ut) ®(t) - x(6D>  + I,

Thereforé,

(A-5)

1< _<¢(t1'), x'(t) - x(t)>  + I, + ole) . (A-6)

Finally, subtracting (A-3) from (A-6) we get the desired result:

Kyt x'(t) - x(t)> + ofe) < 0.
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APPENDIX B

Lemma 8: If M= {0}, then V has the following properties.
a. V(xo) =0 iff xq = 0.

b. Ifa>1 V(a xo)_>_(x
c. V is continuous.
Proof: (1) If V(xo) = 0, then u =0, because <x, Qx> > 0.

Therefore,

o)

Q0
V(x,) = of oAt xg Qeht x> dt.

By assumption M = {O} and therefore xXq = 0. Conversely, V(0) = 0.
(2) Let t—du(t) be the optimal control for the initial state ax

0"
For initial state X consider the control t—su'(t) = -i u(t). Denote
by %(°, w, z) the solution of (3) corresponding to control w and initial
z. Clearly,
1
x(t, u', xo) = = x(t, u, a xo), t>0.
Hence

Q0

Vi(xg) < ‘{) <X(t,u',x0), QX(t,u',x0)> + <L Ru> adt

1
= > Via xO)

a

which proves b.

(3) We will show V is convex. The continuity of V follows be-
cause a convex function defined on R" is necessarily continuous.
Let uy and u, be optimal controls associated with initial states x1
and x2. For 0 <\ <1, it follows from (4) that

x(t) = N\ xl(t) +(1-\) xz(t)

where

-55-



x(t) = x(t, huy + (1= ) uy, x4 (1= N)x5)
Xl(t) = x(t, ul’ xl)
x,(t) = x(t, uZ,'xz)

Then using the definition of V,

Vi &+ (1-0)x9) < _(I;p G >+ vy + (1- M uy, Rvuy +(1- 1), 0> dt
O .

Qo
<\ J; | <p Qx> +  <u, Ru > dt

o0

1-x) J Gy Qx> 4+ <Gy Ru, > dt
0

+

N Vi) + (1-1) V(x2)

which proves c.
Lemma 10: Let u(-) be an optimal control and {(-:) a solution of

(38) corresponding to u such that

u(t) = sat (R™F B¥ w(t))

Then lim Y(t) = 0.
t—»00

Proof: Since u is optimal

Qo

J <Ry dt<ow (B-1)
0

Solving Eq. (38), we have for any T >0,
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* t *x
wt+ = D ymy e e T) on(r) ar
iy

From Theorem 7, lim x(T) = 0, and therefore given ¢ > 0, there
T—p 00

is a T0 such that if T > TO’

e+ ) - e E T ymy|| <c T<e<T+1
Therefore, for any T > TO’ T<t<T+]1, from (37),
llutt + T || +¢ ||R7}BY || (B-2)
>min (1, ||[R7B* AET g [)).
Note that the right hand side of (B-2) is uniformly continuous in t (i.e.

the continuity is independent of T). From (B-1) and (B-2), it then follows
that lim wu(t) = 0.

t—»00
Since lim u(t) = 0, from (B-2) it follows that given any 6 >0
t—»00
there is a Tl such that for T > T1
6 > max min (1, IIR_IB* eA(t-T) L]J(T)”)
T T<t<T+l

The proof of the lemma will be completed by showing for some a > 0

. -1.% -A
Jin, Cmax [IR7ET A o ]yl
€

We first observe that the expression

-1 % -A
[IRT B™ ™% 4 ||

is homogeneous with respect to ¢ and that R-1 is invertible, so it

suffices to show
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e
3k

Ayl = g >o0.

min max | I B

Consider the function

g(y) = max || B* Aty ||
0<t<1

In proving Lemma 9 it was shown that there is a 0 <t' <1 such that
B e At ¢ = 0, and therefore ghp) > 0. Clearly, g is continuous.

Therefore,

min gy) = p >0
Il wll =1

which completes the proof of the lemma.

Proposition 2: The optimal feedback control is a continuous

function.

Proof: For brevity, we denote by x(-, xo) and (-, LIJO) the x
and § components of the solution of (46) which satisfy the boundary
conditions x(0, x,) = x, and (0, 410) = 410 . By Lemma 9 there is
assigned to each Xy 2 unique 418 such that x(t, xo)——DO and
Y(t, Lpo)——bO as t—00. Let F  be the function defined by this assign-
ment: F(xo) = LIJO . In view of (37), to prove the proposition, it suffices
to show F 1is continuous. We observe that for some a >0, S D Sa
= {xe R"| ||x|| <a} , and thatif xe S_ then F(x) = Px, so F is
continuous on Sa’ o

Given X assuming ¢ = F(xo), there is a t1> 0 such that x(tl)
x(tl) € int Sa (interior of Sa)' We consider the map G:Sa——’Rn de-

fined by

G(y) = x(-t;, y)

where x(-tl, y). is the first component of (x(—tl, ) L|;(-t1, Py)). Gis 11
because of Lemma 12. Moreover G is continuous because the solution

of ( 46) depends continuously on initial conditions. Since Sa is compact,
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ow

G-l, the inverse of G, is continuous.v 24 Observe that G_l(xo) =x(t1, xo).
Hence since x(tl, xo) ¢ int Sa, there is a neighborhood W of Xq such
that G-l(W)C int Sa' Then if x e W,
' -1
F(x) = llJ(“tl. F(G (x))

= y(-t, P ¢ %) .

Since L|J("t1, lj.uo) depends continuously on LIJO, the last equation proves F

is continuous, which proves the proposition.
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APPENDIX C

An example of the problem treated in Sec. IV was studied using

a digital computer. The system considered was

1 = x
dt 2
(C-1)
dx2
= u
dt

1 0 ‘
Q= , R=1 . (C-2)
0 0

Although (C-1) is not Lyapunov stable, for the reasons indicated in Sec. 1V,

fa.

Part I, the results of Sec. IV are valid. The matrix P, which defines the

optimal feedback control in a neighborhood of the origin, was computed by

()
P-= . -3/2—‘ (C-3)

It was found that the optimal feedback control, uo, is not a simple

solving Eq. (53).

function of the state. A few optimal trajectories and the value of u0 at
some points on them is shown in Fig. 1.
If it is desired to realize the optimal control in a physical problem,
there are various possibilities. Since uo is a continuous function of the
state, u0 can be approximated as accurately as desired by computing
u0 on a sufficiently dense set of states. This can be done by the reverse
time mapping procedure explained in Sec. IV, Part G. The values of .

the control as a function of state can then be arranged in a ''look-up"
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s

table and stored in some kind of memory device. Another possibility is
. 0 . . 0 . .
to approximate u by simpler functions. Because u is continuous,
this is possible in principle, and the approximating functions can be
chosen as piecewise linear or polynomial functions, for example.
The practicality of either of the above methods was not investigated
in detail. However, a comparison was made between uo and the control

u' defined by

- sk
sat (R 1B™ Px)

u'(x)

- sat (xl +"\/2—‘ X, ).

The control u' is simply the saturation of the optimal control for the
case when the control region is the whole real line:

For this problem, the performance index is

(wy= [ x; (%) + u(t) dt
0

It is natural to consider u' as a good approximation to uo for initial
state X, if C(u) and C(u') are about equal. In this sense, u' is a

good approximation to u0 for states in the disk

2 2
O = {(xl,xz) | x|t %, <16}

The value of C(u) and C(u') was computed for different values of Xq-
For states in 0, the values of C(u) and C(u') were about equal. Some
values of C are given in Table I. The last few entries in Table I show
that u' is not as good as uO for some states not very far from O. For
Xq = (16.6, - 6.11), the difference between u' and uo is considerable

and it is shown in Fig. 2.
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2.12
2.12
3.01
3.08

3.96

.37
.55
.88
.36
.15
. 60
. 46
.95

11

TABLE I
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A COMPARISON OF CONTROLS u AND u'

c(u)

107.
43,
12,
106,
43,

11.

104. -

- 45,

102,

11.
12.

19.

.09

C(u')

107.
43,
12.

106.
43,

11.

104.

45,
102.
7.
12.

15.

21

54

7 .

8

.8

oW,



- g 3o somEe Teotd43 pue satxojdafesy rewnndo swog 1 *81g
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x(t, u'

Fig. 2. A comparison of controls w0 and u'. OAc.ov = wo.mx C(u') = 2450 .

-64-



10.

1.

REFERENCES

R.. V. Gamkrelidze, "The theory of time-optimal processes
in linear systems, ' Izv. Akad. Nauk SSSR Ser. Mat., Vol. 22,
pp. 449-474; 1958.

L. Markus and E. B. Lee, "On the existence of optimal controls, "
Trans. ASME Ser. D. J. Basic Engrs, Vol. 84, pp. 13-22; 1962.

E. Roxin, "On the existence of optimal controls, ''" Michigan Math.

J., Vol. 9, No. 2, pp. 109-119; June 1962.

Chang Jen-wei, '""A problem in the synthesis of optimum systems
using the maximum principle, "' Automat. Remote Control, Vol.
22, No. 10, pp. 1170-1176; 1961.

A. M. Letov, "Analytic design of control systems, "' Automat.
Remote Control, Vol. 21, No. 5, pp. 389-393; 1960.

N. N. Kravoskii and A. M. Letov, "On the theory of analytical
design of regulators, ' Automat. Remote Control, Vol. 23, No. 6,
pp. 649-656; 1962.

L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze, and
E. F. Mishchenko, The Mathematical Theory of Optimal Pro-

cesses, Interscience Division of John Wiley, New York, Chap. I;

1962.

F. Riesz and B. Sz.-Nagy, Functional Analysis, Ungar Publishing
Co., New York, p. 80; 1955. '

P. R. Halmos, Measure Theory, D. Van Nostrand Co., Princeton,
New Jersey, p. 113; 1950.

J. P. 1aSalleand S. Lefschetz, Stability by Liapunov's Direct
Method with Applications, Academic Press, pp. 30-32; 1961.

L. A. Zadeh and C. A, Desoer, Linear System Theory: The
State Space Approach, Mc-Graw Hill, New York, Chap. II; 1963.

-65-



12.

13.

14,

15.

16.

17.

18.

19.

20.

21.

22.

R. E. Kalman, Y. C. Ho, and K. S. Narenda, '"Controllability
of linear dynamical systems, '' Contr. to Differential Equations,

Vol. 1, No. 2, pp. 189-213.

J. P. LaSalle, ''"The time-optimal control problem, '" Contr. to
the Theory of Nonlinear Oscillations, Veol. 5, Princeton, pp. 1-
24; 1960.

L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze, and
E. F. Mishchenko, The Mathematical Theory of Optimal Pro-

cesses, Interscience Division of John Wiley, New York, pp. 66-

69; 1962.

G. A. Bliss, Lectures on the Calculus of Variations, Univ. of
Chicago Press, p. 213; 1961.

L. I. Rozonoer, "The L. S, Pontryagin maximum principle in
the theory of optimal systems, !" Automat. Remote Control,
Vol. 20, pp. 1288-1302; 1959.

L. W. Neustadt, '"Minimum effort control systems, "' J. SIAM
Control Ser. A, Vol. 1, pp. 16-31; 1962.

H. G. Eggleston, Convexity, Cambridge University Press, 1938.

L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze, and
E. F. Mishchenko, The Mathematical Theory of Optimal Pro-

cesses, Interscience Division of John Wiley, New York, pp. 189-191;
1962.

L. A. Zadeh and C. A. Desoer, Linear System Theory: The
State Space Approach, Mc-Graw Hill, New York, p. 494; 1963.

R. E. Kalman, 'Contributions to the theory of optimal control, "

Bol. Soc. Mat. Mexicana, pp. 102-119; 1960.

R. E. Kalman, '"When is a linear control system optimal?"
RIAS Tech. Report, No. 63-5, pp. 20-21; March 1963.

-66-



o

23.

24.

H. G. Eggleston, Convexity, Cambridge University Press,
p. 46; 1938.

J. Kelley, General Topology, Van Nostrand, Princeton, New
Jersey, p. 141; 1955.

-67-



	Copyright notice 1964
	ERL-83

