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Abstract

This paper is a sequel to an earlier paper under the same title.
Here we use a more realistic model of the Josephson-junction and present
a rigorous analysis of its nonlinear dynamics under various ranges of
model parameters. In particular, we prove that the qualitative properties
of our model and of the simplified one are similar. This rigorous proof
thereby justifies the choice of simpler Josephson-junction model, which
was chosen in the past mainly for tractability.

The peculiar constant voltage-step phenomenon widely represented in
the literature is carefully analyzed further in this paper. For the
first time, we can give a fairly complete explanation of the mechanism
leading to this exotic phenomenon. In particular, the variations in the
length of the constant voltage steps which have baffled many researchers
in the past can now be given a rational explanation. A careful analysis
of the mechanisms which give rise to chaotic dynamics in the Josephson
junction circuit is also presented.
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1. Introduction

This paper is a sequel to a recent paper on nonlinear dynamics of the
Josephson junction circuit equation [1]

Cé + G + sin(ke) = i(t) (1)

This equation is based on a widely used Josephson junction circuit model
consisting of a linear capacitor C, a linear conductance G and a nonlinear
inductor described by i =sin(k¢). Although this model is widely used in prac-
tice and has so far provided answers which agree, at least qualitatively, with
measurements, it nevertheless contains a number of approximations which have
not been justified on either physical or theoretical grounds.

For example, in the original Josephson paper [2] the second and the third
term1 in equation (1) are replaced by:

i(¢,v) = a(v)sin(ke) + (ol(v) - oz(v)cos(k¢))v (2)

Moreover, the third term in (1) (which models the supercurrent) is a periodic
rather than sinusoidal function of ¢ [2,3] 2.

Thus we shall use the circuit model consisting of a linear capacitor C
connected in parallel with a nonlinear intrinsic two terminal device J as shown

in Fig. 1. If we use this more realistic circuit model, then equation (1)
becomes:

$=v
Cv

i.(t) = 1(6,v) (3)
Our objective in this paper is to study the nonlinear dynamics of (3).
In particular, we will show that under rather general assumptions on the form

of i(¢,v) and forcing function

i (t) = T+ eplut)

1These terms describe the normal (and quasiparticle) currents and supercurrent.

2 The authors would 1ike to thank Prof. T. Van Duzer for informative discussion
concerning the problem.



equation (3) has the same qualitative properties as its simplified version (1).
This study therefore provides a rigorous theoretical justification for using
the simplified model even though it was originally chosen mainly for mathematical
expediency and tractability.
Our approach will consist of two steps:
1. We shall show that, if the forcing term is constant, i.e., is(t) =1,
then equation (3) posesses. in the (¢,v,t)-space an invariant surface.
Stable trajectories on this surface correspond to steady state solutions
of (3). Moreover under small-parameter assumptions, this invariant
surface is preserved under the periodic excitation is(t) = I +ep(uwt).
2. We shall then discuss possible behaviors of trajectories on an
invariant surface (which can be shown to be topologically equivalent
to a torus). This discussion explains the peculiar step-wise a.c.
junction characteristics and the drastic difference between a.c. and
d.c. characteristics. Moreover we offer a theoretical justification
for the experimentally known phenomenon that "constant steps" on a.c.
characteristics are short for “complicated" frequency ratios. To
the best of our knowledge the theoretical justification of this phen-
omenon was never offered before.

We conclude our study with discussion of possible phenomena which may occur
when the small-parameter assumptions are not satisfied. Since this part is
mostly illustrative in nature, we will choose the simplified version of
Josephson circuit, namely, the one described by equation (1).

2. Small Periodic Perturbation
A. Autonomous case: is(t) =1

In this section we shall formulate various conditions under which the
autonomous equation

v
I-i(¢,v) | (4)

<o S0
u

possesses an invariant surface. In order to be specific we assume I = 0, the
case I < 0 can be dealt with in a similar way. If moreover i(-¢,-v) = -i(¢,v),
then the case I < 0 can be reduced to I = 0 by the transformation ¢ + -¢, v > -v.
Our approach will be based on the following results proved in [4]:



Theorem 1 Assume that i(¢,v) in (4) is continuous in ¢ and v, monotonically
increasing in v, 2m-periodic in ¢, and such that for any ¢ there exist

(possibly equal to #») 31£L:(¢’V) > 0 and lET_;(¢’V) < 03. Assume moreover that
i(¢,v) <I for any ¢ and v=0. Under the above assumptions equation (4) possesses

a unique and globally stable invariant surface S0 shown in Fig. 2, and described by:
Sp = {(¢vst):v = ¥(¢), 9€R, teR} (5)

where y(¢) is a continuously differentiable 4 positive and 2w-periodic function

of ¢. Moreover for initial conditions chosen on So, equation (4) is equivalent
to:

$ = v(e) (6)
whose solutions are of the form [1]:

¢(t) = at + q(t) (7)

-1 2n

2m
dx , s
where Q = 2n[ s 17" and q(t) is =—periodic. It can be shown that vy
0 wlxj Q

increases with I and I-QI tends to zero when I increases [1].

Statement 2, If for some ¢g° i(¢0,0) = I then (4) has a constant solution
o(t) = 99> v(t) = 0. Moreover under some additional conditions, which are
expressed in [4] in terms of the phase portrait, (4) may also possess an
invariant surface (5) with ¢(¢) continuously differentiable, positive (provided
I > 0) and 2m-periodic function of ¢. Similarly, as in Theorem 1, the equation
on the surface is of the form (6).

In terms of the "average" current-voltage characteristic the above results
say that as long as I <s$p i(¢,0), there is a steady-state zero-voltage solution

(i.e., constant current results in no voltage drop). Moreover, there gxists a
periodic steady-state voltage v(t) =y[Qt+q(t)] having an average value™ equal

3The current expression in (2) as found by Josephson satisfies these assumptions.
4 If i(¢,v) is of class C then w(¢) is also of class C".

Since the junction oscillates at extremely high frequencies (GHz range) only
the average value can be measured experimentally.



to @=Q;. Thus, if I<sup i(¢,0) and the hypotheses of Statement 2 are satisfied,
¢

then both constant and periodic steady-state solutions exist simultaneously.

Thus the current v.s. average voltage characteristic is double-valued
as shown in Fig. 3.

B. Small Periodic Excitation: is(t) = I +ep(wt)

Once the existence and stability of the invariant surface S0 is established,
it can be shown [1,7,8] that this surface is preserved under "small" perturba-
tions of the form ep(wt). More exactly the following

Theorem 3 [7,8] holds. For small e there exists an invariant surface S of (3)

with is(t) =1 +ep(wt) where p(t) is 2m-periodic in T, which can be parametrized
as follows:

S, = ((6,¥,8): v=9(6) +h(ut,,€), $€R, tER) (8)

where Y(¢) is as defined for surface S0 (5), and h(wt,$,e) is continuously
differentiable "Z? -periodic in t, and 2wm-periodic in ¢. Moreover it is
bounded by a constant which decreases to zero with ¢

When an initial condition is chosen on S€ then (3) is equivalent to:

$ = f(t,0) (9)

ne>

with f(t,¢) = ¢(¢) + h(wt,d,e) being periodic in both t and ¢. Because of

this double periodicity, the surface S8 can be viewed as a torus, as shown
in Fig. 4.
The proof of the theorem is outlined in [1].

A more detailed discussion is
given in [8].

C. The Case of Small C

One can also reduce (3) to an equation on the torus in the case of an

arbitrary (not necessarily small) periodic excitation provided the parameter
C (Jjunction capacitance) is small.

61¢ i(¢,v) and p(wt) are r-times (continuously) differentiable then h{wt,s,e)
is (r-2)-times (continuously) differentiable.

7 Let us observe that if €=0 then h(wt,,0) =0 and S, coincide with S,
defined by (5).

-5-



Theorem 4 [5,7] Assume that:

a) equation is(t) = i(¢,v) has (for all t and ¢) a locally unique solution
v = v(¢,t) which is bounded and continuous together with its second derivatives,

b) there exists a > 0 such that for all ¢,t
= i06,9(s,1)] 2 a
ov I -
then for sufficiently small C, equation (3) possesses an invariant surface:
S¢ = Le,vst): v = V(4,t) + g(4,t,C), 6€R, teR} (10)

where g(¢,t,C) is bounded by a constant DC such that Dc -0 as C~» 0.
Moreover, if vV(¢,t), is(t), i(¢,v) are r-times continuously differentiable,
then g(¢,t,C) is (r-2)-times continuously differentiable in ¢ and t.

If i(¢,v) is 2m-periodic in ¢ so are both v(¢,t) and g(é,t.C). If is(t)
is T-periodic in t, so are both V(é,t) and g(¢,t,C). Thus the surface SC can
also be viewed as a torus and (3) can b2 reduced to

o ~

¢ = v(¢,t) + g(9,t,C) (11)

Let us note that if the hypothesis of tneorems 1-4 are satisfied simultaneously
(it means, essentially, that C is small, and the forcing term is(t) is of the
form is(t) = I +ep(wt) where I is large positive and ¢ is small) then the surfaces
Se and SC coincide. However, in general, these surfaces are different (and
their existence is guaranteed by different hypotheses). In particular, for
some values of I and small e, there exist surface S€ and periodic solutions
outside it as shown in Fig. 5(a). In the case of small C, the surface Sc and
the periodic solutions may exist simultaneously. In this case the periodic
solutions must lie on the surface as shown in Fig. 5(b). The immediate con-
sequence of this property is that in the case of small C the voltage-current
characteristic shown in Fig. 3 cannot be double-valued.




3. Equations on Torus

In this section we shall study the properties of solutions which follow
from the double periodicity of the invariant surfaces S8 and SC. In order to
be able to treat simultaneously the cases of small € and small C we assume
is(t) = I-+ep(wt)9. Thus both (9) and (11) can be represented as:

b= f(t.es1) (12)

where we introduce I as a parameter to stress the fact that the invariant sur-
faces and the equations on them depend on I. It is known [1,9] that for any
solution of (12) there exists a limit:

§o= Tim ?L,Eﬂ (13)
> 400

which does not depend on any particular solution ¢(t) but only on f(t,$;I).
Moreover, this limit depends continuously on I, and in some intervals u is a
constant function of I. A typical example of u(I) is shown in Fig. 610. It
can be shown [9] that u(I) is a locally constant function of } over some open
interval (IO-A, IO-+A) for some I0 and A > 0, only if u is a rational number.
However, for some IO’ u can be a rational number and yet not a constant in an
arbitrarily small neighborhood of IO. 1

For the Josephson-junction circuit in Fig. 1, the number (13) is equal
to the average voltage across the Josephson-junction and hence Fig. 6 can be
interpreted as the current vs. average-voltage characteristics of the device.
The stepwise form of this characteristic was observed experimentally. Moreover
constant voltage steps were observed to appear at values which are commensurate
with some fixed constant. This result is consistent with the property that
u is constant only at some rational values. Note that in the autonomous (e=0)
case the right hand side of (12) (which is now independent of t) is either

positive for all ¢, or there is ¢0 such that f(¢0;I) = 0. In the latter case

¢
u = Tim -7? = O12 . In the former case, ¢(t) = Qt+q(t) (as given by (7))
t

9Reca11 that for small C, € need not necessarily be small in order to obtain
a toroidal invariant surface.

10l et us note that in the case of both surfaces S¢ and S¢, the function f(t,¢;I)
increases with I.

L yith respect to the multiplicative constant [1]
12 Recall that the rotation number is the same for all solutions of (12).

-7-



and p = Tim Q%El = Q.

tooo
increases with I, and is never (as a function of I) constant as shown in Fig. 3.

Hence, in the autonomous case, u is either zero, or

B. Synchronization Zones

The natural question to ask is for what rational values will u be a
Tocally constant function of I. The answer can be given in terms of the
so called Poincaré mapping [1,9]. Unfortunately, this mapping cannot, in
general, be expressed in analytic form.

In this section we shall give some insight into the domains of stability
of u. Our approach will be based on "the method of averaging" [6,7] and our
criteria will be expressed in terms of the right hand side of (12). Consider
the case when surfaces Se and Sc 1ie above the v=0 plane in the (t,¢,v)-space13.

We show in Appendix A that equations (9) and {11) can be reduced to the form:

6 = Q; +eg(ut,8,¢) (14)

Here QI is defined as in equation (7), and ¢ is related to the original
variable ¢ as depicted in Fig. 7. We shall neglect the dependence of g on I.
Let us fix two relatively prime integers M and N and ask for solutions
of (14) which are synchronized to the fresquency %w. These solutions must have the form
8(t) =-%wt-+a(t).with a(t)«ggﬂ-periodic. Hence, the rotation number of 8(t)
is equal to §@- Correspondingly, the rotation number of ¢(t) = p(6(t)) is also
equal to-%w. We show in Appendix A that the essential information concerning

the synchronized solutions can be recovered from the scalar algebraic equation:

A = g(a) (15)

where 4 & e'l(%w-QI) and é(a) is 2mN-periodic and continuously differentiable
in a. More exactly, the following

Theorem 5 [6,7] holds: If (15) possesses a (constant) solution ags such that
é% g(a0)<:0, then for smal]-%, (14) possesses a stable solution

13The surface Se always lies above the v=0 plane. For SC, this need not be the

case, but (provided that € is small enough) equation (11) will either have a .
zero rotation number or will be reducible to (14). For more details, see Appendix A.



8(t) =%'-wt+a(t) (16)

Here a(t) is g%ﬂ--periodic and close to ay.
Remark: Since g(a) is 2mN-periodic, the existence of the abovementioned constant
solution % implies the existence of a family of constant solution oy C ag +
K-%% K=1,...,N-1 as shown in Fig. 8. Hence, (14) possesses a family of solutions
where &K(t) is close to oy for K=0,1,...N-1.
Define:

a 2 inf 3(a), b4 sup 3(a). | (17)

o o

Both a and b depend on M and N (for which (15) was obtained) and their difference
tends to zero if either M or N tends to infinity (Appendix A). The property that
the difference b-a is "small" for large values if M or N is crucial in the following
discussion. .

The constant solution of (15) clearly exists if A€ (a,b)14. Let us investi-
gate this condition in terms of w, QI, €, M and N. Suppose-% and w are fixed,
then QI must satisfy ea < %w-al <egb i.e., %‘w- eb <QI <%‘w-ea. This inequality
is depicted in Figs. 9(a) and (b) where the necessary conditions for synchroni-
zation are satisfied within the shaded region. If we let M and N vary, then
Fig. 9 contains many synchronization zonesls. Observe that since a-b tend to
zero as N+, or as M+, we can expect the zones corresponding to-% with either
M or N large to be narrow. In Figs. 10(a) and (b) we show examples of (possible)
synchronization zones for %=%, %=%, and %Idl. Let us note that Figures 9
and 10 are valid only for ¢ "small enough" (and that "small enough" must be
smaller for small w) i.e., as long as theorem 5 holds.

Now, let us fix €=gg (small) and w =y and let 9 and M,N vary. When
increasing QI we shall pass from one synchronization zone to another in the
(Ql,w)-plane and rational rotation numbers will be obtained as shown in
Figs. 11(a) and (b). Now, knowing 9 as a function of I and combining it with
Fig. 11(b), we obtain the stepwise charateristic of u as shown in Fig. 12,
where thelonger-16 steps for M and N correspond to small integers. Finally

note that if we fix Q; in Fig. 10(b) and let w, € and M, N vary, we shall

14:¢ A=a or A=b the solution also exists but then aqo-‘ g(a) =0 and Theorem 5
does not hold.

15 More exactly we should call them "zones of possible synchronization" since if
(15) has a constant solution we still need 4 g(a) <0 to guarantee synchronization.

o
16 Figs. 9 to 11 show only zones where synchronization may appear. Thus we
know that steps obtained for large M and N must be small and those obtained
for small M and N may be large.

-9-



obtain the well-known [20] relation shown in Fig. 13

%(QI +ea) <w < %(QI +¢eb).

This implies that the smaller the perturbation is, the closer must %w approach
the natural frequency QI in order to obtain synchronization. Note also for

€ "very small" all the steps are very narrow and the rotation number character-
istics approaches that of QI as shown in Fig. 14.

4. Strange Phenomena

In this section we shall study various phenomena which can appear when the
small-parameter assumptions are not satisfied. It was observed experimentally
that for some parameter values, the Josephson-junction circuit in Fig. 1 behaves
in an erratic manner [15-17,19]. Our aim in this section is to give some
geometric insights concerning this "strange" behavior and to predict the para-
meter values for which it can appear.

Consider the nonautonomous Josephson junction circuit equation17

$=v

Cv =1 - Gv - sin(k¢) + ep(ut) (17)

where p(t) is 2m-periodic in T and s¥p|p(r)| =1. If ¢ = 0 then there exists

a critical value I0 sugg that for I > I0 the resulting autonomous system
possesses an invariant™ surface as shown in Fig. 15(a), but for I < I0 it

does not [1], as shown in Fig. 15(c). The "invariant surface" in Fig. 15(b)

is not structurally stable in the sense that a small change in the value of

the parameter I from I0 changes the topological behavior in a drastic way;
namely from Fig. 15(a) to Fig. 15(c). Now let I = IO, e # 0 and Tet us take
intersections at time t = 0, %;-, 2(%? s--5. Since p(wt) in (17) is %§-periodic
in t, the intersection at each time ty = KC%?) will be the same. Moreover,
the invariant surface S can bifurcate into three different ways as shown in

1&b be specific, we consider the simplest form of the Josephson junction equation.
Our discussion, however, will be couched in terms of phase portraits and therefore
remains valid for more general equations.

181“1 trajectories originating from points on the surface S must remain on the
surface S.

-10-



Fig. 1&9[11,12,13]. One possibility is that the surfaces do not intersect

as shown in Figs. 16(a) and (b), (and in the (t,¢,v)-space, in Figs. 17(a)
and (b)). ‘When invariant surfaces do intersect each other the situation is
drastically different. Observe first that if there is one intersention, then
there must be infinitely many of them20 as shown in Fig. 18. In view of the
infinite number of intersections, we can represent in the (t,¢,v)-space only
a small part of the intersecting surfaces in Fig. 19.

Since the right-hand side of (17) is periodic in ¢, the global phase
portrait will also be periodic in ¢. If one identifies now ¢ and ¢ +K(2w),
and considers behavior of points in the domain D0 as shown in Fig. 20, one
obtains extremely complicated behaviors among intertwining trajectories. In
Fig. 20,DK, K=0,+1,+2,... denotes the domains where points from some domain
D0 will go after K (forward or backward) periods. This complicated behavior
was first described rigorously by Smale [10]. In particular Smale shows that
the portrait in Fig. 20 includes periodic solutions of any period and that
trajectories behave in a "chaotic" way in a sense which can be specified
precisely [11,12]. Such a chaotic behavior was also observed in numerical
[15,16] and analog [17] experiments. It remains to be shown that indeed in
the considered range of parameters the invariant surfaces do intersect. 1In
Appendix B we review the method by Melnikov [12,13,14] and use it to prove
that in the case of small G and small € the surfaces do intersect. A different
approach was applied by Belykh and Belyustina [18,19]. They considered
together with (17) two autonomous equations obtained from (17) by letting
p(wt) =1 and p(wt) =-1. Study of these (autonomous) equations allowed them
to find domains in which invariant surfaces of (17) lie. In the same way
they obtained parameters for which these surfaces intersect, thereby giving
rise to chaotic behaviors.

Both Melnikov's and Belykh-Belyustina's methods predict chaotic behaviors
for I close to the critica]z1 value, and for € which is "not too large."
These results are consistent with computer data reported in [15,17].

19Fig. 16 shows the intersection of surface S with a constant time plane at ’t:==k(g1 .
There are more bifurcation possibilities than those shown in Fig. 16. However,
the portraits shown, are the only ones which are structurally stable, i.e., those
which persist under small perturbation.

20 Each point of intersection belongs to both invariant surfaces and so does the
trajectory originating from it. Now this trajector¥ tends to ¢ as t-+-» and to
¢+2m as t++»=, The sequence of points (v(Kg%), ¢(K{%)); K=0,+1,+2...1ies on

both surfaces and therefore constitutes infinitely many points of intersections.

i.e., corresponding to the "saddle connection" of the autonomous system
as shown in Fig. 15(b).

21
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Note that as shown in Sections 2, 3 and in [1] if one chooses I larger than the
critical value I0 first, and then chooses € "small enough" then the existence
of the invariant surface Se is guaranteed and no chaos occurs. Note also
that for small C, as guaranteed by Theorem 4, no chaos occurs.

The chaotic behavior was observed also by Huberman et al [16] for I1=0
and € "large" as shown in Fig. 21. Because of the large periodic perturbation
it may be possible for invariant surfaces to intersect even for I far from
the critical value. However no proof of this phenomenon presently exists.

-12-



APPENDIX A

A. Equation on the torus and synchronization zones: small e case

Al. Change of variables
Consider equation (7):

¢ = p(¢)+h(wt,¢,€) (A1)
It can be shown that there exists a positive constant d such that y(¢) > d for
all ¢ [4]. Moreover, h(wt,$,e) is differentiable in e, and since h(wt,$,0) = 0
it can be represented as [7,8]

h(wt,d,e) = ehl(wt:¢,e) (A2)

Consider now (11) (i.e., equation on the Sc-surface)

¢ =V(o,t) +9(4,t,C) (A3)

where v(¢,t) is obtained from:

I+ep(wt) = i(o,v(d,t)) .

Since 1s(t) is of the form I +ep(wt) the functions v and g can be representedzz,

respectively, as follow:

V(6,t) = v1(9) + evp(d.t,e)
(A4)

9(6,£,C) = 9,(6:C) + g,(4t.e.C)

Thus, (A3) can be reduced to the form (Al) with y(¢) 8 v1(¢)-+91(¢,C) where
gl(¢,C) is "small" for small C. Now if there exists %0 such that v1(¢0) =0

22The case for v follows from the hypotheses of theorem 4 and the implicit function
theorem. In the case of g the property follows from the construction of the
Surface SC'

-Al-



dvy(9p) 3 . .
and @ # (? then the rotation number of (11) is zero (provided C and ¢

are small enough). Since we are interested in nonzero rotation numbers we
shall assume that v1(¢) > 03 i.e., equation (11) is reducible (for small

e and C) to (Al) with the condition ¥(¢) > d > 0 for all ¢. Let us introduce
now the new variable:

A - ¢ dx
6 2 6(¢) -Q{)W (A5)

2T
A dx +-1
where @ = 2n [ [ ]
o ¥(x)

Observe that-%% = Q/Y(¢) > 0. Thus 8(¢) is monotonically increasing

(and, as such, invertible) and 8(¢+2m) = 8(¢)+2w for all ¢. Clearly,
8(9) = ¢+n(¢) (R6)
whare n(¢) is 2m-periodic. The same relationship holds for the inverse function
o(8) = e+z(e) (A7)

where £(8) is 2m-periodic. The 6 vs. ¢ relationship is depicted in Fig. 7.
Observe also that:

(=8

6 _de . do _ d
T " do 'd% = (Q/IP(fb))f%

Hence, (Al) can be reduced to the form
6 = Q+eg(wt,0,€) (A8)

where g(ut,8,e) & eahy(ut,0(4),e)/v(0) = ah(ut,0(6),e)/u(8).

It is an immediate consequence of (A7) that the rotation number of (A8)
is the same as that of (Al). Indeed, let the rotation number of (A8) be u,
then 6(t) = ut + v(t) with y(t) bounded. Now

tin 28] - 145 S(EL0) L 8(1) gy 8000

t>o t>o 6r>
and because of (A7), 1lim Qéﬂl = 1. o
)
23

This would be the case if é%ﬁ(¢o,0) # 0 where i(¢,v) is given in (3)

-A2-



A2. Synchronization zones
The function g(wt,8,e) which appears in (A8) is 2m-periodic in 6 and-%?-
periodic in t. Let us expand it into a Fourier series:

g(wt,0,e) = ¥ 9 ne‘jm“’te‘jne (A9)

2n 2w —imT -ind
where g_ . = [ [ g9(x,8,0)e IMT=IN%-rde, Let us fix the integers M and N,
? 0 0

and define
A = el ie-0] (A10)
We shall assume that A remains bounded for small e€; i.e., for small ¢

the frequencies'%ua and Q must remain close to each other. Define also
a(t) 8 8(t) - %wt. Under this notation (A8) takes the form:

M
. : . Nn(Fwt+a)
a=¢e[-A+] 9 nemeteJ N 1 (A11)
m,n
and, when averaged in time, it reduces to
o = e[-a+g(a)] (A12)

ANo
where g(a) =} oM _gNe'J is 2nN-periodic in a. The following
2‘ 9

Theorem holds [6,7,8]: Assume (A12) has a constant solution aq such that é%g(ao) <
-8, for some positive constant § (independent of €). Then for-% "sufficiently
small" (Al1l) has a stable ggﬂ-periodic solution a(t) which is close to Cge

Clearly, the necessary condition for the existence of a constant solution

for (A12) is
inf g(a) Aa <A <b = sup g(a) (A13)
o 2

Moreover:

sup g{a) - inf g(a) <B, v =2 7} |g l
o . M, N 1o M, -2

Observe that Byy *0asM+xoras N~ Indeed, if g(a) is r times con-
tinuously differentiable, then nrmrgn m > Nas n=>wo0orasm- o,
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It follows that for M or N "large enough" the entire sum BM N will be small.
‘Thus, the zones of possible synchronization in the (w,e)-plane will appear
as shown in Fig. Al. Note that since € must be small with respect to w, the

zones for small w are lower.
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APPENDIX B

B Melnikov's Method?? [12,13,14]

Bl. General Theory
Consider

x = f(x) + eg(t,x) (B1)

where x,f,g are continuously differentiable vector-valued functions, g(t+T,x) =
g(t,x), and € is a small parameter.
Suppose that the unperturbed equation

x = f(x) (B2)

possesses two saddle points and a saddle connection PO as shown in Fig. Bl(a).
The points Xo1® Xg2 May coincide and give rise to a homoclinic orbit as shown
in Fig. Bl(b). We shall give conditions under which the perturbed equation
(B1) will possess a heteroclinic structure or a homoclinic structure

as shown in Figs. Bl(c) and (d) respectively. The following

Lemma Bl [11,12] holds: If € is small, then (B1l) possesses in a neighborhood of
Xgy and X02 unique periodic solutions xl(t) and xz(t). Moreover each of these
solutions has a stable and an unstable manifold. o

Let X1sXy represent the abovementioned periodic solutions, and let w“(xl)
and ws(xz) denote respectively the unstable and stable manifolds in a Poincaré
section as shown in Fig. B2.

Let us denote the time for which the Poincaré section was taken by to. Let
qo(t,to) = qo(t-to) denote the solution on Fox(-w,+w), and let qg(t,to) denote
the solutions on Wu(xl)x(-w,+w} and ws(xz)x(-w,+w), respectively

Lemma B2 [12,13] Trajectories on wu(xl)x(-w,+w) and ws(xz)x(dw,+w) can be

expressed as follows:

24Discussions on this subject with R.D. Rand, Y.S. Tang, and T.S. Parker are
gratefully acknowledged.
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aS(tstg) = ap(t-ty) + eaf(t,ty) + 0(e%), t € [ty,+) -

q!(tstg) = aglt-tg) + eqi(t,tg) + 0(e?), t € (=o,ty]

where qs’u(t,to) are bounded. o

The functions qZ’u(t,to) are uniquely defined by orthogonal projection
of qo(to-to) = qO(O) on w"(xl) and ws(xz) as shown in Fig. B2. Define now
the separation between manifolds w“(xl) and Ns(xz) by

s Tag(0) 1A La"(tguty) - a%(tysty)]

d =
(%) Flag(00]] (B4)
where
a b
_ 2] (P & 3 ,
aab = 2, by| ajb, - agh, = laj-|b|sinz (a,b)
flag(0)Ia L q] - a1
0 1 "1 2
from Lemma B.2 d(t,) = +0
R CR O} (e
UsS _ _U,S
where q,°> = th (to,to).
Introduce
AU(t,tg) := flag(t-ty)] A g)(t,ty)
As(t,to) := flag(t-tg)] A qf(t,to) (B5)
_ ,u s
and A(t,to) = A (t,to) - A (t,to)
Using this notation, we have
- € . 2
d(tc) = m A(to,to) + 0(e ) (BG)

Observe that if A(to,to) changes its sign (when tgp is changed) then w“(xl) and
W (xz) intersect each other. In par;ﬁcu]ar, if j%T'A(iO’fo) # 0 and A(Eo,fo)= 0
then the intersection is transversal™™. On the otRer hand, if there exists

3 . . ce s . .
2"Int'.er'section is said to be transversal if it persists under small perturbation.
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§ > 0 such that IA(tO,to)l > § for all ty, then for small e, w“(xl) and w“(xz)
do not intersect each other.

Lemma B.3 [13]

400

If exp[+ % div f[qo(r)]dr] is bounded then
o t-t,
Mtgstg) = [ flaglt-t)1 A glt,qy(t-ty)] + exp{ -{] div fLqy(t)Idr}dt

(B7)

In particular, if div f[qo(r)] =0
then

+c0
A(tO’tO) =,r f[Qo(T)] A g[T"‘to:qO(T)]df

Proof: Consider Au(t,to) as defined in (B5)

d d
3t At tg) = g flaglt-tg)] A af(t,tg)

0
= f'lag(t-t))] qglt-tg) A a3(t.tg) + Flag(t-ty)] A &) (t.t,)

Let us recall that

dg = f(ag), and §: = f(q)) + eg(t,qy).
Since: q: =qp+ qu + 0(32)

we have: gy + ed; + 0(c%) = f(qy) + ' (qq) eaf + eg(t,qq) + 0(e?)

and dl = f (qo) qg + g(t,qo)

Thus:

d
dt

a%(t,tg) = f'[agl-f(ag) Aay +flagl A f' (qap)ay + Flay] Ag(t,qp)

div f[qo(t'to)]°Au(t,t0)'+f[q0(t't0)]/\g[tsqc(t‘to)]'
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f f f q
To prove the last equality take f'(qo) =: | 11 12 s f(qo) = |1 » q = 1
21 2 fa )
fsfitfiesfo| e, T [furatfere | |
far f1tfpn-f 9 f, a9+ 9,
f,.f +f.,f

117192+ 1299 - F51%19; - F0f00) + 1Fp1a1 + F1F500, - Fofy00, =
(F1q+Fpp) (F1ap - F50;) = tr £'(qg) « (Flag) Aqy) = div f 4"
In a similar way, one proves that
$ £ () = div flag(t-ty)] £ (t.ty) + flag(t-tg)] Ag(t,an(t-ty))
i.e., both AY and A% satisfy an equation of the form

£ = a(t)g + b(t)

The solution: t
S a(t)dt t t
ty Qa(s)ds
g(t) = e *  &(tg) + [ b(r)e dt
%
is equivalent to: t tg
'ﬁfa(T)dT ¢ fa(s)ds
0 T
E(ty) = E(t)e - [ b(t)e dt (B8)
%
now -0
[ a(t)dr
t
(a) if e 0 is bounded and £(t) -+ 0 then
to t>-o
-co 4 a(s)ds
g(ty) = - [ blr)e dt
to
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+oo

fa(t)d
(b) if e b is bounded and g(t) 1o 0 then
to
4 a(s)ds
£(ty) f b(t)e dt
0
Recall that f[qo(t-to)] + 0 and by Lemma B.2 qi’u(t,to) is bounded.
t > e

Hence, Au(t,to) >+ 0, As(t,to) -~ 0.
t > - t >4
+co

By assumption, exp[+ I div f] is bounded and by properties (a) and (b) above
we have:

t
-00 0
Au(to,to) = - { f[qo(r-to)]/\g[r,qo(r-to)]'exp-[{ div f[qo(t-to)]ds}dr
0
oo to
As(to,to) = -tf f[qO(T-tO)] g[t,qo(r-to)] exp{ [ div f[qo(s-to)]ds}dr
0
Hence,
Mtgsty) 8 M (tgaty) - As(to,to)
400
= f flag(t-tg)] exp{ f td1v flqg(0) Jdotdr
T= t
+o 16d1v f[qo(o)]do
= [ flag(t)Ingltrty,qq(t)le dt o
B2. Example. Pendulum with Weak Damping and Forcin926
Consider x =y
y = -sinx+cay+ebsinwt (B9)

26The system considered is equivalent to the Josephson-junction circuit described

by (4.1) with p(wt) = bsinwt, I =0, G=¢€ca, k =1, and C = 1.
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This equation is of the form (B1l) with:

X = [;] » f(x) = [5"3‘:’;| > 9(tsx) = [:-ay+0b sinmt]

f(x) A g(t,x) = -ay2 + by sinwt.

Hence,

+o0
Mtgsty) = [ (-ay?(t) + byy(t)sina(t+ty))dt

where yo(t-to) denotes the solution on PO as shown in Fig. B.3. (obtained
for € = 0). Let us choose t, and yo(O) so that yO(T) is an. even function.
With yO(T) chosen as above, A(to,to) takes the form:

A(to,to) = -aA + bB sin(uto (B10)
where e
. 2
+00
B:=

= | yo(t)coswtdt
It follows from (B10) that

>

(a) If |%

B 2w
ﬂ1 » then A(to,to) # 0 for toe [szr
S and WY never intersect each other as shown in
Fig. B4&. 1In particular, these manifolds do not intersect when periodic
forcing is absent (i.e., b=0, a>0)

and for ¢ small enough, W

B
A

<

(b) If |%

, then A(to,to) changes its sign at fo defined by aA = stinwio

Note that a%a A(Eo,fo) = +bic05wEO = w/(bB)z--(aA)2 #0

So for € small enough, the manifolds intersect transversally. Regions of the
(a,b) parameter plane where chaos exists are shaded in the Fig. B5.
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Footnotes:

10.

11.

12.
13.

14.

15.

16.

These terms describe the normal (and quasiparticle) currents and supercurrent.
The authors would 1ike to thank Prof. T. Van Duzer for informative discussion
concerning the problem.

The current expression in (2) as found by Josephson satisfies these
assumptions.

If i(¢6,v) is of class C" then y(¢) is also of class c’.

Since the junction oscillates at extremely high frequencies (GHz range)

only the average value can be measured experimentally.

If i(¢,v) and p(wt) are r-times (continuously) differentiable then h(wt,d,€)
is (r-2)-times (continuously) differentiable.

Let us observe that if €=0 then h(wt,p,0) = 0 and S€ coincides with S0
defined by (5).

Recall that for small C, € need not necessarily be small in order to obtain
a toroidal invariant surface.

Let us note that in the case of both surfaces Se and SC’ the functions
f(t,p3;I) increases with I.

With respect to the multiplicative constant [1].

Recall that the rotation number is the same for all solutions of (12).

The surface Se always lie above the v=0 plane. For SC’ this need not

be the case, but (provided that € is small enough) equation (11) will

either have a zero rotation number or will be reducible to (14). For

. more details, see Appendix A.

If A=a or A=b the solution also exists but then é%»ﬁ(ao) = 0 and Theorem 5
does not hold.

More exactly we should call them "zones of possible synchronization" since
if (15) has a constant solution we still need é% §(a0)<<0 to guarantee
synchronization.

Figs. 9 to 11 show only zones where synchronization may appear. Thus we
know that steps obtained for large M and N must be small and those obtained
for small M and N may be large.




17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

To be specific, we consider the simplest form of the Josephson junction
equation. Our discussion, however, will be couched in terms of phase
portraits and therefore remains valid for more general equations.

A1l trajectories originating from points on the surface S must remain on
the surface S.

Fig. 16 shows the intersection of surface S with a constant time plane at
t = k(%%-. There are more bifurcation possibilities than those shown in
Fig. 16. However, the portraits shown are the only ones which are struc-
turally stable; i.e., those which persist under small perturbation.

Each point of intersection belongs to both invariant surfaces and so does
the trajectory originating from it. Now this trajectory tends to $ as
t+-o and to ¢ +27 as t—++», The sequence of points (v(k%?)), k=0,+1,%2,...
lies on both surfaces and therefore constitutes infinitely many points

of intersections.

i.e., corresponding to the "saddle connection" of the autonomous system

as shown in Fig. 15(b).

The case for V follows from the hypotheses of theorem 4 and the implicit
function theorem. In the case of g the property follows from the construc-
tion of the surface SC‘

This would be the case if-g% i(¢0,0) # 0 where i(¢,v) is given in (3).
Discussions on this subject with R.D. Rand, Y.S. Tang, and T.S. Parker

are gratefully acknowledged.

Intersection is said to be transversal if it persists under small pertur-
bation.

The system considered is equivalent to the Josephson-junction circuit
described by (4.1) with p(wt) = bsinwt, I =0, G=¢€a, k=1, and C = 1.



Figure Captions

Fig.
Fig.
Fig.

Fig.

Fig.

Fig.

Fig.
Fig.

Fig.

Fig.

Fig.

Fig.

Fig.
Fig.

Fig.

10.

11.

12.

13.
14,

15.

A Josephson-junction circuit model.
The surface S0 in the (t,¢,v)-space.
The average-voltage vs. d.c.-current characteristic. Note the critical

value for I0 such that Ioslsll =sup i(¢,0) the characteristic is
double-valued.
The invariant surface SE can be viewed as a "cylinder" or a "torus."

The surfaces Se and Sc may coexist with periodic solutions. (a) In
case of small € the periodic solutions must 1ie outside the surface Se
(b) In case of small C the periodic solutions lie on te surface SC’
The rotation number as a function of I is a continuous and nondecreasing
function.

The old variable ¢ versus the new one 8.

The function g(a) is %} -periodic. Note that we are considering only
these solutions oy for which é% §(aK) < 0.

The possible synchronization zone obtained for-% frequency ratio.

(a) The forcing frequency w is fixed

(b) The synchronization zone in the (w,QI,e)—space. Observe, that

if the forcing frequency w is "small" then the forcing amplitude €
must also be "small."

Example of possible synchronization zones obtained for different
frequency ratios (a) for w fixed in the (QI,e)-p1ane, (b) in the

(0,01 ,€)-space.

(a) The synchronization zones from the Fig. 10(b) shown for fixed ¢
(b) If W= wy is fixed then the rotation number changes with Qr. Note
that it remains constant within each synchronization zone.

Graphical method of obtaining 1 as a function of I if the dependence
of u on QI is known.

Possible synchronization zones for QI fixed.

The rotation number versus d.c.-current in case when a.c.-current
amplitude is small.

The invariant surface and the constant solutions for d.c. forcing I < Il'
(a) Ig <I<Iy, the constant solutions lie outside the surface I =I0
(b) The surface connects the (unstable) solutions

() I < 10, the surface ceases to exist.



Fig.

Fig.
Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.
Fig.
Fig.

16.

17.
18.

19.

20.

21.

Al.

B1.

B2.

B3.
B4.
BS.

Poincaré sections obtained for the perturbed saddle connection. A1l
Portraits are structurally stable.

Nonintersecting invariant manifolds in the (¢,v,t)-space.

Poincaré section for intersecting manifolds. P1 is the forward
iteration of Py, P_; and P_, are the backward iterations of P,.
Example of intersecting manifolds in the (¢,v,t)-space. The inlet
shows the relevant part of Poincaré section.

Erratic behavior of points lying close to manifold intersection.
Domains D1 and 02 (respectively D‘_1 and D-Z) are the first and second
forward (respectively backward) iteration of DO'

The values of € and w for which the chaotic behavior was observed in
the numerical-analog experiments [16].

An example of possible synchronization zones. Note that the zones
for "large" M and N are narrow, and these for small w are low.
Examples of a heteroclinic and a homdclinic structure. (a) and (b)
show a heteroclinic and a homoclinic orbit of an autonomous system.
(c) and (d) show structures which may be obtained when a small per-
turbation is applied.

The stable and unstable manifolds and solutions on them taken for
the Poincaré section at t==t0.

The saddle connection FO for the pendulum with constant forcing.

A Poincare section of (B9) obtained for l%l > }%l.

The (a,b)-parameter plane. WY and W® intersect transversally iff

a and b 1ie within shaded regions. Note that the picture is valid
only for small € and that slope of the regions boundaries at the origin
is equal to #B/A. '
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