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CANONICAL PIECEWISE — LINEAR ANALYSIS'
Leon 0. Chua and Robin L.P. Ying§

ABSTRACT

Any resistive nonlinear circuit can be approximated to any desired accuracy by a global
piecewise-linear equation in the canonical form

a+Bx+ iq <o, x>—-B; | =0
=1

All conventional circuit analysis methods (nodal, mesh, cut set, loop, hybrid, modified
nodal, tableau) are shown to always yield an equation of this form, provided the only non-
linear elements are 2-terminal resistors and controlled sources, each modeled by a 1-
dimensional piecewise-linear function.

The well-known Katzenelson algorithm when applied to this equation yields an efficient
algorithm which requires only a minimal computer storage. In the important special case
when the canonical equation has a lattice structure (which always occur in the hybrid
analysis), the algorithm is further refined to achieve a dramatic reduction in computation
time.
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Office of Naval Research under Contract N00014—-76—C—0572, and the National Science Foundation under Grants ECS
80-20—-840/ENG—~7722745.
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1. INTRODUCTION

The Katzenelson algorithm [1] for solving piecewise-linear resistive circuits has been
refined and extended to the most general case of a system of piecewise-linear equations
f (x) = 0in a series of excellent papers during the last decade [2-8]. In these papers, the n-
dimensional piecewise-linear functions are specified by

f(x)=Jx+s8, i=12 ..K (1.1)

where J; is a constant nxn matrix and s; is a constant n-vector, both defined in region
R, ¢ IR*. The whole space IR" is divided into a finite number (K) of polyhedral regions by a
finite number (p) of hyperplanes

<o, . x>=8 ., i=12 ..,p., XER (1.2)

where a; is the normal vector to the i-th hyperplane, §; is a constant and <, > denote the
usual vector "dot” product in IR*. For illustration, see Ezample ! (n=2, k=4) in Section 2.3.

In order to solve (1.1) and (1.2) in a computer, it is necessary to store an nxn matrix J;,
two n-vectors 8; and a; and a scalar g; for each of the K polyhedral regions. The number X
depends on the number of regions required to approximate a nonlinear function f (x) to
within acceptable accuracy. For n > 100, K is generally an extremely large number. Hence
for large n, it becomes extremely tedious and error prone for a user to input all the data
necessary to specify (1.1) and (1.2). Moreover, this data also requires an excessive amount of
computer memory. For most piecewise-linear functions of practical interest, the above objec-
tion can be overcome by representing (1.1) and (1.2) by a single piecewise-linear equation in
the canonical form [8]

f(x)=a+Bx+ el <anx>-F =0 (1.3)
i=1

where Bis a constant nxn matrix, a, ¢;, and a; are constant n-vectors, and §; is a constant.

Our first objective is to show, in section 2, that any piecewise-linear function defined by
(1.1) and (1.2) which satisfies the linear partition assumption in [8] has an equivalent canoni-
cal representation (1.3), where a, B, ¢;, &; and §; can be calculated via ezplicit formulas.

Our second objective in this paper is to show, in section 3, that if the only nonlinear ele-
ments in a resistive circuit are 2-terminal resistors and/or controlled sources (all 4 types)
modeled by erbitrary 1-dimensional piecewise-linear functions, then any conventional circuit
analysis method (nodal, mesh, loop, cut set, hybrid, modified nodal, tableau, etc.) always
gives rise to an equation having the canonical form (1.3). Since the above repertoire of non-
linear elements are sufficient to model all resistive n-terminal or coupled elements [9-10], we
conclude that all resistive nonlinear circuits can be modeled, to within any prescribed accu-
racy, by an equation in the canonical form (1.3).

Our final objective is to apply the Katzenelson algorithm developed in [8] to the canonical
form (1.3). The resulting method - called the canonical Katzenelson algorithm -- given in sec-
tion 4 is applicable to any system of piecewise-linear equations represented in the canonical
form (1.3), regardless of whether it comes from a circuit or not.

2. CANONICAL FORM REPRESENTATION OF CONTINUOUS PIECEWISE-LINEAR FUNCTIONS
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In this section, we discuss the canonical form representation of continuous piecewise-
linear functions. First, we review briefly the single-variable (f : R' - IR!) case in section 2.1
and the scalar multi-variable (f : IR* -+ IR', n > 1) case in section 2.2. We also present a new
formula for determining the coefficients of f in the multi-variable case which is more general
than that given in [8]. In section 2.3 we propose a general compact form for representing an
n-dimensional piecewise-linear function (f : R* +» IR* , n > 1).

2.1 i1-dimensional scalar function: 7 : R! » IR

A function f : R! - R! is said to be continuous piecewise-linear if (1) it is continuous,
and (2) it is composed of finitely many linear segments. Points common to two segments of
different slopes are called break points.

Consider an arbitrary continuous piecewise-linear function f with p distinct break-
points z, <23 <.... <z, as shown in Fig. 1. Let m;,i =0, 1, 2,....,p denote the slope of
each segment. It is proved in [7] that f can be represented globally by the following canoni-
cal form :

f(=)=c+bz+if: _rer @.1)

where z € R! and the coeflicients can be calculated explicitly by :

b = 5 (mo +mp) (22)
=i (m-m) i=L2...p (2.3)
a = 7(0) -‘gc‘ | z, | (2.4)

A simplified derivation of these relationships are given in 4ppendiz A It should be noted that
gince (2.2)—(2.4) defines a unigue set of coeflicients for each piecewise-linear function, the
representation (2.1) is also unique.

2.2 n-dimensional scalar function: f : IR* » R »
A linear partition in IR® is a finite set of hyperplanes characterized by the equation
<oy, x>=f, i=12, ..,p. XeR" (2.5)

where a; € IR* denotes the normal vector to the i-th hyperplane. A linear partition is said to
be non-degenerate if for every set of linearly-dependent  &j;, @2, .. » Ry
1537, jo ... o jm Sp ,therankof [ s, @, ..... a;, ] isstrictly less than the rank-of
a;

Xy eee Ry
' y ™. Geometrically, this means that the dimension of the intersection
le pjg soee ﬁ,m .

among any j of the p hyperplanes must be less than or equal ton - j where n is the dimen-
sion of the space. For example, if three lines intersect at a common point in IR, then any



partition in IR? containing those three lines is degenerate.

A linear partition in JR* separates IR* into many polyhedral regions. There are
unbounded regions as well as bounded regions. The unbounded regions can be divided into
two classes. Suppose some of the hyperplanes in the linear partition, or their intersections,
are parallel to each other. As we translate these hyperplanes (or their intersections) until
they coincide into a single hyperplane (or intersection) some of the unbounded regions may
vanish. We call them the pseudo-unbounded regions. The remaining regions which remain
unbounded in spite of the above translations are called essentially-unbounded regions. For
- example, in Fig. 2(a), regions R, and Rs are pseudo-unbounded since they vanish upon merg-
ing L; and L. Regions R, R3. R4 Re Ry and Rgare essentially-unbounded. In Fig. 2(b), Ry is
pseudo-unbounded since it vanishes upon merging the parallel intersections L;, Lz and Ls.
Note that we can always eliminate bounded regions as well as pseudo-unbounded regions by
merging the parallel hyperplanes and/or their intersections.

Consider a linear partition in IR"* defined by (2.5) and an arbitrary polyhedral region R €
R*. Let x be an interior point of K. Then we have <a; . x># §; fori =1, 2, .... .p. If we
define

(X)) =sgn (<ag . x>—f) i=L2...p (2.8)

then the px1 vector w(x) = [ wg,(x), g (), ... wkp(x) 17 is called the sign-segquence vectar of
R;;. We can actually drop the dependence of x on w, since by (2.8) w, remains the same for
all x in the interior of R,. Thus a polyhedral region is uniguely identified by its sign-sequence
vector.

It is shown in [8] that any continuous piecewise-linear function f : R » R! with a non-
degenerate linear partition defined by (2.5) can be represented globally by the following
canonical form :

j’(x)=a+<b.x>+££c¢|<a,-.x>-ﬂ¢] (2.7)
=1

where x, b ;.3 = 1, 2, ..., p are in IR®, and the coefficients can be calculated explicitly by

e en o 4 — =

— e

b= i 39/ (s, (2.8)
1 o (VDR = (Dlg)

0‘—'2— <a‘.m> _(2'9)_

a=7(0) -éﬁ | 8 | (2.10)

where Rjn, j =1.2,..,k, denotes the essentially-unbounded regions, and &, and R
denote the two adjacent regions (associated with the i-th hyperplane) where their sign-
sequence vectors differ only at the i-th position. A simplified derivation in of these relation-
ships are given in Appendiz B.
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Note that for any t € R, ¢ # 0, < ta; , x> = tf; and (2.5) represent the same hyper-
plane. Hence, the coefficients in (2.7) as computed by (2.8)—(2.10) are not unique but rather
depend on the scale factor ¢ used in representing the linear partition. However, if we normal-

def s i
ize the representation (2.5) by defining the scale factor t, = % for
i=1,2 ....,p,8; # 0! then we will get a unique representation for the linear partition as
well as a unique set of coefficients for the cancnical form of f ().

Remark : Non-degeneracy is only a sufficient condition for the existence of a canonical
form representation. Examples exist (see [8]) such that a piecewise-linear function f {.) can
be represented in canonical form (2.7) even though its associated linear partition is degen-
erate. We will show in section 3 that in formulating equations for piecewise-linear circuits,
this sufficient condition can be ignored.

2.3 n-dimensional vector function: f : IR* » IR*

Definition 2.1
An n-dimensional function f: IR* - IR® is said to be continuous piecewise-linear if all its
components f;: R* - R, i = 1,2, .....,n are continuous piecewise-linear.

Any n-dimensional function f:IR*-» IR* with its components f;: R* - IR!
represented in the canonical form (2.7) can be represented globally by the following explicit
analytical expression :

f(x)=a+Bx+‘§1c;|<a4.x>—ﬁgl (2.11)

where x, a, ¢; € IR* and B € IR***. The coeflicients are given explicitly by :

k
B= 3 3 I®) lxen,. (2.12)
i=1
I(x) | - ¥(x) | ;
e = }_[ xe R, xeR(_]“t (2.13)
a=1(0) -‘fl e | B | , (2.14)
=1
where J(x) is the Jacobian matrix of fi Rje.Jj =12, ...k, denotes the essentially-

unbounded regions, and R;,, R;- denote the two adjacent regions where their sign-sequence
vectors differs only at the i-th position.

The derivation of {2.12) - (2.14) is similar to that of (2.8) - (2.10). The coefficients in
(2.11) clearly depends on the scalar factor used in representing the linear partition.

It is important to note that in generalizing from (2.7) to (2.11), we have assumed that
each component f; of f is associated with the same linear partition in the domain. This

dot 1

1For the case §; = O where Sgn (B:) is undefined, we choose -\/—2_-“‘?—_“_‘_-;
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assumption, however, entails no loss of generality since we can always introduce additional
hyperplanes for each f; until their linear partitions are identical foralli =1, 2, ...., p.

Remark : We can write (2.11) in an even more compact matrix form. Define

Cg[c,,cg, .....cp]€R‘”P.Dg[a,.ag.”...ap ] € IR"P and
eg[ﬁi B2, ..... Bp 17 € IR, then (2.11) can be written as?

f(x)=a+Bx+Cabs (D" x-e) (2.15)
Example 1.

The linear partition shown in Fig. 3 is defined by <[1 -1]7.,x>=0 and
<[11]7.x>=0. A continuous piecewise-linear function f: IR® - IR is defined in each
region as follow :

’42 ] 2z

Laz;]' zl.ngR‘; .le]' ZI,ZQGRa
f(z), z2) = {

3z, +z 3z, -z

Lzll_‘_zz:]. 21.3261?2: L_z:,‘,z:z ’ Z]..’Bg€R4

the associated Jacobian matrices are :

{gg}.z,.zgeﬁ‘l: {% g} T,.Z2 € Rg
Jp (z), z2) =
31]. zizeer: [3E] 2imecms
using (2.12) - (2.14) to compute the coeflicients, we can express f in the form of either (2.11)
or (2.15) :
ol . 1
1(z,. z2) = 0] ]"'l? |z, +z2 | + —i | 2y = z2
2 2

Ll

3. CANONICAL EQUATION FORMULATION FOR PIECEWISE-LINEAR RESISTIVE CIRCUITS

Consider the simple circuit shown in Fig. 4. Rl is voltage controlled and R2 is current
controlled. The w-i characteristics of R1 and R2 are approximated by continuous piecewise-
linear segments and represented in the canonical form (2.1) as follow :

trorx=[z), 22 ... . Zp )T € IR, abs(x)g[ ERREN RN E N



P
Rl: 4,=¢9 ('Ul)=¢x+bl”x+‘21f-‘u | vy = Vi |
Pe
R2: vz=r(i2)=a2+bziz+jzlca ‘ 'iog"]gj I
KVL implies v +vpg+ 2, =F and KCL implies i = ia. Therefore

vo=r(ig)=r(i,)=r(g (v,)) and the equilibrium equation of the circuit is
v,+7(g (v,))+2g (v;)=E. We note that this equation is no longer in the canonical
form (2.1) since the composition of r(.) and g (.) causes the absolute sign to be nested. On the
other hand, the equilibrium equation can also be formulated as follow : i; = ip implies

1)1+02+21:1=E and vl+1lg+2i2=E
VWriting these equations in the vector form, we get

[”x"""("z)"‘z.Q(%)] l I

vy +7 (i) +214;

Substituting 7(.) and g(.) into the above equation and rearranging terms, we obtain

2b, + 1 p1 [, ]
1 bz+2l [”' g[c“llv:-l’ul

201+¢2-E
Gg-E ]+

Pe |, 0
+ 2j Y. . -
jgllcﬂ] i ‘2 121 I 0]

Indeed, this equation is in the canonical form (3.11) provided that we identify x = [v,42]7,
a=[10)". a;=[01), 8 =Vi.B5=lpyfori=12....pp7 =12 ...pP2

The above discussion shows that arbitrary elimination of variables will not, in general,
give rise to a system of equations in canonical form, even though KVL and KCL are linear
equations and the constitutive relation of all resistors are expressed in canonical form (2.1).
However, by proper formulation, it is possible to reduce the equations in canonical form.

Consider the class of nonlinear circuits made of linear and nonlinear 2-terminal resistors,
linear and nonlinear controlled sources (all 4 types), each depending on a single controlling
variable, dc independent sources (battery and current sources), as well as any linear multi-
terminal resistive elements, such as ideal transformers gyrators, etc. Through equivalent cir-
cuit transformation techniques, virtually any dc resistive circuit can be reduced to this class
[9-10]. Our objective in this section is to show that if we approximate the characteristics
defining each nonlinear resistor or nonlinear controlled source by a continuous piecewise-
linear function and represent it in the canonical form (2.1), then, for all conventional
methods of circuit formulation, the equilibrium equation of the resulting circuit will always
assume the n-dimensional canonical form given in (2.11). We will prove this rather remark-
able and unifying result for each of the following common equatmn formulation methods :
nodal analysis, mesh enalysis, cut set analysis, loop analysis, hyb—nd analysis, modified nodal
analysis, and tebleagu formulation.

8.1 Nodal, mesh, cut-set and loop equations in canonical form
Thaoremn 3.1 ( Nodal and cut set analysis ) oo e T

ey -ty teeamies e . e e
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Consider a connected resistive circuit N containing only linear 2-terminal resistors, dc
independent sources, voltage-controlled piecewise-linear 2-terminal resistors and linear
or piecewise-linear voltage-controlled current sources. If each piecewise-linear charac-
teristic is represented in the canonical form (2.1), then the nodal equation and cut set
equation of N always assume the canonical form (2.11).

Proof :

Observe that the assumptions assure the existence of the nodal equation. By applying
source transformation, we can assume without loss of generality that each branch in N is in
the composite form (see Fig. 5) where m, can be a linear resistor, a voltage-controlled
piecewise-linear resistor, a linear voltage-controlled current source or a piecewise-linear
voltage-controlled current source. The v, — 1, relation of n, takes the following forms :

(1) if n, is a linear resistor, then
B = gk Vi (3.1)

() if ny is a piecewise-linear voltage-controlled resistor, then
P
iy S + b U +‘21°u Fve = Ve | (3.2)

(3) if ny is a linear voltage-controlled current source, then

e = g V5 (3.3)
where v;, j # k is the voltage of some other branch.

(4) if n, is a piecewise-linear voltage-controlled current source, then

P
i,,:a,,+g,,v,+120“|'u,-Vﬁl (3.4)

. = 1
Now let g be the total number of composite bra;uches inN,u.k=12 ..,q9, beunit
vectors in IRY, and define v, = [(902....9 ), Bg=[E1Ez.... By J7, then since

T =Jy +1. and vy =0 + B for k = 1,2, ... ¢, we can write (3.1) - (3.4) in the following
general form :

R . )] R
i,,:J,,+a,,+,§1<b,,,u,.v,+ﬂ‘1>+j§”21cﬁ | <uy,vg + By > =V |
=[Jk + a, +jil<bg,uj.gq>]+jil<bgjllj.;'q>

w -
+ i Yoeul<wy . vg>=(Va=-<u B >)|

J=l1li=1

-~ -~ -~ -~ r .
Define i; = [ 4, %2.... iy ] , then the above equation gives :



J,+a1+i:<b,,u,.Eq>
J=1
by "
Jg+ag+i<szu§'ﬂ;> T
. i $ b2 9" | .
ig = + . A/}
. J=1
. oy
rerot § <tgu g WY
j=1 .

p -~
+,é é Cﬁu;|<u,.v,>—(Vﬁ—<u,.E,>)|

=1is1
=a+Bv,+’ e lc,,;l<u,.v,,>--(V_ﬁ-<uj.E,,>)| (3.5)

Let A be the reduced incidence matrix associated with N relative to an arbitrary datum node,
and e be the node-to-datum voltage vector, then KCL implies A‘iq =0 and KVL implies
v, = AT e. Applying these two equations to (3.5), we get :

P
Aa + ABATe + f‘, i Acy | <y ATe>—(Vy—-<u B >)|

j=sli=l
P
=a+Be+ {: é ci | <Auj,e>—-8;4|=0 (3.6)
jelizl
where
aaa. BEYABAT, e Tacy. B E V-<uy By > (3.7)

Note that the nodal equation (3.8) is precisely in the form of (2.11) provided we relabel the
double indices in the last term.

To formulate the cut set equation of N, pick a tree and choose the tree branch voltages
v, as independent variables. Replacing A in (3.8) by the fundamental cut set matrix Q we
obtain the following equation

P,
Qa + QBQTv, + ,iuélQEﬁ | <u,.QTv.>—(Vﬁ—<uj.E,>)|

Py
=a+Bv,+j§”2‘cﬁ|<Qu,.v.>-ﬂ,¢|.=0 (3.8)
where
a==ﬁ!3. B==Qi;QT- cﬁ =l2§ﬁn ﬁﬁ:=‘& -<<u,.!§l> (&9)

Equation (3.8) is precisely in the form of (2.11) provided we relabel the double indices in the
last term. ]

Ezample 2.

B At P - ————

N MAOE I am T ot ————
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Consider the bridge circuit containing five voltage-controlled piecewise-linear resistors
as shown in Fig. 8. Assume the v —i characteristics of these resistors are expressed in the
canonical form (2.1) :

Pr
G S ap + by + Ec,,‘lv,,-thl, k=122345
t=1

Shift the current source J, in parallel with R1 and R3 so that the resulting circuit contains
only 5 composite branches and 4 nodes. The reduced incidence matrix A with respect to
datum node @ is

1 001 0]
A=}j-1 1 1 0 O
0 -10-11
Computing the coeflicients using (3.7), we obtain
al_I’ L
ap a,+a,-1I;
a=A aa-I' = -a"*'ug'"as
Qg -E2-04+a5
as ‘
bl+b4 "b] —'b4 ]
B=Adiag [ b, babgb,bs]AT =| =b;, b;+ba+bg -bg
-b4 -bz ba + b4 + bs

cﬁ=cﬁAuj. ﬁji=Vﬁ' j=1.2.3.4.5
The nodal equation in the canonical form is:

a,+a,—I; [b‘+b" ~b —bs ! e,
f( )- -a,+az+ag|+| =b; by+ba+bg -b, ez
—@3—Gs+ads -b, -by b+ by + bg |3
P1 Cii ] P2 0
+ Y |=-cu |ey—ez=Vie |+ Y | c2 ||l e2—e3—Va |
Ps 01 Py | Cy )
+ Y |les|lea=Va |+ 2| O | ey —eg—= Vi |
i=1 L 0 =1 | =Cy4
Ps 0. 0
+ 2 0 Ies-Val = 1|0
t=1 Lca 0

It is remarkable to observe that the resulting nodal equation isin closed analytic form.
Changing the resistor characteristics only changes the parameters in this equation.

Theorem 3.2 { Mesh and loop analysis )

Consider a connected resistive circuit N containing linear 2-terminal resistors, de
"independent sources, current-controlled piecewise-linear 2-terminal resistors and linear
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or piecewise-linear current-controlled voltage sources. If each piecewise-linear charac-
teristic is represented in the canonical form (2.1), then the mesh equation and loop equa-
tion of N always assume the canonical form (2.11).

Proof : Dual of Theorem 3.1. []

3.2 Canonical equation for modified nodal analysis and tableau formulation

In the case when N contains both voltage and current controlled elements, we may
resort to modified nodal analysis.

Theorem 3.3 ( Modified nodal analysis )

Consider a connected resistive circuit N containing only linear 2-terminal resistors, dc
independent sources, current-controlled and voltage-controlled piecewise-linear 2-
terminal resistors, linear and piecewise-linear controlled sources (all 4 types) and any
linear multi-terminal resistive elements. If each piecewise-linear function is represented
in the canonical form (2.1), then the modified nodal analysis of N always assumes the
canonical form (2.15).

Proof :
Partition the elements in N into the following groups: N
ic=G(vs)+N(iz) (3.10)
vg=M(vg)+S(irp) . (3.11)
vg=R(ip) (3.12)

where G(.) in (3.10) includes all voltage-controlled resistors, voltage-controlled current
sources and dc current sources; N(.) in (3.10) includes all current-controlled current
sources; M (.) in (3.11) includes all voltage-controlled voltage sources; S(.) in (3.11) includes
all current-controlled voltage sources and dc voltage sources; R{.) in (3.12) includes all
current-controlled resistors.

Using the same procedure as in the proof of Theorem 3.1, we can express (3.10) - (3.12)
into the canonical form (2.15) :

ic=[ac +Bgve +Coabs (Dv; —ec)l+[ay + Byip + Cyabs (Dfip —ey)] (3.13)
vg=[ay +Byve +Cyabs (Dfvg—ey)]+[as +Bsirp + Csabs (Dfip —es)] (3.14)
vg =ag + Bpip + Cpabs (Dfip —ep) (3.15)

Let A be the reduced incidence matrix of N relative to some datum node, and partitioned A
as A=Az | Az | Ar ] . Let J denote the source current vector and v, denote the node-to-

datum voltage vector, then KCL and KVL give :3
Agic +Agip +Agip =0 ' (3.18)

Alva=vg . Afva=vg , Afvp =g (3.17)

SNote: Current scurces have been abserbed into ig.
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" Substituting (3.13), (3.17) into (3.18) and (3.17) into (3.14), (3.15) respectively, we get

Ag[ac +Bo Afv, +Coabs (DEALv, —~ec )]+ Agip + Agip =0 (3.18)
AZv, =[ay +By Al v, + Cy abs (Df Al v, —ey)]

+[as +Bsip + Cs abs (Dfip —es )] (3.19)
Afv, =ap + Bgip + Crabs (Dfip —er) (3.20)

Let x=[vT | i# | if ]T be the vector of independent variables and rewrite (3.18) - (3.20) into
vector form, we get

Ag ag AcBc AY Az Ap
ay +as | + —AE+B}1A$ 0 Bs|x
oz -A} 0 Br
[ 7 ]
A;Cc 0 0 O A;D; AcDy 0 O ec
+#| o cucs ofas|| 0 o0 o0 o x-|F||=0 (3.21)
0 0 0 Cp 0 0 Ds Dp er
Defining
Az a; | AcBc AY Az Ae A;Cc O 0 O
a=|ay+as|{. B= -Ag'l'ByAg 0 Bs|, C= 0 Cy Cs 0],
| 8r -A% 0 B 0o 0 0 Cp

AcD; AcDy O O 7
D=| O 0O 0 O .e=[e$e£e£e£l
0 0 Ds Dp

we can recast (3.21) in the following canonical form :

a+Bx+Cabs (DTx—-e)=0 0

Theorem 3.4 ( Tableau analysis )
Consider a connected resistive circuit N containing only linear 2-terminal resistors, dc
independent sources, current-controlled and voltage-controlled piecewise-linear 2-
terminal resistors, linear and piecewise-linear controlled sources (all 4 types) and any
linear multi-terminal resistive elements. If each piecewise-linear function is represented
in the canonical form (2.1), then the tableau formulation always assumes the form of
(2.15).

Proof :
Let A be the reduced incidence matrix of N relative to some datum node, and v, be the

node-to-datum voltage vector, then KCL, KVL and element constitutive relations give :

Ai=AJ (3.22)

v=ATv, +E (3.23)
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f;(i)+ty(v)=8 (3.24)

using the same procedure as in the proof of Theorem 3.1, we can express f; () and fy () in
the canonical form (2.15)

f;(i)=a +Bi+Crabs (Dfi—-es) (3.25)

fy(v)=ay+Byv+Cyabs (Dfv—ey) (3.26)
Substituting (3.25) - (3.26) into (3.24) and writing (3.22) - (3.24) into vector form, we get :

-

_AJ A OO

-E +(0 1 AT||w
a+ay—S {BI By O \A

T
r000 DIOO i er
+|0 0 Olabs||0 Dy O v|-|ey||=0 _ (3.27)
[C; Cy O o oof (™ 0

Clearly (3.27) is in the canonical form (2.15). [J

8.3 Canonical equation for hybrid analysis
Theorem 3.4 ( Hybrid analysis )

Consider a resistive circuit N containing linear 2-terminal resistors, dc independent
sources, voltage and current controlled piecewise-linear resistors, linear controlled

sources (all 4 types) and linear multi-terminal resistive elements. Let N denote the m-
port obtained by extracting all voltage-controlled piecewise-linear resistors in N across
"voltage" ports, and all current-controlled piecewise-linear resistors across “"current”
ports (Fig. 7). If the characteristic of each piecewise-linear resistor is represented in the

canonical form (2.1), and if N admits hybrid representation (3.28), then
(a) the hybrid equation of N always assumes the canonical form (2.11);

(b) the linear partition in the domain always forms a lattice structure in the sense that
the partition hyperplanes are parallel to the coordinate axes defined by the independent
variables.*

Proof :
Consider the linear m-port N shown in Fig. 7. Let 5,. ;Jg. veee s ;g be the voltages of the vol-
tage ports and ?.ﬂ. ?',u.g. .... » im be the currents of the current ports. The assumption implies

that N has a hybrid representation :
I LR I N

-~ ~

. . (3.28)
A{ Hye Hyp iy 8y

~

where ;c = [;Jl 172 ;I; ]T. W = [;)“.1 ‘;JH.g ';m ]T. ‘ic = [;l .‘52 veee %; ]T.

. 4Any piccewise-linear equation having this property will henceforth be called an "equation with a lattice struc-
ure”.

T R, N s e oot st s
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iy =[%e1 Giez ... im J7. and [ 8, 8, 7 is the source vector.

By assumption, each voltage-controlled piecewise-linear resistor is represented by
ig=ag+b,,u,,+:§lcu|v,,-Vu|. k=12 ...,1 (3.29)
=
Similarly, each current-controlled piecewise-linear resistor is represented by
vy =ap + by 4 +‘§lcu|i,,-1“|. k=1+11+42,.....m (3.30)

Defining vz =[v1vz... v )T % = [ V1 Ysz o Um [ e = [ G142 ... 2 17,
ip = [%+1 %42 .... im 17, and recasting (3.29) - (3 30) into vector form, we get

m
[ ] a+B[v°] Cﬁﬂjl(%.[&])'ﬂﬁl (8.31)
j:!i-l
where
§=[a, ﬂ.g....ﬂgau.l....ﬂnmlr.ﬁ:diﬂg[6152.... b, bisy ... bm]

Vji j=1.2......l
Bup=lIy j=t+r 142 ... m

and uy is the unit vectorin IR™, j = 1,2, .... , m.

From Fig. 7 we have Uy =, % i, k=12, ..., m. Hence, ¥, = Vg, Ig =i, % = Vo,
= j, . Equating the right hand side of (3.28) and (3.31) we get

. " X+
Hya Hy
After rearranging terms, we get

i, fi -1 . moP
fu =a+B+Z écﬁnj|<uj.x>-ﬁﬁl
8 J=1i=1

m Pj

a+Bx+ 2 Ecﬁ|<nj.x>—ﬁﬁ|=0 (3.32)
wherex=[¥:].a=5— f‘ ,B=B- t’“ l:h ' Cj =Cji Uy
8 Hys Hpy

Equation (3.32) is precisely in the form of (2.11) provided we relabel the double indices in the
last term. This completes the proof of (a).

The partition hyperplanes associated with (3.32) are defined by <u;,x>=§j;
i=12, .. .p; . Since u; defines the normal direction of the j-th hyperplane in the linear
partition and since wy is a unit vector in ™, (b) follows immediately. [}

Remark : Theorem 3.4 can be easily generalized such that the piecewise-linear resistors
extracted across the voltage and current ports of N can be mutually coupled; ie.
jg =f(vy.ip ) and v, =g( Vs, iy ), where £(.) and g (.) are represented in the canonical
form (2.11).
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Ezample 3.

Consider the resistor circuit shown in Fig. 8(a) where R1 is voltage controlled with its v~
characteristic shown in Fig. 8(b) and R2 is current-controlled with its v-i characteristic
shown in Fig. 8(c). The v-i characteristics of R1 and R2 are represented as follow :

. 1.3 3
R1: 1.,=Z-+1—v1-|v1|+-4—|‘ul-1| (3.33)
.
R2: ng--i-+%1z-r"bz+1l (3.34)

Extracting R1 across the voltage port and R2 across the current port (see Fig. 8(d)), we obtain
the following hybrid representation for the remaining linear 2-port N:

Vg - - 2_

2 3

Substituting (3.33) and (3.34) into (3.35) and rearranging terms, we obtain the following
hybrid equation in the canonical form (2.15) :

1 -3 -1 2
g x % |, 1g 0 ) [110] [4,] 0
Sl L]t o on|®|loo ] ] |4
4 12

= 8]

The lattice structure of the linear partition is shown in Fig. 8(e). [

]
Z; ] + [?] (3.35)

4. CANONICAL KATZENELSON ALGORITHM

In this section, we adapt the canonical form representation to the Katzenelson algo-
rithm. We state the conditions which guarantee the convergence of this algorithm in terms of
the coeflicients of the n-dimensional canonical representation. An alternate way of handling
the familiar "corner” problem is also discussed with an illustrative example. Finally, we com-
pare the bookkeeping complexity and computational efficiency involved in equations with and
without lattice structures.

Definition 4.1

A continuous mapping f: R* » IR® is said to be norm-coercive if || #(x) || » = as
I x|l » e

The following theorem gives sufficient conditions for the existence of solution in terms of
the coefficients of £(.), where f(.) is expressed in (2.15). The proof follows directly from a
corresponding theorem in [8]. '

Theorem 4.1
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Let f: IR* » IR® be a norm-coercive continuous piecewise-linear function expressed in

the form (2.15). If there exists a point Xy € IR* which satisfies®

(DD x-e#0

(2)B(x-%)#-C[abs(D'x-e) -abs(D'xy~e)] Xe R*, x# X

(3)det { B+ C[sgn(DTxo—e)]DT;>0

then for any given y, € IR*, there exists an x € IR?, such that f(x) = yo Furthermore, the

Katzenelson algorithm starting from X, converges to a solution in a finite number of

steps.

For complete generality, we will present the canonical Katzenelson algorithm without
assuming the equilibrium equation has a lattice structure. However, remarks will be given at

each step where a lattice structure can bring significant savings in bookkeeping and/or com-
putation. '

Canonical Katzenelson Algorithm
Consider the equation

f(x)ga-i-Bx-l-Cabs(D"x—e):yo (4.1)

Step 1: Choose an initial point x; satisfying conditions (1), (2) and (3) in Theorem 4.1.
Letk =1, A =0, %) = x,. Let R, denote the region containing x*). R, can be identifled by
its sign-sequence vector (2.8). Go to step 2.

Step 2: Compute n®) by
nl®) = [Jg, 17! [ yo - #(=*)) ] (42)
where Jpg, is the Jacobian matrix of f in region R,. Go to step 3.

Step 3: If n® is a zero vector, then xt*) is the solution, and the algorithm terminates
here. Otherwise let A®) be a subset of {1, 2, .... , p} such that for i € 4*), <y . x>=§ isa
boundary hyperplane of region R,. Then for eachi € Al such that < a; , n*) > # 0, compute

ﬁg’(d{é;!“’)

k) =
& <a;,n®) >

(4.3)

and go to step 4.

Remark : Since it is generally impossible to identify the boundaries associated with each
region of (4.1), the number of elements in set A®) is always equal to p -1 (i.e. all hyperplanes
except the one which contains x(*)). However, if the equilibrium equation has a lattice struc-
ture, then each region has at most 2n boundaries (therefore the size of A®) is always 2n -1
after the first iteration) and can be easily identified by simply comparing the coordinates of
x*) with the 8;'s. Substantial computing time can be saved at this point since not only the
total number of £{*) to be calculated is reduced, but also no multiplication is required for the
dot products in (4.3) because a; is now a unit vector. Note that in general p is much greater
than 2n, and p = 2n occurs only when each of the piecewise-linear characteristic has exactly

"For x € ", sgn(x) Y ding (sgn(zy), sgn(ze). ... » Sgn(2a)), where sgn(z) = 1 whenz; > Oand
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one breakpoint.

(k)

®) 1 the subset of A®) such that for all i € A

Step 4: (a) If det Jp, # 0, let 4

sgn (¢{*)) sgn (detdp,) =1 (4.4)
¥ 2" is an empty set, then x*) + n®) is the solution and the algorithm terminates. Other-

wise, find ii( - mgx t{*¥) | and go to step 5.

(b) If det Jp, = O, then find

- (k)
- £(k) .
'ml&) | %) | (4.5)

and go to step 5.

Remark : Again, observe that if equation (4.1) has a lattice structure, then the size of Zm

will be smaller and searching for tf ! will also be easier.

Step 5: If Z‘( )> 1, then x® + n®) is the solution and the algorithm terminates here. If
“( )< 1andit is not unique’, go to step 8. If tf Y<1anditis unique, let h =1, t %) = t{*) and
go to step 6.
Step 6: Compute
xie+1) = xl6) 4 ¢ (k) pk) (4.8)
IRps = IR t 20 ay (4.7)

where ¢, is the kh-th column in matrix C and &, is the h-th column in matrix D. Go to step 7.
Remark : If equation (4.1) has a lattice structure, then a, in (4.7) will be a unit vector,
and hence the dyad product of ¢, and a;] requires no multiplication at all.

Step 7: Increment k by 1. If det Jp, # 0, then go to step 2. Otherwise, find a vector n # 0

in the null space” of Jg,. Let n®*) = n and go to step 3.
Step 8: (the corner problem)®. Since the ¢*)'s are not unique, let I®) be a subset of y
containing the indices i where the {*Ps are equal. Choose any i from [ ), let h =1,

ok
tlk) = tf ) and compute x**1) = x*) + £%) nl*¥). Go to step 8.

Step 9: Check x{**)) against the existing corner points stored in step 10. If xX**!) is anew
corner point then go to step 10. Otherwise go to step 11.

Step 10: Store the corner point x**? Go to step 12.

Step 11 : Let Nf*) be the total number of elements in set I*). Construct a region list Lf®
which consists of all neighborhood regions of the corner point except region K.

sgn(z;) = =1 whenzy < 0.
’Wesaytg )mmtwuqucifthereenstatleast.Zmdzces”m"and"n“sucht.hatt‘ = | t,sf) | =1 t,E") |
The vector nmthemﬂlspace of Jp, ,, can be found using standard linear system techniques.
8Note that X**1) i now a corner point. . T

TTITRTE I ey A o il

e ¢ o er————_——— 8w+ e e R —
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Remark : Since each region is uniquely identified by its sign-sequence vector, step 11
consists merely of generating those sign-sequence vectors which represents the neighborhood
regions. Let w*) denote the sign-sequence vector of region FR. We generate the sign-
sequence vectors from w*) by varying the sign at the j-th position of w®) for j € I¥), while

E
keeping the remaining entries identical. Clearly this procedure will generate 2”’( . 1 sign-
sequence vectors.

Step 12 : Select a new region R4, from the list Lf*) associated with the corner point
*+1) in accordance with the following precedence : (1) the sign sequence of R,,; matches

w(X), (2) det Jp,, >0, (3) det Jg,,, =0, (4) detdp,,, <0. Remove R, from the list Lf*) and
go to step 13.

Remark : Step 12 and step 13 form a loop until we identify the correct region to proceed.
Here, w(X) is the sign-sequence vector computed in step 13.

Step 13 : Repeat step 2 and step 3 (i.e. repeat (4.2) and (4.3) with & replaced by k +1) to
compute n®*1 and ¢+ for i £ I**) (go through step 7 first if det Jp,,, # 0). Repeat step ¢

-~ b - - -~
to find t(( *D then compute x= x**1 + é—ti(“l) p**1) and the sign-sequence vector w(x). To

determine if region R,,, is the correct region to proceed, we compare w(x) with w*+1) (the
sign-sequence vector of region Re4y). If they are equal, (then R, is the correct region to
continue), set xX**? =x, Jp = (3 @nd increment & by 2. Go to step 2. If w(x) and w**!

are not equal, then go to step 12.

Remark : Since most of step 13 consists of repeating step 2, step 3 and step 4, substantial
savings in computing time will result if equation (4.1) has a lattice structure (recall the
Remarks following step 3 and step 4.)

Justification :

(1) To show the Jacobian matrix can be computed from the one in the adjacent region by
(4.7), let R,, R, be two adjacent regions and J;, J be the Jacobian matrices in K, and R
respectively. Then:

J,=B+c[sQn(D7'x(‘)—e)]D7 (4.8)
Jg=B+c[sgn(DTx‘z’-e)]DT (4.9)

where x" and x@ are arbitrary interior points in R, and R, respectively. For confinuous
piecewise-linear functions,

L=d+yoT (4.10)
where 7 is a constant vector to be determined [1]. Substituting (4.8) and (4.9) into (4.10), we

get:
J,-Jg=c[sg:n(l)"x(‘)-e)-sg_n(DTx(z)-e)]DT (4.11)

since the sign-sequence vectors differ only at the i-th position for R, and Rp, we have
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sgn (D'x) —e) - sgn (D'x? ~e) = diag (0.0, ..., 0,20, ..., 0)

where the number “2" is at the i-th diagonal position. Therefore (4.11) reduces to
3 -d=2¢ ;T (4.12)
Comparing (4.10) with (4.12), we identify y =.2 ¢; and hence (4.7) is proved.
(2) The method we used to solve the corner problem (step 8 - 13) is fully justified in [8]

(Theorem 3 through Theorem 5), and is not repeated here. However, we will illustrate the
method in Ezample 4.

Ezample 4. (Step-by-step illustration of the canonical Katzenelson algorithm)

Consider the circuit shown in Fig. 9(a) where both resistors R1 and R2 are voltage con-
trolled. Their v-i characteristics in Figs. 9(b) and 9(c) are represented in canonical form :

R1: 1'.,=1+-2—

3
z ”1"”1""4—'”1-1|

g 1,3 '
R2: 'Lg=--4"'+ ‘Z"‘Ug—%‘l‘vg"'ll

The canonical form equation for this circuit is found to be

S _3 1.3 1
8 4|[s,] |2 8 % 110] 0
3 o ||ve * -1 2 _.1_ Y 1] - .11
4 4 3
L
= 81 (4.13)
Eg-l- 32—

let £y = 1 sothat yp = -é— %]7'. The linear partition in this case consists of 3 straight lines
v, =0, vz = 1, and vz = —1, as shown in Fig. 9(d). Define x=[ v, v.]".

Step 1: Choose an arbitrary point x5 = [ -1 —2—]7' as shown in Fig. 9(d).

Step 2& 3: (k=1).

£ -1 B I 20
1) = _| 8 13
o) = . 13 4 33

3 12 28

Since the region R, containing X, is bounded only by the first (v, = 0) and third (v = -1)
hyperplane, we set A1) = { 1, 3 ] and compute ¢ {*) and £{" :

o-<[1o]7[-1-3—]T> -1-<[o1]r.[-1-3—]f>

ey = 20 33 =g H' = 20 :133
T TS 20 T 33 ir
<f1ofilimel > <lor1lnlF 26] >
13

Step 4& 5: (k=1). Since detJp, = Z—> 0, we have A" 'il 33t ===andh =3.

8

St sy e e g b e —— . mee e
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Step 6: (k=1). (4.8) implies

20 [_13]

2) = | =1 13 [13 | _ 33

x® = _3|*33|3 |~ -1]

2 26
(4.7) implies

L, 1 1_1]
) T |z 7%
3 3 3

Step 7: (k=1). detIp, = 250 Setk =2and gotostep 2

3
Step 2 & 3: (k=2). (4.2) implies n® = [ TBSS? 2—]7'. Set A® = §1, 2} and compute {2
and ¢§? :
I 13 i3
0-— 017 -5 r - T —5- T
R S S st P SPNILL LI S 1t st A
—_— T 85 5 85’ 7 85 5' . 8T T
<[10]7, 135 4]> <[10])7, [132 4]> -
Step 4 & 5: (k=2). Since det Jp, = ; =>0, we have A% "{1 2, t& =1, andh =1
3 _L
2
Step 6: (k=2). (4.8) impliesx¥ =[0 --1“:,—]?'. and (4.7) implies Jp, = 5
-1 2
3

Step 7: (k=2). detJp,=2>0. Setk =3 and gotostep 2.

Step 2 & 3: (k=3). (4.2) implies n® =[ %- -g%]r. Set A® = § 2, 3} and compute £§*

and ¢§9 :
- __1' - = T _4 7
g 1-<[10]%.[0 ] “6, £ = 1-<[01]7,[0 17,13_,::33_,*,_.,_“__..,
: <[1o[: 2 ]T <01+ 27> &

Step 4& 5: (k=3). detJp =2 >0 implies A" = {2]. Since 19 2 ¢9 = 6> 1 solution of

(4.13) is given by :
1
L
. 17

The iteration procedure is now temunated. The solution path is shown in Fig. 8(d). 0

Example 5. (Step-by-step illustration of step 8- 13: corner problem)

Consider the same example as in Ezample 4. However, instead of x5 = [-1 -g—]r. let us

choose xg =[ -1 --1,;-7-]7'.



Step 2& 3: (k=1).

Lal(l-y] [ = 20 |
_ 8 56 ||_| 13 |. _
n(‘)-' 1 Z_ & - -g- =1l200 | A(l)"i1-3;
3 12 12 91
o-<[10]7, -1-—7 -1-<[01]7, -1--——T
tf) = [ ]io 200 : “é_g" tf) = [ ]z[o 200 : =%
T &V_<SVV T T sU_&UV T
<[1t:)].[13 1 17> <[01].[13 91 7>

) Step 5: (k=1). Since ffl)- t;l) ég

Step 8: (k=1). I =11,3}. Seth =1 and compute

they are not unique. Go to step 8.

o - Step 9 (k=1). This is the first tune we hit the corner [ 0 —1 ]7. Go to Step 10. R

Step 10 & 11: (k=1). Nf? = 2. Sign-sequence vector for region R, is w=[-1 -1 -1 ]7'
construct LV = §wiV, wiV, wi)}, where wj¥=[1-1-1)", wi¥=[-1-11 JLs
wi'=[1-11]".

Step 12: (k=1). Since det I ) = 2, detiyp = 4, and det J g = 2 are all positive, and

since w(X) is still undefined at this moment. pick an arbitrary region (say wi?) to continue.
Go to Step 13.

Step 13 : (k=1). Repeat step 2 n® =[ {%—-g—]" Since ItV = { 1, 3}, we only need to
compute ¢ {2 in step 3.

¢ = L= <[1o]T[o-1]T _15
T T 7
e <[101".[ 35 &>
compute s B
0 | |+
- 1
x=[ . +TLIP =5 | maw@=[1-11V
5 7

Since wf!) = [ -1 =1 -1 ]7 is not equal to w(x), go back to step 12 to select another region.

Step 12: (k=1). Since w{!) = w(X), choose the region represented by wi!) and go to step
13,

Step 13: (k=1). Repeat step 2 and step 3 n® =[ — —]T t{? =6, and x=[ -- —]T

Since w(x) = [ 1 =1 1 ]7 is equal to w§", set x® = [ 'é— -2—]7. Jpg = d g increment k by 2 and
go tostep 2.

e e s m—eae o e p———— e e
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Step 2&3: (k-S) (4. 2) implies n® = [ -— -3]7. Set A® = {1, 2, 3} and (4.3) implies

=3 =2 p=5
Step 4 & 5: (k=3). det Jp, =2 > 0 implies A =§{1,3]. Since ‘t'f)= 3—> 1, solution of

2
(4.13) is given by :
RN I P 1 R I SN
=12 3|18
X9 + n® = A EINES
2 2

Remark :

Two programs have been written to implement the canonical Katzenalson algorithm on a
PDP-11/780 VAX computer running a UNIX time-sharing operating system®. :

The first program exploits the special properties possessed by equations having a lattice
structure. The second program does not exploit this structure and is therefore more general,
but less efficient. Eramples 4, 6, 7 and 8'° are used to compare these two programs and the
result is shown in Table 1. Note that every example in Table 1 has lattice structure. By

" exploiting this structure, one can expect the saving in cpu time to increase with the size of
the circuit.

Table 1. Summary of computation for Ezample 4, 6, 7and 8

- Total number of Total CPU time (in seconds)!!
Examples L.
regions traversed | general case optimized for
lattice structure
4 3 0.20 - 0.28 0.18-0.20 ) )

8 5 0.32-0.52 0.25-0.40,
4 18 0.82-0.88 0.33 - 0.47
_ 8 i1 0.95 - 1.32 0.58 - 0.80

5. CONCLUDING REMARKS

- Since the dc circuit model of most electronic devices are rnade of 2-terminal nonlinear
resistors and nonlinear controlled sources depending on a single controlling variable, the
equilibrium equation of most dc electronic circuits are automatically in the canonical form,
upon approximating each nonlinear function by a 1-dimensional piecewise-linear function.

BPDP and VAX are Trademarks of the Digital Equipment Co., UNIXis a ‘h-ademé;k ¢ of Bell L Laboratones
195 zamples 8, 7 and & are listed in Appendiz C.

11 Since UNIX is a t:lystexn. the actual time depends on the cwrrent load onthc gystem at that time.
Hence we give only a range of the total CPU time.
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In the more general situation when the nonlinearity consists of coupled equations, they
can often be approximated by combinations of a few functions of one variable. In fact, from a
theoretical point of view, we can invoke Kolmogorov's theorem which asserts that any continu-
ous multi-dimensional function f: IR* + IR® can be approximated to any desired accuracy
over any compact region in IR® by a composition of functions of only one varigble. This in
turn will allow us to construct a circuit model whose only nonlinear elements are 2-terminal
resistors [10]. It follows therefore that any resistive circuit can be maodeled, to within any
desired accuracy, by a system of piecewise-linear equations in canonical form.
This result is particularly appealing from a circuit-theoretic point of view because all
y methods of circuit analysis give rise to an equilibrium equation of the same form. In fact, for
small circuits, such as the bridge circuit presented in Example 2, it is now possible to derive
highly efficient "canned computer programs” where the user need only specify the break-
points and slopes of the nonlinear resistors in the circuit. Such a program are ideally suited
for implementation in personal microcomputers. For example, one can easily store in a single
5X" floppy disk, the canned program for analyzing piecewise-linear resistive circuits in all
standard configurations, e.g., ladder, lattice, bridge-T, twin-T. etc.

In the case where the circuit has a hybrid equation, the canonical equation always
possesses a lattice structure. This remarkable property allows a substantial saving in com-
puting time in the canonical Katzenelson algorithm. In the case where the circuit has mauldti-
ple solutions, this property allows the development of a special algorithm which guarantees
that all solutions are found.

From an analytical point of view, the canonical form allows us to carry out algebraic
manipulations on piecewise-linear circuits. This make it possible to derive closed form solu-
tions and sensitivity formulas for many prototype circuits.

Finally, it would be desirable to compare the computational efficiency between the
canonical Katzenelson algorithm with the recent piecewise-linear approach described in [12] -~
- -———and [13].

B i U g OOy T
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APPENDIX

A Justification of coefficients for canonical equation (2.1)
Forz #z, i = 1.2, ..., p, (2.1) implies that

Edz—-f(z):b-l- f:cisgn(z-z;) (A1)
t=1 .

since m; = d‘.lz_f (z) |=, <z <z (A.1) implies that

mo=b - ¥ ¢, (a2)
i=1

my =b + éci- i C; j=1, 2..,...11.—1 (A_B)
i=1 t=jn

mp=b+ 3 e (a4)

t=1

It is clear that (A.2) and (A.4) imply (2.2), (A.3) implies (2.3), and finally (2.4) follows from
(2.1) upon substituting z = 0.

B. Justification of coefficients for equation (2.7)
We derive (2.8) first. Forxe R* and<a; . x> #f;, 1 =12, ... P, (2.7) implies

Vf(x)=b+‘£:l°~;[39n(<d¢'X>-ﬁi)]ﬂi (A.5)
(A.5) implies
k k k
£ e |.ER,.]= £ b+ {i e [sgm (<aq. x>~ 80) 10 Luery.
i=1 i=1 j=1ii=1
which can be simplified to
1 & 1 &
b=L 3 (V7@ g |+ L 5 { 8 eclogn (< x> =81 lun,.
k j=1 k F=1(i=l 1
Therefore to derive (2.8), it suffices to show
k
J'2‘{,2‘!=¢[syﬂ(<cl‘-.X>-»6¢)]4:x¢l;,m,..]=0 (A8)
= =
Since we are only interested in X € Rja, forj =1, 2, ..., k. the procedure described below will

eliminate all bounded regions as well as pseudo-unbounded regions.

Consider a very general case such that there are g groups of hyperplanes in the linear
partition, each containing n, parallel hyperplanes. For each group, we merge the n, hyper-

planes into one. (Note: we have k, 4 pP- é n; + g hyperplanes left.) Then move each of the
J=1

k, hyperplanes in parallel to itself until all pseudo-unbounded and bounded regions vanish.
This is always possible since no two of the k; hyperplanes are parallel to each other. Clearly

there are k =4 2k, regions left and all of them are essentially-unbounded. Since each
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hyperplane < a; , x> =8, i =1, 2,...., p, divides IR® into two regions whose sign-sequence
vectors differ only at the i-th position, we have

E
jEls,grn.(<rx‘-.x>)=0 for i=12...p

where x; € R, for j = 1,2, ...., k. Equation (4.8) follows upon interchanging the surmnmation
sign

k

Ysgn(<a;.x>=-p;)]=0 fori=12..,p
i=1
To derive (2.9), let x € R}, in (A.5), we get

V/® lzer, =b+ ici[sgn(<at-x>"ﬁi)]ai+cjai (A.7)
Y
Similarly, let x € R;. in (A.5), we get
v |x<-:R,_=b+Z:ct[sgn(<atox>‘ﬂi)]“i-cjai (A.8)
e
Multiplying both sides of (A.7) and (A.B) by a; [ and subtracting, we obtain (2.9).
Finally, substituting x = 0 in (2.7), we get (2.10). 0

C. Examples
Ezample 6.

Consider the circuit shown in Fig. Al. Piecewise-linear resistors R1 and R3 are voltage
controlled, piecewise-linear resistor R2 is current controlled. Their canonical form represen-
tation are given by

. 5 5
Ri: 4, = -6—]’01+6|—§-l‘01—6|
1. 1, .
R2: vp= -6—|1.2+1|—E-|1.2—5|

R3: dg=wg— o|wg—1]-2]va=2] -|vg-3]
The associated circuit equation is represented in the canonical form as follow :
Vi 4! 5 1 |
B ig +abs(DT ?:z -e)= 5]

where
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,
-2—2—0 00 00

111 f[1100000]

B=o11,c=oo-%—%—ooo.n=loo11ooo]

00 -2 0000111
[0000%41

e=[-86-15123)
The initial point is X, = [ 7 8 -1 ]7 and the solutionis[ 0.1 2.2 2.87 7. 1

Ezample 7.

Consider the circuit shown in Fig. A2. R1 and R2 are voltage controlled. Their charac-
teristics are given in the canonical form as follow :

R 2 7 3
R1: z,=—18—5-+ -g—v,+§-|v,+1]--z—lvl-ald—%-l'u,-f)]

-;—lu,nl-g—lul-'-13|+2|v,—15|

, 2 , 3 3 3 3
R2: 1.2=--Z-+2—112-E-|'u2+8|+§-|v2+5|-2—|'vz+1l

3 3 5 3
+2—|'Ug+1|—4—|‘Ug-3l—-4—|‘Ug—8|+2—|‘02—10i

+|u2-1a|-i—|uz-1e| +1—|v2-18|

The associated circuit equation is represented in the canonical form as follow :
13 1]

=5 I 161
v v
2 " 4
wherea, =[10]Tfori=1,2 ....8anda;=[01]) fori =7.8, ..., 16.
7] _3] 3 _L _8
8 2 4 8 8 2]
01= 0 lca= O .cs=L0 Ic4= 0 |c5= 2 |c6= 0]-
0 0 0 | 0 0 0
= 3]+C@=|3 ]| C= gl C= g} = 3| C2= 5|
| 2 | 2 | 2 | 2 4 4
0 0 0 | 0|
Cis=|g | Ce=|1|Cs5=| 5| C8= |
2 ' Y 0

Bi=-1, fo=2, fg3=5. A, =11, fs=13, fg=15. f; =B, Ba = -5.

Bo=-3, Bio=-1, 11 =3, P12=8, 3= 10, F1a =13, fis=16. 15 = 18
~ The initial point is xp = [ 16 20 )7 and the solutionis[ 1.5 1.5 7. 0
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Ezample 8.

Consider the four transistor circuit shown in Fig. A3(a). Each transistor is modeled by a
controlled source in series with a p-n junction diode as shown in Fig A3(b). The diode /p—Vp
characteristic is represented by a continuous piecewise-linear function with 8 segments as
shown in Fig. A3(c). The reader is referred to [11] for the canonical representation of the
equilibrium equation. The initial point is % =[1011]7 and the solution is
[ 3.290404x10"! 3.652363x10"! 3.376286x10! 3.802442x107! J7. 0
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FIGURE CAPTIONS
A continuous 1-dimensional piecewise-linear function.
Examples illustrating pseudo-unbounded regions and essentially-unbounded regions :
(a) R,, Rs and R,q are the only pseudo-unbounded regions.
(b) R, is the only pseudo-unbounded region.

In Ezample 1, R is partitioned by two 1l-dimensional hyperplanes (straight lines)
z, = z, and z, = =z, into 4 regions R, K3 R3and R,.

Circuit containing 2 piecewise-linear resistors.

A composite branch.

Bridge circuit containing 5 voltage-controlled piecewise-linear resistors.

Extracting all nonlinear resistors we obtain a resistive m-port N containing only
linear resistive elements and dc independent sources. The ports attached to

voltage-controlled {resp. current-controlled] resistors are called voltage f{resp.
current] ports.

Figures for Ezample 3.

(a) Circuit containing 2 piecewise-linear resistors and a controlled source.

(b) w-i characteristics for piecewise-linear resistor R1.

(c) v-i characteristics for piecewise-linear resistor R2.

(d) N is obtained by extracting R1 across the voltage port and R2 across the current
port.

(e) Lattice structure defined by 3 1-dimensional hyperplanes (straight lines) v, =0,
vz = 1 and iz = —1, each one parallel to either coordinate axis v, or iz. Note that all
regions have the same regular pattern — bounded or unbounded rectangles - typical
in a lattice structure.

Figures for Ezample 4.

(a) Circuit containing 2 piecewise-linear resistors and a controlled source.

(b) v-i characteristics for piecewise-linear resistor R1.

(c) v characteristics for piecewise-linear resistor R2.

(d) Lattice structure in the v,~v; plane. The dotted line path indicates the iteration
goes from x{V) = xg to x®, x¥, and finally converges to the true solution at ( é— %—).

Figure for Ezxample 6. Circuit containing 3 piecewise-linear resistors.
Figure for Example 7. Circuit containing 2 piecewise-linear resistors.
Figures for Ezample 8.

(a) A 4-transistor circuit.

(b) Simplified Ebers-Moll model of an NPN transistor.

(c) Piecewise-linear approximation of diode v-i characteristic: mg = 0,
m, = 2.153x1072, m, = 2.866x1072, mg = 3.785x107%, m, = 8.603x107%,
mg = 1.8685x107%;
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¥, = 0.308, V, = 0.321, V3 = 0.336, V, = 0.351, V5 = 0.376.

Ip = —3.33570322x1072 + 9.324001468x 1072 vp + 1.25666608x1072 | wp — ¥, |
+ 2.23537270x1078 | vp — V, | + 8.49354618x1073 | vp — V3 |
+ 2.41900858x10~2 | wp — V, | + 5.02251145x1072 | vp — V5 |.
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cka.h cka.h

Véd —— C(Canonical Katzenelson Algorithm —-—

L 2 J
’®
o Copyright (c) 1982 Robin L.P. Ying
[ 4 J
o

*o This package uses the "Canonical Katzenelson Algorithm' to

** solve the piece—wise linear algebraic system

ot - JE) =y

ee where f(.) is in the piecewise—linear canonical form. If

*s f(.) has a lattice structure, then a specially optimized

': version of the algorithm is used.

@

*s It can be run on a PDP-11/780 VAX~UNIX system which supports
*s the double—precision IMSL lidbrary. [t contains the following

s¢ separated modules:

*9

hed cka.h: contains definitions of data structures and global
hod variables.

L2 ]

:: main.c: handles command line options.

had input.c: reads input from user terminal or a data file.

L 12

i katz.c: contains the main routines for solving the given
had piecewise—linear system.

*®

s lagitice.c: same as katz.c dut optimized for lattice structure.

[ 2 J

:: corner.c: handles the corner problem.
es  i{nit.c ; does initializations for lattice structure.
L 14

* region.c:  checks and computes items in structure REGION.

*%

hod queue.c: contains REGION_QUEUE manipulating routines.

*®

hid print.c:  contains printing routines.

L 2]

:: error.c.  prinis run—iime error messages.

: support.c:  coniaining various supporting routines.

:: Makefile: file maintenance program.

E l?gc; J;meg routines are needed from the double—precision IMSL
b wm%(): i"ét‘?f){)' tureff(), uertst(), ugetio(), vzadd(),

*/

Page 1of cka.h



cka.h

/° - kalz.h -

L4

cka.h

s° This module is the header file for all KATZ routines.

<0

*/

#define pf }n'intf
fidefine fpf printf
#define pm prdmtrx
#define pv prdvetr
#define piv privetr
fdefine B_SIZE 266
char buf{ B_SIZE];

#define FORMAT1"%6.3f "
#define FORMAT2"%13.6e "

#define RNIL G;REGION )
#define CNIL (CORNER *)

typedef struct region {
struet region °link;
int id;
int *sgnsq;
double °*px;
double *py;
double *dx;
double °*nk;
double *jcbn;
int detsgn;
int *bdry;

{ REGION;

struct §

REGION *head;
REGION *tail;

int n;
} REGION_QUEUE;

/° abbdreviations */

/7° input string buffer size ¢/
/° input string buffer */

/* printing format ¢/

/* region gqueue link ¢/

/° region id */

/* sign sequence vector [hyp] */

/° point in region [dim] ¢/

7° f(pz) [dim] */

7* <alpha,z> [hyp] */

/* solution curve direction [dim] */
/* Jacobian matriz [dim](dim] */
/* sign of determinant of Jacobian */
/° boundaries [hyp] (lattice) */

/° head of queus */
/° tail of queue ¢/
/° number of elements in gqueue */

/° intersection of solution curve and boundary °/

typedef struct
double value;
int index;
} L
T *pti;
T **qti;
typedef struct f
int *beta;
{ BETA;

typedef struct corner |
struct corner *link;

double “‘cx;
int *index;
int *sgnsq;
int sgnfig;

/¢ array of TI */
/% array of pti */

7° indices of e[] s/

/* corner queue link °/

/° corner point [dim] */

/¢ tndices [n_unig] */

7° sign sequence vector [hyp] */
7 =1 if sgnsql] is set ¢/

Page 2of cka.h
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REGION_QUEUE °*CNRRGN; 7*
{ CORNER;

struct |
CORNER *head;
CORNER *tail;
int n;
{ CORNER_QUEUE;
/* variables defined in main.c */

PR R

extern int lattice; Vad
extern int dim; Vd
extern int hyp; /°
extern int aflg; ’*
extern int pflg; Vol
extern int tfig; /°
extern imt 5 Vad
extern int imsl; Vad
extern int sigdgt; Vs
extern double epsilon; /°
extern double *B; Vad
extern double °C; Vi
extern double *D; /*
extern double “e; /*
extern double °x; /°
extern double °y; Ve

/* variables defined in input.c */
exterm int line;

3

/* variables defined in region.c */
extern int rgn_count;
extern int ier;

/*° variables defined in init.c */
extern REGION_QUEUE °*RGNQ;
extern CORNER_QUEUE °*CNRQ:

cka.h

neighborhood regions of the corner */

head of queue */
tail of queue */
number of elements in gqueue */

=1 : lattice structure */
dimension of system */
total # of hyperplanes */
=1 : debug flag °/

=1 ; tast solution */

=1 : z{] is defined in input file */

=1 ; using IMSL routines */
significant digit */
if || < epsilon then z:=0 */

dimlldim] ¢/
dim){hyp] */
dim]lhyp] */
elhyp] */
zldim] */

dim) °/

line # in the input file */

extern double *wk; 7 wk{dim*(dim=+3)] */
extern double ‘jcbntmp; 7* jebntmplaim][dim] */
extern BETA  “axis; /7* cazis[dim] */

extern int *beta_count; /* beta_count[dim] */

extern int *dcolumnn; Vo

dcolumnlhyp] */

Page 3of cka.h



main.c main.c

/*
L2

- main.c -

*° main() ~— the main tnteractive routline.

e
L 24
*0
L2 J
o
L]
[ 2
8
%
*®
[ 1]
0
*0
0
L 2
*e
L2
[ ]
L 14
L 1]
[ 2
*e
[ 4
[ 2
[ 2 J
96
9
L 44
€
L 1 J
0
[ 1]
[
L 2]
*0

A4

Command line flags:

—a’: this option sets the ‘aflg’ as well as ‘pfly’ &
‘tflg’ so that all details of iteration will be
printed.

‘—p’: this option sets the ‘pflg’ so that details of
each region will be printed.

e 2 this option sets the ‘iflg’ so that the solution
will be tested by substituting it dack to f().

- this option sets the “imsl’ flag so that the IMSL
routines are used.

-s n’: this option sels the significant digit to ‘n’
decimal digits (defawlt: n=9), n < 0 is ignored;
if n = 0 then the accuracy test in IMSL routine
is disabled; this option agutomatically seis the
‘=1’ option.

‘—f input-=file’: ) .
the file name after ‘—f is taken to de the input
ggo;ﬂwmﬁsetMprogrumeromtform

‘=0 outpui-—file’: .
the file name after ‘—o’ is taken to be the output
file which contains the coefficients of the pwl
function key—tnned from the user terminal, so that
the oulput file can be used as an input file nezt
time; if the user has selected the terminal input
option but did not specify the oulput file name,
the default ouiput file name is "Puilf.def".

#include <stdio.h>
#include "cka.h”

FILE *fpin=stdin, *fpout=stdout;

int lattice=0;

int dim, hyp:

int afig=0, pfig=0, tfig=0, xfig=0, imsl=0, sigdgt=9;

double epsilon, *B, °C, *D, ®e, °x, *y;

main (arge, argv) main
register int arge;

register char *%argv;

register int i, fig=0, oflg=0, sfig=0;
register char *str;
double *pd;

FILE sfopen();
char *s_get();

PI("\tC K A\t2.0\o\n");

Page 1 of main.c
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main.c main.c

...main
!

if ( sm% && ‘oflg )

fpf(stderr,"Erter output file name: ");

str = s_get(buf,stdin);

ofig-++;

if ( é'str == \n) |l
fpout=fopen(str,"w")) == NULL ) |
fpfgstderr,"Using default file: ‘Pwlf.def’\n");
if ( (fpout=fopen(""Pwif.def",'w")) == NULL )

error(2,"Pwlif.def");

i

if ( imsl )
pi("** [ using IMSL routine ]\n");

epsilon = 5.0;
for (i=0; i < sigdgt+2; i++)
epsilon *= 0.1;

if (sfig |l pfig) !
pfé"” significant digit is set to %d ]\n",sigdgt);
pi("** [ epsilon = %B.1e ]\n\n",epsilon);

i (fMg) 7* read title, dim, hyp °/
filread(1);
ttyread(1);

/* allocate spaces */

B = (double *) palloc(dim®dim®sizecf(double));

C = (double *) palloc dim'hyp‘aizeof%duuble;g;

D = (double ®) palloc(dim*hyp*sizecf(double));

e = (double *) palloc(hyp*1*sizeof(double));

x = (double * pallocgdim‘l‘sizeofidouble 3;

y = (double *) palloc(dim®1*sizecf(doubie));

/° tnitialize them to 0 */

i = dim*dim;

pd = B; while ( i=— > 0 ) *pd++ = 0;

i = dim*hyp; .

pd = C; while ( i==— > 0 ) *pd++ = 0;

i = dim*hyp;

pd = D; while ( i== > 0 ) ®pd++ = 0;

i = hyp;

pd = e; while ( i~— > 0 ) *pd++ = 0;

i; dim;wlnl ( 0 ) *pd 0

pd = x; ile { i== > *pd++ = C;

i = dim;

pd = y; while ( i—— > 0 ) *pd++ = O;

if (fg) 7* read B[,).C1.}.DL1e[}.ul] ¢/
filread(2);
ttyread(2):

print_eqn(); /° print coefficients ¢/

Page 3 of main.c
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main.c

if ( lattice )
latt();

katz();

/% swiich tteration routines */

main.c

...main

Page 4 of main.c



input.c input.c

/° - tnput.c -

e

¢o nput.c :

oo ttyread() —— read input from user ity and write to output file.
b filread() —— read data from input file.

it b_pack() =—-— pack blanks and labs in a siring.
d strempr() — compare strings up to n bytes.

g vead_rc() —— read values of ‘row’ and ‘col’.

e read_B / —— read entries of B[]].

A read_C() —-— read eniries of

g read_D() —--— read eniries of .

.o read_e / - read eniries of e[].

had read_z() -—— read eniries of zi}]

:" read_y() —— read entries of yl).

/

#include <stdio.h>
#include "cka.h"

’° - ttyread() — - [input.c] -

L

:; ttyread() —— read input from user ity and write to output file.

extern FILE *fpin, *fpout; /* defined in main() °/
int line; /* input line # */
ttyread (flag) ) ttyre ad

register int flag:

t
register int i, §
register char *str;

int i_get(), tim[2];
char sctime(), *s_get();
double d_get(), tmp;

switch ( flag ) |
cese 1:

time(tim);

tpf(fpout,”[ %24.24s ]\n\n",ctime(tim));

pf("\nEnter title: ");

str = s_get(buf,stdin);

tpf(fpout,Title: %s\n",str);

pf("Enter dimension of matrix BL.]: ")

dim = i_get(buf,stdin);
f("Enter column dimension of matrix D[L.J: ")
yp = i_get(buf,stdin);

fpf(fpout.\ndim\t= Zd\nhyp\t= Zd\n",dim,hyp);

/* read title, dim, hyp °/

2:
/* read B[] */
pf("\nEnter elements of matrix B[,]:");
for (i=0; i < dim; i++) {
pf("\n\trow Zd:\n",i+1);
for (j=0; j < dim; j++
DIC\E\tB[%d,%d] = ".i+1.j+1);
tmp = B[i*dim=j] = d_get(buf,stdin);
fpf(fpout,”B[%d,%d]\t= %16.9e\n",i+1,j+1,tmp);

Page 1 of input.c
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input.c

register int dfig=0, hfig=0;
char *s_get(), btmp{B_SIZE);
int atﬁ ¥

fla
TRt | o )& (bt tpin) 1= NULL ) |
e++
ack(buf btm
?strcmpr("dxm:" btmp,4) ) |

dim = atoi(&btmp[

if ( dim <=0) errgr(li "filread()");

dfig++;

!
else if ( strempr("hyp=", btmp 4) ) ¢
hyp = atoi(&btmp[4

if (hyp <=0) error(5,"fllread()");

; hfig++;

l gf(nzs\nn.buf);
if ( dfig && hfig ) return;
eror(ﬁ,"ﬁlread()");

else §
while ( s_get(buf,fpin) != NULL ) }

poess {buf,bt

b_pack mp);

s-'r'xptch ( btmp[ of ) §

case ‘B’;

read_B(&btmp[1]);
break;

d
L] ald

read_C(&btmp[1]);
break;

TY -

reaé_D(&btmp[ 1
break;

"
2’

reaa_e(&btmp[l]);
bereak;

(]
Ouy?e

rejg& _y({&btmp[1]):
break;

PR

.
’

reaé_x(&btmp[l]);
xflg

/7 - b_pack() - - [input.c] -

[ 4

®0 b_pack() — pack blanks and tabs in @ string.
°/

input.c

...fllread
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input.c input.c
b_pack (bufi, buf2) b_pack
fegister char bufi[], buf2[];
register char *pl, *p2;
pl = bufl; s* start */
p2 = buf2;
while ( *pl != \0’ ) /° packing */
switch ( *p1 ) {
case ‘ °:
case ‘\t”
pl++;
defanlt
*pR++ = *pl+;
! ’
; *p2 = \0%
7 = strempr() - = [input.c] -
:’/ strempr() —— compare strings up to n bytes.
strempr (stri, str2, n) st'rcmp'r
register char sstrl, °str2;
fegister int n;
while ( n== > 0 ) |
if ( *stri++ == *str2++ )
continue;
return(0);
!
return(1);
f: - read_rc() - - [input.c] -
:; read_rc() —— read values of ‘row and ‘col’.
read_rc (flag, str, row, col) read.rC

register int flag, *row, °col;
register char *str;

t
register int count=0;
int atai();

if ( *str != ‘[ && *str != “(° ) error(6,"read_rc()");

*row = atoi(++str);

)
if ( *row <= 0 ) error{6,'read_rc(): row < 0");
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input.c

register char *str;

t

}

int read_rc(), index, row, col;
double atof();

index = read_rcil.str.&row.&col);
if ( row > dim || col > hyp ) error(?,"read_D()");

D[(=-row)*hyp+(——col)] = atof(str+index);

read_e (str)
register char *str;

t

i

int read_rc(), index, col;
double atof(};

index = read_rc(0,str,&col);
if ( col > hyp ) error(?,"read_e()");

ef——col] = atof(str+index);

read_x (str)

register char *str;

¢

!

int read_rc(), index, row;
double atof(};

index = read_rc(0,str,&row);
if ( row > dim ) error(?,"read_x()");

x{=—row] = atof(str+index);

read_y (str)
register char *str;

t

int read_rc(), index, row;
double atof();

index = read_rc(0,str,&row);
if ( row > dim ) error(?,"read_y()");

y[—-row] = atof(str+index);

input.c

...read_D

Tead_e

read_zx

read.y
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katz.c

/° - katz.c —

*0

*° katz() —— this is the main iteration routine, each action
:°/ Jalls in clearly defined steps; called by main().

#include <stdio.h>
#include "cka.h"

%(atz 0]
i int i, j, k, flag, itmp, isave;
int Sgn(), nti, n_uniq, *sgntmp, detflg;

double d_get(), Abs{), dtmpl, dtmp?2;
REGION °*rgn_init(), *corn(), *rgn, °*rgntmp;

/¢ STEP 0: tnitialization */

init();

sgntmp = (int *) palloc(hyp*sizeof(int));
isave = —-1;

rgn = rgn_irit(0);

i/;gft initial point from the user terminal °/
fpf(stderr,\nEnter initial point:\n");
= 1; 7? @ is an initial guess */
for (i=0; i < dim; i++) {
fpf(stderr,"\tx{%d]= ".i+1);
rgn->px[i] = d_get(buf,stdin);
* pf("\n");
else |
for (i=0; i < dim; i++)
rgn—>px[i] = x[i};
pf("\n*°® Initial point x0[] = ");
pv(x,dim,FORMAT1);
‘ Pf("\n");

/* STEP 1 & 2: check region and compute rgn—>nk[] °/

stepl:;
detfig = O;
switch ( rgn_check(rgn.flag) )
case 1: 7° z{] on boundary */
if (flag ) |
pi("e* )‘c)[_'l is on a boundary.\n");
, gcto_sta'rt; )
break;
case 2: -/* detJ = 0 %/

if ( flag || pflg )
( pf("** x[] is in a region where detJ=0.\n");

start;

katz.c

katz
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katz.c ’ katz.c

...katz
return;

!

/° STEP 5: find the minimum and determine if it is unique °/

/* sorting */
n_uniq = 1; /° uniqueness flag °/
i (nti>1){
for (itmp=nti/2; itmp > 0; itmp/=2)
for (i=itmp; i < nti; i++)
for (j=i-itmp; j >= 0 &&
dtmp1=Abs(qti[j]->value))
>= (dtmp2=Abs(qti[j+itmp]->value));
j==itmp) 2 e
k = (int)qtili};
qtiE] = qtilj+itmp];
qtifj+itmp] = (TI *)k;

for (i=1; i < nti; i++)
if (qti[0]->value == qti[i]->value)
n_uniq++; /* stze of setlk °/

!

if ( ) §
pf("min: qt.i[O}->va.lue=%6.3f\n", ti&O]—>value);
pf("min: qti[0]->index=%d\n",qti{0]—>index);

if ( ?ti[oz->value >= 1.0 ) /° solution is reached °/
or (i=0; i < dim; i++)
rgn—>px[>i] += rgn=>nkli];
print_sol(rgn);
return;

]

s STEP 6: as minimum is unigue, find nezt iteration point z[] */

for (i=0; i < dim; i++)
x[i] = rgn—>px{i] + qti[0]->value * rgn—>nk{i];

if ( n_uniq > 1 ) goto step§; /* corner problem */

/* setup sign sequence vector for nezt region ¢/
for (=0, j < hyp; j++)
sgntmp(j] = rgn—>sgnsqlj};

isave = qti[O]—)index;
sgntmp(isave] = —sgntmplisave];

/* this region is over, get nezt region to iterate °/

putrgn(RGNQ,rgn); /7° put region to RGNQ °/

flag = O; .-

rgn = rgn_init(0);

for (i=0; i < dim; i++) 7° setup rgn—>pz(] */
rgn—>px[i] = xli};

for (j=0; j < hz; j++) 7 setup rgn—->sgnsq(] */
rgn—>sgnsalj] = sgntmp[il:

goto stepl;
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...katz

/s* STEP 7: Jacobian matriz is singular */
step7:;
zerodet(rgn);

goto stepS;

/* STEP 8: corner problem */
step8:; ¢ )
rgntmp = corn(x,n_uniq,rgn);
putrgn(RGNQ,rgn);
rgn = rgntmp;
goto stepS;

end:;
pf("\n??-> Program ends abnormally <-2??\n");
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lattice.c lattice.c

7° - lattice.c —

*0°

ec latt() —— this is the main ileration routine which has
ve been optimized for lattice siructure, each action
e falls in clearly defined steps; called by main().

s/

#include <stdio.h>
#include "cka.h"

%att 0 latt

int i, j, k, flag, itmp, isave;

int Sgn(), dim2=2*dim, nti, n_uniq, *sgntmp, °bdtmp, detflg;
double d_get(), Abs(), dtmpl, dtmp2, *xtmp;

REGION *rgn_init(), *corn(), °rgn, *rgntmp:

7* STEP 0: wnitialization °/

init();

sgntmp = (int *) palloc(hyp®sizeof(int));
bdtmp = (int *) palloc&hyp'sizeof&int));
xtmp = (double *) palioc(dim®sizeof(double));
isave = —-1;

start:;
‘/; <get tnitial point from the user terminal */
$ 1
fpf(stderr,"\nEnter initial point:\n");
flag = 1; /° # is an initial guess °/
for (i=0; i < dim; i++) |
fpf(stderr,"\tx[Zd]= ",i+1);
rgn—=>px{i] = d_get(buf,stdin);

pf("\n");

else
for (i=0; i < dim; i++)
rgn—>px[i] = x[i;
pf("\n** Initial point x0[] = ")
pv(x,dim,FORMAT1);
pf("\n");

/* STEP 1 & 2: chack region and compute rgn—>nk[] °/

stepl:;
detfig = O;
switch ( rgn_check(rgn.flag) ) {
mifl:(ﬂa)( 7° z[] on boundary °/
pf(§'° x[] is on a boundary.\n");
xfig = 0;
goto start;

L'eak:

Page 1of lattice.c



lattice.c lattice.c

.latt
me /°* det=0 */
( Il pflig )
i (o pf L4 x[] is in a region where detI=0.\n");
goto start;
else |
detfig++; /° used in step 4 ¢/
| goto step7;
break;
case 3: /* just hit the solution */
print_sol(rgn);
return;
break;
default:
if ( flag ) flag = C; /7* no longer initial guess */
break;

/* STEP 3: find intersections */

step3:;
i=0; /® counter */
for (=0; j < hyp; j++) |
ptili].index = =1; /* clear */
if (j != isave ) |
k = dcolumn[j];
if ( (rgn—>bdry[]]) && (Abs(rgn—>nk{k])>epsilon) ) ¢

pti[i].value = (e[j] - rgn=>px[k /rgn-)nk[k]
%tl i++).index = j;

{
a??"ptx %d].value=%6.3M\n",i—1 pu[l- 1].value);
pf ("pti[%d mdex-?d\n",i—l.ptx[x-l] index);

nti = §; /¢ total # of intersections */

/° STEP 4: get valid pti]’s, put them in gtif] */

#(nti)f /* if # of intersections > 0 */
i=0; /* counter */ .
for (1—0 < nti; i++)
if (( pu[x .index != -~1) && (detﬁg I
n(pti[i] value) = rgn->detsgn)) )
qtifj++ i &pti{il;
nti = j /* total # of valid pti[] */
if ( )
pi("nti=Zd\n",nti);
for (i=0; i < nti; i++)

pi("qti[ Zd]—->value=%6.3M\n" i,qti[i]->value);
pf{"qu[ ]—>mdex—%d\n".i qti{i]->index);
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...latt

/¢ solution is tn unbounded region °/
if (!nti ) {
for (i=0; i < dim; i++)
rgn—->px[i] += rgn->nk[i];
print_sol(rgn);
return;

/7° STEP 5: find the minimum and delermine if ¥ is unigque °/

7* sorting */
n_uniq = 1; /° unigueness flag ¢/
f (nti>1)§
for (itmp=nti/2; itmp > 0; itmp/=2)
for (i=itmp; i < nti; i++)
for (j=i-itmp; j >= 0 &&
dtmp1=Abs(qti[j]=>value))
>= (dtmp2=Abs{qti[j+itmp]->value));
j—=itmp) |
k = (int)qtilj};
qhB] = qtij+itmp];
qti[j+itmp] = (TI *)k;

for (i=1; i < nti; i++)

if (qti[0]—>value == qti[i]->value)
n_uniq-++; /° size of set Ik */

aflg ) |
pf("min: qti[O ->value=%6.3f\n", ti}O]—>value);
pf("min: qti{0]->index=%d\n",qti(0]->index);

if ( qti[o(]—>value = 10 ) { /° solution is reached °/
for (i=0; i < dim; i++)
rgn—>pxgi] += rgn->nk{i];
print_sol(rgn);
return;

}

/° STEP 6: as minimum is unigue, find nezt iteration point z{] °*/

7® must save z[] since rgn_check() uses it °/
for (3:?(]’; i< ""§ i-[la-) t
= =>pxlil;
x‘t.lxn;:vI'.i]rg'-l'1 x[ﬁ + qti[0]->value * rgn—>nk{i];

if ( n_uniq > 1 ) goto step8; /¢ corner prodblem ¢/

7* save rgn—->sgnsq(] and rgn—>bddry[] for nezt region °/
for (j=0; j < hyp; j++) | )

sgntmplj] = rgn->ssnsgP]:

bdtmpl[j] = rgn=->bdry(i];

/7* setup sign sequence vector for nezt region °/
isave = qti 0}->index;
sgntmplisave] = —sgntmplisave];
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/* this region is over, get nezt region to iterate */
putrgn(RGNQ,rgn); /* put region to RGNQ */
flag = 0; /* not initial guess */
rgn = rgn_init(0);

/* setup rgn—>pz[] */
for (i=0; i < dim; i++)
rgn—>px[i] = xtmp[i];
/¢ setup rgn—>sgnsq(] and rgn—>bdry[] °/
for (j=0; j < hyp; j++) |
rgn—>sgnsq|j] = sgntm ][j];
rgn=->bdrylij] = bdt.xnp[‘j,;

goto stepl;

/* STEP 7: Jacobian wmatriz is singular */

step?:;

zerodet(rgn);

goto step3;

/* STEP 8: corner problem */

siep8:;

end:;

rgntmp = corn{xtmp,n_uniq,rgn);
putrgn(RGNQ,rgn);

rgn = rgntmp;

goto step3;

pf("™\n??=> Program ends abnormally <-??\n");

lattice.c

...latt
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/° -~ corner.c —

*%

*® gotner.c :

o’ corn() —— deals with corner problem;
:°/ zerodet() —— deals with det J = 0 case.

#include <stdio.h>

#include "cka.h"

/* - comn() - - [corner.c] -
L]

e corn() —— this routine handles the corner problem, called

oo by katz() and latt().

174

REGION “corn (cx, n_uniq, rgn_in)

double ‘cx;
register int n_uniq;
fegister REGION *rgn_in;
register int ijo koo
int nomatch, mask, nti, found, sgnmatch, flag, detflg;

double Abs(), dtmpl, dtmp2, *xtmp;
CORNER *cnrinit(), *getcnr(), ®crr;
REGION °rgn_init(), *getrgn(), °*rgntmp, °rgntmp?2;

if ( afig ) pf("\n°** hit corner *°\n");

/* STEP 8 & 9 %/
n = CNRQ->n;

/* check if the corner point is new */
#f(nt=0) for (=0, j < m j++) |
enr = getenr(CNRQ):
nomatch = 0;
for (i=0; i < dim; i++) if ( cx[i] != enr—>cx[i] ) |
nomatch++;

!
if ( nomatch )
putcnr(CNRQ,cnr);
break;
}
/* STEP 10 & 11 */

#(mll nomatch; §
enr = cnrinit(); /° new corner */

s° store the corner point z[] °/

for (i=0; i < dim; i++)
enr=>cx[i] = ex[i];
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/* save indices */
enr—>index = (int *) palloc(n_uniq*sizecf(int));
for (k=0; k < n_uniq; k++

enr->index{k] = qti[k]->index;

/* generate (2**n_unig—1) neighborhood regions */
nti = 1 << n_unigq; /* nti = 2**n_uniqg */
for (i=1; i < nti; i++) §
rgntmp = rgn_init(=i); /* rgntmp—=>id = =i */
for (j=C; j < hyp; j++) /* copy */
rgntmp->sgnsq(j] = rgn_in—->sgnsq[j):
for (mask=1,k=0; k < n_uniq mask<<=1k++)
if ( mask & i )
rgntmp->sgnsq[cnr—>index[k]]
= -rgn_in—->sgnsq[cnr->index[k]l;

for (j=0; j < dim; j++)
rgntmp=->px[j] = cx{j};

] and nk[] dut don’t *
l/f' (cg'mleleickb(?[gn]tmp.c) g 2) zerodet%xo'%g);smqn g

putrgn(cnr—=>CNRRGN,rgrtmp);

s* STEP 12 %/
sgnmatch = 0;
step12:;
detfig = 0;
¢ = cnr—->CNRRGN->n;
if ( tenr->sgnflg ) 7* cnr=>sgnsq[] is not set */
found = 0;
for (k=0; k < n; k++) | /* det > 0 %

rgntmp = getrgn(cnr—=>CNRRGN);
if ( rgntmp->detsgn > 0 ) {
found-++;

break;

putrgn(cnr—>CNRRGN,rgntmp);

}
if ( !found ) /* dat = 0 */
for (k=0; k < n; k++2 §
rgntmp = getrgn(enr—>CNRRGN);
if ( rgntmp->detsgn = 0 ) |
found++;
detfig+-+;
break;

putrgn(cnr=>CNRRGN,rgntmp);

if ( found ) /* det < 0 %/
far (k=0; k < n; k++) |
rgntmp = getrgn(cnr~>CNRRGN);
if ( rgntmp->detsgn < 0 ) |
found-++;
break;

!
else
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putrgn{cnr—>CNRRGN,rgntmp);

o~

{ /¢ match the sgnsgl] ¢/
for (k=0; k < m; k++8 { 0
rgntmp = getrgn(enr->CNRRGN);
nomatch = 0;
for (=0; j < hyp; j++)
if ( rgntmp->sgnsq[j] != enr->sgnsqfi]) {
nomatch-++;

break;

)
if ( nomatch )
putrgn(enr—>CNRRGN,rgntmp);

break;

!
| sgnmatch++;

/* STEP 13: repeat STEP 2 & 3 to find intersections */

flag = 0; /° intersection flag */

nomatch = 1; 7° assume j != cnr—>indez[k] °/

for (j=0; j < hyp: j++) | 7° find all intersections */
pti[j}.index = -1; /* clear ¢/

for (k=0; k < n_uniq; k++)
if ( j == cor—>index[k] ) nomatch = 0;
if {( nomatch ) |
dtmp1 = O;
for (i=0; i < dim; i++)
dtmpl += D[i’hyp+j]‘Srgntmp—>nk[i]);
if ( Abs(dtmp1) > epsilon ) }
pti[j].value = (eE] - rgntmp—>dx{j]) /dtmp1;
ptilj].index = j;
e /¢ there is an tnterseciion */
if ( aflg ) f _
pfé"pti[%d].value=%6.3f\n”.j.pt1[j].value);
pf("pti{%Zd].index=%d\n",j,pti[j]-index);

’ !

]
/¢ get valid pti[]’s, put them in ghil] °/
it Cag ) |

; /° counter °/

0
(=0; j < hyp; j++)

E

[ ]
]

g

i jl.ind 1= -1) && (d
¢ (et Siné’t‘.i[j].valtze) a""-=( :;nﬁglel;l)->detsgn)) )

s Pt
& 25‘** pull 7 total # of valid pti] °/

]

nti

if (aflg ) |
pf("nti=%d\n",nti);
for (i=0; i < nti; i++) |
pfg"qti[%d]->value=%6.3f\n".i. ti[i]=>value);
pf("qti[#d]->index=%d\n".i,qti[i]->index);
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if (nti > 1) /° find the minimum */
/* use mask as an arbilrary integer buffer */
for (mask=nti/2; mask > 0; mask/=2)
for (i=mask; i < nt1. i++)
for (j=i-mask; = 0 &&
§dtmp1;3kbs(qt1[3]->value)) >= (dtmp2=Abs(qti[j+mask]->value));
~=mas
k = (int)qtij);
L] = qtl[J*rnas ]
qtilj+mask] = k;

if (
"mm. qt1[0}->value=%6.3ﬂn" tif0]—->value);
pf "min: qti{0]—>irdex=%d\n",qti[0]->index);

/° find point z[] *
xtmp = (double ) palloc(dun'meof(double))
for (i=0; i < dim; i++)
xtmpli] = rgntmp-)px[x] + 0.5 * qti[0]->value ® rgntmp->nk[i];

/* determine sgnsq{] and put it in cnr->sgnsq(] */
if ( lenr—>sgnflg ) |
rgntmp2 = rgn_init(~999);
for (i=0; i < dim; i++)
rgntmp2->px[i] = xtmp[x]
compute _Jy(rgntmpz.-l) /* compute sgnsq(] ¢/
for (j=0; j < hyp; j++)
car->sgnsqfj] = rgntmp2->sgnsq[1]
’ cnr=>sgnfig++; set flag */

if ( !'sgnmatch )
goto steplZ2;

or (i=0; i < dim; i++)

rgntmp->px[1] = xtmp[i];/* setup rgntmp->pz{] */
rgntmp—>id = rgn_count++; /* reset rgnimp—>id */

; return(rgntmp);
}
’e - gerodet() — - [corner.c] -
i zerodat() 0.7 Geals o::;)h det J[.] = O case, called by katz(),
zerodet (rgn) zerodel

?egistm' REGION  *rgn;

register int i;
double d_get();

pf("\n** Jacobian matrix is si ular'")
pm(rgn->jcbn,dim,dim, FORMAT1
fpf(stderr,”\nEnter a non-zero vector nk[]");
fpf(stderr,” so that J. }n.k[] = 0 :\n");

for (i=0; i < dim;
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fpf(stderr,"\tnk[%d] = ",i+1);
rgn—>nk[i] = d_get{buf,stdin);

!

pE("\nnk[J:\t");
pv(rgn—>nk dim FORMATI)
Pf("\n"

corner.c

..zerodet
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Ve - tnit.c -

[ 2 J

*¢ fntt.c .

L ad tnit() —— call rest routines to initialize;

o norzﬁize_D() 0 -}:domwlizelD’z_,] & e[l;

oo parallel - parallel hyperplane groups;

b cnrinit() == initialize CORNER and CO?I,VER_QUEUE.

*/

#include "cka.h"

REGION_QUEUE  °*RGNQ; /* a queue of regions in the
{teration */

CORNER_QUEUE °*CNRQ; /* a queue of corners in the

' ileration */

BETA *axis; /* azis[i] is an array of the
structure BETA */

int *beta_count; /* deta_count[j] is the # of parallel
hyperplanes with normal direction
being the j—th azis */

int *dcolumn; /* deolumn[j] contains the indez of
the nonzero entry in the j—th column
of NI */

double *wk; 7* wk[] is the working area for IMSL
routines */

double *jcbntmp; 7* jebntmp[][] is the working area for
computing inverse of Jacobian when
using IMSL routines */

2 - init() - - [init.c] -

** init() —— takes care of all necesary initializations;

:’/ called by lattice().

init 0 nit

¢
register int i &

/* allocate spaces */

RGNQ = (REGION_QUEUE ? palloc(sizecf(REGION _QUEUE));
RGNQ->head = RGNQ->tail = RNIL;

RGNQ->n = 0;

CNRQ = (CORNER_QUEUE *) palloc(sizecf(CORNER_QUEUE));
CNRQ->head = CNRQ->tail = CNIL;

CNRQ->n = 0;

if (imsl ) §
wk = idnuble '; palloc&dim'(dim+3)‘sizeof(double));
jebntmp = (double *) palloc{dim*dim®*sizecf(double));

i ( lattice ) |
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init.c

Vad

e
*° parallel_groups
had parallel

*/

for (j=0; j < hyp: j++) |
fieg = O;

for (i=0; i < dim; i++) {
dtmp = &D[i*hyp+i}:

if ( *dtmp != 0 ) {
if

( 'flag ) ¢
flag++;

/* normalizing

init.c

...normalize_D
/* scan D by column */

/* for each row in a column */

/* hit nonzero entry */
/* the only nonzero */

*/

if ( *dtmp != 1.0
( e[it]mp= ‘dzmp:) [

¢dtmp = 1.0;

!

dcolumnfj] = i;

/¢ the i—th row in the j—th
column is nonzero */

beta_count[i]l++;/* # of hyperplanes in the

error(8);

t—th parallel group */
/* >= 2 nonzero eniries */

all entries in column j are 0 ¢/

Vi
if ( 'fag ) error(8);

- parallel_groups() —

- [tnitc] -

() == identical columns in D[,] represents
hyperplanes; this routine groups those columns

in sets and sort (using SHELL sort) the corresponding
‘beta (i.e. e[j]) in ascending order; called by nit().

farallel_groups 0

int count, ®tested;

parallel_groups

int i, j, k, index, flag, gap;

tested = (int *) palloc(hyp®sizeof(int));
for (i=0; i < hyp; i++) tested[i] = 0;

i=0;

count = 0;

whiie ( count++ < hyp ) {
index = O;
flag = 0;

k = -1
axis[dclolumn[i]].beta[index*-i-] = i

tested[i]++;

/‘
** find parallel columns by searching for the same

:; deolumn[j].
far (j=i+1; § < hyp; j++)
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...parallel_groups
if ( 'testedj] ) | /° if not tested °/
/* if the j—th column is parallel to the i=th %/
if ( dcolumn[j] == dcolumnli] ) (]
axis[dcolumn(j]].beta[index++] = j
tested[jl++;
‘ count++;
/° get the Ist nonparallel untested column */
else if ( !flag ) !
flag==+;
k=j
}
!
if (k ==-1)
break; /¢ all are parallel */
else
! i=k /° k = Ist nonparallel column ¢/
/° SHELL sorting so that beta is in increasing order °/
for 2k=0; k < dim; k++) if ( (count=beta_count[k]) > 0 )
for (gap = count/2; gap > 0; gap /= 2) f-
for (i=gap; i < count; i++
for (j = i=gap; j >=_0 &&
) e[axis[k].beta[j]] >= e[axis[k].beta[j+gap]l:
} == gap
if ( e[axis{k].beta[j]] == e[axis[k].beta[j+gap]] )
eirror 9);
index = axis&k].beta[i];
axis{k].betaB = axis[k].beta[j+gap];
axis[k].beta[j+gap] = index;
; !
!
/° - cnrinit() - — [init.c] -
L 24
o0 it() — allocate spaces for structure CORNER end
:‘ CORNER_QUEUE.
/
zegist.er CORNER “corinit ()

register CORNER ‘cnr;

cnr = (CORNER °) palloc(sizeaf(CORNER));

cnr—->cx = (double *) palloc(dim®sizeof(double));

enr=>sgnsq = (int °*) palloc(hyp*sizeaof(int));

enr—>sgnflg = O;

enr—>CNRRGN = (REGION_QUEUE *) palicc(sizeof(REGION_QUEUE));
cnr—>CNRRGN->head = cnr—=>CNRRGN->tail = RNIL;
cnr=>CNRRGN=->n = 0;

return{cnr);
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region.c region.c

€0 rgn->d.z'],
o0 rgn_)Fyt .
ot rgn—>jcbn[],
had rgn—>detsgn.
¢/
rgn_check (rgn, flag) rgn.check
register REGION  *rgn;
;eg:ster int flag; /* flag==1 : initial point °/
register int ij k m o
int S

gn():
double Abs() tmpl, tmp2, tmp3;

s° compute rgn->sgnsq(], rgn—->jcdn(](] and rgn—>pyl] °/
compute_jy(rgn.flag);

/® check if the point ->pa:[] 1s on a boundary */
if( ) for (J-Oq]]J< hyp.
rgn=>sgns return(l)

/‘ compute y[] = 7(z[]) and store the result in rgn—>pyl] */
for (i-O i € dim; i++ ) §

rgn—>pyfi] = yb rgn—>pylil;

if ( Abs(rgn->pyli]) > epsilon ) k++;
if ( 'k ) return(3); . /% solution is found ! °/
/* determing boundary hyperplanes */

if ( lattice ) {
for (i=0; i < dim; i++) if ( beta_count[i] > 0 ) |

m = beta count[ll]- 1;

= ta[0
j = axis gb;etelx:[m]
if ( flag ) § /* initial point °/
if ( rgn—->px[i] < e[j] ) /¢ lefimost */
rgn—)b

if ( rgn-)px[x] > e[k] )/® rightmost */

rgn—)bdry[k ]

else for (n=0; n < m; n++) {/° scan */

j = axis[i].beta[n];

k = axis[i].beta[n+1];

if ( elj] < rgn->px{i] && rgn—>px[i] < e{k] ) |
rgn—->bdry[j]++;
rgn=->bdrylk]++;

!
]

else for (n-O n < beta_count[i]; n++) |
m = axis[i].beta n);~
it ( m == qti[0]->index ) {
rgn—>bdry[m]++;
if ( x[i] < e[m]
f(m«<k rgn—>bdry[m+1 ++;
> j ) rgn=>bdry[m-1] = 0;
]

> elm] ) |

! if(m
else #f é x[i
if ( m < k ) rgon=>bdry[m+1] = O;
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...rgn_check
if (m > j) rgn=>bdry{m—1]++;
}
! }
!
7* compute rgn—>nk(] */
if ( limsl ) {
if ( lineqn(rgn—)jcbn.rgn->nk.rgn->py.dim.0.&tmp1) 1= Q)
if ( pﬁ(g ) error(10,"rgn_check()".rgn);
return(2); /* detJ = 0 %/
]
else }‘
v ysing IMSL routines: see leqt2f.f in IMSL for details
:; on the calling sequence of ludatf(), luelmf() & ureff().
transp(rgn—>jcbn,jcbntmp,dim,dim);
i = dim*dim; :
for (j=0; j < i; j++) wk[j] = jebntmp[j}
j=i+ dm;
k =j + dim;
ludati_(&wk[0],jcbntmp,&dim,&dim,&sigdgt,
&tmpl,&tm 2.&wkfi].&wk[j],&tmps,&ier);
if (ier > 128 ) } /’{cb‘n singular */
if (m;_:&g ) error(10,"rgn_check()",rgn);
* ret! 2);
else |
luelmf_ (jcbntmp,rgn—>py,&wk{i],&dim,&dim,&wk[k]);
lureff_(&wk[0],rgn=>py.jcbntmp, i}.&dim.&dim,
&wk[k].&sigdgt,&wktj].&wkf}],&ier ;
for (i=0; i < dim; i++)
‘ rgn—>nk[i] = wk[i+k];
}
/* find sign of det J */
rgn—>detsgn = Sgn(tmp1l);
if ( afig ) print_rgn(rgn);
* return(0);
7 - compute_jy() - = [region.c] -
s compute_jy() — compute
ot (1) rgn—>sgns B
hod (2) m-xcbnﬁ and
oo (3) rgn=>py(].
¢/
compute_Jy (rgn, flag) compute_jy

register REGION °rgn;
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...compute_jy
register int flag; s° =1 : initial p
compute (1) 2) & (3);
=0 : compute (2) & (3
==1: compute (1) only.

int i, j, k, m, n, figl;
double tmp; ) %

/* compute rgn—>dz[] and rgn—->sgnsql] °/
if ( lattice ) } a ail
/‘

** note that since columns of D{][] are unit vectors,
Ldd we only need one component of rgn—>pz{] at a time.

if for (j=0; j < hyp
(ggat%-;sgzq il -JSgn(rgn->p3[dcolumnb]]—ebl)

li'or (§=0; j < hyp: j++) |

rgn-)dxb] = 0

for (i=0; i < dim; i++)

i ( gg!;-;dxbl += D[i*hyp+j]*(rgn—->px[i]);
i rgn->sgnsq[j] = Sgn(rgn—>dx[j]-eljl)
}

/* compute rgn—>jcbnl] and rgn—>pyl] °/
if (flag >=0) |
for (i=0; i < dim; i++) |
m = i*dim;

?g;l;p;r ij =

for (j=0; j < dim; j++
rgn—>]cb m+j] = B [m+j]
rgn=>pyli] += Blm+j] J rgn->pxm

for (k=0; k < hyp; k++) |
tmp = Cln+k K rgn=->sg [L]
x}gn->3cbn[m+1] +=tmp * D °hyp+k]

*¢ the following line is ezculed only
'; once for each 4.

if ('figl)
if ( lattnc>e )[] e
- i —3
rERToPY (rgn—>px[dcolumn[k]]-e[k])

rgn—->pyli] += tmp ° (rgn—>dx{k]—e[k]);

]
figl++;
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/° -~ print.c -

L 2 J

* This module contains 4 routlines:

A print_eqn() —— print the coefficients of the pwl function;

hid print_sol() —— print solution;

hid print_rgn() —— print all information in the structure REGION.
*/

#include "cka.h"

/¢ - print_eqn() - - [print.c] -

[ 24

:; int_eqn() —— print coefficients of the puif(.).

print_ean 0 print_eqn
pf("\nCoeflicients of the canonical equation:");

f("\nB s :n s
gm(B.di[xr]n.d)im.FORMATl);

pf("C[.]:“);
pm(C,dim,hyp, FORMAT1);

pICDLE"):
pm(D,dim,hyp,"%2.0f ");

pi("\ne[]:\t");
pv{e,hyp,FORMAT1);

f " : " ;
PN N R

PIC\a:

/* - print_sol() - -~ [print.c] -

*°

¢  print_sol() —— print solution.
v/

print_sol (rgn) pr'z',nt_sol
?gister REGION °*rgn;
register

int i;
register REGION  *rgntmp;
REGION *getrgn();

pf("\n** Solution x[] = ") /* print solutionn */
pv(rgn—>px,dim, FORMAT2);
i (g ) § s* test solution */

compute_jy(rgn,1);
for (i=0; i < dim; i-!--l-) .
rgn—->pyli] = yli] ~ rgn—>pylil;
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...print_sol

pPi("™\n=> £(x[]) = y[] = ")
pv{rgn—>py,dim,FORMAT2);

i = RGNQ->n;

7* print out all regions where the solution curve passes by °/
if (pfig && i > 0 ) |
pf("\n\n°* Regions in iteration :\n");
while ( RGNQ=>n =0 ) §
rgntmp = getrgn(RGNQ);
print_rgn(rgotmp);

J

if (pfig) |
pf("\n\n** Last region in the iteration :\n");
print_rgn(rgn);

f("\n\n‘o‘) Number of regions traveled: ");
i>
pf("%d.\n",i+1);

pf(" 1.\nn);

ye)

2

r - print_rgn() - - [printc] -
:; int_rgn() —— print all information in the structure REGION.

print_rgn (rgn) print_rgn
fegister REGION *rgn;
register int k;
pf("\nrgn->id: %d",rgn->id);
pf("\nsign sequence: ");
for (k=0; k < hyp; k++)
pi("%2d ",rgn->sgnsqk]);

pf("\npoint x[]: ");
pv(rgn—>px,dim,FORMAT1);

pf("\npoint y[]: “);
pv(rgn—>py,dim FORMAT1);

pf("\nvector nk[]: ");
pv(rgn—>nk,dim,FORMAT1);

pf("\nJacobian matrix:");
pm(rgn—>jcbn,dim,dim,FORMAT1);

pf("\nSign of determinent: %2d",rgn~>detsgn);
if ( lattice ) §

pf("\nboundaries : ");
for (k=0; k < hyp; k++)
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print.c

pi("%2d ",rgn—>bdry[K]); i

pf("\n");
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7* - queue.c —
[ 2 J
:‘; This module contains routines: putrgn(), getrgn().

#include "cka.h”
7 - putrgn() - - [queue.c] -

.o pu.trg-n() —— places REGION at the end of REGION_QUEUE, it always
. assumes queue = NIL.
/

putrgn (rgnq, rgn) pulrgn

REGION_QUEUE  °rgng;
register REGION *rgn;

‘ rgn=>link = RNIL;

/‘queueunsinmauyemty */

it (rgng—>head = f
rgnq—>head = rgn.
rgnq=->tail = ;

gseqn;eue was not empty, apprend at the end °/
rgnq—>taxl—>lmk rgn;
rgng—>tail =

rEng=>n-++;
return;

/° - getrgn() - - [queue.c] -

.0

g getrgn() —— gets one REGION from the front of REGION_QUEUE and
returns a pointer to that REGION, it returns NIL i

hid the REGION_QUEUE is empty.

A4

REGION “*getrgn (rgnq)
register REGION_QUEUE  °*rgnq;

{
REGION °*rgn;

/° if queue is empty, return NIL °/
rgn = RNIL;

/* if queue is not empty, get one from the front */
i#f (rgng->head != RNIL) |

rgn = rgnq—>head

rgnq—>head = rgnq—>head->hnk

rgnq—->n—-;
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return(rgn);

f: - putenr() - - [queue.c] -

s pu.tcnr() -~ places CORNER at the end of CORNER_QUEUE, it always
assumes queue != NIL.

"/

putenr (cnrq, cnr) putcn'r
register CORNER_QUEUE ‘cnrq;

;-egister CORNER *cnr;
cnr->link = CNIL;

/* queus was imtw.uy empty */
if (cnrq—>head = CNIL)
cnrq—>head =
cnrq->tail = cm';

e/;se qm;m was not empty, append at the end */
cnrq->tail->link = cnr;
cnrg—>tail = cnor;

cnrq=>n++;
return;

Vo - getenr() - - [queue.c] -

L 24

had getcnr() —— gets one CORNER from the front of CORNER_QUEUE and
retm-ns a pointer to that CORNER, it returns NIL 7

oo CORNE‘R QUEUE s empty.

4

CORNER “getenr (cnrq)
;agister CORNER_QUEUE “cnrgq;

CORNER ‘*cnr;

/‘ V queue is empty, return NIL */
= CNIL;

/* if queue is not emptly, getaneﬁ'omthefront 4
if (enrq=>head != CNIL) {

cnr = cnrg—>head; -

cnrq=->head = cnrq—>head->link;

enrq—>n—-—;

}
return(cnor);
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error.c ‘ error.c

...error
!
if ( flag < 10) |
pf("\n**=> program aborted <-**\n");
exit(1): /° Jatal error =/

else
pf("\n**—> program continued <—**\n");
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Vb — support.c —

*®

** support.c —=_ contains the following supporting routines:
had z_yet() d et() l _get() s_get(),

e Be(), Sgul), wprdst(), tronsp(), pramira(),

b privetr(), prdvctr() l-meqn() rowech(), palloc().
s/

#include <stdio.h>

/*
¢* §_get() —— get an inieger from input.
s/

int i_get (str, fp)

register char *str;
f’lLE *fp;

char etO
int atox

xef::;(x?;ﬁ?()str))

/0
:°/ d_get() —— get a double number from inpul.

double d_get (str, fp)

register char *str;
%"’]LE *fp;

char *s_get();
doubie atof();

s_get(str.fp
mturn(atof str))

Vi
:‘/ l_get() — get a line (with NL) from input.

char *]_get (str, fp)

register char *str;
?‘ILE *fp;

register int c;

register char *cs;

cs = str;

while ((c=getc(fp)) 1= \n’ && ¢ >= 0) ®cs++ = c;

if (c<0 && cs==str)
return(NULL);

Ccs++ = \n’;
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*cs = \0;
return(str);

!
/‘
:‘/ s_get() — get @ string (without NL) from input.
char 'S_ge'- (strt fp)
register char *str;
f‘ILE *fp;
register int c;
register char *¢s;

cs = str;
while ((c=getc(fp)) != ‘\n’ && ¢ >= 0) *cs++ = ¢;

if (c<0 && cs==str)
return(NULL);

*cs = \0’;
return(str);

/0
"/ Adbs() — find absolute value with type double argument.
L J

double Abs (x)

double x;
if (x >= 0.0)
return(x);
return{-x);

Vad
:; Sgn() — determine sign of a type double argument.

int Sen (x)
;Ionble x
#£(x>00)
return (1);
else if ( x < 0.0 )
return (-1);

return (0);

support.c
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/0
*s inprdct() —— inner product of 2 vectors: ¢ = <z, y>
./

double inprdet (px, py. dim)

register double *px, °*py;
;'egister int dim;
register int i;
double sum=0;
for (i=0; i < dxxE\j i+-i-)[]
sum += px[i] ° pylil;
return(sum);

/6
:‘/ transp() —— find trasnpose of a given mairiz.

transp (pa, pat, row, col) trcmsp

register double “pa, °*pat;
register int row, col;

f
register int i J
for 8:0; i < row; i++)
for (j=0; j < col; j++)
pat[j*row+i] = pali*col+j};

/°
:‘;prdmtrz() —— print a double precision matriz.

prdmtrx (pm, row, col, format) prdmtrz
register double “*pm;
register int row, col;

register char *format;
register int i )
for (i=0; i < row; i++) }
printf("\n\t");
for (§=0; j < col; j++)
printf(format,pm[i®col+j]);

printf("\n");
Vad
** privetr() —— print an inleger vector.
°/
privetr (pv, dim, format) p'ri.vct'r

register int *pv, dim;
register char *format;
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register int i;

for (i=0; i < dim; i++)
printf(format,pv{i]):

/.
*° prductr() —— print a double precision wvector.
o/

prdvetr (pv, dim, format)

register double *pv;
register int dim;
register char *format;

t
register int i;

for (i=0; i < dim; i-!--i?
printf(format,pvii]);

/.
:‘ linegn() —— solve linear system Az = b.
/

lineqn (pa, px, pb, dim, flag, deta)

register double “*pa;

double °*px, *pb, *deta;

znt dim, flag;
int axcol, err;
register double “pax;
register int i, j m, n;

axcol = dim+1; /7* # of cols in AX[][] */
pax = (double *) malloc(dim®axcol*sizeof(double));

/° z[] to the last column of A[][] => AX[][] */
for (i=0; i < dim; i++) |
m = i%axcol;
n = idim;
for (j=0[: j <] dim; '++)]
ax[m+j] = n+jl;
; pax[g:-l-dim]] = pgf‘ig; !

/¢ compute row—echelon form of AX(J[] */

rowech (pax,pax,dim,axcol,deta,&err);

7* if non—singuler, start back substitution */
if (terr) for (i=dim-1; i >= 0; i—=) |
m = {*axcol;
pHi] = pax[m+dim]; -
for (j=dim-1; j > i; j—=)
px{i] —= px[j] * pax[m+j};

support.c

...privctr

prdvcir

linegn
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...linegn
/* if flag != O then return A[][] in its row—echelon form */
if (flag '= 0) for (i=0; i < dim; i++) {
m = i*axcol;
n = i*dim;
for (j=0; j < dim; jo+)
i pa[n+j] = pax{m+j);
free(pax); /¢ free spaces °/
; return(err);
/0
*o ypowech() —— Reduce matriz A to the row echlion form,
oo The pivot element is chosen to be the mazimum in that
oo column.
74
rowech (pa, pr, arow, acol, deta, dep) rowech

register double “*pa, *pr;
double *deta;
%nt arow, acol, ®*dep;
double Abs(), max, tmp:
int row, col, maxrow, stop;
register int i, j m o
for (i=0; i < arow; i++) |
m = i*acol;

for (j=0; j < acol; j++)
prim+j] = pa[m+i};

stop=0; row=0; *deta=1.0;
while (!stop) |

for (ggl=0: col < acol; col++) |

/° copy A to R °/

7° tnitialize °/

*¢ find the mazimum element in the column as the

*° pivot element.
*/

max = 0.0;

for (i=row; i < arow; i++) |

tmp = prii*acocl+col];
if (¢

mp != 0.0 && Abs(tmp) > Abs(max)) {

maxrow = i;
max = tmp;

]

if ( max != 0.0) {

= maxrow®acol;
? row®acol;

/° interchang

maxrow != row ) |
e "mazrouw' end "rouw'" °/

for (j=col; j < acol; j++) §

tmp = prim+
P
prin+

(*deta) *= (-1.0);

m+j] = pr[jlli;-bj];
ii = tmp;
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...Trowech

/* normalize pivot element */

(*deta) *= max;

prin+col] = 1.0;

for (j=col+1; j < acol; j++)
pr(n+j] /= max;

row++; /* tncrement row */
if ( row < arow ) |
/*

:‘ reduce entries in “col" below "row" o 0.
/
for (i=row; i < arow; i++) |

tmp = pr{i*acol+coll;

if ?tmp 1= 0.0)

‘ for (j=col; j < _acol; j++)

prii*acol+j] += pr{(row—-1)%acol+j]
¢ (~tmp);

]
i

stop = 1; /¢ terminate iteration */

g find first linear dependent column */
ep = 0
j = (arow < acocl) ? arow : acol;/* j = min(arow,acol) */
for (i=0; i < j; i++}
if ( prli*acol+i] = 1.0) §
*dep = i+1;

——~

/®
o palloc() — C storage allocator, it calls "malloc()" to get 4096
ad dytes (2K words) at a time and re—distributes them to ifs

hod caller. The purpose is to reduce the number of calls to
oo "malloc()'. [f the number of bdytes left is less than needed,
:; those spaces are waisied.

#define PAGESIZ 4096
char *palloc (nbytes)

}:migned nbytes;
static char *pgtop; /* page top */
static char *cptr; /* current pointer postidion */
static char *nptr; /* nezt poinier position ¢/
static unsigned tingth; /* total length used */
static int flag;

if ( nb PAGESIZ
( retﬁ ? (char *) x)nal'loc(nbytes) Y

if ('fag ) {
pgtop = (char *) malloc(PAGESIZ);
optr = pgtop;

flag++;
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if ( nbytes <= (PAGESIZ-tlngth) ) {

eptr = nptr;
tingth += nbytes; /° update used length °/
nptr += nbytes; /¢ advance npir */

; return(cptr);

else { /* not enough space left °/
flag = 0;
return(palloc(nbytes));
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ﬁ — Makefile —

# Maintain CKA program groups.

CFLAGS = -0

FILE = Makefile cka.h main.c input.c katz.c lattice.c corner.c\
init.c region.c print.c queue.c error.c support.c

OBIS = meino input.o katz.o lattice.o corner.o init.o region.o\
print.o queue.o error.c support.o

a.out: $(0BJS)
cc S$(CFLAGS) $(OB!S) -limsld —IF77 =177 —lm
rm -f Kx Lx; mv aout Kx; In Kx Lx

main.o: cka.h main.c

input.c: cka.h input.c

katz.o: cka.h katz.c

lattice.o: cka.h lattice.c

corner.o: cka.h corner.c

init.o: cka.h init.c

region.o: cka.h region.c

print.o: cka.h print.o

queue.o: cka.h queue.c

error.o: cka.h error.c

support.o: support.c
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