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Abstract

In this paper we present a characterization of those Wiener
functionals that are the likelihood ratio for a "signal plus independent
noise" model. The chéracterization'is expressed in terms of the

representation of such functionals in a series of multiple Wiener

integrals.
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Introduction
‘Let {ys, 0 <'s < T} be a random process with measurable sample

functions satisfying |ysl < Ka.s. Let {ws, 0 <s <T} be a Wiener

process which is independent of the {ys, 0 <s <T} process. Let

t

-+ ¢ 2 4s)
0 ys s 2 0 ys

Ay = exp{f

Then At is the unique solution to the integral equation

t
At =1+ IO AS Y dNS

and admits the series representation

N
A, = limin g.m.  } u (t)
t n=0 "N

N-»oo

where uo(t) =1 and
t
un(t) = IO un_](s) Ys dws

Let F¥ denote the o-field generated by {we, 0 <6 <t}, Since

convergence on quadratic mean commutes with conditional expectation, we

have (as was observed in [1] and [3])

EAF) = ] E(u (D)]F)
t n=0 t
(1) o t n t
= L JO (Io (OQOOJO vn(t]’ ece, tn) dwt] oooo)dwtn-])dwtn
where

() vp(tys weeea t) = EQy(ty) y(ty) ooee y(E,))
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and the integrals are iterated Ito integrals. The functional

g(W) = E(AT|F¥) is a nonnegative functional of the Brownian motion, its
Wiener-Ito representation is given by (1) with the kernels vn(-oo)
satisfying (2); that is, the n-th order kernel vn(t1, ---,tn) is the
n-th otder moment of a process which is independent of W. In this note
we consider the converse problem: Let g(w) be a square integrable

functional of the Wiener process W with the Wiener-Ito representation

T n 2
(3) g(W)=C+} f (f (eoeee f h (ty, seoo,t )W, sees)dW, )dW
nlo Jo o "N n"Ty th1
where the integrals are iterated Ito integrals. This representation will

be abbreviated by

(3)' gW)=c+]h =W
n

with hnr= W" denoting the n-th order iterated stochastic integral. The
problem that we consider is the following: given a square integrable
functional of the Brownian motion with representation (3) or (3)', what
conditions would ensure the existence of a process {yt, 0<t<Tl,

independent of W, such that

(A)eh (£, weevnty) = E(y(t)) y(tp) veeer y(t)

for all n and all 0 <ty < t, «o+ <t < T? Another way to state the
problem is the f611owing: the functional (1) is the 1ikelihood ratio of
a "signal plus independent noise" with respect to the "noise only"
hypothesis and the problem is to characterize the nonnegative functionals
of the Brownian motion that represent the likelihood ratio of a "signal

plus independent noise" with respect to the "noise only" hypothesis.



Let g(A,W) denote
(5) g(x,W) =C+ ] A" h,= W"
n

It will be shown that g(W) has the "signal plus independent noise"
representation, i.e., h, satisfy (4) if and only if g(A,W) as defined

by (5) is a nonnegative random variable :for every nonnegative A.

Notation: For the representation of g(W), hn(t], ~---,tn) has to be

defined for ordered n-tuples only (cf. (3)), namely for tys cees t

satisfying 0 < t; < t, < eee <t <T. Define h (t;, <-<,t,) for

unordered n-tuples of distinct times by

(6) hn(tl’ ....,tn) = hn(t ....,ti )

3 9
B n

where (til’ eeests ) is the rearrangement of (t], ---,tn) which yields
n
an increasing sequence., We will not distinguish between two kernels

|4
hn(t], ---,tn) and hn(t], o--,tn) which are equal almost everywhere
(Lebesgue) on [0,T]". Note that (6) leaves hn(t], ~--,tn) undefined
on a Lebesgue set of measure zero in [0,T]".

Let H("’m) denote a multinomial of degree m in n variables

PqPys

where Pjs 1 =1, ¢+, n are integers and lp| = Z; Py A multinomial

H("’m) is said to be nonnegative if it is nonnegative for all values

of its arguments X1s 00y X Let W be a Wiener process and EP an

n'
n-tuple of real numbers satisfying 0 g.ti <T,i=1, ¢oo,n, n(“’m)(w,zp)
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will denote the multinomial n(n,m) evaluated at X; = W(ti), i=1, ««+o,n:

Cp]:pz""ﬂpn p] p2 pn

H(n9m)(w,£n) = z x] xz eo e xn

|p|<m
where p., i =1, +¢-, n are integers and Ip! = I; p;. A multinomial
H("’m) is said to be nonnegative if it is nonnegative for all values of
its arguments X1s *° Xgo Let W be a Wiener process and gp an n-tuple of
real numbers satisfying 0 < t; < T, i =1, «+, n. n("’m)(w,g?)
will denote the multinomial n(n,m) evaluated at Xy = w(ti), j =1, see n:

Py

rmm e = 3 ¢ )" e e )’

|p]<m

Hn(gP) is defined as

n = LN} = Qo0 o0 e e oo
(1) Hy(E) = Hyltpeeesty) = [ Ceene [ Tn(oyueeeing) dog eeeee coy

Finally, "™ (H,t") is defined as

-~ p ,...,p
H(n,m)(HsEn) = z C i n Hl |(t]:t]s"’at‘| 3t29t29"”'3tn:”°atn)
|P[<m P
P Pn

Theorem. Let g(W) = C + zhncz W" be the Wiener Ito representation of a
square integrable functional of the Wiener process over [0,T]. Assume
that for all n and all n-tuples t", |hn(§P)| < K. Then the following
are equivalent.

(a) g(x,W) is a nonnegative square integrable random variable for every

positive real A.



(b) There exists a sequence of positive real numbers Ar such that
Ap*@asr+e and g(W) and g(kr,w) are nonnegative random variables.
(c) For every nonnegative multinomial H("’m) it holds that H("’m)(H,EP)
is nonnegative.

(d) There exists a random process {y, 0<s < T} such that Iysl < K and

E(.Y(t-l)y(tz) see .Y(tn)) = hn(t]"”'stn)

for almost all (Lebesgue) points (t1,--~,tn) in [0,T1" (the probability
space on which the y process is defined is unrelated to the probability
space on which the Wiener process W is defined). |

(e) Let Pﬁ denote the probability measure on the space of continuous
functions induced by W. Let {zt, 0 < t < T} be a random process with
measurable sample paths on [0,T]. Let P§+w denote the probability measure

_ t
induced by Xt = f Zg ds + Nt on the space of continuous functions. There

0
exists a process {z., 0 < s < T} such that |z | < K a.s. and {z,, 0 <s < T}

is independent of the Wiener process W such that P§+w is equivalent to

Pﬁ and the Radon-Nikodym derivative of P§+w with respect to Pﬁ satisfies

X

dp
7+ 1
(W) = = g(W) .
P C

W

Proof. Obviously (a) implies (b). ‘We turn now to the proof that (b)
implies (c). Recall first that for a deterministic square integrable

function ¢(-) we have (cf. equation (3.4) of [2]):

T T T
(fO ¢(6)dwe) (Io cesene fo hn(el""’en)dwe] cessae dwen)

T T \ nil 9
= esaece (e ) h (e ’ooon,e dw XX dw + lp GW
IO JO $(64) h, (6, n+1’""e, Bn+1 q=0 9

(8) -



the exact form of ¢ will not interest us. It follows by repeated
applications of this result that

T T
w(t]) w(tz) csse w(tn) = Jo ceen Jo Xt1(e1) xtz(ez)...xtn(en)dwe]...dwen

+ n§2 q;qu:l W

for some deterministic tpq, 0 < q £ n-2 where xt(e) denotes the characteristic
function (xt(e) = 1 for & < t and zero otherwise). Note that equation (8)
and the last equation the integrals over [O,T]n are multiple Wiener-Ito
integrals. Rewriting hnr::l W" as a multiple Wiener-Ito integral we have

hn== W = ﬁT’J eoe I hn(e],°'°,ez)dwe eoe dwe

0 0 1 n

with h extended to [0,7T]" by (6). Consequently, by the orthogonality

properties of the Wiener-Ito integrals
(9) EQU(ty)W(ty)+<W(t,) (h = W)}

T T
= IO xXxrxxl Io Xt](e]) eve th(en) hn(e]’°'°’en)de] XX den

Hn(t]"'°°’tn)
Now, let H("’m) be a nonnegative multinomial, that is,

Pys***sP, P p
c] "x1] xnn?_0
|p{<m

for all vzﬂues of Xps *"%s Xpo then, replacing X; by x.i/A it follows that
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p ’ooo’P p p
am=1pl (1 n x]] veens x M50

l p%im n

for all A > 0. Therefore, for all values of A, for which (b) is satisfied

we have
Pyseeesp P p
E{g(A .. W) % A?'Ipl ¢ (W(tg)) ! eeees (W(ED) 20 .
p[<m

p] Pz:"',Pn

Denoting by t the |p|-tuple
p'l’o.o-,pn
! = (tl’t]’...’t1’tz’.....’tn’...tn) ’
—_—
Py Pn

we can rewrite the last equation as

oo, T T p ,ooa,p p ’ooo,p )
- p P1° Pn 1 n,.P1 n
{1+ 7% =Wl 5 TP J f X (e
é rq |p[<m r 0 0 t

AW, eeeeee dW + xm‘i¢.:: wi'z)} >0
61 elpl 1§m r 1
The result will be a polynomial of order m in Ape Note that terms of

the form

q gy Mm-1 i-2
E{(hg= WH O e =01 70)

m-2

will contribute to the coefficient of A but not to the coefficient of

AT. The coefficient of ()\r)m will, therefore, be

p gttt p 000’p
¢ CREL
Ip <m 'pl



-

Since this is the coefficient of the highest term of a nonnegative
polynomial, it must be nonnegative and this proves (c). The proof that
(c) implies (d) is based on an infinite dimensional extension of the
fundamental result on the existence of a solution to the moment problem
(theorem 1.1 of [4]). L. A. Shepp, in an unpublished memorandum, extended
theorem 1.1 of [4] and derived conditions for the existence of a
probability measure on function space with given moments. His arguments
will be repeated here. Let X = {X(t)} denote the space of real valued
functions on [0,T] satisfying X(t) = [t xsds where X 1s measurable on
[0,T] and ess-sup |xi| < K (the ess. ig with respect to the Lebesgue
measure). Let I' = {y} be the collection of bounded continuous functions

on X with the norm

l¥] = sup |y(X)|
XeX

(m,n)

For a multinomial I and n-tuple 3? set

P

. 2%%°, p
s 5 Ve e g

ol

Let I'Tr denote the collection of functions on X which are of the form Yoro
note that this is a linear collection of bounded and continuous functions

on X. To each Yo in I'TT associate the functional

Fly,) = MM (4,t")

This functional is linear and continuous hence bounded, Therefore, by the
Hahn-Banach theorem, there exists a bounded linear extension of F(-) to

all functions y in I and this extension is nonnegative since H(m’n)(H,EP)

-9-



was assumed to be nonnegative. By the Riesz representation theorem there

exists a nonnegative measure u on X such that

Fly) = IXY(X) du(X) .

Since u(+) is nonnegative with u(X) = 1, u is a probability measure on
the spacé of functions which are differentiable with a derivative essentially
bounded by K. The measure u(+) therefore defines a process {Y(t), 0 <t < T}

such that
E(Y(t]) oo Y(tn)) = Hn(t'l’"'"tn)

and this measure induces a measure on the space of bounded measurable

functions {y., 0 <s < T}, |ys| < K and
E(y(ty)eeeey(t,)) = h (ty,0eee,t,)

which completes the proof of (d), The proof that (d) implies (e) is
given in the introduction and (a) follows by replacing the "signal"

t t
JO ysds + wt by XJ xsds + wt.

0
Remarks(a) The questions arises whether every "reasonable" nonnegative
functional of the Brownian motion satisfies condition (a) or (b) of the
- theorem. The answer is negative as the following two simple examples

show. The first example, due to L. A, Shepp is as follows: Let

"
-;].—i
=

N
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~

g(W)
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—ro
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In this case h, = 0 for n > 2 and therefore part (d) of the theorem can-
not be true for this g(W). Note that g(W) = %-NZ(T) is a continuous
nonnegative functional on the space of continuous functions and

%(AN(T))Z is also nonnegative, however, in this case

g(A-W) # g(A,W)

(the representation (3) is not a continuous functional on the space
of continuous functions). The second example is due to B. Hajek: Condition

(e) of the theorem implies that

T 2
EO(I ysds + NT)

£, (W(T))?
0

T 2 2 2
(10) E(f v ds)? + EQA(T) > EQA(T)
0
where E0 denotes expectation with respect to the Pw measure and E]
denotes expectation with respect to PY+W' On the other hand, if P] is
the measure induced by dXt = -aXt dt + dwt, a >0, X0 = 0; then, by Ito's

formula

2 T 2
E(x(T))2 = -aZEI X ds + T
0

hence E(X(T))2 < ENZ(T) which contradicts (10). Therefore dP]/dPw does

not satisfy condition (e) of the theorem.

(b) The extension of the results of this note to the case of multiparameter
Wiener processes W(t],"°5tn) is straightforward and therefore omitted

(cf. [1] and [2]).
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