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ABSTRACT

The feedback system is described by means of fuzzy state equations.
Its synthesis is discussed. This leads to a further discussion of con-
vergence of the fuzzy control algorithm. The notions of metric space
fuzzy sets and of the convergence of a sequence of fuzzy sets are intro-
duced. A fundamental theorem about convergence of fuzzy systems is proved.
Its application is shown. Several examples of convergent and nonconver-
gent fuzzy control processes are illustrated. The iterative method for
the solution of equation X = XOR is proposed. The relation between the

convergence and controllability of fuzzy control processes is mentioned.
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1. INTRODUCTION

Since its introduction [4] fuzzy set theory has successfully been ap-
plied to a wide variety of problems. The work by L. A. Zadeh [5] started

a new line of the theory of control, namely the theory of fuzzy control.

After the introduction of the fuzzy logic ‘controller by E. H. Mamdani [2],
the problem of its implementation raised many difficult issues. In par-
ticular, the design of a fuzzy logic controller based on a given fuzzy
model of a plant and a fuzzy model of a closed Toop system remained a cen-
tral task to be resolved [1,3]. The above mentioned problem requires com-

petence in solving fuzzy relational equations. A method of solution of

these fuzzy relational equations based on an iterative approach is pro-

posed in this paper. This method seems to be interesting because the

problem of the controllability of fuzzy control processes may be solved

if the condition of convergence is fulfilled. The computer method of de-
signing fuzzy control systems seems especially convenient. Section II
considers the synthesis of fuzzy control processes and section III shows
the proof of a theorem about the convergence of a fuzzy control algorithm
and its applications, as well as a discussion of controllability. The con-
cluding section contains a discussion of the remaining problems of trans-

formation and solution of equivalent fuzzy relational equations.

2. SYNTHESIS OF FUZZY CONTROL PROCESSES

Consider the simple system shown in Fig. 1. Let£3=={ej}; j=
1,2,...,p be a multidimensional finite discrete space of control error.
Letczj= {yj}; J=1,2,...,q be a multidimensional finite discrete space
of outputs. Let112=.{rj}; j=1,2,...,s be a multidimensional finite

discrete space of set points. Assume that the error e, the output y, and



the set point r are fuzzy sets defined on S,Cy andR respectively. Fur-
ther assume that the dynamic behavior of the comparator is governed by

the following discrete time equation:
€ =Ty Y; ° G (2.1)

Here t is a time process. rYy denotes a fuzzy set on the Cartesian pro-

duct space R x Y, and G a fuzzy relation given by
G:R x Y x E + [0.1] (2.2)

where R = {rt}, Y = {yt} » E= {et} are finite families of fuzzy sets,
dim G = s x g x p, o - denotes max-min composition. The error detector
may also be described by means of the extension principle: Let e =y - Y4
that is e, = f(rt,yt), Then
uple) = u , y(e) = Sup . W (M~ B (D] 2.3)
G flresye) ™" y= 1) Tt Y
) t*’t t
LetQU = {uj}; j= 1,2,...,n be a multidimensional finite discrete space of
control quantity and Qk=‘{qj}; j=12,...,n be a mltidimensional finite
discrete space of the states of the controller. Assume that the control

action u and the state q are fuzzy sets defined onClland Q .respectively.

Then the dynamic behavior of the controller may be described as follows:

Ae+1 = e8¢ © He a
(a) (2.4)
up = qq ° G (b)
where
He: @ x Ex Q- [0,1]
(2.5)

GC: QxU > [0’]]



Q= {q.} and U= {u} are finite families of fuzzy sets, dim H = n x p xn;

dim GC = n xm. The dynamic behavior of the controller-comparator is

governed by the following discrete time equation:

Gpe1 = GfeYe ° Fe (a)
(2.6)
Uy =9 ° G (b)
here:
qQere¥e is a fuzzy set on the Cartesian product space Q x R x Y;
Fet QxRxYxQ-> -[0,1] (2.7)
dim Fc =nxsxqxn.
From equations (2.1) (2.4)
Fo =G o H, (2.8)

Let§X=={xj& 5 3 =1,2,...,n be a multidimensional finite discrete

space of the states of a plant. Assume that the dynamic behavior of the

plant is governed by the following equations:

Ker1 = Xgly © Fg (a)
(2.9)
Yg T Xgpo Gs (b)
Here X = {xt} is a finite family of fuzzy sets defined oné}ﬁ
Fo : XxUxX » [0.1]
(2.10)
Gt X xY + [0,1]

dim Fg = n xm x n, dim GS = n x q. The equations of the fuzzy control

process are the following:



41 T X9 ° By (a)

Gpeq = X¢94"e © Fp (b) (2.11)

Yo = Xg° G (c)

- Assume that the relations Fs’ G, > Fc (G,Hc), Gc are given. We would like
to find F1,F2,G] based on these relations. From equations (2.6) (b) and
(2.9) (a) we have

Xpp1 = X9 © Gc ° FC (2.12)
Comparing (2.12) with (2.11) (a) we obtain
X4qy © Fy = X4Qy o G ° F¢ (2.13)

By virtue of this we have

F] = Gc ° FS (2.14)
From (2.9) (b), (2.11) (¢)

Yp = Xp o Bg = xp o By =y (2.15)
we have

G1 = Gs (2.16)
Substituting (2.9) (b) for (2.6) (a) we obtain

Qpep = GgheXe © G © F (2.17)
Equations (2.17), (2.11) (b)

X4 QP o Fp = X,Qury o G o F (2.18)



imply

F2 = GS o FS (2¢19)

Conclusion: If we have the fuzzy relations of the controller and the plant,

then the model of the fuzzy control process is given by equations (2.11) and

(2.14), (2.16), (2.19). We need only execute the composition of fuzzy rela-

tions (2.14), (2.16) respectively. Now let us suppose that we have the con-
trary situation, namely, we are given the fuzzy equations of the closed loop
system (Fl,Fz,G]) and the plant. We would 1ike to find the fuzzy equation
of the controller (FCGC). This problem is very important from the practi-
cal point of view.

Let us consider the equation (2.9) (b). Suppose that
GS o K. =1 (2.20)

S

where, I is the unit matrix. Then

X =yp oK. (2.21)
Substituting (2.21) for (2.11) (b), we have

Quep = QPeYp © K o Fy (2.22)
Comparing (2.22) with (2.6) (a), we obtain

Q41 = tleYy ° Kg o Fp = qeryy o Foo= apyg (2.23)
From (2.23) we have

Fo=KgoF, (2.24)

In order to obtain Fe> we must first solve equation (2.20) with respect to

K, and next compose it with Fo (2.24). Now consider equation (2.14)
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Let

Fgolg=1 (2.25)
then

Gc = F1 o LS (2.26)

If we solve equation (2.25) with respect to Ls and compose it with F],
then we obtain the fuzzy relation Gc‘

Conclusion: If we are able to solve the fuzzy relational equations

(2.20) and (2.25) then the problem of the synthesis of a fuzzy controller

will be resolved. Generally speaking, we should show a method of solving

the relational equation

XoA=B8B. (2.27)

For the moment, we will concentrate on a different equation, namely
X=XoR. (2.28)

The connection between the two will be discussed. For convenience, we

will investigate the equation

Xpg] = XUy o R (2.29)

where, dim XgUp = noxm and dimR =n xmxn. If we make the substitution

t+1=n, then

Xn = Xn-1Yp-1 © R3 0= 1,2,3,... (2.30)

We will also investigate the possibility of carrying out process (2.29)
from a given initial point XOE X to a final point X* € X. This problem is

very important from the practical point of view because in many cases for



a given R a fuzzy control action sequence under which the fuzzy control

process is controllable does not exist.

3. THE CONVERGENCE OF A FUZZY CONTROL PROCESS

Let x=s{xi} s 1 =1,2,...,m be a family of fuzzy sets defined on a
multidimensional dinite discrete space X = {xj} 3 J = 1,2,...,0.

Definition 1. A fuzzy metric space is the pair of elements (X,p) such

that p: X x X R, is a mapping (to be called metric) which satisfy the

following conditions:

(1) p(X],Xz) =0eX; =X, (in a fuzzy sense)
(ii) p(x]axz) = D(XZ,X]); X],Xz €X
(ii1) p(x]sxz) 5_p(X],X3) + O(X3:X2)5 X1,X2,X3“E X,

where

X - Cartesian product in the classical sense.

Ry ~ set of real nonnegative numbers.

Example 1
Let x] = [ux](x]), uxz(xz),-.~,uxz(xn)]; X2 = [uxz(x])s sz(xz)a--os
uxz(xn)] denote two fuzzy sets defined onX. The expressions

n
\/J;l qu](xj) - “Xz(xj) 12

Py(X15X,) = max X;) = X

O](x]axz)

are metrics.

Definition 2. SQ is said to be a fuzzy neighborhood of fuzzy set Xi € X
if X, c& y < .
i g,(uxi_ug)

Definition 3. The sequence of fuzzy sets {Xn} converges to fuzzy set
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. (point) X, if and only if for each neighborhood Qalmost all terms of {Xn}
~ satisfy Xn'C Q
Notation:
Tim X, = Xgs Or X, > Xos
in other words,
Xy > X1 =¥ Qof X, kEN, ¥n>k (X CQ) where N-set of natural
numbers exclusive of zero.

Definition 4. Fuzzy sequence {Xn} of terms of fuzzy metric space X is

said to be a Cauchy fuzzy sequence iff ¥ e >03 k€N, ¥n >k ¥m>k,

p(_xn,xm) < e or lim p(Xn,Xm) =0,or¥e>04d kEN, ¥n>k¥m>k,
n,me

p(XyXy) < e

Theorem 1. Every fuzzy convergent sequence is a Cauchy sequence.

Proof.

Let Xrl > Xo'

Based on (iii) def. 1 we may write:

p(xnsxm) L p(xn’xo) + p(xmsxo)'

Because p(xn,xo) + 0 and p(Xm,Xo) + 0 then p(Xn,Xm) + 0. ®

n+p),+ 0, vp,n e

) <e. (%)

Definition 5. If in fuzzy metric space (X,p) every Cauchy fuzzy sequence

Observation 1. Definition 4 may be rewritten as: p(Xn,X

This means that ¥ € > 0 o k €N, vpey_v n >k, p(X

n’xn+p

converges to an element of this space then it is called a fuzzy complete

metric space.

Theorem 2. Let (X,p) be a fuzzy complete metric space and R : X x U x X

-+ [0,1] be a fuzzy relation such that

Xn = Xn_-l Un_] o R; ns=s ],2,3,.-. (3'])

and

D(X]U]OR,X2U2°R) i AD(XI,XZ); VX],XZ € X; VU] ,Uz € U, A € [09]) (3-2)
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then there exists one and only one fuzzy point (set) X* € X and U* €y,
that

X" =x"u" o R (3.3)
Proof.
Let X0 € X, U0 € U be initial fuzzy points of fuzzy complete metric spaces
(Xsp)s (U,p) respectively. We will demonstrate that expression (3.1) is

a Cauchy fuzzy sequence. First of all we must prove that

o _1-X) < AT o(x X LU R) for n = 1,2,... (3.4)

0°"0" 0

Condition (3.4) is true for n =1, Xy = X0U°°R, 20 =1 p(XO,X]) =

A° p(Xo,XOUOoR). Suppose that it is true for n = k, we will prove that

(3.4) is satisfied for n = k + 1,
p(xk-'l’xk) < Ak O(XO,X0U0°R)3 (n = k) (3.5)

Based on (3.1), (3.2) and (3.5) we have p(Xk,Xk+]) = p(xk41UkQI°R’

. k-1 N
XUgeR) <A o(Xy_gs X) < XA o(XguXUgeR) = XS o(X),X UjoR).
Therefore,

O Xpaq) < A6 0K X UgeR) (3.6)

This means that (3.4) is true for n = k + 1. By induction we prove that

(3.4) is true ¥ n € N. Now consider p(xn,x ) for n = 1,2,... Based on

n+p
def. 1 cond. (iii) and (3.6) we have

p(.xnxn+p) b p(xn3xn+]) toot p(xn+p_'| :Xn+p) hY

e aA? p(XoXOUOOR) + ...+ Pl p(X6,x6;UooR) =

' +p-
P(Xys X UgeR) A"+ ...+ AP 1] =

n1-2P o . A"
AT X P (K sXUgoR) < qox p(XgsXUgeR).

=-10-



From here

p(Xn,X >0 ifn->ofor¥..

n+p) p

The condition (*) of observation 1 is satisfied and this neans that {Xn}
is a Cauchy fuzzy sequence. Since our metric space is complete, then

*
X, > X . Considering (3.2) we may write

* Y %*
p(XUpoR, XU eR) < X p(X,,X")
* %
X UpoR = X U oR,

Because

X

*
n+l ~ X

and
* *
P(XpyoX ) < p(X X 4q) + (X X)) + 0
then
* % % * * *
O(X X U °R) f_D(X sxn_!_-l) + p(xn+'| XU °R) =
* * %
(X X 4q) + o(X U R, XU eR).
we know that
¥*
and
* %
p(xnUnOR, Xu oR).+ 0.
From here
* d* %
X = XU <R.
Now we prove that there exists one and only one point X* (proof by con-

tradictjon). Let X; # X2) and X; = XjUjoR, X5 = X,UpoR. We have

Because X; # X, then p(X:X5) # 0. Dividing (3.7) by p(X],Xa) we have
1 < A, This contradicts assumption (3.2). Similarly we demonstrate that

*
for a given Xo and an attainable X there exists one and only one sequence
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* v *x1

of fuzzy control quantity Uo’Ul’UZ”"’U and UO,U1,U2,..‘,U - which-
*
carry the fuzzy control process from Xo to X . )
) )
X] xoUo°R X2 XOUOOR

]

. > (3.8) . . - (3.9)

*

X

Xu*eR X oR

) . _)

' ! * *
U, # Uo, Uy # Upseeesd # U (3.10)

[}
<
[

Based on (3.8) and (3.9) we have

!
x0U0°R XoUo°R
1
X-'U-I °R = X]U] OR
) (3.11)

* %k
XU ©°R

* %
X UoR

Equations (3.11) are true for a special case when R = I. This means that

* *!

! 1
Uo = Uo, UT = U],...,U = U

and there exists one and only one sequence of fuzzy control quantity. =
Conclusions:
(1) The theorem 2 is also true when the sequence of fuzzy control quan-

tity and/or the sequence of states are determined, that is (see Fig.

2.)

1, u=u 1, x =X
wy(u) = RO ¢

otherwise otherwise

*
(2) For given Xy2X € X we may construct a fuzzy relation R (fuzzy con-

troller) such that there exists one and only one sequence of fuzzy
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. *
control quantity UsoUjolo,...,U which carries the fuzzy control pro-
cess from an initial fuzzy point Xo-EX to a final fuzzy point X € X.

Theorem 2 gives the condition of controllability of fuzzy control pro-

cess (2.28).

(3) If the conditions of theorem 2 are satisfied then the fuzzy relation-

al_equation X = XoR has one and only one solution. This solution may

be found by means of successive approximation.

Example 1: Consider the process Xt+] = xt°R' where

0. 0. .5 1. .5 .5 1. .5 0. 0. 0. 0.
0. 0. .5 .5 .5 .5 .5 .5 0. 0. 0. 0.
0. 0. .5 .5 .5 0. 0. 0. 0. 0. 0. 0.
0. 0. .5 1. .5 0. 0. 0. 0. 0. 0. 0.
0. 0. .5 1. .5 0. 0. 0. 0. 0. 0. 0.
_lo. 0. .5 .5 .50 0. 0 0 0 0. 0.
R= 1o, 0. .5 1. 5 0. 0. 0. 0. 0. 0. O. (3.12)
0. 0. .5 .5 .5 0. 0. 0. 0. 0. 0. 0.
0. 0. .5 .5 .5 5 .6 .5 0. 0. 0. 0.
0. 0. .5 1. .5 .5 1. .5 0. 0. 0. O.
0. 0. .5 .5 .5 .5 .5 .5 0. 0. 0. 0.
0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0.

Suppose that for t = 0 we have Xo=[0. 0. 0.0,0.0.0.0.0, .51, .50.]

then X; = X oR = [0, 0. .51, .5 .51, .,50. 0, 0. 0.]
Xy = X;oR = [0.0..5 1. .5 0. 0. 0. 0. 0. 0. 0.]
X, = X,oR = [0. 0. .5 1. .50, 0, 0. 0. 0. 0. 0.]
37 AR =,

XZ = X3 =X =1[0.0..51..50.0.0.0.0.0.0.]
Let for t = 0 be X, = [1. .50.0.0.0.0.0.0.0,0.0.] - then

X7 = X,eR = 0. 0. .51. .5.51. .50. 0. 0. 0.]
X, = X{°R = fo. o, .51, .,5.51. .50, 0. 0, 0.]
X3 = X5°R =*[0. 0. .51. .5 ,51. .50. 0. 0. 0.]
Xo = X3 =X = 0. 0. .51. .5.51. .50. 0. 0. 0.]

Let for t = 0 to be X0 = [0.0.0.0.0. .51. .50.0.0.0.] then
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|

= X0°R = [0. 0. .51. .50.0.0.0.0.0.0.]
= XjoR = f0. 0. .51. .50, 0, 0. 0. 0. 0. 0.]

*

Xy =X =X = [0. 0. .51. .50.0.0,0.0.0.0.]

>
N
I

Process (3.12) is convergent. If we start from any initial point Xo € X
then the final point X* is always obtained. The conditions of theorem 2
are satisfied. This example shows the iterative method of solving the
equation X = X o R. In this case the solution is X*. This means that
there exists a control action (in this case non-fuzzy) which carries the
process from any initial point X0 € X to a final point X* € X. This pro-

cess is controllable (in the sense of conclusion (2)).

Example 2. Let

1. .5 .5 1. .5 0. 0. 0. 0. 0. 0. O.

.5 .5 .5 .5 ,5 0. 0. 0. 0. 0. 0. O.

0. 0. .5 .5 .5 ,5 .5 .5 .5 .5 .5 0.

) 8. 8. .g ]é .g .g 1. .5 .5 1. .5 0.

_ |0. . . . . . 5 .5 .5 .5 .5 0,
R=1o. 0. 0, 0. 0. 0. 0. 0. .5 .5 .5 0. (3.13)

0. 0. 0. 0. 0. 0. 0. 0. .5 1. .5 0.

0. 0. 0. 0. 0. 0. 0. 0. .5 .5 .5 0.

0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. O.

0. 0. 0. 0. 0. 0, 0. 0. 0. 0. 0. O.

0. 0. 0, 0. 0, 0. 0, 0, 0. 0. 0. O.

0. 0, 0. 0. 0. 0., 0. 0, 0. 0. 0. 0.
Suppose that for t = 0 we have Xq = (1. .5 .51. .50. 0.0, 0. 0.0, 0.]

then

Xy = XOOR = [0. 0. .51. ,50. 0. 0. 0. 0. 0, 0.]
XZ = X'IOR = [O- 0- 00 0. 0' '5 .I. '5 0- 00 Oq 00]
= XyoR = (0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0.] = ¢ - empty

><
w
fl

fuzzy set.
Let for t = 0 be Xy = [0. 0. .51. .50.0.0.0.0.0.0.] then

X] = XOOR = [0. 0. 0. 0. 0. .51. ,50. 0, 0. 0.]
Xy = X3 = XyoR = [0. 0. 0. 0. 0. 0, 0. 0. 0. 0. 0. 0.] - empty fuzzy
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Let for t = 0 be X, = [0.0,0.0,0,0.0.0. .51, .50.] then
Xo = Xy = XyoR = [0. 0. 0. 0. 0. 0, 0. 0. 0, 0. 0. 0.] empty fuzzy
set,
This process is nonconvergent. Any initial point X0 € X leads to an empty
fuzzy set which is not a solution for given relation R. The conditions of
theorem 2 there are not satisfied. This means that there does not exist
any sequence of control quantity which carries the process from any Xo € X

*
to X . Process (3.13) is noncontrollable (in the sense of conclusion (2)).

4. CONCLUSION

The problem of designing a fuzzy controller based on a given fuzzy
model of plant and closed loop system has been shown. It requires the
solution of a fuzzy relational equation. Under conditions of theorem 2 the
solution of equation X = X ° R may be found. In order to apply this suc-
cessive approximation to equation X ¢ A = B we must transform the latter
to the form X = X o R, but under the condition that both equations have
the same solution. Theorem 2 seems to be useful from a practical point
of view because it enables the construction of a fuzzy controller which
has the controllability property. If conditions of the theorem are ful-
filled, then the process is carried from the initial point to a final

point under an action of fuzzy sequence of control.
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