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ABSTRACT
It is observed that for a power system after a disturbance certain
groups of generators have similar waveforms for their rotor-angle
response curves. We define generators to be coherent if the waveforms
of the rotor-angle curves are identical. In practice, however, they may
be very close but not identical. We say that generators are e-coherent
if the maximum of the difference of their angle curves is less than .
We present some necessary and sufficient conditions for a group of
generators to be e-coherent undé} a set of disturbances. The condition
is expressed in terms of the controllability Grammian of the model.
Singular-valqe decompoesition of the Grammian is used to provide insights
to the results. We also derive an approximate_expression for the
Grammian and suggest a practical algorithm for identifying groups of

e-coherent generators.
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I. INTRODUCTION

It has been observed that for a power system after a disturbance
certain groups of generators have similar waveforms for their rotor-
angle response curves. This phenomenon, called coherency of generators,
has been utilized effectively to construct a reduced-order model of the
external system, known as dynamic equiva]ents; for power system transient
stability study [1]. For generators to form a coherent group it dependé
on the type and location of the disturbance. The conventional approach
to identify coherent groups of generators is examining the response
curves obtained from numerical integration of a set of simplified
linearized differential equations of the system [1]. Engineering
judgement is required.to select a disturbance so that coherency will
prevail for other disturbances.

In a previous paper [2] we have studied the phenomenon of
coherency analytically via the mathematicai model of the system. For
ana1ytica1 studies we define coherency to mean the angle curves of the
generators are identical. We have characterized coherency in terms of
the controllability subspace of the system model. We have also
proposed an algorithm to identify coherency directly from the parameters
of the model.

In practice the generator rotor-angle curves may be very close
but not identical. We call such cases e-coherency. To be more precise,
we say two generators are e-coherent if the maximum of the difference
of their rotor-angle waveforms (ignoring the linear shift of the whole
curve due to different initial rotor-angles) is less than e.

Avramovic et. al. [4] have suggested a "slow coherency"” to mean

that the slow modes in the difference of the angle curves are small.
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OQur definition of e-coherency is direct. In this paper we present some
necessary and sufficient conditions for a group of generators to be
g-coherent under a set of disturbances. The conditions are expressed
in terms of theAcontr011abi1ity Grammian of the model. Singular value
decomposition of the Grammian is used to gain insights to the results.
The conditions may be used to identify which sets of generators will
form e-coherent groups. OQur definition of e-coherency is the same as
Sastry and Varaiya [3]. Our approach is more constructive.

The Grammian can be obtained by the solution of a linear
differential equation. - We show that because of the properties of our
model, for e-coherency identification we can use the steady-state
solution of the differential equation as an approximate expression for
the Grammian. The steady-state solution involves a Liapunov equation
for which efficient solution algorithm exists. Based on these results
we suggest a practical algorithm for identifying groups of e-coherent
~ generators by (1) solving a set of special linear algebraic equations

and (2) identifying e-coherency from the elements of the solution.

II. MODELING
1. Power System Model

The same models for generators and network as in [2] are used here.
Three types of disturbances are considered, namely, load shedding,
_ generator dropping, and line switching. The modeling of load shedding
and generator dropping remains the same as before. However a new
procedure of modeling line switching is introduced, which simplifies the
analysis considerably, as we shall see shortly.

The linearized swing equations for the generators are used:



MAw = APM - APG - DA

88 = tw M
where A = deviation -
@ = (w,...,0 ) of rotor speeds -
8§ = (8y,...,8,) of rotor angles
M= diag(M],...,Mn) of machine inertia constants
P

= (PM1,..;,PMn) of mechanical power inputs
PG = (PG,.;.,PGn) of electrical power outputs
D= diag(D],...,Dn) of machine damping constants
We assume that during the time of interest A PM = 0
The linearized decoupled real power flow equations are used for

the network:

APG
.APL

Hgg ng AS

Hzg sz Ae (2)

where
PG: vector of feal power injections at generator internal buses
PL: vector of real power injections at load buses
§: vector of phase angles at generator internal buses
= generator rotor angles

6: vector of phase angles at lead buses

H: matrix of partial derivatives

For load shedding at bus i, we model it as changes in the real

power injection,
aPL = (0,...1,...0)7 P, (3)

where 1 occurs in the ith position and P; is the amount of power

disconnected. For generator dropping, we model it as load shedding at
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the load bus to which the generator is connected.

We are going to model line switching simply as load changes.
Suppose that for the system after removing the line connecting bus i
and bus j (Fig. 1b), Agf(t) is the vector of bus angles deviation at
time t. Let

aP;(ae (1)) = = (Hy )5, (a6;(t)-a6;(t)) (4)

Now consider the system with line ij connected aﬁd the power- injections
at bus 1 and bus j changed by APi(Agf(t)) and -APi(Agf(t)), respectively
(Fig. 1c). Clearly we get exéct]y the same set of equations for this
system as the one before without 1ine ij. So we madel Tine switching as

changes in load at buses i and j.

T

WL = (050001, .=1,...0)7 4P, (48" (1)) (5)

where 1 and -1 occur at position i and j, respectively. Note that Pi’
being a function of Agf(t), is not known a priori. However, as we have
shown previously [2] and will see again shortly, the exact waveform of
APi(-) does not entér into our analytic characterizafion of coherency.

In general, a set of k disturbances can be modeled as
APL = E u(t) (6)

ot te.s _ T e s
where E = [eze,l" e ], e = (0,...1,...0)" and uj(t) = Py if jth

disturbance is a load shedding or generator dropping,

’ %*
e = (0,...1,...1,...0)T and u;(t) = AP;(A0°(t)) if jth disturbance is
a line switching. Note that for any time interval T of interest, we

have



Itlly_(t)llzdt < K2 (7)
0

for some K > 0.

Combining (1)(2) and (6), we obtain a standard linear system model

X = Ax + By, x(0) = 0 (8)
. [w]er® (9)
where X = 88
-,
-
A0 VW H W) (10)
Al 99 g2 '28"%g
I 0
S TR
-M™'H__H; E
- 0

2. Coherency and e-coherency

The idea of coherent generators arises from the observed phenomenon
that after a disturbance the rotor-angle curves of some generators have
almost identical waveform. We therefore define coherency as follows.
Two generataors 'i' and 'j' are said to be coherent if 5i(t) - 5j(t) = a
constant for t > 0, or equivalently, A (t) - Asj(t) =0 for t > 0. If
the waveforms of two generator rotor-angle curves are "close" but not
identical in a time interval [0,7], we would like to call it "almost"
coherent.¢ To be more precise, we say generators 'i' and 'j' are
g-coherent in the interval [0,7] if

*Avramovic et. al. [4] define slow-coherency as follows: generator i and

j are said to be slow-coherent iff slow modes of Aai(t) - Aﬁj(t) are
small. Our definition in (12) is the same as Sastry and Varaiya [3].




mg::T |as; (t) - AGj(t)I,i € (12)
III. GRAMMIAN
Our criterion for testing e-coherency will be given (Theorem 1)
in terms of the singular value decomposition of the reachability
Grammian. In this section we introduce the relevant concepts.
1. Grammign and Reachability Set.

Consider the linear time-invariant system
x=Ax+Bu  x(0) =0 (13)
where the admissible input u satisfying the constraint

T
jvﬂgjt)ﬂzdt_g K2 (14)
0

The reachability Grammian at T is defined to be the matrix Wf,

T
.
wﬁ ‘= [ PtgpTeh t 4¢ (15)
0

Note that Ni is real, symmetric and positive semidefinite. Therefore

we have

uz2yT (16)

2
wr

where 3% = diag(of,cg,...05,0,...0), o% z_cg... 2_03 > 0, are the real

eignevalues of Ni and columns of U are the corresponding eigenvectors.

We define

W o= uzuT (17)



where I = diag(c],02’...cr,0,...0), a > Gye.. 2 q, > 0.

The set of reachable states at t is given by

T T
S_ = {x|x = [ MTtlay(t) at, I'ilg(t)llzdt < K& (18)
0 0

and the set of reachable states in [0,t] is given by

, t ,
St0,c] = X/Jtelo,al st x = [OeA(t‘t JBu(t')dt' and

~I;ﬂg(t)u‘?clt < K&} (19)

It turns out that these two sets are identical, i.e. ST = S[O e
Moreover, they are identical to the image S under the map WT of the ball

with radius K,
S := {x|x = Wp, Ipl <K} (20)

This provides a very nice characterization of the reachability set. We

state the foregoing as a fact.
Fact ] S[O T] = ST = Sc

2. Singular Value Decomposition of the Grammian.

Consider the set

S = {x|x=Wp, Ipl <K} (21)

T

where NT = UzU' and I = diag(o1,...cr,0...0) (22)

If we change coordinates to a basis formed by the columns of U, i.e.,



x=Ux's p=1Up', then the set S can be described as follows:

L Xe 2 oxA 2 x!
: I] : 2 2 ] - ] -
s={£|ﬁa} +(g;} +...+(-&-E}_<_K,xr+]-x2n-0} (23)

Thus S is an r-dimensional elliposoid in RZn

whose axes are the eigen-
vectors corresponding to the nonzero eigenvalues of wT and the length

of the ith axis is 0y

Remark: In this particular case where WT is real, symmetric and positive
semidefinite, the eigenvalues and the eigenvectors of NT coincide with
the singular values and the singular vectors of wT, and wT = UZUT is

also the singular value decomposition (SVD) of NT. The readers are
reminded of the many desirable numerical properties enjoyed by the

SVD [5-8].

3. Differential Equation of the. Grammian
The reachability Grammian wf can be obtained from the solution of

a linear matrix differential equation as stated in the following fact,

2

whose proof is immediate by the definition of WT.

Fact 2 [9, pp. 84] The reachability Grammina wi satisfies the following
linear matrix differential equation

. _ T T _

X=AX+ XA +BB', X(0) =0 (24)

IV e-COHERENCY IDENTIFICATION
1. Criterion for e-coherency identification.

Theorem 1. Consider the power system model (8) generators 'i' and 'J*

are e-coherent in [0,t] for a set of disturbances satisfying
T ‘

I'ﬂg('c)ll2 dt < K2, if and only if
0
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r : 2.
2 2 €

(C1) mZ] cm(Uim-Ujm) :i;?? : (25)
or equivalently
(c2) wii + wjj -2 wij :i;?E (26)

. - R T .
where i =1 +n, j=3 +n, WT =UzU, L = d1ag(ol,02,...cr,0...0),
and Uim’ W}m are the imth elements of U, Ni respectively.

Consider the column vectors uon of U,

Let us weight each column vector uo by its corresponding singular value
m’

Uz = [oqu g ¢ ... o . 5 0 ...0] | (27)

Recall that the orthonormal vectors U ,,...,u .. are the directions of the
axes of the elliposid S, which is the set of reachable states, and the
singular values Oys-..0, are the lengths of the-corresponding axes. Our

condition (25) asserts that if there are identical rows in the matrix

[615“1 E ...cpg.r] (28)

then the corresponding generators are coherent; and if there are rows in
the matrix (27) that are almost identical (in the sense of the Euclidean
distance between the row vectors), then the corresponding generators are

e-coherent.

2. Procedure for e-coherency Identification
The fol]bwing procedure may be used for identifying e-coherent

generators. However Step 2 involves the solution of a set of linear
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differential equations.

1. Determine e,t. Estimate K.

2. Solve

X = AX + XA' + BB', X(0) = 0
and set

2 v

WT—X(_T)

3. Perform singular value decomposition of wﬁ and obtain

_ T
WT = Uzl |
4. Identify groups of €-coherent generators by the sets of "almost
jdentical" rows (condition (C1)) of the matrix [01!,1 :"'Grg-r]
We may also identify e-coherent generators directly from WE'using

(C2). Thus, Steps 3 and 4 above may be replaced by the following Step 3'.

3'. Identify groups of c-coherent generators by checking condition (C2),

i.e., the set of generators H will be e-coherent if for any i,j in H,

we have

W, W, - oW, < S
1 Jd 1) -

K

Remark: Condition (C1) provides more insights to the result and it is
similar to our previous results [2]. Condition (C2) may be more

computationally advantageous.

V.  APPROXIMATE METHOD FOR -COHERENCY IDENTIFICATION
In this section we will make use of the special properties of our
power system model (8-11) and develop an approximate method for

identifying e-coherent generators.
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1. Some Analytic Properties of the Model

We make the following reasonable assumptions about the system.
(A1) The network is connected.
(A2) The Tines are lossless with positive reactance.

(A3) The initial angles across the lines satisfy
i
|ei(o) - ej(0)| <7 Vi,j‘

Fact 3 Under the assumptions (A1) - (A3). The eigenvalues of the power
system matrix A (eq. 10) have the following properties.
(i) A1l the eigenvalues of A lie in the closed left half plane.
(ii) There is no eigenvalues of A on the imaginery axis except
at the origin.

(ii1) A has exactly one eigenvalue at the origin.

Remark: The results of Fact 3 ére what one would expect intuitively.
Since we have assumed APM = 0, and the generators have positive damping
D > 0, without any disturbance the system should settle down, i.e.,
back to synchronism. It makes no difference if we shift all generator
angles by the same amount, since it is the angle difference and its
derivative that count. Therefore the system may settle down to the
same frequencies AW = 0 but to some other angles AS different by a
constant term. Thus we expect the eigenvalues of A to 1ie on the open

left half plane plus one at the origin (for the constant term in A8).

2. An Approximate Expreésion for the Grammian
By making use of the properties (Fact 3) of the power system model
we have the following asymptotic expression for the reachability

Grammian Ni.

-12-



Theorem 2. Consider the power system model (8). Suppose that

assumptions (A1).- (A3) hold.. Let W be the solution of
AX + XAT = -B' (29)

with minimum Frobenius norm.+

Then
oW rprgg

where §f = (0,...0,1,...1) is a vector whose first n components are

zeros and the last n components are ones, and B8 is a constant.

Remark: If all the eigenvalues of A except the one at the origin have

real part less than -|a|, then for © > > T%ﬂ-,

w2+31:§§-r

is a good approximation of wi.

Fact 1 asserts that any reachable state x in [0,t] can be expressed

as x = WTE for some ﬂgﬁ_i K. This implies that [7,8]
X = wﬁ; for some z (30)

If we use the approximation

~

WCxwlrprg el (31)

then we have

2 (g 2 (32)

"The Frobenius norm H-HF of a matrix X is defined by

, 1/2
XD := (izj Xis)  [5, pp. 1731
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In coherency identification, we are interested in (A§i~A§j). Recall
that the ffrst n components of X are the Amk.s and  the last n components
of x are the Aék.s. Therefore as far as coherency identification is
concerned we can just focus on W% and igndre the term BT'§.§T. But W
is the solution of an algebraic equation (29) whereas wﬁ is the solution

of a differential equation (24). Thus we expect the computational effort

2

using W~ for e-coherency identification will be much less.

3. Algorithm for the Approximate Method of e-coherency Identification
The following algorithm can be used as an approximate method for

identifying e-coherent generators.

Step 1. Determine ¢,7. Estimate K.

Step 2. Find the solution W2 of

AX + XAT = -ggT

with minimum Frobenius norm. There is an efficient algorithm
for the solution of this problem [10].

Step 3. Identify e-coherency condition by checking

‘ o g8
Wig * W5 - Wy <

14~
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APPENDIX
1. Proof of Fact 1

(i) ST =S : See [7,8]

(i1) S[O,T] = ST.

It is obvious that S"r c S[o,r]. We are going to show S[O,f] c ST by
contradiction. Suppose S[O 1] T ST then
t 2 2
Jt', 0 < t' <7, and u(-), I Tu(t)i°dt < K® such that
0 =
EA(t-t)
x(t') = f e Bu(t)dt & S_
0

Let u(t) = u[t-(t-t')] for T - t' <t <t
0 O<t<t-~t

T
T ~ ~ ~
then I llu(t)ﬂzdt < k% and x(t) = [ eA(T't)By_(t)dt = x(t'). But by
0 0
definition of S, x(1) €S_ this implies x(1) = x(t') €S_ *

2. Proof of Theorem 1

By Fact 1 for any x(t), Jp(t), Ip(t)l < K, ¥t € [0,1] and
x(t) = W p(t) for t € [0,7]. |

Consider phase angles of generator 7, J :

-W. )P (t)

2n
x;(t) - xj(t) = 1 (W 5mPm

m=1

i ' o‘- - 5
For a fixed t', and let hm = Wip ij

max  |x(t') - x;(t')] < max{| < h, p> || fpl < K} = Ini-K
Iﬂullzdtikz



Since lIlhll-K is independent of t, we have

x Ixy(e) = x,6)] < KL (b )
max x:(t) - x.(t)] <K W. <W.
t€[0,1] | J = Tg=1 MM
= T |
= Kl NT" o4 (0...1...-1,...0)
4
i j
1/2
T T
= K(a NTNTa)
1/2
= K(aTWEG)

T

Similarly using the fact that lpll < K implies IU'pl < K, we have

2

: L2 2,1/
mza):T |xi(t) - xj(t)l f_K[mzl om(uim'ujm) ]

3. Proof of Fact 3

We first estabiish two lemmas for the proof.
Lenma 1: Hil is positive definite.
Proof: sz is the node admittance matrix of the network obtained by
connecting all generator internal buses to ground. Under assumptions
(A1) - (A3) this is equivalent to a positive resistive network, hence
sz is positive definite this implies that H;l is positive definite.
Lemma 2: Hgg - ng“il”%g is nonnegative definite and has one and only
one zero eigenvalue.

Proof: By construction, we have

I +H zH'

33
fag g L (33)

I +H,I' =0 (34)

Hzg
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where I, I' are vectors having all elements 1, with appropriate
dimensions.
We rewrite (34) as

— !
iy HMHQQ (35)

Substituting (35) into (33) we obtain

1

(Hyg-HgallaeHpg) T = 0.
A . R . =1y . .
‘Th1s 1mp11es that I is an eigenvector of Hgg.' ngszHzg with eigenvalue
A =0,

Now since the network is assumed to be connected,

€ RNXN is nonnegative definite and

) > 0 | (36)

The equality holds if and only if

(i? = k(%%ﬁ for some k.

_ -1 .
Let y = -H, H, x then we can write (36) as
T -1
X' (g oHo oy )x > 0.

' Tﬁe equality holds iff
- x=kI.
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This implies that

. -1 _
dim N(Hgg-ngszHzg) = ]

-1
H H -H_ H
ence ag gs 2Hzg

eigenvalue X = 0.

Proof of Fact 3.

is nonnegative definite, and has ekact]y one

X |
Assume that -z--|1s an eigenvalue of A with eigenvalue A.

=2
-1 -1 -1
' cee={ = A|m=—-
: 0 | % %5 |
= M Tox, - MV(H_-H_HoTH )x, = Ax
= gg g% 2% 29'=2 =1
X =A%
-1 -1 -1 L2
= -M"DAx, - M (Hgg'ngszHzg)52 A%y
T T -1 2,7
= - gDk, - Xp(HggHagNpafpg)Xp = M XMy
But x, # 0, otherwise x; = Ax, = 0
T ' T -1 T
Let d A Xx,Dx,, @ 4 5—2(Hgg'ngHqug)§2’f A XoMx,
then A% + dA + e = 0
and d >0, e>0, f>0.
Hence (i) ReA(A) < 0
(ii) Rea(A) = 0 =2A(A) =0
Besides, rank A = n + rank (Hgg-ngHlleg)

2n - 1 and the fact that A can not have
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generalized eigenvector at origin implies that A has exactly one eigen-

value at the origin.

4. Proof of Theorem 2

2nx2n 2nx2n

Consider the linear map from R to R

L:X ~ AX + XA

Then the eigenvalue of L [11, pp. 235-239] are ) = Ay ¥ Aj, i, j=1,...,2n,

Ays Aj are eigenvalues of A. But from Fact 3, ReA(A) < 0, and A has only

one eigenvalue at the origin. Hence ReA(L).S 0, and L has exactly one

eigenvalue A = 0. This implies that

rank(L) = 2n x 2n - 1

Let {54}$2] be a set of genera]1zed eigenvectors of A, then {x }spans

RZ". [12,13]. B = zx L BE R, o e R Thus

T T
W = J eAtgpTeA tyy
T g

c m-1 m, -1
r k 2 M, 1.7 K g At T
= - the A xa ZX )(Z ) the " P, (A)
Jodky ok, " 2 *
T (A;+X;) T
= ) asa.f (t)e VI x.det+I BE ETdt
o & =i 1= 0 ==
1,J
A.+Aj¢0
=:H(r) +BrEE

where m is the multiplicity-of eigenvalue Ak of minimal polynomial of A.

Since Re(ki+xj) < -|a| for A+ Ay #0
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2

Hence as T + m,ﬁ(r) + 0 and ﬁr = AWE + ngT + BBT. Thus

AH(T) + H(T)AT + BB > g g & (%A = 0)
= AH(t) + H(t)AT ~ - 88T + 8 £ £' for large T

T

Now if W2 is the pseudo solution of AX + = -BB' with minimum

FroBenius norm. i.e.

Wz = arg minlAX + AT + BB!

X F
then H(t) = w2 + r'g.gi.for some constant. r. (since N(L) = span
5 T T ()\iﬂj)t
ut H(t) := IO i%j ﬁiﬁjfij(t)e X% dt € R(L)

Ai+kjf0

2 . T
e * = = ' o -
and W° € R(L*) = R(L) XXt s

= pr=0

W Tl

T

-A6-
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(a)

16 +46; (t) a8 +a8 (1)

(b)

16+ 467 (1) 167+ 46] (1)
>~ <
AD.  —AD.
ap P P AD

(c)

Fig. 1. Modeling of 1ine switching as changes in power injections
at the load buses without network modification.

(a) The connection and phase angles in the line before
switching.

(b) " The removal of the line and postfault phase angles.

(c) The removal of the line can be represented as changes
in power injection with line connected.
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