Copyright © 1980, by the author(s).
All rights reserved.

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation

on the first page. To copy otherwise, to republish, to post on servers or to redistribute to
lists, requires prior specific permission.



A QUADRATICALLY CONVERGENT ALGORITHM

FOR SOLVING INFINITE DIMENSIONAL INEQUALITIES

by

D. Q. Mayne and E. Polak

Memorandum No. UCB/ERL M80/11

30 January 1980

ELECTRONICS RESEARCH LABORATORY

College of Engineering
University of California, Berkeley
94720



A Quadratically Convergent Algorithm
%
for Solving Infinite Dimensional Inequalities

D. Q. Maynel and E. Polak2

Abstract
Many design problems can be formulated as determining a parameter to
satisfy conventional and infinite dimensional constraints. An algorithm,
with quadratic rate.of convergence, for solving such inequalities, is

presented.

*
Research supported by United Kingdom Science Research Council and the National
Science Foundation ECS-79-13148.

lDepartment of Computing and Control, Imperial College, London, SW7 England.

Department of Electrical Engineering and Computer Sciences and the
Electronics Research Laboratory, University of California, Berkeley, CA
94720.



1. Introduction

Many design problems, such as the design of circuits, control systems

and structures [1,2,3], can be formulated as determining a parameter vector

z G]Rn which satisfies:

gj(Z) <0, j=1,...,p, (1)

and

¢j(z,a)_<_0 s ] =l9°"’m9 (2)

for all a € Aj' The set Aj is a compact interval of the real line. The
infinite dimensional constraint ¢j (z,a) <0, for all a € Aj’ j=1,...,m,

may be expressed as:

fj(z)go s, j=1,...,m, (3)
where

£ (2) & max{ed (z,0), a€4,) (4)

Without loss of generality, so as to simplify exposition, we shall

assume that Al = A2 = ....=Am = A= [ao,ac]. Polak and Mayne [4] describe
an algorithm for minimization subject to constraints (1) and (2); an
improved algorithm, due to Gonzaga, Polak and Trahan, is presented in [5].
Both of these first order algorithms are easily modified to solve

inequalities (1) and (2).

In this paper we present an algorithm which solves (1) and (2) and has
a quadratic rate of convergence. It is, perhaps,worth mentioning that it is
easy to extend conventional algorithms, in a formal manner, to cope with
infinite dimensional constraints. However, the resultant algorithms are
conceptual, i.e., at each iteration of the main algorithm an infinite process
is required (e.g. to solve min{¢(z,a)|0€A}). The achievement in [4] and

[5] is the development of implementable algorithms (i.e., requiring a
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finite process at each iteration). Similarly it is easy to extend Newton's
method to solve infinite dimensional constraints; the resultant algorithm,
while it has a quadratic rate of convergence, is conceptual. However, under
certain assumptions which are satisfied by a reasonably wide class of
problems, it is possible to obtain an implementable, quadratically convergent
algorithm.

We present in the next section a locally convergent algorithm with a
quadratic rate of convergence and in §3 we show how the algorithm may be
stabilized to ensure global convergence. Finally, in §4, we present an

implementable algorithm.

2. A Quadratically Convergent Algorithm

To state our assumptions it is helpful to introduce a few definitions.
Let £(+): R" +R" denote (£1(+),£2(<),...,£%())T, g(+): R®+RP denote
(gl(°),g2('),...,gp('))T and let ¢(-,°):IRnXA —R™ denote

@ () eeest®Co, N, Let $(+): R +R be defined by:

(2) 2 max{£3(2), 1€m; gd2), j€p} (5)
and let Y(+),: R >R be defined by:

¥(2), = max{0,y(z)}. (6)
The feasible set F clearly satisfies:

F = {z|f(2) <0, g(z) <0} = {z|¥(z) <0}, ¢

so that z € F if and only if w(z)+ = 0. The "e-most-active" constraints

are specified by the sets Jz(z), Jg(z) defined by:



e

if(z) 2 enled @) 2962 -ebs (8)

{i€pl8) (2) 2¥(a) ¢}, (9

e

38 (2)

where m = {1,2,...,m}, etc. The set of points in A at which ¢j (z,0)

is "e-most active" is defined by:
Ag(z) ) {aeA|¢j(z,a)3w(z)+-e}. (10)

The algorithm makes use of local maximizers of ¢J (z,*), j=1,...,my the

set of local maximizers in A‘l(z) is defined to be:
K-j:(z) = {aGAg(z) lo is a local maximizer of ¢j (z,°)}- (1)

Let e0>0 be given. For all zEIRn, all j €m, let kj(z)

denote the cardinality of Z'l (z). Now suppose that z € R™® is such that
0

(i) k:l (2) is finite for all j € m.
(ii) for any a{l € RE (2) N (0552, ¢uu(z,a3) >0, J€m, k€ Lc,j (),
(iii) for any ai € Reo(z) such that ali' = ao(ac), cbj (z,ai) <0 (>0),‘
j€m, k€K ().
Then

1 h| j b
Aeo (z) = {al, ,az,...,akj(z)} (12)

and there exists a ball B, = {z"|lz'-z"|1<p} (of radius p) together with
continuously differentiable functions aii(-) : B, > A, 5€m, k€ _lgj (z),

such that ai(z) = ai for all j €m, k G_lg_] (z) and uii(z') is a ‘local

maximizer of ¢3(z',-). For all uil € (uo,ac), (i.e. unconstrained local

maximizers) the existence of such a ball and functions follows from the



fact that ¢g(z,ai) = 0 via the Implicit Function Theorem and (ii) above.

For all cxil = (ac), because of the continuity of ¢j(~,°) and (iii),

there must exist a ball B such that 0-1’1(2') z ai is a local maximizer of

$3(z',) for all z' € B,.

-

Next, for all € m, k € I (2), let ni(-) : B, + R be defined by

@ & dahde. | 13)
If “i(z') = ai(z) for z' € B, then nj(') is obviously differentiable and
z k
3ni(z) j j
32 = ¢,(z",2, (z)) for all z' €B,. @Qs)

If ai(z) € (ao,;xc) is an unconstrained local maximizer, then it must

satisfy

3l @a @i d@1+ ¢l @@ =0 (1s)
Hence, because of (ii),

1,3

G @ = 43, @@, @) . (15a)

Consequently ni(-) is again differentiable and (-aiz) ni(z) is given again by

3
@31 (2) = 0](z,08 () + 63 (2,0 (22) [0/ 32)d (23]

= ¢i(z,ai(2)) (16)
Thus, (16) holds because either é%-a;(z) = or ¢a(z,ai(z)) = 0. Since the

formulas (13), (14) and (16) are not always valid, we shall use the formal

definition nd(z) = ¢(z,mi), alj‘ € Aeo(z) and its "gradient™ Vni(z),defmed by:



a2 & ) (z,0d 2))T (17)

in place of Vni(z),

Since A'l is a set of local maximizers which always includes
0

the global maximizer of ¢j (z,-) it follows that ¢j (z,0) < 0-for all a €A

if an only if ni(z) <0 for all j €m, all k elc_j (z); (di.e.,

v(z) = max{ni(z)lkelc_j (z), 3€m}). The latter, finite.set of inequalities will
be employed in the algorithm which is, in essence, Newton's method applied

to these inequalities.

Algorithm 1.
n
ZOGIR, €0>0.

Step 0: Set i = 0.

Data:

£ .
Step 1: 1If g(zi) < 0 and ni(zi) <0 for all j € Jeo(zi), all k € EJ (zi),
stop.
. . 2, 3 i
Step 2: Compute v, to solve: min{lvl®|g (z,) + (Vg (z;),v) 20 for all
. g . T . f = | .
JEJeo(zi)’ nk(zi)+(Vnk(z),v)§0, for all JGJeo(zi), all k€k (zi)}

. = = - D
Step 3: Set Zi zi+vi. Set 1 = i+1. Go to Step 1l

A straightforward extension of Newton's method would require the

replacement of the finite set l_cj (zi) (corresponding to A‘; (zi)) by an
0
infinite set corresponding to Aa(z i))° 0f course Algorithm 1 is still conceptual

since the determination of the local maximizers requires an infinite process.

We will show later how an implementable version of the algorithm may be

obtained. Firstly, however, we establish the (local) convergence properties

of Algorithm 1. Our assumptions are:

Assumption 1. g(*): an +R™® and $(e,°): R" x A — R are three times

continuously differentiable.



Assumption 2. For all z€IRn, all :-:E[O,eo], all jEJz(z)’ K-Z:(z)

is a finite set.

Assumption 3. For all z € §F & {z'|9(z")=0},forall o € Z‘l (z), for all
0

. f
J GJ€ (z)s
0

(i) if ¢« € (ao,ac), then ¢w(z,a) > 03

(ii1) i1if o

]

a,, then cba(z,a) < 0;

0

(iii) if o ., then ¢a(z,a) > 0.

k

Assumption 4. For all z € FS, {ng(z), jEJg (z); an (z), kél_cj (z),
0
jEJg (z)} 1is a set of linearly independent vectors. O
0

We require the following preliminary result:
Lemma 2.1. Let 2z* € §F. Then there exists an ez > 0 such that for all

z € B(z*,ez), for all k € l_cj (z*), for all j € Jf: (z*), there exist
0

aii(-): B(z*,ez) — R and corresponding nii(:-): B(z*,sz) — R ,. unique,
well defined and continuously differentiable, such that ai(z) € Ae (z) and
0

ni(z) = d>j (z,aiic(z)) for all z € B(z*, ez).

Proof. For all k € Ej (z), for all j € Jg (z), af;(z) is a solution of:
0
9y (2,0) = 0 (18)

The desired result follows from Assumptions 1-3 and the implicit function

theorem. a



Our main result, which establishes the (local) convergence properties of

Algorithm 1, follows:

Theorem 2.l1. Suppose Assumptions 1-4 are satisfied and let {zi} denote an
infinite sequence generated by Algorithm 1. For any z* € §F, for any
Y € (0,1), there exists an €* € (0,©), an € € (0,e*] and a M € (0,®)
such that:

(1) Iv(2)l < ylz=2*] and Miv(z)] <y for all 2z € B(z*,e*).

(ii) []v(Al(z))il _<__M|Iv(z)ll2 where Al(z) ; z+v(z), for all =z € B(z*,e*).
(1i1) If 2z, € B(z*,e) then z, € B(z*,e%) for all i =0,1,2,... .
(iv) 1f z € B(z*,e) then zg > z € §FNB(z*,e*), with a quadratic rate

of convergence, as i -+ o,

Proof. To simplify the notation in the proof, we restrict our attention to
the case where p =0 and m=1, i.e., F = {z|¢(z,0)<0, a€A}. Hence
we discard g(¢) and replace d)j('), j=1,...,my, by ¢(°), 0{(') by
Olk('), A‘l(‘) by A€(°), Ki(-) by Z€(°), k.j(-) by k(+), etc. The
extension of the proof to the general case is simple but tedious.

For all z €R® 1let v(z) denote the solution (if it exists) of:

min{ivi® n (2) + (Tn (2),v) <0, kEK(2)) (19

Let z* € &F and let K C k(z*) be defined by:

K = {k€k(z*) |n, (2%) > -¢,/2} (20)

There exists a neighborhood B(z*,el) of 2z* in which K Ck(z) for all
z 1in this neighborhood. (Note that an arbitrarily small perturbation in 2z

can convert a statiomary point of ¢(z,°) into a local maximum, thus



increasing the set A (z). However, if n,(z) = -e.,
80 k 0

perturbation in 2z can cause ak(z) to leave Ke(z).) From Implicit Functiom -

an arbitrarily small

Theorem and Lemma 2.1, there exists an EZE (O,Ael] and an €, > 0 such that:
(a) the maps u.k(-) map B(z*,ez) into B(ak(z*),ea), k € K, and are
continuously differentiable (so that Vnk(z) = Vnk(z) for all
z € B(z*,el), all k €K);
(b) the sets B(ouk(z*),&:a), k € K, are disjoint;
(c) KCk(z) for all z € B(z*,ez).
Let A denote kéJKB(ev.k(z*),em). For all z € B(z*,ez), max{¢(z,a) l o EA}
= max{n (2) | k€K} and max{$(z,0) |« €A%} = max{n, (2) | KEK(2)\k(z9)}.
Since z* € 6F, Y(z*) = 0. Let § 4 max{¢(z*,a) | « € A®} < 0.

There exists an €, S (0,52] such that, for all z € B(z*,e3):
N (2) = (2,0 (2)) < 8/2, (21)

for all k € l_c(z)\K, since, for such z and k the uniqueness property
of the implicit function theorem implies ozk(z) € A°,

Now let vl(z) denote the solution of:
win{Ivi?|n (2) +(¥n, (2),v) <0, kEK} . (22)

It follows from Proposition A.l1 of the Appendix and the linear independence
of Vﬁk(z*), k € K, that llvl(z)ll — 0 as z =+ z*, Hence there exists an

€, € (0,83] such that, for all z € B(z*,el’):
n (z) + (ﬁnk(z),vl(z)) <0, k€K,
and (using (21)):

nk(z) + @nk(z),vl(z)) <68/46<0, kE€k(z2)\K,



since iank(z)[l is bounded in B(z*,e3). Hence, for all z € B(z*,t—:&),
Iv(z)ll < Ilvl(z)ll (so that [v(z)l — 0 as =z + z*). Consequently, for all

z € B(z*,el’)

N (2) + (Un, (2),v(2)) < 8/4 < 0, for all k € k(z)/K.

Hence, for all z € B(z*,el*), the constraints in '(19), with k € k(z)\K ,
remain inactive and may be neglected. Thus, for all z € B(z*,sa), v(z) =
vl(z) so that, for such 2z, v(z) is a Newton step for the problem of
determining a 2z eRr™ to satisfy the finite set of inequalities nk(z) <0,
k € K. It follows from Proposition Al of the Appendix that there exists an
e* € [0,64] such that (i) and (ii) hold.

To prove (iii) and (iv) suppose that € € [0,vye*] satisfies
llv(zo)Il < (l-'y)ze* for all z, € B(z*,€); such an & exists by virtue of

(1). Also from (i) and (ii), llv(Al(z))il < Mlv(2) llv(z)ll < ylv(z)l for all

A

z € B(z*). Hence, if € B(z*,g), 2z zo+v(zl) € B(z*,E+l|v(zl) 1D}

%0 1
where llv(zl) < Yllv(zo)ﬂ < Y(l-Y)ze* < (1-y)e*. Hence E+llv(zl)[| <

Ye* + (1-y)e* = ¢ so that z, € B(zo,e*). Suppose now there exists a

finite sequence {zo,zl,...,zj} such that z, € B(z*,e), =z, € B(z*,c*),

0 i

and z; = Al(zi-l) = zi—l+v(zi—l) for i =1,...,j. Then 2z 3 Al(z )

j+l 3

exists and:

llzj+l-zoll f_izollv(zj)ll < [l+'y+'yz+'--+yj][|v(z0)il < Ilv(zo)ll/(l—y)

Hence flzj+l—z*“ < “zo—z*“ + “V(‘ZO) I/(1-y) < ye* + (1-y)e* = e* so that

e * gk =
{ZO’zl""’zj-l-l} satisfies z € B(z*,e), z; € B(z*,e*) and zy Al(zi-l)
for i =1,...,j+l. By induction there exists an infinite sequence {zi}

i * g * =
satisfying ZOGB(z sE) ziEB(z*,e:) and z; Al(zi-l) for

10



i=1,2,3,... . Also z, * Z € B(z*,e*). Since {zi} is an infinite
sequence, so that the stopping condition in Step 1 is never satisfied, it

follows that 2z € 6F. a

3. A Stabilized Algorithm

The quadratically convergent algorithm described above is merely locally
convergent, i.e.,it will generate a sequence converging to z* € §F if the
initial point of the sequence lies in Gl 2 B(z*,e*). To stabilize the
algorithm (i.e. to make it globally convergent) we make use of an algorithm
model specially designed for this purpose [6, Algorithm model 3]. Let

A (9): 6 +R" be defined by Steps 1 and 2 of Algorithm 1, i.e.
Al(z) é‘- z+v(z) (23)

where v(+) is defined in (19). An infinite sequence {z i} generated by

Algorithm 1 satisfies z,., = Al(zi)’ i=0,1,2,... «

Proposition 3.1. Suppose {zi} is an infinite sequence such that z, * z

and lv(z,)] >0 as i+ Then zZ €F.

Proof. Since for each z, v(z) = nk(z) for some k € k(z), it follows from

Step 2 that for all i

{72 (<3
¥(z,) + (Vnkz (z4)> v(zi)) < 0 for some kzi k(z,) (23a)
i
Now, ¥(z 1) - w(;) by continuity, v(z 1) + 0 by assumption, and Vnkz (z j.) is
" —_ ‘i
bounded for all i. Consequently, (23a) implies that P(z) < lim (w(zi)

+ (Vnkz (z4)» v(zi))) < 0which completes our proof. O
i



To stabilize the algorithm we test the Newton step v(z); if v(z) is
unsuitable we employ a (first order) algorithm specified by a map A2(°):
R" > R" , i.e., a sequence {z i} generated by the first order algorithm

satisfies z = Az(zi), i=20,1,2,... . The first order algorithm

i+l
employs, for all =z E]Rn, all € > 0, a search direction we(z) defined

to be the solution of the quadratic program (see [8])

§€(z) & min{%llwﬂ2+max{(ng (z),w), jGJg(z); (Vzcbj (z,a) ,w),

aGAg(z) s 3 EJi(z)}

= min{%“wﬂzlweco{ ng (z), jng(z); Vz¢j (z,a),
e€ad @), 1€5f@) (24)
The map Az(-) can now be defined:

Az(z) a z+4 )\(z)ws(z) (z) (25)

where €(z) is the largest ¢ € {1,1/2,1/4,...} U{0} such that for a given
§ € (0,1]:

6_(z) < =S¢, (26)
and A(z) 4is the largest A € {1,3,82,...}, such that foragiven 8 € (0,1)
lb(z+)\we(z) (z)) -w(z) < -Aée/2, 27)

It follows from [8] and Lemmas 1 and 3 of [6] that for all zE€FC there

exists a U >0 and a p > 0 such that
YAy (2")) =¥(z") < -u» (28)

for all z' € B(z,p). The stabilized version of Algorithm 1, based on

Algorithm Model 3 of [6] can now be presented.
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Algorithm 2.

Data: Y, B € (0,1), & € (0,1], k € [1,0), =z n

0 ER".

Step 0: Set 1 =10, j = 0.

Step 1: If w(zi)+ = 0, stop.

Step 2: IFasolution v(z,) of (19) exists and lv(z )l < kyd, set 20 = A (20,
set j = j+l, set i = i+l and go to Step 1. Else proceed.

Step 3: Set Z;0 = Az(zi), set 1 = i+l and go to Step 1l. a

Theorem 3.1. Let {z i} be a sequence generated by Algorithm 2:
(1) 1If {zi} is finite, its last point is feasible.
(11) If {zy} is infinite and bounded, any accumulation point z* of
{z i} is feasible and there exists an integer N such that z 11 = 802

for all i >N (so that z; > z* quadratically).

Proof. (i) This follows from Step 1.
(i1) Suppose {zi} is infinite and bounded.

(a) 1If there exists an integer N such that 2,0 Az(z i) for all
i >N it follows from [8] that any accumulation point z* of {zi} lies

in F.

(b) If (a) does not occur then there exists an infinite subset S of

{0,1,2,...} such that 24 = Al(zi) for all i € 8; thus there exists an
accumulation point 2z* and a subset Sl of S such that =z i + 2% ag
i1+, 1€ Sl. Hence j + ®; since [lv(zi)ﬂ f_k‘yj, l]v(zi)[l +0 as

1+, 1€ Sl' From Proposition 3.1 z*€F. Clearly,referring toTheorem 2.1, forsomefinite
i€ Sl’ z; € B(z*,g) is such that llv(zi)ﬂ < Y. Because ﬂv(zi)ll < kYJ,

Zigq = Al(zi)' From Theorem 2.1, "V(Zi+l)ﬂ ﬁY"V(zi)ﬂ < k‘Yj+l so that

Zio ° Al(zi-i-l)’ i.e. the sequence {zi,zi+1,zi+2,...} is generated by Al

and so converges quadratically to a 2z € SFNB(z*,c%) as i + ©. Hence

zZ = zk,

(c) We now show that (a) does mot occur so that the conclusions of (b)

always hold (i.e. z, + z* € 6F quadratically) if {zi} is a bounded, infinite

13



sequence. If (a) occurs, j remains constant at J, say, for i > N.
Since {zi} is compact it has an accumulation point z* din F. If 2z* is
in the interior of F, then, by virtue of the test in Step 1, {zi} is a
finite sequence; hence 2z* € 6F. From Theorem 2.1 there exists a finite

I >N such that z; € B(z*,e*) and Ilv(zI)ﬁ iYJ. Since j = J when
i=1I>N it follows that Zrg = Al(zI) which contradicts the assumption

that 2j = Az(zi) for all 1 > N. Hence (a) does not occur. (]

4. An Implementable Algorithm

Algorithm 2, although it replaces the infinite set A by the finite
sets Ké (z), j € m, is conceptual since Step 1 requires the computation of
lIJ(z)+ and Steps 2 and 3 the determination of the set of local maximizers of
@, sen

To make the algorithm implementable we approximate A & [ao ,ac] by the

finite set:

Aq a {aEA|a=aO+kAq, k=0,1,2,...,q}, (29)

where Aq = (ac- 0) /q. The points in Aq will be referred to as mesh points.

Similarly fg (*), an approximation to fj(-), j €m, 1is defined by:

fg(z) = max{d)j (z,a) laeAq} . (30)
The functions !Pq(°) and lbq(')_'_: R® +R are defined by:

¥ () & max{eg)(2), j€p; £, j€al, (31)

'bq(z)+ max{wq(z),O} . (32)
The approximate e-most~active constraint sets are defined as follows:

Afl (@ * {aEAq|¢j(z,aq)3wq(z)+-e}, (33)

Xfl e(Z) a {(&LE#\'}1 s(z)Ict is a left local maximizer of d)j (z,°)},(34)

14



£ a |
Tp,e(@ = UEm|E (@) 2y (2), €], (35)
HRORRE IOERORTE (36)

In (34), a left local maximizer is defined as follows: if Afl E(z) =
2

{0,,0,,...,8_} then @, is a left local maximizer of I (z,+) in Al (z)
172 S q,€

i
£ ¢3(z,3) > 03(2,8, )) and $3(,E) > W23, ).

We first discuss an implementable version of Al(-). We recall that

a

Al(z) = z+v(z) where v(z) is defined as the solution of:

m:i.n{llvll2 gj (z) + (ng (2),v) <0, j EJE (z); ni(Z) + (Vﬂi(z) V) <0,
0
1€3f (@), ke @)1. (37)
0

It follows from (17) that the second set of constraints in (37) is

equivalent to:

9 (z,0) + ¢z, 00v < 0, (38)

for all a €Al (2), a1l je€if (2).
%0 €0
In the implementable version of the algorithm, the set of local maxi-

mizers ZJS (z), j € Jg (z) 1is not available. The set Xi (z) of

€
0 0 . =0
approximate local maximizers (whose cardinality is k‘; (2) < Kk (z)),

je€ Jg € (2)is available. However, for o {ao,ac},we can employ our knowledge of ¢ and
b4
0

its partial derivatives at (z,ag k(z)) to obtain a better estimate of the
]

left hand side of (38) than that obtained by replacing Zi (z), j € Ji (z),
~ . 0 0

by Al (z), j € s (z). Expanding ¢7(z,*) to first order yields:
qseo q:eo o

d)j (z,0+8a) = ¢j (z,a) + ¢j (z a)da+e (39)

o a>"? ao ?

Setting the left hand side of (39) equal to zero,and ignoring e, yields the

Sa, 6aj (z,a) say, which, for given z, approximately reduces ¢<J, to

15



zero. Clearly

603 (z,0) = 03 (z,0 7! ¢d(z,00. (392)
Substituting this da into the linearized constraint inequality:

d)j (z,a) + ¢i(z,a)6a+ [cbi(z,a) + ¢gz(z,a) Sa] 8z < 0 (40)
yields (with v 4 8z) a possible replacement for (38):

(7 (z,0) - 6] (2,00 "M ()
+ 16 zm -0 06 o ldenlw <o, (41)

£

e X ; €
for all « q’eo(z), j Jq,e

(z). However, as discussed in §2, ¢ga(z,a)-
0
is not necessarily bounded. For all q >0, all j € m, let Gai(-p) be

defined by:

sa) (z,0) 8 sod(z,0) £ [T (2,0)| < 28q and (w+sa) €4

4 20q if 8o (z,a) > 2Aq and (a+24q) € A

éac-aifa+6aj(z,a)>cr.candu+2Aq>ac

- ———

-20q if 80 (z,0) < -2Aq and a-24q € A

ao-aifa+a6<Oanda-2Aq<ao

> >

0 if a = a_ and ¢J (z,a) > 0
) } overrides the above

>

0if a = @, and ¢g(z,a) <0 (42)

Our replacement for (38) is:

(67 (2,0) + 61 (2,008 (2,001

+ [0(2,00 + 0], (2,080 (2,0 v < 0 43)

for all aexj 'Ef
q,Eo(z), h| Jq,eo(z)’

Our approximation A to Al can now be specified:
q,1 N
-3
Aq,l(z) = z+vq(z) (44)

where vq(z) is defined as the solution of:
16
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nialivi?|gd (2) +&d (z)v < 0; 1€38 (@2 [¢j<z,a>+¢g<z,a>6aj(z o]
0

+ [¢2(z,a)+¢gz(z,a)6ai(z,a)]v50, aEKg’eo, JEJ (Z)]}
(45)

Before proceeding to analyze A we examine the closeness of the

q,1

approximation (43) to (38). Let 2z* € §F. For all j € J /2(2*) let
. €
K C kI (z%) be defined by:
k2 (k€ (2% [nd (%) > —¢ 72} (46)

We require the following preliminary result:

Lemma 4.1. There exists an €* > 0, an €y > 0 and an integer q* such

that:

(a) for each k € Kj, j € Jz /2(2*), aﬂ(') is continuously differentiable
from B(z*,e*) into OB(ai(z*),ea);

(b) for each j € Jf /z(z*), the sets B(ai(z*) € ), k € KJ are disjoint;

€

(c) Kq CikJ(z) for all j € Jf /2(2*)’ for all z € B(z*,e*);

(d) ¢J(z *) has a unique maximizer, j k(z) say, in Aj (z)fWB(ai(z*),ea)
and lo{(z)-a (@) < Aq for all kGKj all jngo/?_(z*), all

q > q*.

Proof. (a), (b) and (c) are slight gemeralizations of Lemma 2.1 and state-

ments (a), (b) and (c) occurring in the proof of Theorem 2.1. It is evident

that €* can be chosen so that Ji /Z(Z ) C J (z) for all z € B(z*,c*),

(d) follows from the strict positivgty of ¢aa(z*,a) for all a € Kj/{ao,ac}, all
j € Jgolz(z*), and Assumption 1 so that €* can be chosen so that for all

j € Jgolz(z*), ¢j(z,-) is strictly convex, in each of the disjoint intervals

B(af;(z*,ea)), k €xd, |

17



Lemma 4.2, Let 2z* € §F. Then there exists an &* € (0,@), an €y € (0,°),

a c € (0,%) such that for all j € Jf

WACPREE R K3, all z € B(z*,e%),
all of (%) € Tag,a }, all @ €B(ad (z%),¢):

(1) |(0Lk(z)-a) - 6ad (z,a)| < c[u.k(z)-al

4D 67 @od@) - 109z, + 63 (2 0080 (2,001 < c]od (2)-a)?

1) ozl @) - 162,00 +4]_(z,00807 2 1| < cla.k(z)—a|

where Ga (z,0) is defined as in (39a).

Proof. Let c¢ € (0,2) be such that max{[d)j (z,a) ], |¢j (z, a).'l[} < c,lcbj (z a)|<cand

|¢j (z,a)| < ¢ for all j € Jfo/Z(z)’ all k€ K:I all o € B(ak(z),e ),

all =z € B(z*,e*). From the definition of ak(z)
0= gl @) = g0+l o @-0+ed G (47)

where, from the mean value theorem, lej (z,0)| < o:'.Ia.i‘!c(z)-ozl2 for all §, k,
0 and 2z satisfying the above conditioms. Comparing (47) with the defini-

tion of Saj(-) (see (39a) yields (i). To prove (ii) we note that:

¥zl @) = 2,0 + o0l 2,0
+ 632,00 [ (2)-0) - 6 (2,001 + d (2,0 48)

where |e';(z,a)[ < c.|0.i(z)-ot|2 for all relevant j, k, @ and z. Part

(11i) is similarly proven. a
We can now establish a major property of A l(°).
’

Theorem 4.1. Let z* € §F, ¢ € (0,0), y € (0,1) be given, and let {zi},

{qi} be infinite sequences satisfying =z =z +vq (zi),

i+l i 1
a > E/llvqi(zi)ﬂ, i=20,1,2,... . Then there exists an e* € (0,®), an }
€ € (0,e*], an M€ (0,») and an integer q* such that:
(1) llvq(z)[l < Mlz-z*} and Mllvq(z)fl <y for all z € B(z*,e*), all
q > max{E/ﬂvq(z)ﬂ,q*}

18



(ii) llvq,(z’)ll iMllvq(z)ﬂz for all z' = z+vq(z), all z € B(z*,c*),
all qzmax{E/ﬂvq(z)ll,q*}, all q' 3max{E/Ilvq,(z')ﬂ,q*}

(1i1) if zj € B(z*,e) then z, € B(z*,e*) for all i = 0,1,2,...

(iv) 1if

€ B(z*,e) then z, - % € §F NB(z*,e*), with a quadratic

%y i

rate of convergence, as i + o ,

Proof. Again, for simplicity, we consider the case when P=0 (no conven-
tional constraints) and m =1 (one infinite dimensional constraint).
Hence we discard the superscript "j" in the sequel.

Let 2z* € §F, vy € (0,1) and e*, €y © and q* be as in Lemmas 4.1

and 4.2, From (45), vq(z) is the solution of:

min{lvl2 [6(2,00 + 4, (2,080, (2,0)]

+ 10,2, +9,, (2,008 (2,0]v<0, €A _ )} (49
*€o
From (22) vl(z) is the solution of:
nin{lvi?|¢(z,0) +¢_(z,0)v<o0, a€A_ (2) NA} (50)

0

where, as above:

e

AS UB(o (2%),e.)
o % o

We define vq l(°), our approximation to vl('), as follows:

nin{lvi?| [4(z,0) + ¢ (z,0) a1, (2,0)]

+ 10,(2,0) + 4, (2,008 (2,0) v < 0, aeiq’eocz) NA} (51

From Lemma 4.1(a), for all 2z € B(z*,e*), all q > q*, Ke (z) NA = {Olk(Z)|
0

k €K}, Zq,eo(z)ﬂz = {aq,k(z) |[kEK} and oy (2) -aq’k(z)l < Aq for all

k € K. From Lemma 4.2(i), |6a(z,aq’k(z))| < Jog (2) - aq’k(Z)[

e

+ clak(z) -th,k(z) |2, for all (z,k) €Q = the set of (z,k) satisfying

19



. 2
z € B(z*,c%), ak(z)ﬁ{ao,ac}, kEK. FromLemma-4.1(d),|Ga(z,aq,k(z))| < Aq+cAq
so that q* can be chosen so that if ak(z) € {ao,ac}, so does aq,k(z) and
ISa(z,aq,k(z))l < 2Aq“(and Gaq(z,aq-’k(z)) = Ga(z,ak(z))) for all (z,k) € Q, with

q > q*. Hence, from Lemmas 4.1 and 4.2, vl(z) may be expressed as the solution of:
min{lvl?[B(z)v+b(z) < 0} (52)

and vq l(z) as the solution of:

min{ﬂvllleq(z)v+bq(z) <0}, (53)
where:

I1B(2) -Bq(z)ll < chZ, (54)
and:

Ib(2) - b ()1 < ead, (55)

for all 2z € B(z*,e*), all q > q* (from (50), the elements of b(z) are

¢(z,a), o € Keo(z) NA and the rows of B(z) are ¢Z(z,a), o € Keo(z) ﬁ;\\;

bq(z) and Bq(z) are similarly constructed using (51) instead of (50)).
It follows from Proposition A2 in the Appendix that e* can be chosen

so that:

Ilvq,l(z)ll < Mllz-z*| (56)
Mllvq’l(z) <y (57)
llvq,,l(z')ll < Mllvq’l(z)[l (58)

for all z € B(z*,e*x), all z' = z+vq(z), all q Zmax{zlllvq l(Z)ll,q*},
’
all q' _Zmax{E/ﬂvq, l(z')",q*}. Since ¢(z*,a) < § < 0 for all « € AS,
H

since d)a(','), ¢z(-,° and ¢za(°,°) are continuous, since
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|60zq(z,a)| < 2Aq for all (z,q) and since vy q(-) satisfies (56), it is
bl

clear that €* and q* can be chosen so that:

[¢(z,a)+¢a(z,a)6aq(z,a)] + [¢z(z,a)+¢za(z,a)6aq(z,a) ]vl’q(z.) <0
(59)

for all z € B(z*,e*), all q > max{E/"vl q(z)ll,q"f}, all o € Kq c (z) NAS;

s
0
it follows from (49) and (51) that, for (z,q,a) satisfying these conditions,
v, ,(2) satisfies the constraints in (49), so that [v (z)I < v, (z)I.
1,q q = 1l,q

Hence:

[6(z,0) + ¢, (z,0) 80, (z,0)] + [6,(z,0) +9,,(z,0)8a (z,0)]v (2) < O
(60)

for all z € B(z*,e*), all q > max{E/llvq(z)ll,q*}, all o € Kq e (z) nK“;
9
0

hence v (2) = v (z) for such (z,q). Hence:
q 1,q

llvq(Z) I < v¥(z) (61)
Mﬂvq(z)ﬂ LYy (62)
ilvq'(z')ﬂ < Mllvq(Z)ll (63)

for all =z € B(z*,e*) such that 2z' = z-l-vq(z) € B(z*,e*), all
q > max{E/Iqu(z)ﬂ,q*}, all q' > max{E/llvq,(z')H,q*}. This proves (i) and
(11); (iii) and (iv) follow directly from (i) and (ii) as shown in the proof

of Theorem 2.1. a

To stabilize the algorithm we require a globally convergent first order
algorithm. We employ the obvious modification (essentially removing fo) of
Algorithm II (with T = 2) given in [5]. For all € >0, all q > 0 this

algorithm employs a search direction wq E(z) defined as the solution of:
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8,,¢(2) = winlZIvi® +naxlgd (2)v, 1€38(2); ¢3(z,00v, aell(a),

jGJZ(z)}} ) (64)

Our final (implementable) algorithm is:

Algorithm 3.
Data: Y> B € (0,1)’ § € (Oa]-]’ k € [19°°)’ E, M9 50’ H, V € (0,“)9 Q_l’

a positive integer, z, er".
Step 0: Set i =0, j = 0.
Step 1: Set € = €
Step 2: Determine 4, the minimum q € {qi-l+l’qi-l+2’° ..} such that

q

He

> E/ﬂvqi(zi)ﬂ. if vq(zi) exists for q € {qi-l""’qi} and if

i . = : = 3 =
ﬂvqi(zi)“ < ky” then: set Zi1 zi+vqi(zi), set j = j+l, set 1 = i+l
and go to Step 1. Else proceed.

l+1,...} such that Agi,o(zi)

does not contain two adjacent mesh points for all j €m.

Step 3: Determine 4> the minimum q € {qi-l’qi-

Step 4: If eqi,e(zi) > -8g, € < u/Zqi and wqi(zi)+ < \)/2qi, set q; = q, +1

and go to Step 1. If éq (zi) > ~8¢ but either € > 1.1/2q:L or

i€

tpqi(zi)+ > \)/Zqi, set € = €/2 and go to Step 2. If Sqi,e(zi) < =8¢

proceed.

Step 5: Compute )‘i’ the largest A € {M,BM,BZM,...} such that:

lllqi (zi + )\wq

Set i

. 8(zi))-lllqi(zi) < -ade/2. Set Zi41 = 237t liwqi’e(zi).

i+l and go to Step 1. a

Theorem 4.2. Let {z i} be an infinite bounded sequence generated by
Algorithm 3. Then, any accumulation point z#* of {zi} is feasible and

there exists an integer N such that z =z +vq (z

i

1+1 1 i) for all i >N

so that z, *> z* quadratically.

22



Proof. Again we assume p =0 and m = 1.

(a) Suppose there exists an integer N such that Step 3 is entered
for all i > N. It follows from Theorem 3 in [5] that any accumulation
point z* of {zi} is feasible.

(b) If (a) does not occur, then there exists an infinite subset S of

{0,1,2,...} such that Step 2 is entered for all i € S; hence z, =

i+l
zi+vq (Zi) for all i € 3. There exists an accumulation point z* of
i
* .
{zi}iGS and a subset Sl of S such that 25 +z%¥ ag i+, §i€E 81.

Since j +® as i +o, i€ Sl and since lIvq (zi)“ < kyj for all
i

i €8, it follows that llvq (z)l >0 as 1i+», i€ S,. Since q is
i

increased by at least unity and time Step 2 is entered it follows that

q > (Aqi +0)as i+, i€ S;+ It follows from (42) that, for all

a, € Aq,eo(zi)’ Iéaqi(zi,ai)l +0 as i+, i€ §,- It then follows

that z* € F (for, if not, Y(z*) > 0, and, since z, + z* and q; >

i

as i +>w, i€ Sl’ it follows from (49) that there exists an integer i

and a U > 0 such that ¢(zi,ai) > 0 for some oy € Aqi’eo(zi) for all

» 1€8.; hence, from (49), there exists a v > 0 such that
1 1

1

i>i
Ilv. (z) >v, for all 1> 1 i€s

q; 1 =
Uvqi(zi) I to zero).
The remainder of the proof is identical to the corresponding portion

1’ 1° contradicting the convergence of

of the proof of Theorem 3.1, with Theorem 4.1 replacing Theorem 2.1 in

the proof. O

5. Conclusion
An algorithm, with a quadratic rate of convergence, for solving both
finite and infinite dimensional inequalities has been presented. The key

assumption is that the function specifying each infinite dimensional
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inequality has a finite number of local maxima (see Assumption 2). It is
thus plausible that Newton's method, applied to these local maxima, will
constitute a quadratically convergent algorithm. In essence, this paper
presents a stabilized, implementable version of such a procedure. Stabiliza-
tion is achieved by employing a first order procedure, presented in [5],
whenever the Newton step is unsatisfactory. Implementability is achieved
by employing a discrete mesh Aq in place of the (infinite-dimensional)

set A, and refining the mesh suitably at each iteration to ensure qua-
dratic convergence. The final algorithm (Algorithm 3) is a slight modifica-
tion of the first order algorithm in [5]; an extra step (Step 2) computes
the Newton step and employs it if satisfactory; a quadratic program is, in
any case, required for the first order algorithm (see (64)) so here the

extra programming to compute vq (zi) (see (45)) is slight.
i
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Appendix

The analysis in the main text requires an analysis of Newton's method
applied to a finite number of inequalities. Thus, in the proof of Theorem 2.1,
it is shown that the step v(z) is a Newton step for the problem of solving
nk(z) <0, k €K. In this appendix, therefore, we consider the problem of
satisfying the inequality b(z) < 0 where b(*): R® +RY is twice continuously
differentiable. For all z €R® 1let B(z) & bz(z). Let Fb denote the

feasible set {zlb(z)iO}. Let vl(z)' denote the solution, when it exists,

of min{llvllle(z)v+b(z);0}.

Proposition Al. Suppose that:

(1) z* € GFb, Y € (0,1)

(ii) b(*): R" +]Rt, t <n, 1is twice continuously differentiable ;
(iidi) Vbi(z*), i=1,...,t are linearly independent ,
Then there exists an €* € (0,») and an M € (0,) such that:

(1) [lvl(z)ll < Miz-z*[l and Mllvl(z)ll <y for all z € B(z*,c*) ;

(ii) [lvl(z')ﬂ iMllvl(z)ﬂz, for all z € B(z*,e*), all z' = z+vl(z).

Proof. The proof is standard, and is repeated to provide a basis for the
perturbed problem considered in Proposition A2. Since B(z*) has t
linearly independent rows , then t ‘< n and there exists a permu-

tation matrix P such that

B(z*) = [B,(2z*),B,(z*)]P (A1)
where Bl(z*) ert*t is invertible. Let Bl(—), Bz(') be defined by:
B(z) = [B,(2),B,(2)]P (A2)
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Since Bl(°): R® » gt is continuous and Bl(z*) is invertible, there
exists [7] an € € (0,%) and an Ml € (0,2) such that Bl(z) is invertible

and IlBl(z)-lll <M, for all z € B(z*,sl).

1

It is easily checked that a solution of:

B(z)v+b(z) = b(z*) <0 (A3)
is: -1
Bl(Z) (b(z*) -b(2))
vz(z) = P as4)
0
and, hence, that [lvl(z)ll < ||v2(z)l| 5_Mll|b(z)—b(z*)|| _<_M2ilz-z*ﬂ for all

z € B(z*,el) and some M, € (0,x).

2
Choose €, = ell(l-l-Mz). Then, since [z +v,(2)-z*] < lz=z*] + M, [ z-2*|
it follows that z+vl(z) € B(z*,el) for all z &€ B(z*,ez). For all =z

let z' denote zri-vl(z). A solution of:

B(z')v+b(z') = B(z)vl(z)-i-b(z) <0 (A5)
is:
[ -8, (2") 7 (b(2")-b(2)-B(2)v, (2))

va(z') =P
3 0

(A6)
Since B(z) = bz(z) and since b(+) is twice continuously differentiable,
it follows that llb(z')-b(z)-B(z)vl(z)ll < M3llvl(z)ll for all =z € B(z*,t-:z)
2
1 |

and some M, € (0,%). Hence llvl(z My < i|v3(z M < M1M3llvl(z)|l for all
z € B(z*,ez).

Setting M = max{Mz,MlM3} and ¢* = min{ez,Y/Mz} vields v, (2)I <

2

Ml z—z*|, MI]vl(z)ll < lelz—z*[] < Mze* <y and [Ivl(z')ll _<_Mi|v1(z)[l for all

z € B(z*,e*), thus proving (i) and (ii). O
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The above theorem suffices for Theorem 2.1. Theorem 4.1 requires the
analysis of an algorithm (for solving the inequality b(z):; 0) which employs
an approximate Newton step vq,l(z) obtained by solving min{[lvllz'Bq(z) +
bq(z)iO} where llB(z)-Bq(z)ll < cAq and ﬂb(z)-bq(z)ll < <:Aq2 for all
z € B(z*,el), all q > a where 2z* € GFb and c€ (0,=) (see (53) -(55),:-:1 replacing

g%, q, replacing q*). For any €€ (0,*), q* > 0 an integer, let Q(z)

e

max{E/ﬂvq’l(z) l,q*}.

Proposition A2. Let z*, y and b(*) satisfy hypotheses (i1)-(iii) of

Proposition Al. Let vq l(~) be defined as above and let Bq(') and
bq(') satisfy the above inequalities. Let c € (0,). Then there exists
an e* ¢ (0,), an ME (0,2) and a positive integer q* such that:

(1) Ilvq,l(z)ll < Mlz-z*l and Mllvq l(z)ll <Y for all z € B(z*,e*), all

qQ > Q(z);
(ii) llvq. l(z’)ll iMllvq l(z)ll2 for all =z € B(z*,e*), all q > Q(z),

all 2z' = z+vc1 1(z), all q' > Q(z").

As before

Proof. As before,

B(z*) = [B,(2%),B,(z%)]P (A7)

where Bl(z*) is invertible and P is a permutation matrix. Let B 1(-),

b

Bq’z(') be defined by:
= 8
Bq(Z) [Bq’l(Z),Bq,Z(Z)IP. (a8)

It follows from our assumptions that Bq 1(z) > Bl(z*) as (z,q) + (z*,»)
?

and, hence, [7], that there exists an € € (0,»), a positive integer 94

and an L € (0,%) such that Bq 1(2) 1is invertible and IIBq,l(z)-lll <M

’

for all z € B(z*,el). It then follows that a solution of:
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Bq(z)v-!-bq(z) = b(z*) < 0 (A9)
is:

Bq(z)-l(b(z*)-bq(Z))

Vq’z(z) = P (A10)

0

and
llvq,l(z)ll < llvq,z(z)ﬂ iMlllbq(z)-b(z*)ll < szﬂz-z*ﬂ+l/q2] (A11)

for all z € B(z*,el), all q > q and some M, € (0,»),

1/2}. Then

Choose €, = sl/ [2(1+M2)] and q, = max{ql,(Zleel)
T2y 1) = 2%l < Da-zsl 420 [ha-2#l + 1/6°] < (,/2)/ (1H,) + M, (e, /2)/ (L4,
+ ell2 =€, i.e. z+vq,l(z) € B(z*,el) for all z € B(z*,ez), all
42 q,

A solution of:
Bq,(z')v + bq,(z') = Bq(z)vq’l(z) + bq(z) <0 (A12)
a
where z' = z+vq’l(z) is:

1yl 1y -
Bq.’l(z ) (bq.(z ) bq(z) Bq(Z)vq’l(z))

? = P
vq,3(z ) 0 (A13)
Hence:
Ivgs 1O <M Ib(2")-b(2)4B@)v, (1 + e/ (g’
+ M:Lc:/q2 + Ml(C/q)llvq’l(z)ll (A14)

for all z € B(z*,ez), all q > q,- If we choose q (and q') such that

q > c-:/l]vcl 101 (and q' > E/ﬂvq,’l(z')ll) then, from (All): Bvq’l(z)ﬁ <

9

lelz-z*ﬂ+ (leez)ﬂvq’l(z)ll for all z € B(z*,ez), all

q > max{zlﬂv‘:I l(z)[],qz}. Hence there exists an €4 € (0,82] and an
H]

M3 > M2 such that:
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lv (@1 < Mylz-z%] (A15)

for all z € B(z*,e3), all q > max{:’E/llvq 1(2) il,qz}. Similarly, from
»

(Al4) there exists an €, € (0,63] and an M4 € (0,o) such that:

Ivge 1D < Wylv (@1 (A16)

2

* Py LI
for all z € B(z ,€,), all gq 3max{c/[lvq 1(z)||,q2}, all z z+vq,1(z),

b

all q' _>_~max{E/Ilvq, l(z')ll,qz}. The desired result follows from (Al5)
and (Al6). 0
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