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ABSTRACT
‘An implementable master algorithm for solving optimal DCTT problems
is presented. This master algorithm decomposes the original non-
differentiable optimization problem into a sequence of ordinary nonlinear
programming problems. The master algorithm generates sequences with
accumulation points that are feasible and satisfy a new optimality
condition which is shown to be stronger than the one previously used

for these problems.
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1. Introduction

Quite commonly, the engineering designer has to take into account
the fact that the parameter values of the actual system, structure, or
device, will be different from the nominal values in the design. In
control system design, this discrepancy is largely due to identification
errors; in steel structures and in electronic circuit design it is due
to production tolerances. Recently, optimization algorithms have
been proposed [1,2,14] which enable the designer to ensure satisfaction
of specifications not only by the nominal design but also by all
possible system or device realizations within a prescribed tolerance
range. When using such algorithms, one can make the tolerance range a
design parameter and maximize it while minimizing some other cost
function of the other parameters by comstructing an aggregate cost by
means of weighted combinations., It has been known for some time that
the requirement of 100% yield, i.e., that all realizations within
tolerance range satisfy specifications, may result in very tight toler-
ances or very high precision of identification requirements [3,4]. To
overcome this difficulty, it has become common to tune a control system
or to trim, by laser beam, electronic devices after manufacture [5,6,7,8,9].
Empirically, it has been found that tuning and trimming permits the
relaxation of the error or tolerance range to acceptable levels and
hence results in considerably increased yield. Quite recently, two
conceptual+ algorithms have been proposed for solving design problems
with tolerances and tuning or trimming [3,10]. In the electronics

literature such problems are referred to as design centering, tolerancing

*we say that an algorithm is conceptual if it contains infinite operationms
which cannot be easily approximated, We say that an algorithm is
implementable if specific truncation rules are given for all such infinite
operations.



and trimming problems (DCTT).

Typically, a specification on the nominal value of the design

parameter x€ER" takes the form

1) < o0, (1)

1
with fi:IRn-’IR continuously differentiable. When identification
n
errors, or tolerances, e €I <, ranging over a compact set ECTR™, need

to be taken into account, the constraint (1) becomes modified to

i
max ¢~ (x,e) < 0, (2)
e €E
i__n 2 1
with ¢ " :IR " xIR ~—>IR"~. Finally, assuming that tuning or trimmin
n .
will be performed by means of a parameter Tt €IR T, ranging over a
' n

compact set TCIR T , after the process picks an ¢, we modify (2) to
‘I'E’T(x) = max min max I;k(x,e,t) < 0’ 3)
. €€E TET kEK
since Tt must work for all the specifications k€K, with K={1,2,...,m}.
For a more detailed exposition of the design centering, tolerancing and
trimming problem formulation as an optimization problem, the reader is
;eferred to [3,4].

Although Lipschitz continuous [3], the function wE,T (+)is, in
general, not differentiable; in fact, it may even fail to have directional
derivatives. In [3] we find a conceptual algorithm for optimization
problems withconstraints of the form (3), based on the concept of general-
ized gradients [11,12,13]. The algorithm in [3] consists of two parts:

a master outer approximations algorithm, which replaces the set E in
(3) with a discrete subsets EiCE (as in [14]), and an inner, non-
differentiable optimization subalgorithm which solves the resulting

simpler problems. It is shown that the solutions of the simpler

-2~



problems converge to a solution of the original problem. The inner,
nondifferentiable optimization subalgorithm in [3] has two serious
drawbacks. The first, common to many nondifferentiable optimization
algorithms, is that it utilizes a very expensive bisection procedure

to get adequate approximations to required bundles of subgradients (see,
for example, [18,15,16]). The second, because of a requirement of semi-
smoothness [13], is that it is applicable only to the case where there
is only one constraint function ck (i.e., K =A{k}).

In this paper we present a new, implementable algorithm for solving
optimization problems with constraints of the form (3). Just as the
algorithm in [3,14], it makes use of outer approximations to the
feasible set to decompose the original problem into an infinite sequence
of simpler problems, by replacing the set E with discrete subsets Ei'
However, because of the use of certain transformations, the resulting

simpler problems are ordinary, differentiable, constrained optimization

problems, solvable by a large number of existing, efficient algorithms.
Thus, as a consequence of these simple, but not immediately obvious
transformations, all the computational difficulties caused by the need
for a nondifferentiable optimization subalgorithm in [3] have been
removed. Truncation rules are given for all the major infinite
operations in the new algorithm, making it implementable and hence
easily programmable. Finally, it is shown in fﬁe Appendix that the
optimality conditions, on which the present algorithm is based, are
sharper than the ones used in [3]. '

It is our hope that this new algorithm will become a valuable

tool in the arsenal of the engineering designer.



2. Problem Decomposition via Outer Approximations to the Feasible Set

The most general form of an optimization problem arising in

engineering design, that we shall consider in this paper, is as follows:

P : min {£2(x) £ (x) < 0, 1€1;
g " =

mex o3 (x) <0, 3€3;

max min max ck (x,e,1) < 0} (4)
e€E t€T kEK

where I,J,K are sets of integers (e.8,K={1,2,...,m})

0
£ :r®wy, fhirtom?!
k. n e nt 1
¢ IR xR *xTR >IR™ k€K, are all continuously differentiable. In

tn) .
, i€1, ¢:r®xm “Y ®, je7, and

this context, x is the nominal design vector; the mj are tolerances,
errors, or variables, such as frequency,or time,or temperature, which
must be considered over a continum of values; € is an error or
tolerance to be overcome by tuning, and T is the tuning parameter. We
shall assume that the sets Qj, E and T are compact and specified by
differentiable inequalities, which we shall introduce, as needed, later.

There is no essential loss of generality, as far as the exposition
of our method is concerned, in assuming that I and J contain only one
index each, i.e., in considering only one comstraint of each kind.
On the other hand, there is a considerable simplification in notation
when the indices i and j are eliminated. We shall therefore restrict
ourselves to the simpler problem

P: min {fo(x)|f(x)50, max ¢ (x,w) <0,

X w€Q

max min max Z;k(x,a,‘t)i()} (5)
c€E TE€T k€K



n

where f:IRn-’IRl, $ sIR®x m ¥ "’IR]', are continuously differentiable,

n n n
QCIR “, and ECIR € and TCR ' are compact and the remaining
quantities are as in Pg.

Now, let @ iCQ and EiCE be discrete sets and consider the problem
P, min{f () |£(x) < 0, max  $(x,0) < O,
b4 mEQi

(6)

max min max ?;k(x,e,-r)_<_0}.

€ EEi TE€T k€K

We shall show that unlike the problem P, P 1 is an ordinary nonlinear

programming problem. Thus, suppose that

9; = {u,€a|3€0.}, E, = {szGElzeLi}, (6a)
with J 12 Li finﬂ sets of integers and let
P & e@a), 1€3 (6b)
;kg'(x,t) 4 t;k(x,ez,r), R,GLi, kEK . (6¢c)
. Now suppose that
- (6d)

T4 {r]g°(x) < 0, s€s}

n
with § 8 {1,2,...,0}, g5 R ">®} continuously differentiable, and

consider the problem

Bi:min {£9)|£G0) < 0; o3 (m) <0, 5€I;
(%,7y)

Ckg(x,‘l'z)f_ 0, k€K, 2€L,; gs(rz) <0,

s€Ss, zELi} (6e)



for

Proposition 1: X solves Pi if and only if {:“:;Qz,z GLi} solves %:L’

T € €
some 1.'1 T, ¢ Li'

Proof: = Suppose X solves P Then ¢j (;:) <0 for jEJ 1 and there exist

i’

'?R.ET’ zGLi such that max max l;k'?'(?:,'?z) <0, i.e., {i,%z,
. LEL.KEK

feasible for P i Now supposSe that that this triplet is not optimal for

€
2 Li} are

f’i. Then there exist {x;T 25Li} feasible for ﬁi’ and such that

2’
fo(;c) <f0(;:). Now, x satisfies £(x) <0, qu (;c) <0, jGJi and

max min max Ck(;{,e sT)

eEEi T€T k€K

= max min max cu(i,r)
LEL TET KEK

i
< max max  £%GE) <0 (6d)
R.GLi k€K '

i.e., x is feasible for Pi' But then fo x) < fo (12) contradicts the

optimality of ;c

-~

= Now suppose that {;:;'%y 22 GLi} solves P;. Then, because of

(6d), x is feasible for Ei' Suppose that X is not optimal for Pi'
Then there exists an X and corresponding '?2,2 eLi such that x is feasible
for Pi’ f0(§)<f0(§) and max min max :u(x,r) =

: R.GLi T€T kEK

max max cu(fc,:r'z) < 0, so that {;:;;Q,R,ELi} is feasible also for f‘i.
ReLi k€K
But this contradicts the optimality of x and we are done.

n
Next, let X:IR®x IR ®*>IR be defined by

x(x,€) a min max J;k(x,e,'r) @
TET kEK

It was shown in [3] that X(*,*) is Lipschitz continuous. Since
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Q, €Q and EiCE,

i
{x|max ¢ (x,0) < 0} C{x|max ¢(x,w) < 0} (8)
w €N wGQ.
i
and
{x|max X(x,e) < 0} C{x|max x (x,e) < O}, 9
e €E eGEi

Consequently, the feasible set in (6) contains the feasible set in (5),

and therefore, if X solves P and ;‘i solves P {0 we must have

£2G) < 2% (10)
Now suppose that we construct an infinite sequence of problems P 1° with
solutions ;(i such that ii"i as 1= and x is feasible for P, i.e.,

zer & {x|£(x) < 0, max ¢(x,u) 20,
wE€Q

max X(x,e) < O}. (11)
e €E

Then,” by continuity of £0 and (10)

£ < 2% (12)
and hence x is optimal for P. Thus, since we can solve problems of the
formvf’i, the solution of problem P can be assured by constructing dis-
crete sets 1 Ei such that any accumulation point, %X, of a solution
sequence'{f:i} satisfies x€F. In [14] we find two specific schemes for

achieving this result. We shall now summarize the most relevant results

from [14].

i=0
=0, 61—’0 ag 1i7*», Let E

-] (-]
Proposition 1: Let {6 i} and {3 i} be a positive, monotonically
i=0 "

decreasing sequences, with § CE and QOCQ

i 0

be discrete sets. For i = 0,1,2,... let xiGIRn, QiCQ and EiCE be

defined recursively as follows: let X be given and let x; be such that



max ¢(xi,m) < Gi’ (13b)
wEQ
i
max x(xi,e) <8 (13c)
e €E
i
Let wi, ei be such that
¢(xi,wi) = maét ¢ (x;50)3 (14a)
® Qi
x-(xi,ei) = maex X (x;5€) (14b)
€ Ei
and let
Qi+1 = QiU{wi} if ¢(xi,mi) >6i
(152)
= Qi otherwise,
=g U 8
Ei+1 Ei {ei} if X(xi,ei)>61
(15b)

E 1 otherwise.

~ . ©
Then any accumulation point x of {xi} =g 18 in F.

Proof: Suppose that Xy E»?:, with 1<C{1,2,3,...}. Then, since £(*) is

continuous and § i -0,

£(x) <0 (16)
Next, since the functions

¥ () & max ¢ Gx,0) (172)

wEQ

and



(x) 4 max X {x,€) (17b)

v

are both continuous, IIJQ(Xi) }y- tpn(ﬁ) and ¥ (X). For the

E,T(xi) Vg1

sake of contradiction, suppose that IPQ(;C) > 0. Then, since X, -I> x and

§, >0, there exists an i.€1I such that tpg(xi) > 81 for all 1€1, i > 1

i 0

> >
and hence for any :1’.2 :l.l io in I,

0

Q D{u)iliel, i

1, i< il (18)

0

Because of (13b), we then have

<i<i

¢(x12,m1) < 612 for all i€1I, io 1 (19)
and therefore, in particular, lim ¢(x, ,w, ) <-Qas i_>1i_ +=, 1 .i €I.
12 11 - 2 1 > T2l
But, because Q is compact and Xy 5 X,
lo(x, ,u, ) - ¢(x, ,u, )| =0 (20)
i2 il il il
as 12> 11+°°, iz,ilEI. Because of (19) and (20) we now obtain that

bo(®) = lim  ¢(x; 0, ) <0 (21)

€
111 1 11

-

and we have a contradiction. In exactly the same way it can be shown

that wE,T(;:) < 0 and hence the proof is complete. H
The simplest way of incorporating the construction of the ﬂi, E 1

described in Proposition 2, into a master algorithm for solving P is

as follows (cf. [14]).

Master Algorithm 1

1H=0° §i>0, 31‘*0 as 1+o

cq, EOCE, discrete sets.

Parameters: {¢

Data: 90



Step 0: Set i = 0.

Step 1: Solve ?i for {xi;rz,zeLi}.

Step 2: Compute wg(;:i), wE T(ﬁi) and corresponding w
9

e
1 % and eieE,

satisfying (1l4a,b) for x, = %

i i°
Step 3: a) If wg(ii) >§i, set Qi-i-l = {wi} Uﬂi. Else setﬂi_'_l = Q.
b) If tpE,T(ii) > Si’ set Ei+1 = {ei} UEi' Else set Ei-i-l = E,.
Step 4: If lpn(;:i) < 0 and wE,T(xi) < 0, stop; else proceed.
Step 5: Set i = i+l and go to Step 1. "

The following result is obvious in view of Proposition 2:
Theorem 1: If Master Algorithm 1 stops in Step 4, then fzi is optimal
for P. 1If Master Algorithm 1 constructs an infinite sequence {:}1},

then any accumulation point % of {:“zi} is optimal for P. "

Master Algorithm 1 has the disadvantage that the sets i and Ei

grow without bound. To see this, suppose that V¥ ) < 8 i and

%y
wE T(;ci) < 8 5 Then the algorithm simply increases the index i to i+l,
9

sets ;‘i 41 ° fci and continues doing so until 8 i declines enough for

either Yo (xi) >3, or wE,T(xi) 61 to take place. In [14] we find a way o
circumventing this undesirable phenomenon. Let {§ i j} be a sequence

such that 8., =0, >0 for 1> j and let aij->§ , as i+, (e.g.,

‘Sij h

61j = 10 max {0, 1/(i+j)—1/tl+i)}) and suppose that we include u, in E;

and ej in Ei for all i > j+1 such that tpﬂ(xj) > Gi-l,j' Qr‘lIJE,T(xj) > Gi-l,j’

respectively. Now, suppose that wn(xj) < Sj'
in Master Algorithm 1, but under the new scheme,

Then wj would not be

included in Qj +1

mj would be included in 9j+l’ if \pﬂ(x:i

be retained for a certain number of iteratioms in Q,, i = j+1,j+2,...,

) >0 and, furthermore, it would

until ¢ Q (x

j) <4 1-1,3 took place. It would then be dropped, never to
?

-10-



be used again. As a result, we get a scheme which tends to keep the

cardinality of the Q 1 and E N small., To make the cardinality of the Q

and E 4 3s small as possible, the elements of the sequence {3 i} should

i

be large and decay to zero as slowly as possible. To formalize this

discussion we summarize it in the form of

Master Algorithm 2 [14]

) (-]
Parameters: {Gij}i,j=0 such that

a) 61j=0foralliij,andsij
b) sij/Gj as 1+ o,

> 0 otherwise,

c) 6j+0 as j + =,

Data: 2,CQ, E,CE, discrete sets.

0 0

0.

Step 0: Set i

Step 1: Solve 1'5i for (;ci, %i s oo T, ).

1 Y,
Step 2: Compute lpg(xi), sz,T(xi) and corresponding wiEQ, eiEE
satisfying (14a,b) for x, = f:i.
Step 3: Include mj in Qi-i-l for all 0 < j < i such that wg(xj) >6ij’
and include ej in Ei+l’ for all 0 < j < 1 such that wE’T(xj) > 6ij'

.Step 4: If ¢ (;c ) <0 and ¢ . (x,) < 0 stop. Else proceed.
Qyi’ — E, T 1" —
Step 5: Set i = i+l and go to Step 1. "
Since § 13 <48, for all 1 > j, the following theorem is a trivial

consequence of Theorem 1.

Theorem 2: If Master Algorithm 2 stops in Step 4, then ;‘i is optimal
for P. If Master Algorithm 2 constructs an infinite sequence {?:i}, then

any accumulation point x of {;:i} is optimal for P, X

-11-



So far we have assumed that we can solve the problems P exactly

i
and also evaluate the functions IDQ(‘) and th’T(-) exactly. 1In the next
section we shall consider what happens when one solves the problems B 1
only to the extent of finding approximate stationary points and when

one evaluates the functionms ¢9(°) and wE’T(-) approximately, as will be
the case in practice. We shall then summarize our findings in the form

of an implementable algorithm.

3. The Implementable Algorithm

First we shall discuss the evaluation of the functions IDQ( *) and

wE T(-), defined in (17a,b). We shall assume that
2

22 tltd@ <0, j€R) (22)

. n
with hJ:IR m"’IR]' continuously differentiable and Hw a finite set of

integers. We then see that

lbn(x) = max{¢(x,w)|hj (w) < 0, jEHw} (23)

is defined by an ordinary nonlinear programming problem, the difficulty
of which depends entirely on the nature of the functions ¢(x,*) and
hj(°) . In engineering design situations, the constraints hj (w) <0,
jGHm,tend to be very simple and (23) is not too difficult to solve,
at least approximately.

Next, we consider xpE’T(x). First, we note that

(x) = max {min max z;k(x,s,‘r)}

¥
E,T e€E T€T LkEK

= max '{eohnin max z;k(x,e,r) -l >0, ¢ €E}
(€%e) TET kek
(24)
If we substitute a discrete set TiCT for T in (24), we get a larger

feasible set and hence (24) can be evaluated by a straightforward modification

-12-



of Master Algorithm 2, such as the one to be presented shortly. The

use of this subalgorithm requires the development of the following

details. Suppose that

E2 {e|p(e) <0, j€R} (25)

. 1
with pJ:IR E-’l?R]' all continuously differentiable and He a finite set of

integers, and that T, 5’{1:j €T|; éGi}, with Gi a finite set of integers.
Then the discretized problem which the outer. approximations subalgorithm
1, below requires to be solved at each iteration is

max {eolmin max ;k(x,e,'r) -0 > 0; 1:'j () <0, JER }
(e9,¢) 'rGTi k€K €

= max {eolmax ck(x,e,.tz) - &0 > 0,8 € Gi; pj (e) < 0, jEHe}
(e0,¢) kEK

= max max "feolv—eo > 0; z;k(x,e,'rz) -v<0, L€ Gi; pJ(e) <0,
k&K (£9,¢)

jE‘Tﬂe‘.} (26)

which is seen to be a set of ordinary nonlinear programming problems. How-
ever, since ome has to solve a number of such problems to get a reasonable
approximation to ¢E’T(x), it is clear that the computation of approxima-
tioms to wE,T(x) will be the most time consuming operation at each
iteration of our outer approximations algorithm for solving P. For the
sake of clarity, it seems preferable to state the subalgorithm for

computing ‘DE,T(X) in conceptual form.

Subalgorithm 1: Evaluates xpE T(x) .
b

Parameters: {6 ij} as in Master Algorithm 2,

Data: xEREY, TQCT, a discrete set.

-13-



Step 0: Set i = 0.
Step 1: Solve (26) for (eg,ei)-

Step 2: Compute x(x,ei) and Ty by solving

X(x,ei) = min max ck(x,ei,t)

TE€T kKEK

0

= min {Tolck(x,ei,r) - % <0, k€K, g%(1) < 0, s€s} (27)

(:01)

Step 3: Include t, in T for all 0 < j < 1 such that eg-x(x,g

i 141 30> 844-

Step 4: If (x(x,t-:j) - eg) >0, stop; else proceed.
Step 5: Set i = i+l and go to Step 1. B
Since Subalgorithm 1 is merely a transcription of the Master

Algorithm 2 to the golution of problem (24), the following result is a

direct eonsequence of Theorem 2,

E T(x) = max ;k(x,e
B . k€K
If Subalgorithm 1 constructs an infinite sequence {(ei,fi)}i=o, then any

Theorem 3: 1If Subalgorithm 1 stops in Step 4, them ¥ i,ri).

accumulation point (€,T) of this sequence satisfies

A

wE T(x) = max ;k(x,e,%). o
’ kEK

Next we turn towards constructing an implementation for Master
Algorithm 2 which will, by the same token, yield an implementatiomn for
Subalgorithm 1. For this purpose we must establish appropriate optimality

conditions for P and the subproblems P Returning to problem %i in (6e),

i.
it is clear that it can be rewritten in the following more convenient

form:

f’i: min {fo(x)lf(x) < 0; ¢(x,0) < 0, w€EQ
(x’yE )
i

i’

14~



k S
g (xaea‘re) =< o, keKs SeEi 8 (Te) ha 0,
s€s, e€E}, (28)

where

e

yEi {Te]eeEi} . (28a)
Next, we define

Yo (x) 4 max ¢ (x,0),

i wEQi

Vg (anE ) 4 max ck(x,e,fe), (28b)

i i eeEi

k€K

A S
v (y. ) = max g (1)), (28c)
I.E; "By e €E, €

s€S
and finally we defirne

A
Vs (X,y, ) = max{0,£(x),y, (x), ¥_ (X,¥y. ), ¥ (v, )}
P, E; Q E E T,E; E;

i i i
(284d)
Proposition 3: Let Ei = {azEEIRGLi} and let
A 0
8o g (®yp) = min  max{(VE'(x),h);
171 i [Ihi <1
Ing 0,21
f(x) 'l'(Vf(x) ’h>; ¢(X,N) +(Vx4’(x;w) sh)o
w€Q,; ;k(xs ) +(V ;k(xe t,),h)
i’ L A ) X [ R Al
k .
+ <sz; (x,ez,rz),%) zELi,
g°(r) +(V g%(r,),n,), s€8, LELY}
- Y5 (x,y. ) i (28e)
ByUUEy

=15~



If (ﬁ,frE ) is optimal for ﬁi then 69 JE (i,}E )
i i’7i i

= 0.

Proof: © (x,¥. ) = 0 is the Topkis-Veinott necessary optimality
_— ﬂi,E i Ei
condition which was shown in [17] to be equivalent to the F. John

optimality condition. R
To extend this optimality condition to problem P, we proceed as

n
follows. For every ¢ €E, let T, be some vector in IR '. Then we see

that P is equivalent to the following problem

P: min {fo(x)lf(x) < 0; ¢(x,0) < 0 Vw€Q;
(X:YE)

ck(x,e,te) <0, VkEK, V c€E;
gs(te) < 0, for s€8, V ¢€E} (29)
with
Vg 4 {releEEL (29a)

The equivalence between P and P is in the sense x solves P < (§,§E)

solves P. Next, let tl.vi;(x,yE) be defined as in (28d), with E replacing E

i
and let
Q
8 E(x,yE) min max {{VE (x),h);
Ih] <1
ﬂneﬂwgl

£f(x) +{(VE(x),h); ¢(x,0) +(Vx¢(x,m) ,h),wEQ ;

?;k(xe'r)+(V z;k(xer)h)+(v l;k(xe'r) ’, kEKR,e €EE;
A A x 2€85T.)> T ’9897\6’ ’ H

s s

g (te) +(Vtg (Te)’ne ) , s€s,

e€E}- h3xyp), (29b)

-16-



Theorem 3: Suppose that (ft,f'E) is optimal for I;i‘(29), then GQ E(fc,frE) = 0.
b4

Proof: By construction, 99 E(x,yE) < 0 for any (x,yE), and since
;]

(i,frE) are feasible for P, tbf,(f:,frE) = 0. To obtain a contradiction,

suppose that 69 E(fc,frE) = -3 < 0. Then there exists a vector h, with
H]

lal_<1, such that
(ve0x),h) < -8 (30)
and hence there exists a A0> 0 such that

0@ +a0) - £9G) < 2872 (31)

for all AG(O,Ao]. Next, we have
£(x) + (VE(®),h)< - § (32)

and hence, for A€[0,1],

£(X) + MVE(R),h) < - A8 + (1-0)E®)< -8, (33)
since f£(x) < 0. Consequently, there exists a J\le (O,AO] such that
£(i+AR) < 0,for all A€ (0,1, 1. (34)

Similarly,
¢ (x,0) +(V_¢(x,0),H) | <-3 (35)

implies that for A €[0,1], since ¢(X,u) < O for all w€EQ,

- A8 + (1-2)¢ (%,w)

|A

$(x0) + NV ¢ (%) ,h)
< = A§ (36)

-_— ?

and hence, since Q@ is compact, there exists a AZG (O,AI] such that

17~



max ¢ (x+Ah,w) = max $(&,0) + XV_¢(x,0),h)

1
+ Aj ((Vx¢(§-kslh,w) - Vo(x,0)),h) ds
0

- 1 . -
< - Msmxs llvx¢(£+sxh) - V¢ (x,w)lds]
wSQ Jo

<0, for all X € [0,1,]. (37)

Next, there exist n_, with In_l_ <1, such that

kK~ - ko~ ~ oA k - - A

& (x,e,7) (Y L (x,e,7 ),h) +(V g (x,e,%e),n€> <=8, (38)
and hence for A€[0,1],

k -~ ~ k ~ ) »

g (x,s,‘rs) + AL ng (x,e:,m'e),h) +

k -~ -~ L3 o k ~ ~
<sz; (x,e,te),ne)} < =28 + (1At (x,e,te)

< = A8, for all kEK, and ¢ €E, (39)

because ck(i,e,‘?s) < 0 for all k€K and e €E. Hence, since E and T are

compact and l;,;] ¢ are bounded, we conclude, as in (37), that there exists
a A3 € (O,AZ] such that

max min max ck(§+lﬁ,e,‘r) <

e€E TE€T kEK

max max ¢ (x+Ah,e,T_+An) < 0,for all AE€[0,1,], (40)

e €E kEK € € :

Finally,

gs(%e) + <Vg3(%e),ﬁe> < - § for all ¢€E and s€S,  (41)

-18-



and hence for A € [0,1]
g°(1) + Mvg(r),n_ ) < = A8, for all e€E, s€s  (42)
Since T is compact, we conclude that there exist a A4€ (0,A3] such that

max g (T_+An ) < O, for all A€[0,}, ], (43)
€ e — 4
c€E )

s€s
We thus have shown that {(x +7\4f1), (€e+xaﬁe,s€E)}is feasible for P and
results in a lower cost, which contradicts the optimality of ;:. Hence
the theorem must be true. B

We now establish an important relationship between the stationary

points for the problems B i and those of problem B,

Theorem 4: Let QiCQ, EiCE, i=0,1,2,..., be infinite sequences

n A
of discrete subsets and let x, €IR ", Yg = {Ts ilre EEi}, 1i=0,1,2,...,

i 1 s ,1
be such that
¥3 (xi,yE ) >0 as i~+w, (44a)
i i
) (2,5, ) >0 as i+>w (44b)
Qi,Ei i Ei ’
and xi-*i as i+», with
max {£G&), ¥, (®) ¥y L@} < 0. (44¢)

Then there exists a §E = {releeE} such that

Vvp(x,3p) = 0 (44d)
and

0, g (aFg) = 0. (44e)

=19~



Proof: For every ¢€E and i = 0,1,2,,.., let

¥ e€€E

A
4 €
Iy {Te,ilre,i VEi

i’

T iearg min max z;k(xi,e,r),
€s T€T kEK

¥ c€E ’\'Ei}, (45)

(the definition of y i is not necessarily unique). Then, because
V] (*) is continuous, and because ¥_ (%) < 0, we have
E,T E,T -
lim min @max ;k(xi,e,r) < 0,# €€E, (46)
iro» TET kEK
and hence (with E replacing E i in (28b))

k
1im wE(xi,yi) & 1in max 4 (xi,e,te )

b ) ivo eg€E
kEK

»1

= 1im max {max t;k(x
i+ eE€EVE, -

i
k€K

€T
i*= e,i)’

max ck(xi,e,‘re,i)} < 0. (47)

€
eEi

kEK

e,1’1=0 is contained in a compact set and hence

has at least one accumulation point %e' Let

For every c¢€E, {t_ .}

yg & (i |e€ER}, (48)

with %e an accumulation point of {7t .}

e,i’1=0" Then, because of (47),

gy < 0 (49)

-20-



and hence, because of (44c), we see that (44d) holds.

Next, by construction of Yi’

i°7i i
+ ‘pﬁ(xi’yi)' (50)
-
Since eQ,E(xi’yi) < 0 for all i, and since egi’E (xi,yE )0,

i i

wﬁi(xi,yEi)-*O and \bi’,(xi,yi)-ro as i+« , it now follows that (44e) is

true, which completes the proof. n

We can now state our implementable algorithm.

Master Algorithm 3
}

such that ¢,~.0 as i+, and {6,.} such that

[--]
Parameters: {o,},_, { 1371,3=0

¢4
a) 6., =0 forall i< j, and Gij > 0 otherwise.
b $ 6§, ag i+ ,

) 83378y

c) § N0 as j+= ,
Data: 820 cq, EOCE discrete sets.

Step 1: Apply iterations of a nonlinear programming algorithm to B i

until an (xi’YE ) pair is computed satisfying
i
~a, <8 (%555 ) (51a)
i Q i’Ei i Ei

Step 2: Apply iterations of a nonlinear programming algorithm to (23)

and iterations of Subalgorithm 1 to (24) to obtain an w iGQ and an

-21-



e, €E, with the property tha.t-r

i

lbg(x;) - 0(x;50)[+0 asix =, (51c)

b g (x)-XCxgse )] 0 as 1+e, (514)
Step 3: Include Wy in Q4 for all 0 < j < 1 such that ¢(x ,mj)>6ij,
and include e in E, , for all 0 < j < 1 such that x(xj,ej) ><Sij.
Step 4: Set i = i+l and go to Step 1. 2

" Since we want § 13 to decay very slowly, a good choice for § 1
seems to be 61j = M max {0, ,11/L'- 11/1. }, with M>>1 and L>10
(1+3) (1+1)

say.

Master Algorithm 3 has properties which are quite analogous to

those of Master Algorithm 2, as we see from:

(-]
Theorem 5: Consider the sequence {xi}i=0 constructed by Master Algorithm
3. If x; -E?: as i+o 1C{0,1,2,...}, then there exists a

Vg {'te|e E} such that wP(x,yE) 0 and GQ’E(x,yE) 0.

Proof: Because of (51b-d) and because thi(xi) < !bEi(xi,yEi) < IPPi(xi,YEi),
it follows by a trivial extension of Proposition 2 that
max{f(ft),wg(i),wg(i)} <0 (i.e., XEF (see (11)). The theorem now

follows from (5la) and Theorem 4. R

4. Conclusion
The main contribution of this paper is to show that design center-

ing, tolerancing and tuning (DCTT) problems can be treated outside of

-i-
This property is achieved by applying the appropriate algorithm for a
progressively larger and larger number of iterations as i+,

=22~



the framework of nondifferentiable optimization algorithms. As a result
a number of major obstacles to obtaining an implementable algorithm
have been overcome and the first implementable algorithm for solving
DCIT problems has been constructed. We hope that this algorithm will
have practical impact.

Finally, in the Appendix the optimality conditions used in this
paper are compared to the ones based on generalized gradients, used in

[3]. 1It seems that the optimality conditions in this paper are somewhat

sharper than the ones used in [3].



APPENDIX

A COMPARISON OF OPTIMALITY CONDITIONS

In [3], problems such as (6) were treated as nondifferentiable
optimization probléms. Mifflin [13] has developed a necessary condition
of optimaiity for such problems based on the theory of subgradients
(see [12]). Unfortunately, Mifflin's‘ condition is not verifiable
for problems such as (6), with K={1} and hence his conditions were

somewhat relaxed in [ 3], as follows:

Theorem Al [3]: Suppose that X, is optimal for P, in (6), then

i

(xi) < 0 and
0€M(x,), (A1)
where

MGx,) = Co (v£%0x,) 56, 7E(x))

§
&

1

i
eGEi(xi,e,r), eGEi,TGT(xi,e)} (A2)
where 691@}3&) is zero if wgi(xi)m (xpEi ’T(xi)<0) and is equal to one otherwise,

Qi(xi) = arg max ¢(xi,w) (A3)

wegi
E, (x) 4 arg max x(xi,s) (A4)

- c€E

i
T(xi,e) 4 arg min Cl(xi,e,r) (A5)

T€T

=1

Now, by Proposition 3, if (xi,yE ) are optimal for problem I;i’ (6e), then
i
xieF and egi’Ei(xi,yE':'L) = 0. Since yEi is not necessarily unique, to
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obtain a comparison with Theorem Al we shall assume that T GyE
€
i
= rSET(xi,e) for all sGEi. Now, it is shown in Sections 1.2 and

4.4 of [17], that for x, €F,6 (x,,7. ) =0 if and only if the F. John
. i Qi’Ei i Ei
condition [17] is satisfied at (xi,yE ), i,e., there exist multipliers
i
", Hes um,uE’T, u: > 0, not all zero such that

uOVfo(xi) + usf(xi) + Z uv q)(xi,m) +
weﬂ(xi) wx

1
Z u_o V. r(x,,e,T) =0, (A6)
eEE(xi) e, T X i

're'l‘(xi,e)

1 ', Sp,8 =
ue,TVTC (x,,€,7) +z u Vg (1) =0,

¥ e €E(x),TE€T(x,,¢) (a7)

and
uef(x,) = 0, | (a8)
0 (xy50) = 0, ¥ w€a(x)) (A9)

1 -
ue’tc (xi,e,t) =0, ¥ eeE(xi),

¥ TET(x,,¢) (A10)
nie" (1) = 0, ¥ e €E(x ¥t €T(x e ). (a11)

We note that (A7) together with (All) is merely the F. John condi-
tion for the problems

min z(x,,€,T), e €E(x,). (A12)
t€T

Next, (A6) sums a smaller number of vectors to zero than (Al) and hence,
together with (A8-A10), is a sharper condition of optimality then
Theorem Al. By the same token, the optimality condition e(fz,frE) =0
used in this paper for P is sharper than the optimality condition for

P used in [3].
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