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ABSTRACT

Inversion symmetry is proposed as a boundary condition for
simulation of magnetized inhomogeneous slab plasmas. Potentials,
charges and orbits are invariant under inversion through a point on the
simulation boundary. This boundary borders the high density region
without causing ill-effects due to distortion of cyclotron orbits. We
have implemented this boundary condition in a 2d electrostatic particle
simulation code and obtained test results for magnetized plasmas in good

agreement with theory. Further applications of this model are discussed.
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I.  INTRODUCTION

Simulation of micro-instabilities in inhomogeneous plasmas
is of great current interest. Slab models, which we consider here,
have been very useful in dealing with these instabilities [1-4]. Simu-
lation volumes that are often much smaller than typical experimental
plasmas have been employed, due to economic and hardware constraints;
in these, the ratio of the length of the simulation volume to charac-
teristic plasma lengths, such as the Debye length or a gyro radius, is
not a very large number. It is only necessary that the boundary condi-
tions used, both in advancing the particles or fluid elements and in
solving for the fields, should reflect the presence of the plasma
beyond the simulation boundaries.

In this paper we report on the use of inversion symmetry to
obtain such a plasma-plasma boundary, as opposed to a plasma-wall
boundary [5,6]. We have implemented this boundary in two dimensional
particle simulations, and found it to be a useful alternative to the con-

ducting wall type boundary used by other workers [5,6].

Il.  THE USE OF SYMMETRIES [N OBTAINING BOUNDARY CONDITIONS

Let the simulation volume be embedded in a larger plasma. The
boundary conditions on the simulation volume may be obtained by demanding
that the larger plasma be invariant under an appropriate group of symmetry
operations.

The imposition of a symmetry on the larger plasma restricts

both the equilibrium and the perturbations that are accessible in the



simulation. Hence, it is important to impose symmetries that are appro-
priate to the problem at hand. Use of periodic boundaries is appro-
priate when the larger plasma is uniform in the direction of translation.
We therefore choose to impose translational symmetry in the homogeneous
coordinate, y , of our plasma slab, yielding periodic boundaries at
y=xLY/2 . See Fig. 1.

The imposition of translational symmetry in the inhomogeneous
coordinate, x , implies that the larger plasma consists of an infinite
array of identical plasma slabs (see, e.g. Gerver et al. model [7]).

This is.inappropriate because we are more interested in the behavior of
an isolated plasma slab. Also, because the physics allows qualitatively
similar phenomena on both the left and right sides of the plasma slab,

we may avoid duplication of the physics and gain a factor of two in the
simulation volume by imposing a symmetry on the larger plasma that incor-
porates this similarity.

The equilibrium plasma is taken to be an isolated plasmé
slab characterized by a number density, n, , and a magnetic field, §0,
that are functions of x only. n, » @ scalar, and Bo , a pseudo-
vector [8,9] are required to be continuous across the simulation boundary.
An appropriate boundary condition that meets these requirements may be
obtained by demanding that the larger plasma be invariant under inversion
through a point lying on the boundary of the simulation volume.

The inversion point is chosen, for convenience, to be the
origin of the coordinate system. A particle that leaves the simulation
volume at (0,y) with a velocity, v ,will then be replaced by an image

particle entering the simulation volume at (0,-y) with a velocity -V .
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The simulation volume is in
The y-axis corresponds to a plasma-plasma boundary.
inversion symmetry through the origin (0,0), has an open boundary

x=LX , and is periodic in vy .
is symmetric about

x=0 .

0 <x<LX and

A two-dimensional model with an inversion symmetry boundary at
x=0 .

-LY/22y=LY/2 .
The system has

Equilibrium density, no(x) ,
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Similarly, the boundary condition for the scalar potential, ¢, is

(b(x:Y) = ¢(-x’-Y) ’ (1)

which closes the finite difference representation of Poisson's equation
at x=0 .

These boundary conditions have, as yet, been implemented only
in electrostatic particle simulation codes. However, we expect that
inversion boundary conditions will be particularly useful for bounded
electromagnetic particle simulation models because there are no sudden
changes in the orbits of particles at the boundary which might re-
sult in the emission of electromagnetic waves (bremsstrahlung). In
an electromagnetic code utilizing inversion symmetry the boundary condi-

tion at x=0 on the vector potential, A, is
A(X’Y) = - e\('x’—Y) . ) (2)

Alternatively, using the electric field, E , and the magnetic field, B ,
directly, the finite difference version of Maxwells' equations may be

closed at x=0 by using

]

E(x,y) = - E(-x,-y) (3)

and

Q(X’Y) 5("X,’Y) . ()'4)

Next a boundary condition at x=LX needs to be specified.
We note first that if inversion symmetry is also used on this boundary

(as well as on the boundary at x=0), the result will be equivalent to



a periodic system with boundaries at -LX and LX ; this is not our
object. |Instead, we have chosen to employ an ''open-sided'' boundary
[10,11] in which particles are reflected at x=LX , while the potential
is matched with the spatially decaying vacuum solution for x> LX .

The questions of whether the system may allow net charge
and have a ky=0 component may now be answered. In a wholly periodic

system (1d, 2d, or 3d), using

9. Q§ - Qnet

period
(where et is the net charge inclosed in a period), the net flux out
is zero, simply because the flux which enters one face leaves the same

area one period away, so that Qn 0 ; of course, there may be a

et

D (added to the D which comes from the charges inside a period)
-~external =

but this D

is due to charges outside the period, at = .
-external

In the 2d inversion symmetric mode! of Fig. 1, periodic in y and open
in x,
LY
(a) the net flux out of the y faces (dS=dxdz , at y= iT)
is zero;
. LY .

(b) the net flux crossing the x=0 plane between *=- is zero,
due to symmetry;

(c) hence, the net flux out of the simulation volume is through
the x=LX plane (which is IX=LXDxdydz) and is Qnet which
need not vanish; the ky==0 component of DX(LX,Y) is
Qnet/LY for unit length along z , also not necessarily zero.

Hence, our model is not restricted to the simulation of charge neutralized

plasmas.

-
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. TWO-DIMENSIONAL SIMULATION WITH THE INVERSION SYMMETRY

We have tested the inversion symmetry boundary condition in
a two-dimensional particle simulation code. The code follows the dyn-
amics of both electrons and ions in a uniform magnetic field using the
well-known leap-frog scheme. We chose a homogeneous plasma to test the
code, even though thé primary motivation for the use of the inversion
symmetry is the simulation of inhomogeneous plasmas.

A contour plot of the potential created by a single particle
in the system is shown in Fig. 2; the simulation volume is the x>0
region of the x-y plane with the inversion symmetry boundary at x=0
and the open boundary on the right. The potential is due to the parti-
cle and its inversion image particle in the region x<0 . The contours
for x<0 are obtained by inverting the potential in the simulation vol-
ume. The system shown is inversion symmetric about the point (0,0).
It is also inversion symmetric about the points (0,*LY/2) because in-
version through (0,%LY/2) is just the product of inversion through (0,0)
and translation of *LY . The potential is seen to satisfy the boundary
conditions imposed.

The system is loaded initially with a spatially homogeneous
thermal plasma out to x=LX . The particles are reflected at x=LX .
Two interesting results are the high and low frequency power spectra.

The high frequency power spectrum is shown in Fig. 3 for the
first Fourier mode (ky==2n/LY) at x=0 . Electron Bernstein modes
are clearly seen in agreement with the expected frequencies for k1==ky
as indicated on the axis. Low frequency peaks (w'<wce R wce==electron
cyclotron frequency) due to the ions (such as ion Bernstein modes,

and lower hybrid modes) are also seen.
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¢(x+>x,y) =0 . The contours for x<0 were obtained by inverting

those for x>0 about the origin (0,0).
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The high frequency power spectrum showing the electron Bernstein
modes for the m=1 Fourier mode (ky==2nm/LY) at x=0 for time
O_impet_ihOOQ . The arrows along the horizontal axis indicate
the frequencies for klpe = (0.8 obtained from the dispersion
relation. Simulation parameters are 32~ 32 cells, 16,384 part-
icles for each species, mass ratio mi/n% =265 , temperature ratio
Te/T} =4 | electron cyclotron frequency wce==0.5 , electron

Larmor radius pe =4 , electron Debye length X_ =2

and time
De ’

step At=0.25 where electron plasma frequency mpe and grid

size Ax are taken to be unity.
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The low frequency power spectrum of the ky==0 mode at x=0
is shown in Fig. 4. The peak at w/wci==4.9 is close to the lower hybrid
frequency wLH:=wpi/(l+w§e/wie)%'=h.h7wci ; the discrepancy is accounted
for by the thermal effects. The spatial structure, |4>(x)l2 , for this
mode , w=w o, can be obtained from power spectra of the potential at
various points in x , as shown by the dots in Fig. 5. The dots compare

well with the analytical result [l%] shown by the solid line.

The simulation plasma under the inversion and open boundary
condi tions behaves as expected without any ill-effects near either
boundary. The homogeneous density profile was found to be maintained
without abnormal behavior near x=0 up to 16,000 time steps, with

less than 3% increase in the total system energy.

IV. CONCLUDING REMARKS

Inversion symmetry boundary conditions hqve been proposed for
plasma simulations as an attractive alternative to other currently
used boundary conditions [5,6]. |Initial test results of a two-dimen-
sional particle code with an inversion symmetry boundary were found to
be in agreement with theory.

We are currently using this modeling for drift cyclotron instab-
ility and lower hybrid heating studies, with nonuniform densities, with
good initial success, gaining the savings of two in computer time and stor-
age. In addition, further savings have been gained using a guiding center

particle mover for the electrons, in simulating low frequency instabilities.
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