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1. Introduction

Let (Q,{Ft, Qiqﬁl},Po) be a probability space and let {Xt’ 0<t<1}
be a P0 local martingale. Doleans-Dade showed that the integral equation
t
L =1+JL dx
t s- '8
0
has a unique solution {Lt’ 0<t<1} which is a positive local martingale.

If EOL1 =1 then Lt is a martingale and T Ll defines a new pro

0
bability measure P with

)

Results concerning P0 local martingales under P or P 1local martingales
under PO have come to be known as Girsanov's theorem [3]. For example, if
N, is a continuous P, local martingale then Nt-[N,X]t is a P local
martingale where [N,x]t is defined intrinsically as a quadratic variation
process.

If {Ft, 0<t<1} 1is generated by a P0 Wiener process Wt then .there

exists a P Wiener process Wt' Further, any P local martingale Zt has

(. 1
the integral representation 2Z_ = J q dW_  where J qzds < ®© a,s.
t 0s S 0 S
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For processes with two-dimensional parameter the martingale concept has
several extensions [1,8]. The purpose of this paper is to present some
results of the Girsanov type for such processes defined on the probability
space of a 2-parameter Wiener process. When possible, transformation
results are stated and proved in an intrinsic (representation independent)
form.

Preliminary material is presented in Section 2, while the main results
are collected in Section 3. In the remaining two sectionms, the theorems

regarding martingles and weak martingales, respectively, are proved.

2. The Stochastic Calculus and Likelihood Ratios

The basic definitions of [1] will be used in this paper, and are
sumarized as follows. Let R _= [0,0) x[0,9) denote the positive quadrant
of the plane. For two points s = (sl,sz) and s' = (si,sé) in R,

s » s' will denote the condition s, Z_si and s, > s;> sk s' will
denote the condition si > s, and s, Z_sé, s xs' will denote the point
(sl,sé), and s V s' will denote the point (max(sl,si),max(sz,sé)).
I(sVs') will denote the indicator function of the set {svs'}. 0 will
denote the origin in R+ and Rz the rectangle {0=<s-<z}. RZ®Rz is the
set {(s,s'): sGRz, s'ERz, sAs'}.

Let {Wz, ZGERZO} be a standard Wiener process defined on (Q,{FZ},PO)
where Fz = {O(Ws, s <z) completed with respect to PO}. A stochastic process
X = {Xz, zE'Rzo} is said to be adapted if X is F, measurable for each
z € Rzo. In the following definitions, the process X 1s assumed to be

adapted and for each z, Xz is integrable. X is a martingale if 2z' > z

implies that EO(XZ,|FZ) = Xz a.s., X 1is an adapted l-martingle



-

(2-martingale) if {X o F } is a one parameter martingale in s, for
518, 848, 1
each s, 2 for each sl). X is a weak martingale if s' > s

implies that E[X_,-X_,, -X

(in s

sxg' X |F ] = 0 acs.

A proper l-martingale (2-martingale) is a square integrable, sample

continuous process Ml

and mean square differentiable in the 2-direction (1-direction).

(Mz) which is an adapted l-martingale (2-martingale)

A process Z 1is a local martingale if there is a sequence Zn of
square integrable martingales such that Zn(z,w) = Z(z,w) for z € Rz0 and
n > N(w) where N(w) < « a.s. A local i-martingale (proper local i-martin-
gale, weak local martingale) is similarly defined as the limit of square
integrable i-martingales (proper i-martingales, weak martingales) for
i = 1,2. By the theorems of Wong and Zakai [see 2], all local martingales
have the stochastic integral representation
Z = J q(s)dw_ + j r(s,s')dW dw , (2.1)

R 8 s 8

z R GR
VA z VA

and all proper local l-martingales (2-martingales) are given by mixed area
integrals

a(s,s')dsdws. B(s,s')dWsds') (2.2)

| y
R ©R R_@R
z z z

z

where q is Fs adapted and (ds-measure) square integrable a.s., and r,
o and B are FsVs' adapted and (dsds' measure) square integrable a.s.
A local semimartingale is by definition the sum of a local martingale,

a proper local l-martingale, a proper local 2-martingale, and an absolutely
continuous process

Bz = JR bsds
z



where bS is a.s. square integrable. Denoting Lebesgue measure by u, a

local semimartingale is conveniently written as
Z = WoroW + qoW + pocoW + WoBou + bou » (2.3)

where r, q, 0, B are a.s. square integrable and b is a.s. integrable. A local
semimartingale will also be referred to as a representable process. If ws is
an adapted, a.s. bounded process (for example, if ws is a.s. continuous) then
the stochastic integral

qswdes + J p va

t
YoZ(z) =
J R OR 8»

sks'dwsdws'
Rz

r
+ J o ¥ (dsdW _, + J B ¥ 4W ds' + b Y ds
RQQRZ s,s' "sAs s R£®Rz S,8 'SAs s JRz s's

is again a local semimartingale.
A process is a weak martingale if and only if it is the sum of a
l-martingale and a 2-martingale [8]. It follows that all representable local

weak martingales have the representation
Z = WoroW + qoW + HoooW + Wefou (2.4)

A local semimartingale is a one-parameter local semimartingale in each

direction with the local semimartingale representations

Z = J (z,8")dW , + J Z .(z,s")ds’ (2.5)
z R ZWl s R ul
z z
f
Zz = J sz(z,s)dwS + J Zuz(z,s)ds (2.6)
R R
z p
where
{ , \
Zw1(z,s') =q, + JR I(s\s )rs,s'dWs + . I(s)\s ;us’s,ds 2.7)

k4 Z
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bs' + JR I(s ks')BS"S,dWS

1
Zul(z,s )
: z

sz(z,s) qg + IR I(sl.s')rs,s,dws, + JR

z 4

I(sks')BS s,ds'

= 1
ZHZ(Z’S) bs + JR I(sks )as S.dws,

’
¥4

It is convenient to write (2.5) and (2.6) in the compact form

Z = Zw1ow + Zulou (2.8)

Z = oW+ 2 ou (2.9)

Note that if Z = poaoW and Z = UodoW, then Z = Z a.s. if and
only if Zw1(z,s') = ZWl(z,s') for (ds' X dP measure) a.e. (s',w) for each
z. In this case o will be called a version of o. Hence, o and B
in (2.3) are uniquely determined by Z up to versioms.

The composition Y*X of two local semimartingales X and Y is the
process defined by

(Y*x)z = I . sz(sVs',s)XWI(sVs',s')dWSdWs. (2.10)
R &
z

Y .(sVs',s) (svs',s")dsdw ,
R£®Rz u2 ’ le s

\J L \ ] \J
sz(sVs ,s)Xul(sVs S )dwsds

Y ,(sVs',s)X .(sVs',s')dsds’
R @R W2 ul
z z
Formally, Y*X satisfies BIBZ(Y*X) = 32Y81X. Y*X is a well defined local

semimartingale if the integrands in (2.10) are a.s. square integrable. In

abbreviated form, (2.10) can be expressed as



Y*X = WoYWZXWIoW + quuzxwlow + Wo¥Y X _ou + uoY

W2 ul 1°H

X
u2"u
One may define quadratic variation processes for a local semimartingale

with representation (2.1) by
2 2
[2,2], = b%ou + porep (2.11)
and, for i =1 or 2,

_ 2
<Z,Z>iz = JR XWi(sz)dS . (2.12)
z

The definition (2.12) is consistent with the definition of quadratic varia-
tion for one-parameter local semimartingales. Both [Z,Z] and (Z,Z)i are
intrinsic to Z in the sense that they have representation free, quadratic
variation interpretations [1,2]. Define [Z2,Z] and <z,Z>i for local

semimartingales Z and Z by bilinearity. If Z has representation (2.3)

and
Z = WoFoW + qoW + HodoW + Wofoy + boy (2.13)
then
(Z,Z)l(z) = JR ZWl(z,s')ZWl(z,s')ds' s Z = (zl,zz) (2.14)
z
and

<z,’i)1 = [2,Z] + (Wor +uoa)2mou + (WoF +yod)z,  on (2.15)

To obtain (2.15) apply the l-parameter differential formula [3] to the inte-
grand'in (2.14) as a function of z, for fixed z, and use (2.7). Similarly,
(z,z)2 = [z,Z] + MoZ ., (roW +Boy) + MoZ,, (ToW +Bow) (2.16)
The differentiation formula of [7,8] for local semimartingales has

been put into a representation free form [9]. Let F:R + R be a function
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with continuous derivatives through the fourth order, and let Z be given by

K
(2.1). Let F (x) = —@—k F(x). Then
9xX
F(Z) = F(Xo) + Fl(Z)OZ + FZ(Z)O(Z*Z) (2.17)

1
+ 5-1«*2(2)o(<z,z)1+<z,z>2 -[z,z])
1
+ 5F3(z)o(z *(z,z)1-+<z,z>2*z-+2[z,z*z])

1
+-Z-1«‘4(z)o<x,x>2*<x,x>1

whenever the composition operations yield local semimartingales.

If Z = (Zl,...,Zn) is a vector of n local semimartingales and if
F: R — R has continuous partial derivatives to fourth order, then
(2.17) still yields the integral representation of F(Z) if the terms are

interpreted appropriately. For example, identify

oF
F,(Z)oZ = | ——oZ
1 i Bzi i
2
F,(2)0(z%2) = Z 52,0 (zi*zj)
i,] %3
F,(2)o(Zx(2,2).) = —-—QEE———o(z 2.
, =
3 1 1,3,k 3ziazjazk j kl
For n=2 and F(z,z) = zz, this yields
2Z = 2020 + ZoZ + ZoZ + Z¥Z + ZXZ + (z,i)1 + (z,Z)2 - [z,Z}) (2.18)

This generalization of the differentiation formula given in [7,8] may be
proved, as in [7], by repeated application of the differential formula for
one parameter martingales. (2.18) shows that Z*Z +Z*Z is intrinsic to
Z, Z since all the other terms are. Thus the symmetrization of * is an
intrinsic operation. |

Let P be a probability measure on (Q,{Fz}) equivalent to P
dpP 2]

0

Then if E [( is finite, the likelihood ratio



_ dp
L= EO[dPOIFz]

satisfies L = eX where [6]
1 2 1 2
X =j 6 _dw -—J eds——[ 0% | dsds' (2.19)
z R S S 2 R & 2 R ®R S°8
z z z 2
+ J p. ,[aw_ -u(s'xs,s)ds][dW , ~u(s'xs,s')ds']
S,8 s s

R;@Rz

for some functions p, 6, u and u. In an abbreviated form, (2.19) is

expressed as
X = QoW ~ %Gzou - %uopzou + (W-uu)opo (W-uu) .

If p and © are any a.s. bounded and adapted processes them u and u

are uniquely determined by

u(z,s") Os. + IR I(sks')ps’s,[dws-ﬁ(s'xs,s)ds] (2,20)

z

u(z,s) = 06_ + I I(sas')p_ ,[dW_, —u(s'xs,s"')ds'] (2.21)
s R 8,8 s

Z

and X is a local semimartingale. It then makes sense to write L = eX

= &(p,0). L= e® also has the representation [6]

ex = exo(m-FMz*Ml) (2.22)

where m is the local martingale part of X and M, (Mz) is the local

l-martingale (2-martingale) part of X. It follows from (2.19)-(2.21) that

X (2,8") = (). (z,8") = u(z,s") (2.23)

X.9(2,8) = My, (z,8) = i(z,s) . (2.24)



L= eX also has essentially one parameter representations, as expressed

by

X
e

[}

o (28" = & ulz,s") (2.25)

exwz(z,s) = exzxsﬁ(z,s) (2.26)

Lemma 2.1. Let eX = &(p,08) and suppose @, 6, u and u are a.s.
bounded (for example, they may be sample continuous). Let Z = {Zz, ZGERZ }
0
be a local semimartingale with the representation (2.3). Then the follow-

ing identities hold and all terms are local semimartingales.

Z*ex = exo (Z*Ml) (2.27)
eXxz = &Ko (My32) (2.28)
(x,z)1 = [X,2] + (w-uﬁ)opzmou + Woruoy + UoQuoyu (2.29)
<x,z>2 = [X,2] + uOZw2p0(W—uu) + yoliroW + poucou (2.30)
(eX,Z)l = exo{<x,z)1 +M2*(X,Z)1 +[x+z,x] + [x*X,2]} (2.31)
(ex,z>2 = e.x«a{(x,z)2 +(X,Z)2*M1+[Z*X,X] +[x*x,2]} (2.32)

X, _ X, X
e'Z = Zoe" + e o{Z +M2*(Z+(Z,X)1) +(Z+(Z,X>2)*Ml (2.33)

+ (x,z)1 +<x,z)2 +[x,x*2] +[X,2*X] - [2,X-X*X]}
eXo1+4 e-xo{—X*(X,X)l - (X, X) S*K+ (x,x)1 + (x,x)2 -[x,x] (2.34)
- m+M2*M1}

e Xz = 2o + e %o{z ~(z,%, - (2,0, +[2,X] - [x,x+2] (2.35)

- [x,2%x] - (M2-<x,x)2)*(z-<x,z>l)

- (Z-(X,2))* (- ¢X,X)))}

Proof. Z appears at most once in each of the terms in (2.27)-(2.35)
so that each term has a local semimartingale representation with integrands

which are a.s. square integrable (each integrand being the product of a.s.
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bounded processes and at most one a.s. square integrable process). (2.27)
and (2.28) follow from (2.23)-(2.26). (2.29) and (2.30) follow from (2.15),
(2.16), (2.23) and (2.24). (2.31) follows by applying the differentiation

rule for one parameter local semimartingales to the integrand in

(eX,Z)1 = eXleW1°u = JR ex(s'xz)u(z,s')ZWI(z,s')ds‘
z

as a function of z, for s' fixed. (2.32) follows similarly. (2.33) is

obtained by applying the differentiation formula to F(eX,Z) = eXZ and

using (2.27), (2.28), (2.31) and (2.32). (2.34) is obtained by applying the

differentiation formula to F(X) = e.x and (2.35) follows by applying

the differentiation formula to F(e—x,Z) = Ze-x.

Local martingales, local i-martingales, and local weak martingales may

be defined under the law P exactly as they were for law P It follows

0.
that a process Z is a P local martingale (a P local i-martingale,

i=1o0r 2, a P local weak martingale) if and only if LZ is a P, 1local

0
martingale (P0 local i-martingale, P0 local weak martingale).

The notion of local semimartingale will always refer to representation
with respect to the process {Wz} under the law Po. Under the conditions
of Lemma 2.1, a process Z = e-X(eXZ) is representable if and only if eXZ

is representable.

3. Compensation and Representation Theorems

The main results of this paper, which are summarized in this section,
describe martingales, weak martingales and i-martingales under the change of
measure P0 > P described in Section 2. There are two types of results;

one type concerns compensation (or transformation) of P0 martingales,

‘- d®
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P0 i-martingales and PO weak martingales to obtain P martingales, P
i-martingales, and P weak martingales (and vice versa). The other type
of result concerns the integral representation of P weak martingales and
P martingales (i.e., the counterpart of (2.1) and (2.4) when PO is
replaced by P).

Throughout the remainder of this paper, assume that P’VPO, é%% = &(p,0)

= exp(X) and that p, 6, u and u in (2.19) are a.s. bounded.

Theorem 1 (i-Martingale Compensation). Let Z and N be local semi-
martingales, and let 1 =1 or 2.

(a) If Z is a P, local i-martingale, then (and only then) Z'-(X,Z>i
is a representable P 1local i-martingale.

(b) If N is a P local i-martingale, then (and only then) N-*-(X,N):l
is a P0 local i-martingale.

If Z is a P, local i-martingale, then (X,Z)i is the unique local
semimartingale with (<X’Z)1)Wi = 0 such that Z--(X,Z)i is a P 1local

i-martingale.

‘Remark. Theorem 1 follows easily from ‘the theorem on transformation
of one parameter local martingales. It is also easily proved using the
identities in Lemma 2.1.

It will be convenient to define some operators on the linear space of

local semimartingales. If Y 1s a local semimartingale, let

T(Y) = (x,Y>1 + (X,Y)Z
V() = [X,X*Y +Y*x] - [Y,X - X*x]
R= (M) T = § (-1)"1°
n=0
T = (I-V)R
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I 1is the identity operator. It follows easily from Lemma 2.1 that T and
V are well defined and that V2 = TV = 0. Hence (as will be justified by

Lemma 4.1),

rl. ((I-V)(I+T)'1)'1 = (14T) (1-V) L

= (I4T) (I+V) = I +T+V

These operators are intrinsic since they are defined in terms of ¢ )i, [ 1,

and the symmetrization of *.

Theorem 2 (Martingale Compensation). The operators T, V, R, I' and

r are well defined, linear, and intrinsically defined on the
space of local semimartingales. I 1is invertible with inverse P—l. “P maps
the subspace consisting of P0 local martingales onto the space of P local
martingales.

If N(Z) is a P0 (P) local martingale, then T(N) (fﬂl(z)) is the
unique P (Po) local martingale such that N-T'(N) (Z—I'm1 (2)) has no P,

local weak martingale component.

Theorem 3 (Weak Martingale Compensation). If N is a P local weak
martingale then
N - (N,X); - (N,X), +.[N,X+X*X] (3.1)
and

N = N - poquoy - polBeu - [N,X +X#X] (3.2)

are representable P local weak martingales. The process in (3.1) is deter-
mined from N and X by intrinsic operationmns. N is the unique represen-
table P 1local weak martingale such that N-N is an absolutely continuous

process.

L

wdie
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If M is a P, local martingale, then M -[M,X+X*X] is a represen-

0

table P 1local weak martingale.
Remark. It would be desirable to find an expression for N in Theorem 3 which
is intrinsically determined by N and X. The last part of the theorem

shows that this is possible if N is a P local martingale (rather than

0

just a P, weak local martingale).

0

Theorem 4 (Weak Martingale Representation). All local semimartingales

which are P 1local weak martingales may be represented as

qo (W-61) + (W-pu)oro(W-up) - porpou + poao (W-up) (3.3)

+ (W-pu)vbou

where q, r, a and b are a.s. square integrable. Hence, p, 6, u and u

have the interpretation (E denotes expectation under law P)

06(s)ds

fl

E[dWles]

u(z,s'")ds' E[dWs.IFS.xZ]

u(z,s)ds E[dWSIF

ZXS] :
p(s,s')dsds' = E[(dws‘ﬁ(z,s)dS)(dwsv"“(z’s')ds')IFsVs'] :

Remark. Since ‘the o-fields Fz are generated by a P0 Wiener process, if

z'A z then Fz and Fz, are conditionally independent given sz '

Z

(using probability measure PO). However, when P is replaced by P, the

0

conditional independence is lost unless p is identically zero. Indeed,
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this is suggested by the interpretation given in Theorem 4 of p as a condi-
tional correlation. As a result, the o-fields {Fz} cannot be generated
by a process which is Wiener on (Q,FZ,P).

A corollary to the representation (3.3) is that the class of represen-
table P local weak martingales is stable under stochastic integration.
Unless p 1is identically zero, the classes of P local martingales and
representable P local i-martingales are not stable under the operation of
stochastic integration. Hence, there does not exist a counterpart to the
representation (3.3) for P 1local martingales.

If p 4is identically zero, then W = W-0opy 1s a Wiener process on
(Q,FZ,PO) [6]. If W generates the same o-fields as W (i.e., "innova-
tions equivalence" holds for W under P), then P local martingales may
be expressed as qoﬁ-+ﬁoroﬁ by the Wong-Zakai representation theorem.

However, innovations equivalence is not necessary.

Theorem 5 (Martingale Representation when p=0)., If p 1is identically

zero, then any P martingale may be represented as qoﬁ*bﬁoroﬁ where

ﬁ = W—9°u-

4. Martingale Results

Theorems 2 and 5 will be proved in this section.  The operators T and
V are well defined maps of local semimartingales by Lemma 2.1. The follow-

ing lemma shows that R, T = (I-V)R and P-l are also well defined.

Lemma 4.1. Let T(Y) = (X,Y)1-+(X,Y)2 for local semimartingales Y.

For each such Y, the series

I () 4.1)
n=0

g
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converges pointwise in probability to a local semimartingale R(Y). Moreover

(I4T)R = R(I4T) = I.

Proof. By Lemma 2.1 and induction on n, ™Y is a semimartingale for

all n > 0. Let

(n) (n) (n)

1

(n)

TO(Y) = q oW + Wor ‘oW + pof ™ ow + W°f§n)°u +b

be the semimartingale representation. By (2.29) and (2.30),

T(Y) = Wa(pﬁfWl +r(°)ﬁ)ou + o (Yy,p +ur(0))oW + 2[X,Y]

+ uo(fgo)u-ﬁpYWl-+ﬁf§0) -szpu)ou )
Hence q(l) = r(l) = 0, and moreover, q(n) = r(n) =0 for all n > 1. Also
(1) _ (0) (1) _ (0)~
fl = szp-+ur R f2 = prl-+r u

We claim that f{l)(s,s') is a.s. square integrable. Indeed, since u and
(0)

p are a.s. bounded and r is a.s. square integrable, it suffices to

show that sz is a.s. square integrable. Recall that

f

Yyp(s:s) = | I(sh t')r(o)(s,t')dwt, + I I(sh t')féo)(s,t')dt'

Rs'><s Rs'xs (4.2)

By the Schwartz inequality,

(f (0) 12
J dsds'lJ I(sL.t')f2 (s,t')dt'J (4.3)
R 8R R,
zZ z s ' Xs

¢
5_[[ ds']J féo)(s,t')zdsdt' < ® a.,g,
Rz RZQRZ

The stopping time constructed in [5] may be used to provide a sequence of

dsds'P(dw) square integrable functions ro such that rn(s,s',m) = r(o)(s,s',w)
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for all s, 8' for n > N(w) where N(w) < ® a.s. It follows that for

n > N(w),
f (0) '
J I(skt')rn(s,t')dwt, = J I(sht")r ' (s,t )dweifor shs' (4.4)
R

R
s'Xs s'xs
Since

r (r ] 1 \2 1] 2 \J
E0[J dsI(sks' )l . I(sht )rn(s,t )th,J ] < JR or E[rn(s,t )“] dsdt

z s'Xs z z

< ©
it follows that for all n,

J dsds'[[ I(sht")r (s,t')th,]2 < © a.s.
R_GR R n

s'Xs

The right hand side of (4.4) is thus also dsds' square integrable a.s.
(D

This plus (4.3) implies that Y and hence also fl is (dsds' measure)

w2
square integrable a.s. A similar argument shows that fél) is a.s. square

integrable.
Now, applying (2.29) and (2.30) to compute Tn(Y) = T(Tn-l(Y)) and

using the fact that r(n) = q(n) =0 for n>1 yields that, for n>2,

]

f -
fin)(s,s') p(s,s')J I(skr')fgn l)(s.',r')dr."

s'xs
£ (s,8") = p(s,s'>J 1) (s! ryar
s'Xg
b(n) = J dsds'{(f(n—l)(s s') -fin)(s,s'))u(s'xs,s') (4.5)
z R ®R

+ " (0,81 - 50 (5,856, 0))

Since f{l) and fél) are a.s. square integrable and p 1is a.s. bounded,

it follows easily that f{B) and f§3) are a.s. bounded. A standard

is
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o«

iteration argument then shows that Z fin) converges uniformly a.s. to an
n=0

a.s. square integrable function fi(s,s') for i = 1,2. The stopping time

provided in [5], Lemma 7 of [4], and the uniform convergence a.s. to fi

A k
imply that the proper Py local i-martingale term of ) Tn(Y) converges
n=1

pointwise in probability to the proper Po local i-martingale u°f1°w (if
i=1) or Wofzop (if 1 = 2). The uniform convergence of Xfin) and

© : n
(4.5) imply the uniform convergence of Z b(n) a.s. to an absolutely

n=0
continuous process b. Thus the series (4.1) does indeed converge to a

local semimartingale R(Y).

Finally, note that

k
(1im ¥ -1™™) (1+T) (Y)
k- n=0

Y + 1lim T(k+1)(Y) =Y

koo

R(I+T) (Y)

where the limit is pointwise in probability. Similarly, (I+T)R = I. The

proof of Lemma 4.1 is complete. ®
Lemma 4.2. If Z is a P local martingale, then
riz)=z+ (x,z)1 + (x,z)2 + [X,x%z +2%x] - [Z,X - x*x] (4.6)

is the unique P, local martingale such that Z‘-P-l(Z) has no P0 local

martingale part.

Proof. Let Z be a P-local martingale. Then exZ is a P0 local
martingale and hence a local semimartingale. Then by Lemma 2.1, Z = e-x(eXZ)

is also a local semimartingale. Hence, (2,33) applies and using (4.6) yields

Xz = ‘ex°l'_l(_z) + eXO{Mz*(_Z-I-( z,x)l) + (zKz2,% 2)*Ml} 4.7
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By Theorem 3.2, Z-*-(Z,X)1 is a P, local i-martingale for 1 = 1,2 so that
M, *(Z +(z,x)1) and (Z +(x,z>2)*M1

are P0 local martingales. Since the class of Po local martingales is stable

under stochastic integration r'l(z) is also a P, local martingale. The

0

uniqueness assertion in Lemma 4.2 follows from the uniqueness of local

semimartingale representation. ®

The complement of Lemma 4.2 will be considered next, completing the

proof of Theorem 2. Let N be a Po local martingale. Let n,,

be proper P0 local i-martingales, and let b be an absolutely continuous

i=1,2

process. Let Z be the local semimartingale
Z=N-n, -n, -b (4.8)

Then Z is a P 1local martingale if and only if it is a representable P
local i-martingale for i = 1,2. Hence, by Theorem 1, Z is a P 1local

martingale if and only if

n, +b = (N—nl,X)l (4.9)

n, +b = (N—-nz,X)z (4.10)

Proposition 4.3. (i) There exist uniquely determined n

1° n2 and b

satisfying (4.9) and (4.10). Hence there exists a unique P 1local martin-

gale N = N-—nl--n2 -b such that N-N has no P local martingale component.

(i1) There exist unique local semimartingales m, and m, such that

1= (N—mZ,X)2 (4.11)

m, = (N-mng)l (4.12)

L
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If b is the absolutely continuous process
b = [N,X -Xx*x] - [X,X*(N—ml) + (N—m~2)*X] (4.13)

then n, = mi-b, i=1,2 are proper P0 local i-martingales satisfying

(4.9) and (4.10).

(iii) N = T).

Proof. Part (i) follows immediately from part (ii) -- the uniqueness

assertion in (i) follows from the fact that if n;, o, and b satisfy

(4.9) and (4.10), then m, = n, +b, m, = n2-+b and b satisfy (4.11)-

1 1 2
(4.13) which have a unique solution by (ii).

If m, and m, are local semimartingales satisfying (4.11) and
(4.12), then (ml)w2 = (mz)w1 = 0 so that o, and m, must have the

integral representation

uef oW + by (4.14)

, = Wofyou + b, (4.15)

B
|

Let N = WoroW +q°W be the integral representation for N. As usual,
fl’ f2, r and q are square integrable a.s. and bl and b2 are absolutely
continuous.

Using (2.29) and (2.30) and equating proper local i-martingale terms

yields that (4.11) and (4.12) are equivalent to the four equations

u°flow = uO{ﬁr-+(N-m2)wzp}°W (4.16)
W°f2°u = Wo{ru-+p(N-m1)Wl}°u (4.17)
b, = [N,x] - uo{(N—mz)wzpu +af2}ou (4.18)

b, = [n,x] - uo{ap(N-ml)Wl+flu}ou (4.19)
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Now (4.16) and (4.17) are true if and only if there are versions of fl and

f2 so that, for sls',

fl(s,s') = {ii(s,s")x(s,s") +p(s,s") (q(s) +J I(skt‘)r(s,t')dwt,)}
s'Xs
- p(s,s‘)[ I(skt')fz(s,t')dt' (4.20)
R_,
s 'xs
fz(s,s') = {r(s,s")u(s,s') +p(s,s')(q(s') +I I(txs')r(t,s')dwt]}
R_4
s'xs
- p(s,s')[ I(s'kt)fl(s',t)dt (4.21)
Rs'Xs

By an argument used already in the proof of Lemma 4.1, the quantities in
brackets in (4.20) and (4.21) are a.s. square integrable. A standard Picard
iteration argument then shows that there exist unique, a.s. square integrable
solutions to (4.20) and (4.21). The convergence is uniform a.s. Hence,
(4.16) and (4.17) have a unique (up to versions) solution fl’ f2. Substi-
tution of (4.20) and (4.21) into (4.19) and (4.18) respectively yields that
bl = b2 =b a.s. where b is given by (4.13)'. This proves part (ii).

To prove N = T(N) note first that (4.11) and (4.12) imply that

m, +m, = T(N) -T(m1+m2)
or .
m, +m, = (I+T)'1T(N) (4.22)
Using (4.22), (4.13) becomes
b =~V (N-m,-m,) =~V(I - 1) ") () = v () ") (4.23)

Combining (4.22) and (4.23) yields that

N=n -m) -m, +b (I- (I+T)'1T ;V(I+T)“1)(N)

2
(I-V) (1+T) L) = T(N)

‘e
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The proof of Proposition 4.3 and hence also of Theorem 2 is complete. ®®

Corollary to Theorem 2. If Z is a P 1local martingale with no

P0 local martingale part (i.e. [2,Z] = 0), then Z 1is identically zero a.s.

Proof. Let O be the identically zero process. Then Z and T(0)

are each P 1local martingales with the same Po local martingale part

(namely, 0) so Z=T(0) =0, =

Proof of Theorem 5. If p 1is identically zero then X = eow-lezou

2
by (2.19). It follows that T" = 0 for n > 3 so the series defining R

is finite. The result is (using (2.29) and (2.30)),

R(N) (I+T)-1N

=N - (N,x)1 - (N,X)2 + (x,(u,x)l)2 + (X,(N,X)2)1

=N - <N,x)1 - (N,x>2 + 2[N,X*X]
and

VR(N)

[X,R(N)*X +X*xR(N)] - [R(N),X - X*X]

0 - [N,Xx -x2x]
So for any PO local martingale N = WoroW +qoW,

r(w)

N - (N,X)1 - (N,x)2 + [N,X +Xx*X]

WoroW + qoW (4.24)

where W = W-6ou. Since I maps onto the set of all P local martingales,

any P local martingale has the representation (4.24)., ®
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5. Weak Martingale Results

Theorems 3 and 4 will be proved in this section. Suppose that M is a

Po local martingale. Then trivially
X
ex(M-[M,X+X*X]) = (exM-[eX,M]) - (eX[M,X+X*X] -[e%MDh . (5.1)

Since M and eX are both Po local martingales, eXM-[ex,M] is a PO
local weak martingale. (This may be proved by using integral representations,

but is an "intrinsic" fact [1].) By (2.22),
[ex,n] = exo[M,nrl-Mz*Ml] = exo[M,X-i-X*X] . (5.2)
Using the differential formula (2.18) and substituting in (5.2) yields
X X X X X
e"[M, x4x*x] - [e™,M] = [M,X+xxxJoe”™ + e"*[M, X+X*X] + [M, X+X*X]*e

which is a PO local weak martingale. In view of (5.1), ex(M-[M,X+X*X])
is a PO local weak martingale so that M~[M,X+X*X] is a P local weak
martingale.

Now, let N be a representable P0 local weak martingale. Then N

may be expressed as
N = M +UodoW +WoBop = M+n-1 +n2 : (5.3)

where M is a Py local martingale, and n; = UoooW (n2 = WoBoy) is a
proper PO local l-martingale (proper P0 local 2-martingale). By
Theorem 1 and the result regarding M above, the following processes are

all representable P0 local weak martingales:

nl"<n1fx)1 =n,; - (nl,X)l - (nl,X)2 + [nl,X+X*X]
n2-(n2,X)2 =1, - (0,0, - (n,,X), + [n,,X+x*x]
{M-(M,X)l} + {M- (M,x>2} - {M - [M, x+x*x]}

=M - (M,X)l - LX), + [M, X+x*x]

...
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The sum of these processes is
N - <N,x>1 - (N,X)2 + [N,X+X*X] (5.4)

which is thus also a PO local weak martingale as advertised.

The proofs that M- [M,X+X*X] and (5.4) are P local weak martingales have
been intrinsic (essentially representation independent) and are thus likely
to remain valid in a more general setting.

Since [ni,x+x*x] = 0 it follows that

N - [N, X+X#X] - pocauoy —pouBou (5.5)

= (- [, x+34X]) + (n -Moauo) + (n, ~UoliBop)

The first term on the right has been shown to be a P local weak martingale.

It will be shown that the other two terms are also. Let Bl = Uoouol and

apply (2.33) to get

X X, X
e'n; = mjoe” +e O{nl-+M2*(n1+(x,nlh)+(x,nl)1-+[X*nl,X]}
and
_ X X
exsl = Bloe + e o{Bl +M2*Bl +31*M1}
Hence

ex(nl-Bl) = K+ exo{(X,nl)l +[x*nl,x] -Bl}

where K 1s a representable PO local weak martingale. Applying (2.29)

shows that

<x,ul>1 + [X*nl,X] - By = Wep(n;)y,om

is a representable P0 local weak martingale, so that eX(nl-Bl) is one
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also. Therefore n; - Hoauoy (and similarly n, -uouBoy) is a P 1local

weak martingale. Therefore, each side of (5.5) is a P local weak martingale.
Finally, to prove the uniqueness assertion in Theorem 3, it suffices

to show that if B is an absolutely continuous process and also a P local

weak martingale, then B is identically zero a.s. Since B 1is absolutely

continuous, (2.33) yields

B

oo

Boex + exo{B +M2

*B +B*M1}
so that

e Xo{eXB - BoeX} + M,*B + B*M,

(o~
1l

which shows that B is also a Po local weak martingale. Hence B 1is

identically zexro a.s. The proof of Theorem 3 is complete. =

Proof of Theorem 4. Given q, r, a and b as in (3.3), let

@ =a-ur, B=b-ru and N = qoW + WoreW + ypoqoW + WoBou. Then
N in (3.2) is equal to (3.3) which is thus a representable P local weak
martingale.

Conversely, any representable P local weak martingale Z may be written
Z =N-B where N 1s a representable P0 local weak martingale and B
is a bounded variation process. Let N = WoroW +qoW +Uo0oW +WoBou be the

semimartingale representation of N. By the uniqueness assertion of

Theorem 3, Z must equal N of (3.2), which is equal to (3.3) with.

a=o0+ur and b = R+ru., ®
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