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Abstract

This paper starts with a straightforward self-contained treatment
of the generalized Nyquist stability criterion based on the eigenloci
of the open-loop transfer function matrix. The derivation is straight-
forward and does not invoke algebraic function theory, branch cuts and
Riemann surfaces. A similar criterion is derived for the distributed case
where the open-loop transfer function matrices belong to the recently

proposed algebra GS(Uo)mxm [9,14].
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I. Introduction

The Nyquist stability criterion has been generalized in several ways
for the multi-input multi-output case (see e.g. [1] to [7]). The concept
of plotting eigenlociof the open-loop transfer function matrix is
particularly attractive because it allows one to check the closed-1loop

stability for a family of gain parameters by inspection. A rigorous

theory of such test was first given in [6] where the rational transfer
function case was treated in detail and much use was made of algebraic
function theory, branch cuts, etc. [6]. Later MacFarlane et al. (see
[7]) used Riemann surfaces to discuss this stability test.

In this paper we present first a rigorous, straighforward and self-

contained derivation of the stability test based on eigenloci without using

either branch-cuts or Riemann surfaces; only standard facts of analytic

function theory are used (e.g. as in Chap IX of [8]). Second, we derive
the stability test for distributed systems; more precisely,for those
plants whose transfer function matrices belong to the recently proposed
algebra 43(00)mxm ([9,14]).

Section II derives the generalized Nyquist stability criterion
for the lumped case. Section III develops the counterpart of section II
for the distributed case. To our knowledge this is the first treatment of
a Nyquist test based on eigenloci which considers unstatle distributed
open-loop transfer functions. The recent summary [17] considers Lz—stable

transfer functions.

Preliminaries

Let R (€) denote the field of real (complex, resp.) numbers. Let c
denote € U {»}. Let R, denote the non-negative real line. Let C .

(-]
(C ) denote the closed-half complex plane {s € C|Re s > o} (open-half
0—-

complex plane {s € CIRe s <gol). € Co— are abbreviated as C+, ¢,

°+7
respectively. Let R [s] (R (s)) be the set of all polynomials (rational
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functions, resp.) in s with real coeffients. Let Z[¢(s)] denote the

set of zeros of the polynomial ¢(s) € R [s]. Let [P[y(s)] denote the

X
set of poles of the rational functions Y(s) € R (s). Let G(s) € R (s)p q;

- -1
NrDrl is said to be a right coprime factorization of G(s) iff G(s) = NrDr

and (Nr’Dr) is right-coprime [4]. For 0 € R, Ll o denote the set

{£C)[£C) - R, > G, g If(t)le-Otdt < o}, Let 0 € R, the convolution
0

algebra d(o) consists of the elements of the form

0 , £ <0

f(t) = ® , where (i) f (-) € L. ; (ii) t_ = 0 and
. a 1,0 o
£,(£) + Z £,6(e=t;), £ 2 0
i=0
£, > 0, for i = 1,2,...; (iii) fi € ¢ and 6(~-ti) is the Dirac delta
oo -0t.,

distribution applied at ti: (iv) Z ]file ¢ w, A(0) is abbreviated

i=0

as A. f£(-) is said to belong to 6(_(0) iff there exists 0, € R, g, < ¢

1 1
such that f(-) € a(ol). Let f denote the Laplace transform of f(:).
Let C’Z\(c) denote the set {f|f € d(o)}. Let éf(o) denote the set
{¢|f € d_(o), f is bounded away from zero at infinity in ¢0+}. Let
B(c) be the convolution algebra corresponding to the pointwise product

algebra /3(0) = [d"_(o)][éf(o)]_l, i.e. lé(o) is the algebra of quotients

£ = ﬁ/& with ;1 € a_(c) and d € af(o) f9,14].

IT. Lumped case:

We consider the feedback system S shown in Fig. 1 where

G(s) € R (s)™™ is proper; (1)

k > 0. ' (2)

Let NrD;l be a right coprime factorization of é(s), then the closed-

loop system transfer function matrix r +» y is given by

ﬁyr(s) t= KG() [T + kG()17h = 1_(s) [D_(s) + kN_(s)17" | (3)
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Since Nr and ﬁr+kﬁr are also right coprime, det(ﬁr+kﬁr) is the closed-loop

characteristic polynomial. Consequently the closed-loop system is exp.

A~ A~ ° A P . .
stable if and only if EZ[det(Dr+kNr)] Ce Hyr and Hyr is proper. (Since

~

G is proper, ﬁyr is-;foéer if and only if det[I+ké(W)] # 0; the latter
condition will be guaranteed by the condition (i) of Theorems L1 and L3).
By substituting G(s) = ﬁrD;l, we have

det [ﬁ,-'*'k&r ]

REA (4)
det Dr(s)

det[1 + kG(s)] =

Since det[I + ké(s)] € R (s) is analytic on €, except at the poles
of G(s), we can apply the argument principle [8,p.246-247] to det[I + kG(s)]
to determine whether Ef[det(ﬁr+kﬁr)] C ¢ _. For this purpose, we construct

(1)

the Nyquist path ﬁm as shown in Fig. 2, where ﬁw includes the point +j«
and -j» (the e-indentations guarantee that é(s) is analytic on ﬁm). The

following result is well-known (see e.g. [10,p.141]).

Theorem L1 (Stability theorem based on det[I + kG(s)]: Lumped case)

Let ﬁaabe defined as above. Let the feedback system S of Fig. 1
satisfy eqns. (1) and (2); The closed-loop system S is exp. stable
(1) det[I + kG(s)] # 0, ¥s € ﬁm

(ii) det[I + kG(s)] <R encircles the origin pi times in

[e+]

the counterclockwise sense, where pi denotes the number of

¢+-zeros of the open-loop system characteristic polynomial,

counting multiplicities. H

Remarks L1: (a) In the single-input, single-output case, i.e., m=l,
Theorem L1 reduces to the classical Nyquist stability criterion (see e.g.

[11,p.3241).

(l)The e-indentations must be in €_ since for the multi-input multi-output
case, the closed-loop system and the open-loop system may have some common

[(shl
jw-axis poles, e.g. if G(s) and k are such that I + kG (s) =[~ s s ,
. 0 5
s+1

then s=0 is a open-loop system pole as well as a closed-loop pole.
4=



(b) Technically, Theorem L1 follows directly from the argument principle
together with the fact that det[I + kG(s)] tends to a constant as ls] » .
A great virtue of the classical Nyquist criterion is that it checks

the closed-loop stability for any k > O by inspection of the Nyquist
diagram of G(s), whereas Theorem L1 requires a plot of detfI + ké(s)] for
each k > 0 of interest which is very inconvenient. Our objective is to
derive straightforwardly a generalization of the classical Nyquist stability

criterion for multi-input, multi-output systems which allows us to test

the closed-loop system stability for any k > 0 by inspection.
Now, for each s € ﬁm, G(s) is a well-defined C¢°% matrix; thus for
each s € ﬁm, we have m (not necessarily distinct) eigenvalues of é(s),

Al(s),Az(s),...,Am(s), which satisfy

det[r;(s)I - G(s)] =0.4i=1,2,...,m (5)
Note that
det[AI - G(s)] = \™ + gl(s)xm_l + ...+ gm(s)

where the gi(s)'s are proper rational functions. Hence we can write

det[AT - G(s)] = Fj?) [ (DA™ + sl(s)xm“l $ oo+ B (8)]

1
T e P ©

where Bi(s) € R[s] for i = 1,2,...,m; Bo(s) is the monic least common

denominator polynomial of {gl(s),gz(s),.,.,gm(s)}. Since ZTBO(S)] C P[G(s)]

and since ﬁm does not contain any pole of G(s),

B () # 0, ¥s €N, (7)



Thus, for all's EEﬁm, Ai(s) is an eigenvalue of é(s) iff Ai(s) is a zero

of the polynomial X » B()\,s). Now, for any labelling, (Ai(s))i_1 9 o’
—’ ’.l.’

of the eigenvalues of é(s), we have

m
det[I + kG(s)] = T (l+k);(s)), ¥s EN (8)
i=1

Note that, for each s € ﬁw

X

i

X det[I + kG(s)]

=3

) (l+kAi(s))

m
Y X aHa ()
i=1

m
E‘): (% + )\i(s)) (by assumption (2), k > 0)
i=1

9

Now, as s travels along ﬁm, we can label the eigenvalues of G(s) such
that, for each i, s Ai(s) is a continuous function; hence we obtain m
continuous eigenloci.ki(ﬁw) (this is possible because eigenvalues of a
matrix are continuous functions of the elements of the matrix, see e.g.
[12,p.45]). Thus, at first sight, one might expect to count the number

of encirclements of the point 0 by det[I + ké(s)] <N by summing the

[+

number of encirclements of the point - %-by the‘ki(ﬁw)'s. Unfortunately,
this does not work because some curves Xi(ﬁw) may not form a closed path

as the example 1 below shows.

Example 1:

~ 0 £1 2x2
Consider G(s) = o1 -J € R (s)

s+l 0
Then det[AI - a(s)] = Az - gi%. The eigenloci Al(ﬁm), Az(ﬁw) are shown
in Fig. 3, where ﬁm is the jw-axis, w € [-«,+=]. o
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It turns out that (a) since the set of eigenvalues of G(-j») is
equal to the set of eigenvalues of é(+jw) counting multiplicities, we can

always form an indexed family of closed paths (Yﬁ) from the
j=1,2,...,pP

set of eigenloci Ai(ﬁm), i=1,2,...,m (see (Lemma L2, part (a) below);

(b) since the paths Yg's are closed paths, it is legitimate to define

the number of encirclements of some point in C by Y?; and (c) for any

choice of (Yf) , the sum of the number of encirclements of
j=1,2,...,p

—'% by the Yg's is equal to the number of encirclements of the origin by
detfI + ké(s)] <€ Thus we can test the closed-loop stability for any
k > 0 by inspection of the number of encirclements of - %—by an indexed

family of closed paths (obtained from the eigenloci Ai(ﬁ»)'s).

Notation
Let y(+) : [a,B] > € be a closed path, i.e. y(-) is continuous and
y(@) = v(B) [8,p.217]. Let the point a & y,where vy := y([a,B]). Then C(asy)

denotes the number of counterclockwise encirclements of a € C by v,

i.e. [8,p.223]

. o1 dz

Note that strictly speaking, the integral in eqn. (10) requires y(-) to

be a circuit .[8,p.223], i.e. y(*) has to be a closed path and differentiable
almost everywhere. However, Eilenberg's method specifies a standard
procedure to treat the case where y(:) is not necessarily differentiable

almost everywhere, [8,p.251].

Generalized Nyquist Stability Criterion

For technical reasons, we parametrize the Nyquist part ﬁw shown in

Fig. 2 by t € [ao,aq+l], a compact interval. More precisely, we define
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(2)

a continuous function ﬁw(°) :{e ,a ,.] + T so that

0’ g+l No(logseyg 1) = N,

ﬁw(ao) = ~joo, ﬁ“(aq+l) = +j», For convenience, we shall choose the
parametrization ﬁw(-) to be a strictly increasing function; thus as t
increases from @ to aq+l’ the point ﬁm(t) moves upward along ﬁw from
-jo to +j» (e.g. first use the ordinate w of ﬁm as a parameter and then
choose t = tan-lw). Note that there are only a finite number of points
in ¢, thus in ﬁw—{—jm,+jm}, where é(s) has multiple eigenvalues.(s)
Consequently, the e-indentations of ﬁm in Fig. 2 can be chosen so small

that ¥s € ﬁw-{—j“,+jw}, G(s) has multiple eigenvalues only at a finite

number of points on the jw-axis, w € (-»,+®). Let jbl,jbz,...,jbq denote

such points, i.e. a(jbi), i=1,2,...,9 has multiple eigenvalues. Let
al,az,...,aq € R be such that o <ap <. < aq < aq+l and that

N (¢,) = jb,, i =1,2,...,9. Let L) = [o_j,a.] > T, i=1,2,...,q+1,

be such that Ii(t) = ﬁm(t), ¥t € [ai_l,ai], i.e. ﬁm(o) is the juxtaposition
of Ii(o), i=1,2,...,q+1 {8,p.217]. The images of the Ii(o)'s are shown in

Fig. 4. Let % € {1,2,...,q+1}; for each s € I, which is not an endpoint

2
of 12, é(s) has m distinct eigenvalues Ai(s), i=1,2,...,m. Since

s » G(s) is continuous on ﬁm and since the eigenvalues of a matrix are

continuous functions of the elements of the matrix [12,p.45], we can

uniquely define m continuous oriented eigenloci Yig» i=1,2,...,m by
Yio®) 1= 2 (L, (t)), ¢t € o, ;,0,] (11)

The Lemma L2 below shows that from (Yiz)i=l,2,.--,m

2=1,2,...,qt+1
an indexed family of closed paths whose image will be called the

(Z)Wé use £(+) to denote a function and f to denote the image of its
domain under the map £(-).

(3)The polynomial X = B(A,s) in eqn. (6) has multiple zeros for some
t € ¢ iff the discriminant 8(s) of B(A,s) is zero at ¢ [13,p.248-250]. Since
6(s) is a polynomial in s, there are only a finite number of such ¢'s.

-8~
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generalized Nyquist diagram of G(s).

Lemma L2 (Generalized Nyquist diagram:

Lumped case)

Given a proper G(s) € lR(s)mxm and the associated eigenloci

(v.,) defined by eqn. (11), then
ig”7,
i=1,2,...,m
2=1,2,...,q+l
(a) the members of (Y’Q) can be juxtaposed to form an
i=1,2,...,m
2=1,2,...,q+1
indexed family of closed paths (Yz'ls)j__1 2 for some 1 < p < m;
Tlyly ey -
(b) 1let A(.) :[ao,aq+1] + € be defined by
m
= ' € ] = .o
i=1
then
(i) A(-) is a closed path, i.e. A(:) is continuous on [ao,aq+1]
and A(ao) = A(aq+]);
. , 1 ]
(ii) 0 & A([ao,aq+l]) iff - € (v;g) ;
i=1,2,...,m
. 2=1,2,...,q+1
1
L . _ 1 . *
(iii) c(034) g;l c( k’Yj) for any indexed family (Yj)j=1,2,---,p

obtained in part (a).

Proof of Lemma L2: see Appendix

Now we are ready to present the generalized Nyquist stability

criterion for the lumped case.

Theorem L3

(Generalized Nyquist Stability Criterion:

Lumped Case)

Consider the feedback system S shown in Fig. 1 and described by

eqns. (1), (2).
(vg,) defined by eqn. (11).
L,
i=1,2,...,m
2=1,2,...,q+1
exp. stable

Associated with G(s) € B{(s)mxm are the eigenloci

Then the closed-loop system S is



o

where Py denotes the number of C+—zeros of the open-loop system

characteristic polynomial counting multiplicities and (y?). 1.9 p
1Ly ey

A J=

denote any indexed family of closed paths formed from (Yil)
Remarks L3: (a) Theorem L3 generalizes the well-known classical Nyquist
stability criterion to the multi-input, multi-output case. Note Theorem L3

requires us to check the number of encirclements of - %»by a finite family

of closed paths (y%)._ which is formed from the eigenloci of é(s)
—_— i’i=l,2,...,p
as s moves up along the Nyquist path ﬁm of Fig. 2.
m
(b) Theorem L3 uses the identity det[I + kG(s)] = 1 [1 + kli(s)],
i=1

(which holds for all s where &(-) is well defined) and the fact that we

can label the Ai(s)'s such that s v Ai(s) are continuous functions on N_.
Hence the net change in bhase of det[I + ké(jw)] along ﬁm is simply the
sum of the changes in phase of [Xi(s) - (-1/k)] along ﬁm. This
observation does not require that each Ai(s) be defined as an analytic
function in any part of C,: it simply requires that we compute the Ai's

for each s € ﬁm. Note that in our treatment, the argument principle is
only used in Theorem L1 and is only applied to det[I + k&(s)], thus we need

not mention branch cuts and/or Riemann surfaces and/or the extended

argument principle [16,17].

ITI. Distributed case

We consider the feedback system S shown in Fig. 1, where

~ A
G(s) € GB(oo)mxm for some a, < 0 (13)

k>0 (14)
-10-



Note that any proper rational function is an element of 3(s) for any

0 € R. Thus the present formulation includes the lumped case in sec. II
as a special case. Let (ﬁr,ﬁr) be a oo-right-representation of G(s)
[9,14]; equivalently:

@ &) = T I ) wien fi_e d_@ )™, b_ed_(o )™

(15)
A o) Y ”
(ii) there exist Z(r € CZ_(GO)mxm, 17; € Cz_(go)mxm such that
" A n A
.er77f + 2fr r I (16)
(iii) det £3r(s) is analytic and bounded away from zero at « in C0 +
° an

Without loss of generality [14], l3r(s) may be taken to be a proper

rational function matrix with all its poles in &0 _» hence by eqn. a7y,
o

lim det lﬁr(s) = constant # 0 (18)

!sl—)—co
Note that the closed-loop system transfer function matrix r » y is given

by

ﬁyr = kG(s)[L + kE(s)1 1=k f(r[ér“'"k 7%1,]-1 | (19)

A A A A 1
Since (77r,l§r+k77r) is also o -right-coprime, det[£3r+k)7r] is the closed-
loop characteristic function [14]. Consequently, the closed-loop system
is (A-stable iff  inf ldetuér + k71| > 0. By substituting G = ﬂr.ogl,

Re s > 0
we have

decl B (s)+ 7T ()]
det fbr(s)

det[I + kG(s)] = (20)

Since det[I + kG(s)] is analytic on GG except for a finite number of

+
o

A
poles in € (these poles occur at zeros of det er(s)), we can apply

c +°
o

the argument principle [8,p.246-247] to det[I + ké(s)] to determine
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A A
whether inf |det[,0r + kﬂ7;]| > 0. For this purpose, we construct
Re s > 0

a Nyquist path ﬁm as in the lumped case (see Fig. 2). Note that (a) the
e-indentations are again taken to the left of the jw—axis for the same
reason as stated in the lumped case; (b) by assumptions (13) and (15)~(17),

G(s) is analytic on Co 4 except for a finite number of poles in Go +

o - , o
poles are the zeros of det ljr(s)). Since o, < 0, the e-indentations can

(these

be taken to the left of the jw-axis poles of é(s); furthermore, we choose

the indentation radius ¢ §_|00| so that G(s) is analytic on ﬁm.

Now we have the following stability theorem which is the counterpart

of Theorem L1 in the distributed case.

Theorem D1: (Stability theorem based on det[I + ké(s)]i distributed case)
Let ﬁm be defined as above. Let the feedback system S of Fig. 1
satisfy eqns. (13)n(17) . Assume that

G(s) tends to a constant matrix as |s| + » in ¢, (21)

U.t.c. the closed-loop system S is CZ(G)-stable, for some ¢ < 0

(1) det[I + kG(s)] # 0, ¥s € N_; (22)
&
(ii) det[I + ka(s)l,g&ﬁ encircles the origin (23)
pi times in the counterclockwise sense, where

pi denotes the number of C+—zeros of the open-loop
A
system characteristic function det lDr(s),

counting multiplicities.

Proof of Theorem Dl: see Appendix

Remarks D1: (a) Assumption (21) means that the almost periodic asymptotic
behavior of é(jm) reduces to a constant matrix. This constant matrix is
the zero matrix in many cases.
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(b) Theorem D1 guarantees (A(o)-stability, for some o < 0 ; this implies
exp. stability : more precisely;in view of (21), Hyr(s) tends to a

. - —~ __ mXm
constant as [s| -+ @ in ¢+, hence Hyr(t) = Hoﬁ(t) - Hl(t) where HO € R

and Hl(-) = . Consequently, the response y(-) of the feedback system

1,0
S to any step input r(t) = 1(t)v, where v € H{m, will tend to ﬁyr(O)v
exponentially since the error y(t) := y(t) - ﬁyr(O)v satisfies that for

some p < @, "§(t)” j_p"v"e_gt. Thus ﬁyr can be said to be exp. stable.

To obtain, for the distributed case, a generalized Nyquist stability
criterion similar to Theorem L3, we note that the discriminant of the
polynomial A & det[AI - @(s)] is a polynomial in the elements of &(s)
[13,p.248-250], hence

(1) it is an analytic function of s in mg P [det {jr(s)]; (24)

g B
o
(ii) it can only have a finite number of zeros in any compact

subset of @O i (25)

0

Thus we can choose the radii of the e-indentations so that for s € N,
é(s) has multiple eigenvalues only for some isolated points on the
jw-axis, where w € [-=,+]. Suppose that there is only a finite number
of values of w such that é(jw) has multiple eigenvalues. Then the
construction of the generalized Nyquist diagram of Lemma L2 still holds
and we are right back to the previous case. However, as shown in the
example 2 below, it may happen that, for some G(s) E34!1?")(00)mxm, C(s)

has multiple eigenvalues for an infinite number of points on the jw-axis.

Consequently, a naive generalization of Lemma L2 requires a construction

of an infinite digraph (see the proof of Lemma L2).

Example 2

10’ _ & ()
) (s+10)3 12 3
Consider G(s) =|  383.4 10 (26)

(s+8)° (s+4)  (s+10)°

<13=



where élz(s) = ;f[glz(t)] with

0, t&[0,1]

g,,(t) =
12 t(l-t), t € [0,1]

A ’\ ~
Note that G(s) € CZ_(OO)ZXZ for any % > -4, thus G(s) satisfies

assumption (13). The discriminant of the polynomial A = det[AI - G(s)]

3
is, for this case, equal to 83'4 . élz(s). By direct calculation
(s+8) " (s+4)
using tables [15, formulas 440.11 and 440.12], we obtain
: W
33 sin(g) - Q'COS(E)
- . _e 2 2 2

w
@
Thus the discriminant has an infinite number of jw-axis zeros, i.e.

&(s) has multiple eigenvalues for an infinite number of points on the

jw-axis. H

To overcome this difficulty, we note the following. Let
Ai, i= 1,2,...,1.10 be the distinct eigenvalues of a(+jm) with multiplicities
m, respectively. Then by continuity, for any given & > O,vthere exists
2 > 0 such that for i = 1,2,...,u°, é(jw) has m, eigenvalues inside the
closed disc B(A:,E), ¥ |m| > Q. Now by (25),&(jw) has multiple eigenvalues
for only a finite number of points within the compact interval [-jQ,+jQ].

Therefore, by assigning a set VO of My nodes which now represent the

closed discs ﬁ(k:,a), i-= 1,2,...,u0, we obtain a finite digraph zf by

the construction stated in the proof of Lemma L2 and we are right back to
the previous case. Now following the procedure stated in the proof of
Lemma L2, we identify, in the digraph 27, a finite indexed family of
closed paths Fi, i=1,2,...,p, for some p < m. The corresponding

eigenloci will then form a finite indexed family of closed paths

—14-



(yg) provided that additional m directed paths are joined
i=1,2,...,p R
in each disc D(Ai,e), i-= ],2,...,uO from the eigenvalues of G(+jQ) to

those of é(-jQ). These (Yg) constitute the required
i=1,2)"',p

generalized Nyquist diagram and the generalized Nyquist stability criterion

for the distributed case is stated in the Theorem D3 below.

Theorem D3 (Generalized Nyquist Stability Criterion: distributed case)

Consider the feedback system S shown in Fig. 1 and described by
eqns. (13)v(17) and (21). Consider the finite indexed family of closed
paths (y¥*) and the closed discs 5(1:,6), i= 1,2,...,uo as

j=1,2,...,p 1

indicated above. Let k > 0 be such that - E-% ﬁ(A:;s) for i = 1,2,...,uo.

U.t.c. the closed-loop system S is A (c)-stable, for some ¢ < 0

. 1
@ -EE ;
i=l,2,...,p

) 3 ol vy = o0
jgl k’ Yj - p+

o
where Py denotes the C+—zeros of the open-loop characteristic

function det ljr(s) counting multiplicities. 0

Remark D3: Note that Theorem D3 does not assert anything when - 1/k
belongs to one of the discs ﬁ(A:,s). This represents no loss in practice,
since if - 1/k belongs to such a disc, then det[I + ka(jw)] = 0(e) at
high frequencies and clearly the system would then be very sensitive to
small changes in k or in G at those frequencies; indeed for such k's, the
transfer function matrix, from r to e, ﬁer(jm) = 0(1/e) at those

frequencies.

Example 3:

Consider the feedback system S shown in Fig. 1 with the open-loop
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transfer function matrix é(s) described by eqn. (26) of example 2. The
generalized Nyquist diagram of é(s) is shown in Fig. 5. Note that
é(jm) has multiple eigenvalues at w = +2.9868, +15.44, ..., etc. (which
are the solutions of sin %—= %»cos-%, see eqn. (27) of example 2). The
behavior of the eigenloci Al(-), Az(-) is further magnified in Fig. 6:
a simple local analysis confirms that, at w = 8.9868, the eigenloci
Al(-) and Az(-) make a ninety degree turn.

Referring to the generalized Nyquist diagram of é(s) shown in Fig. 5,

we know that, by Theorem D3 above, the closed-loop system is {(o)-stable

(for some o < 0) for k € (0,6] since the open-loop system has no C+—poles.
o

IV. Conclusion

The generalized Nyquist stability criterion based on the eigenloci
of the open-loop transfer function matrix is derived for the lumped as
well as the distributed case. First, a stability theorem based on
det[I + kG(s)] is presented (see Theorem L1 and Theorem D1). Construction
of the generalized Nyquist diagram is shown in Lemma L2. The generalized
Nyquist stability criterion is then presented in Theorem L3 (Theorem D3)
which shows that the stability condition of Theorem L1 (Theorem D1, resp.)
can be checked via the encirclement condition of the critical point by
the closed paths formed by the eigenloci of the open-loop transfer function

matrix.
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APPENDIX

Proof of Lemma L2:

(a) To show that the members of (Yik) can be juxtaposed to
i=1,2,...,m
2=1,2,...,q+1
form an indexed family of closed paths (Y?) for some 1 < p < m,
i=1,2,...,p
we construct a digraph 4 associated with (Yiﬁ) . To each

i=1,2,...,m
_ . 2=1,2,...,q%+1
point jngENm where G(jbl) has multiple eigenvalues & = 1,2,...,q, we

assign a set VZ of My nodes where My = number of distinct eigenvalues

of &(jbz); thus each node of V, represents a distinct eigenvalue of

L
é(jbz). We further assign a set V0 of L nodes to represent the distinct
eigenvalues of G(-j~) as well as that of §(+jW),(note that é(+jw) = é(—jm),

hence they have the same set of eigenvalues counting multiplicites).

Now for 2 =1,2,...,q9, we assign m directed branches from V2—1 to Vz,
each such branch represents one of the m continuous eigenloci Yil’
i=1,2,...,m. Similarly, we assign m directed branches from Vq to Vo’
each such branch represents one of the m continuous eigenloci Yi,q+l’
i=1,2,...,m. A typical digraph corresponding to a 4x4 G(s) is shown in
Fig. Al. Note that in this example, §(+jw) and é(-jw) has four distinct
eigenvalues and &(jO) has two distinct eigenvalues of multiplicities 2,
respectively; hence gq=1 and we have only two set of nodes, Vo and Vl'
Note that, by construction, the number of the directed branches entering
(or leaving) any node of Zf is eqﬁal to the multiplicity of the
corresponding eigenvalue. Hence, the digraph zf has the following
property:

for any node of &, the number of branches entering that node

(A1)
is equal to the number of branches leaving that node.

We now construct a family of closed paths by suitable juxtaposition of
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the members of (Yil) . We select an arbitrary node of .
i=1,2,...,m
2=1,2,...,q+1

We move along any directed branch to some other node. As we repeat this

process, by property (Al) of ¢/ and the fact that 4J has a finite number

of nodes, we eventually reach an already traversed node; thus this process

identifies a simple closed path Pl in the digraph Zf. Corresponding to

each branch of Pl is one member of the family (Yik) . By the
i=1,2,...,m
2=1,2,...,q+1

construction of the digraph 27, it follows that the eigenloci Yiz's

corresponding to branches of Fl form a not-necessarily-simple closed path

which we call Yi. Now we delete from 4 the branches associated with Fl.

Note that the remaining digraph still has the property (Al). Now if
the remaining digraph contains no branch, there is only one closed path

Pl in 21 and the eigenloci (Y'z) form a single closed path
1 i=1,2,...,m
2=1,2,...,qt+l
Yf in € and we are done. Otherwise, we select an arbitrary node of Zf
which has at least one outgoing branch and repeat the above procedure
until all branches of S are exhausted. The result is a finite indexed

family of closed paths (y¥) in the complex plane €, where the
I 5=1,2,..,p
integer p € {1,2,...,m}.

(b)
(i) Since Yil(.)’ i=1,2,...,my £ =1,2,...,q+]1 are continuous
. m

m
is continuous on [ao,aq+1]. Furthermore, A(ao) = i21(1+kyil(ao))

m m

m
= 1 (1+kA;”) = 1 ATy = 1 (1+ky,

= Ao ) where
+
i=1 i=1 t i=1 a+l

,q+l(aq+1))

l;m, A:m denote the eigenvalues of é(-jW) and a(+jw)

respectively. Hence A(-) is a closed path.

(ii) follows from eqn. (11).
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Note that we can relabel the Yi£'S into Ysz's so that for each

B € {1,2,...,m}, the juxtaposition of Yagr L =

1,2,...,q9+1 form a

continuous eigenlocus, say YB. Thus eqn. (A2) becomes

P 1
2mj Y (- A,
n=1

m J~°‘q+1 d(yg () + %)

1

B=1"a YB(t) +

0Lq+l 1
[ atmerge + b

B=1 oy
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aq+1 m 1
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ao =1

a
qt+l
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~ g
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E

e
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Proof of Theorem L3:

The closed-loop system is exp. stable

(i) det[I + kG(s)] # 0, ¥s € N_;
“ ) + (by Theorem L1)
(ii) C€(0; det[I + kG(s)] £R ) =p

(o]
(1) det[I + k&(I,(t))] # 0, ¥t € [a) ;.0 ], ¥ = 1,2,...,q+]

)

had (parameterization of ﬁm)
(ii) C€(0; det[I + kG(I,(t))] ) = p
L t€la. ., ]
2-1°%
2=1,2,...,q+1

o

m
(1) i{I.l[l + kki(Iz(t))] # 0, ¥t € [aﬂ—l’aﬁl’ £ =1,2,...,q%1
>
o +
(A1) C€(0; T [1 + kKA (T (t))] ) =p
i=1 ik t€la, .,a,] o
=172
=1,2,...,q+1
since the Xi(s)'s are the eigenvalues of é(s), the [1 + kki(s)]'s
are the eigenvalues of I + kG(s) .
m
(1) .21 (L +ky (£)) #0, ¥t €[y, ,,0], ¥i= 1,2,...fm, ¥2 =1,2,...,q+1
had (by definition of Yil)
m +
(ii) c¢(0; m (1 + ky., (t)) ) =p
i=1 ik t€[a a, ) °
. -1’72
2=1,2,...,q+1
(1) -1 & Gyp)
i=1,2,...,m )
2=1,2, »q+l
o 1 . (by eqn. (12))
(ii) C(-'E;A) = Py
. 1
i - E’¢ (y*)
1 5=1,2,...,p
had (by Lemma L2)
1) 3 o= Ly = o

Q.E.D.
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Proof of Theorem D1:

We will show,in two steps, that under the assumptions (13)%(17) and
(21), the closed-loop transfer function ﬁyr € CX(U) for some o < 0 (thus

the closed-loop system is exp. stable) iff (22) and (23) hold.

Claim 1: As a consequence of (20) and of assumption (21), conditions (22)

and (23) are equivalent to

inf |x(s)] > 0 and inf |X(s)| > 0 (A3)
Re s > 0 sEN_

where ;((s) 1= det[ér(s) + kT?r(s)].

Note that by (20), X(s) is meromorphic in mo and is analytic on

+
o
N_; furthermore, by (18) and (21), x(s) tends to a constant, say x (), as

lsl + © in C+. Thus the argument principle together with (20) show that

(22) and (23) are equivalent to (A3).

Claim 2: (A3) is equivalent to

inf ]i(s)l > 0, for some g < 0 (A4)
Re s > ¢

It is clear that (A4) implies (A3). Thus we only have to show that (A3)
implies (A4). To see this, we note that assumption (15) and the closure

of the algebra Ci_(oo) under addition and multiplication imply that
x(s) € Cf_(oo); thus there is some o,
Therefore )((t:)e—cylt 5 A, where x(t) := Ji_l[i(s)]. This implies that

for some 9, € (ol,co), tx(t)e—ozt e, i.e. Lt x(t)] = x'(s) € 52(02)

<o such that x(s) € CZ(ol).

C CZ(OO). Thus i'(s) is analytic and bounded in € G 4 This together

o)
with (A3) imply that there is a o < 0 such that (A4) holds.
Thus conditions (22) and (23) are equivalent to (A4) which, by (19)

A A n
and the Go—right—coprimeness of ()?r,43r+k77r), is equivalent to

A
Hyr € CZ(O) , for some o < O. Q.E.D.
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Footnotes

1)

The e-indentations must be in €C_ since for the multi-input multi-output
case, the closed-loop system and the open-loop system may have some
common jw-axis poles, e.g. if G(s) and k are such that I + k&(s)
diag[(s+1l)/s,s/(s+1l)], then s=0 is a open-loop system polgs as well

as a closed-loop pole.

(2)

We use f(.) to denote a function and f to denote the image of its

domain under the map £(-).

(B)The polynomial A » B(A,s) in eqn. (6) has multiple zeros for some
z € ¢ iff the discriminant 6(s) of B(A,s) is zero at ¢ [13,p.248-250].

8(s) is a polynomial in s,.there are only a finite number of such Z's.



Figure Captions

Fig. 1: Feedback system S under consideration.

Fig. 2: The Nyquist path ﬁm : "x" denotes the juw-axis poles of G(s).

Fig. 3: An example which shows that each eigenlocus of the open loop
transfer function matrix may not form a closed path.

Fig. 4: The Nyquist path ﬁm shown in Fig. 2 is considered as the
juxtaposition of the paths Ii(-), i=1,2,...,q%1. jbi’
i=1,2,...,q, are the points on the jw-axis such that a(jbi)
has multiple eigenvalues.

Fig. 5: The generalized Nyquist diagram of G(s) considered in example 3
(é(s) is specified by (26)).

Fig. 6: Blow up of the eigenloci Al(°) and AZ(-) in the neighborhood
of w = 8.9868 r/s where é(jw) has a multiple eigenvalue.

Fig. Al: A typical digraph .&J corresponding to a &4x4 G(s) : G (+j)

é(—jm) has four distinct eigenvalues (represented by Vo) and
G(j0) has two distinct eigenvalues with multiplicities 2,

respectively (represented by V1)°
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