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In the evaluation of the Total Square Integral for the error or the

, . 1
output of a discrete system, the following formula has been obtained:
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The function f%(z) is given by
J(z) = _B(z) where
A(z)
2 n-r n

A(z)=r4=_0 a_z =—a0 17;7-1 (z-zi), 2, > 0 (2)

and B(z) = i b, =z
r=0
For the integral In to exist, the zeros of A(z) should lie inside
the unit circle in the z-plane. Alternatively, for the integral to exist,
|g| should never vanish. Hence a certain relationship should exist bet-
ween the determinant Igl and the zeros of A(z). This relationship will

be shown to be
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It is noticed from this equation that when all the zeros z, are in-
side the unit circle, the determinant |g| is strictly positive for all n.
To show the validity of Eq. (3) we will first reformulate it in terms

of the stability constants Ak and Bk defined by
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Now from (2) AQl) = a, i]_Tl (1-z)
n n
and A(-1) = (-1)7 a 1711 (1+2)
It can also be shown that.r
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Combining these three equations we can rewrite Egq. (:3) asT.r
n(n+1)
, . -2
|2l ="(-1) A A(-) (A _;-B_ ). (6)

To simplify the proof of this equation we use the following relationship:

An + Bn = A(l) (An—l - Bn—l) :

Hence Eq. (6) becomes n(n+1)

2

‘»Igl = (-] ACD (A, + B (7)

where

TRef. 1, p. 95.

T From the stability determinant form we know that, for stability
n(n - 1)
2
(-1) - (An-l - Bn-l) >0
and (-H)™  AQ) A(-) > 0 ,

therefore |_§_2| is strictly positive.

*Ref. 1, p. 87.
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Proof: The proof will be by demonstration and will involve manip-

ulating |g| until it assumes the desired form.
The procedure is demonstrated for n =4 and n =5 and the general

procedure for any n is stated.

n=4 A(z)=a0z4+alz3+a2z2+a3z+a4
20 2 a2 23 34

a a.0+a2 a;l +a.3 a2+a4 a,

|_$2| = a, a, agta, a, a,
2, a 0 a, 2y

a, 0 0 0 a,




From row 3 subtract rows 2,4 and to it add rows 1,5,

ao a.1 a2 a3 a.4
a,1 a0+az a1+a3 a.z+a.4 a3
= A(-1) -A(-1) A(-1) -A(-1) A(-1)
a3 a4 0 aO a1
ay 0 0 0 2,

Add column 3 to columns 2,4 and subtract it from columns 1,5. The third
row will then be all zeros except for the third member. Factor out A(-1)

and we then have a 4-th order determinant

ao - a.2 a.1+a.2 a2+a.3 a4—a2
_ -a3 a0+a2+al+a3 .'=Lz+a.4:+a.l+a3 -a1
= A(-1)
a3 a4 ao ‘ a.1
a, 0 0 2,

Subtract rows 1 from 2 and 4 from 3.

ao-az a1+a.2 a2+a3 a4’a2
-a,-a,ta a, ta a, +a ~-a, -a, +a
= A(-1) 3 0 2 0 3 1 4 1 4 2
a3z "3y 24 ) 4 "%

ay, 0 0 ao

Add columns 2 tol and 3 to 4



a1+an.0 a.2+a,1 a3+a2 a.4‘+a.3
a a, +a a, + a
- A(-]) 2 37 %0 473 2
ag 2, a 2y
2y 0 0 2,

Interchange columns 1 and 4, 2 and 3. We have to mtiltiply by (-1)2 =+ 1.

:a.4+a.3 a.3+a2 a2+a.l al-I-a0
a a,+a a, ta a
= A(-1) 2 4 1 3 0 2
a, a, a, ag
ag -0 0 ay,
By inspection
= A(-1) (A4 + B4').
n(n+1)
Here (-1) =+ 1, so we have verified Eq. (7) for n = 4.
_ _ 5 4 3 2
n=>5 A(z)—aoz +a1z ta,z +a3z +a4z+a5
a, 2, a, a, a, ag

lQ] - a, ag a + a, + ag a, ag
a, ay, a a a, a,
a, ag 0 0 a a;
ag 0 0 0 0 a,

From row 4 subtract rows 1, 3,5 and to it add rows 2, 6.



ag 2 22 23 24 5
av.1 ao+a2 a.1 +a,3 a.2'+a.4 a:,’+a.5 ay

_ | 22 a3 apta, 3 tag a2, a3
A(-1)  -A(-1) A(-1) -A(-1) A(-1)  -A(-])
a.4 a 0 0 a a'1
ag 0 0 0 0 2,

Add column 4 to columns 1, 3,5 and subtract it from columns 2,6. The
fourth row will then be all zeros except for the fourth member. Factor

out -A(-1) and we then have a 5-th order determinant

agtas a)-a; agtas agtas ag-aj
- AL a1+a2+a4 ao-a4 a.1+a3+azl+:«_14 a:,’+a.5+a.2+aL4 -a.2
ata tag az-a)-ag agtagtajtag aytatag  23-2y-24
a, ag 0 ag 2,
0 0 0 0 a,

From row 3 subtract row 2 and to it add row 1. Subtract rows 1 from 2

and 5 from 4.

a0+a3 a -2, a2+a3 a4+a.3 ag -2,
a1+a2+a4-ao-a3 a.o-a.4-a.1+a3 a1+a4 a.5+a.2 a3—215-a‘2
= -A(-1) ag-a,+tagta, -ag -agta, agtag a -a, ta
a4-a.5 a 0] ao al-a
a.5 0 0 0 a0




Add columns 2tol and 4 to 5

Add column 3 to column 2

a1+aq a2+a1 a3+a2 a4+a31 a5+a4
a,2 a3 + ao a4 + a.1 a5 + a.z 1 a3
='A('1) 3.3 34 a,5 + ao al i az
a, a5 0 a a.1
a.5 0 0 0 ao

Interchange columns 1 and 5, 2 and 4. We have to multiply by (-1)2 =+ 1.

a.5+aL4 a4+a3 a3+a.2 %a2+al al+aO
a3 a5+ az a4+aL1 a3+ aoi az
=-A(-1) a, 2, ag + 2, a, ‘ ay
a, a 0 ag ay,
ao 0 0 0 ‘ a5

By inspection

= -A(-1) (A5 + B5) .
n{n+l)
Here (-1) = -1, so we have verified Eq. (7) for n = 5.

General Procedure

Given |_$3| , anf(n + 1)-th order determinant,

let q-= n-;Z for n even
= n-; 3 for n odd.



1. From row q subtractrows q-1,q-3, ...;q+1, q+ 3,...
and to it add rows. q-2,9q-4, ...;9+2, q+4,...

n-qg+i

Then i-th member of row q will be (-1) A(-1) and in particular,

q-th member will be (-1)* A(-1).

2. Add column q to columns q -1, q-3,...;q+i, q+ 3,...
and subtract it from columns q-2,q - 4,...; q+2, q+ 4,...

Then row q will be all zeros except for the q-th member which will
be (-1)7 A(-1).

3. Remove this factor and there will result an n-th order determinant J.

So

el = (-0™ A(-1) 7

4. Manipulate the rows of J in the following order:

from row q - 1 subtract rows q - 2, q - 4,... and to it add rows q - 3, g-5,.
{from row q subtract rows q+1, q+ 3,... andtoitadd rows q+ 2, 9 + 4, ...
from row q - 2 subtract rows q - 3, q - 5,... and to it add rows q-4,q-6,.
{from row q + 1 subtract rows q + 2, q+4,... and to it add rows q+3, g+ 5, ..

.......

from row 3 subtract row 2 and to it add row 1
from row n - 2 subtract rown - 1 and to it add row n

{from row 2 subtract row 1 (n > 3)

from row n - 1 subtract row n (n > 4)

5. Manipulate the columns of J in the following order:

add columns 2tolandn -1ton

add columns 3to2andn -2ton -1

oooooooooooooooooooooo

......................
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If n is even, the final addition of columns will be

n n n n
-Zto -2--1and -z'+1t0-2-+2

If n is odd, the final addition of columns will be

ntl o n-1
2 2 )
6. Now interchange columns 1 and n, 2andn - 1,‘ 3 gnd n-2,...etc.
The new determinant will be equal to (-1) (n{n-1)/2) J and is identical
to (A, + B ).
n(n-1)
Hence |@| = (-1)7 A(-1) (-1) 2 (A_+B_ )

n(n+l)
S(-) Z A1 (A_+B)

So we have verified Eq. (7) and consequently Eq. (3).
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