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o ABSTRACT

An abstract model for the study of Markovian queuing systems is
developed and used to obtain a necessary and sufficient condition for
a given set of departure processes to be independent of the state of
the system. This criterion is used to prove that in equilibrium the.
outputs of a Jacksonian network are Poisson processes independent of
each other and of the state of the network. This result holds also
when different classes of customers are routed through the network with
different probabilities so long as at each node they are all served
at the same rate. This condition cannot be relaxed since the output
of an M/M/1 queue with two classes of customers being served at

different rates is shown not to be Poisson.
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1. INTRODUCTION

The nature of the output process of a queuing system was first
studied by Burke [1] and Reich [2]. They showed that in equilibrium
the output of an M/M/m queue is Poisson and, more significantly, that
the number of customers in.queue (the state of the system) at any time
is independent of past departure times. This result which is known
as the output theorem holds even when the rate of the exponential server
depends upon the state of the system (see [2,3,4].) |

The output theorem has some useful consequences for the study of
a network of M/M/m queues. For example, consider the simple case of the
two-node tandem network of Figure 1 in which node i is a qucuing system
consisting of a queue and mi exponential sources. Customers enter the
network at node 1, queue up for service and upon completion of service
immediately join the queue at node 2. By the output theorem, in
equilibrium, the departures “rom node 1 which are simultaneously the
arrivals at node 2 form a Poisson process and so, again by the output
theorem, the outputs of the network form a Poisson process. Moreover,
since the departure times from node 1 are independent of the number of

customers in queue at node 1, therefore
P(kl’kz) = Pl(kl)PZ(kZ) (1.1)
where ngl,kz) is the steady-state joint probability that there are ki
customers in queue at node i, and the Pi(ki) are the marginal probabilities.
Consider next a feedforward network as in Figure 2, in which each
node i is an M/M/mi queuing system. Upon leaving node 1 a customer

joints the queue at node 2 with probability r., or the queue at node 3

12

with Probability Y., = 1—r12, whereas upon leaving nodes 2 or 3 a
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customer immediately queues up at node 4. Once again by the output
theorem, in equilibrium, the total departures from node 1 form a Poisson
process, and so, because of the independent sampling of these departures,
the arrivals at nodes 2 and 3 are also independent Poisson processes.

It follows, by the output theorem again, that the arrivals and departures
at node 4 are Poisson. The output theorem does not imply however

that the number of customers in queue at the various nodes are independent,

i.e.)
P(kl,kz,k3,k4) = Pl(kl)"P4(k4)’ (1.2)

wﬁere P is the steady-state joint probability and the Pi are the various
marginal probabilities.

The product formula (1.2) is a special case of Jackson's theorem
[5]. Jackson considered an arbitrary feedback network of n nodes, say,
as in Figure 3. Customers enter the system at the nodes. The external
arrival process at node i is .mn independent Poisson process with rate
Yy The ith node is an M/M/mi queuing system in which each of the m,
servers is exponential with parameter My Upon completing service at
node i a customer either immediately joints the queue at j with
probability rij or leaves the network from node i with probability
1-§'ri.. Thus the total flow of customers into node i consists of the
exiernal flow with rate Yi and the flow from the nodes in the network.

Let Ai be the average total rate of flow into i. The Ai satisfy the

equations

= + T A i=1,2,...,n. 1.3
Ai Yi ; 1'._'i It i \N ( )

The state of the network at time t is the vector k(t) = (kl(t),...,kn(t))

where ki(t) is the queue length at node i. Suppose that (1.3) has a



unique solution {Ai} and that the stability condition Ai < moug holds

at each i. Jackson proved that, in equilibrium,

P(kl,k ) = Pl(kl)PZ(kZ)"'Pn(kn)' (1.4)

gree
Moreover the marginal probability Pi(ki) is the same as the probability
of the queue length being k, in an M/M/mi system with Poisson arrival
of rate Ai and m, exponential servers with parameter My

Although Jackson found his conclusion to be '"far from surprising"
in view of the Burke-Reicﬁ theorem, in fact it is very remarkable in
the context of a recent result of Burke [6]. Burke considers the
simplest Jacksonian network of Figure 4 consisting of a single M/M/1
queueing system with feedback. Suppose that the arrival process is
Poisson with rate y, the exponential server has parameter p and that
Y

the stability condition r<H holds. Suppose that the network is in

equilibrium. Let Et’ S F , Dt respectively denote the total number

t’ ¢
of arrivals into the node, the total leaving the node, the total fed
back, and the total departures from the network, all in the interval
[0,t]. It is an easy consequence of the output theorem that Dt is
Poisson. On the other hand, Burke calculates the interarrival
distribution of Et and finds it not to be exponential so that Et is
not Poisson. Using a very different technique, Brémaud [7] shows that
St and Ft are not Poisson either. (This result can also be derived
from Burke's calculation.)

The Burke-Brémaud result suggests that in a Jacksonian network
with feedback the arrivals into a node will not be Poisson. That this
is in fact the case is proved in a companion paper [8]; however care

must be taken to exclude the situations typified by the tandem quetce



of Figure 1 where the arrivals at both nodes are indeed Poisson. At
the same time the Poisson nature of Dt in Figure 4 suggests that the
conclusion of the output theorem might hold for all Jacksonian networks
if one were to examine only those departures which leave the network
without entering another node. This conjecture is proved here.

The remainder of the paper is organized as follows. In the next
section an abstract model of a Markovian queuing network is proposed
and a condition is derived which characterizes when a set of arrival
or departure processes is independent of the state; as a trivial
consequence of the independence it follows that such a set of processes
is Poisson in equilibrium. In section 3 it is shown that the external
departures from a Jacksonian network satisfv .his condition, so that
the output theorem conjectured above holds. In section 4 the condition
is also verified for state-dependent service rates and in section 5 for
Jacksonian networks with sev..ral classes of customers so long as at
each node all classes of customers are served at the same rate. 1In
section 5 a simple example is given to show that the assumption of
class-independent service rate cannot be relaxed.

The method of proof relies heavily on the equations describing the
conditional probabilities of the state at time t given that some arrival
and departure processes are observed over the interval [0,t]. These
equations, known as filtering formulas, are used here in the form given
by Brémaud [9,13]. Slightly different versions of the filtering formulas

have appeared previously [11,12].

2. A MODEL FOR A MARKOVIAN QUEU[NG NETWORK
X is a countable set, the state space. Ei’ i€1=1,2,... are

non-empty subsets of X, not necessarily disjoint. For each i,



Ti : Ei + X is a given function, the state transition function. It is
assumed that there is a finite number n such that each x belongs to at
most n different Ei' (This ensures that from x at most n different
one-step transitions are possible.) (Qf{;fl)) is a probability space
on which are given independent Poisson processes (N:, t > 0) with rate

i

1, i € I; sup A=< (N1 is a counting process, i.e., Nt is

A
the number of events which occur in [0,t].) Also given is the X-valued
random variable XO, the.initial state, and XO is independent of the

(Ni). Define the sub-o-fields

Nt i R L
F, =W s <0, ST = oz VI vFL v
The state process (Xt,t > 0) is the unique right-continuous

piecewise constant solution of the differential equation (2.1) below.

For A € X let 1(A) denote the characteristic function of A, and let

£, () = 1(X, €8, £.() = 1(X_= ).

- -1 1 -1 -
dg (%) = iEZI [£,_(T] 0-€,_(0]E _(EDAN,, £(x) = 1(X) = x).
(2.1)

In (2.1) Tzlx = T;l{x} = {y € Ei|Ti(y) = x}. Equation (2.1) can be
interpreted with the help of the state transition diagram of Figure 5.
Suppose that Xt_ = y # x so that Et_(x) = 0, and that at time t the process
Ni jumps, i.e., dNi = 1. Then Xt = X, or dEt(x) = Et(x)-gt_(x) =1, if
and only if (i) y € Ei so that the jump dNi is "enabled" and (ii) Ti(y) = X
so that the state transits instantaneously from y to x. (The model will

become more comprehensible in subsequent sections where particular exampics

are studied.) Notice that since any x belongs to at most n of the Ei and



since Ai < A, therefore the probability that the state changes once
in an interval of length dt is at most nAdt + o(dt) and the probability
that it changes more than once is o(dt).

Now fix J C I and define the counting processes

. t . .
S =I g _(E)aN7, i €1, Y = > s, (2.2)
t s- s t . t
0 i€

Si is the number of transitioms of type Ti which occur in [0,t], while
Yt counts any transition of type Tj, j €J. Our aim is to derive a
condition which characterizes the independence of Xt and {Ys,s < t}.
To do this we follow [9] to obtain the conditional probability distribution
of Xt given YS, s < t. From (2.1), (2.2) follows |

dg, () = Ze: (e, (T;'0-¢, _(01ds]. (2.3)

i€l

From the independence of the Ni and XO it follows that each Ni is

a Poisson process with (crlgxl)—intensity Xi and so Si is a counting

process with (Crlggi)—intensity Algt_(Ei), that is, the process
. t
i

_ i
st = jo Ze_ (5)ds

is a (Cplgjl)-martingale.

Hence (2.3) can be rewritten as a semimartingale

t
go(x) + jo fs(x)ds + Mt(x), (2.4)

1l

Et(X)

where

-1 i -
i)é“,l [£ (1] ®)-£ (0 INg_(E)), (2.5

and Mt(x) is the (Cp,g't)-martingale,

fS(X)
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£ -1 i1
_ T, "x)-E X - .)ds) - .
z jo [e__(r50-€__(0)1(as3-\'g () ds) (2.6)

<4
cr
~
»
<
1]

For any A C X and x, denote

: Y Y
£, (&) = Ble () [T} = Pix_ € alF,),
£, (0 = £ (xD),

Y
where, as usual, & e G(Ys,s <t).

It is known [11,12,13] that the process

is a (@,g;t)—martingale where

o= AE @), (2.7)

Moreover the process (ét(x)) is given by

~ -~ t A A
Et(x) = €O(X) + JO fs(x)ds + Mt(x) (2.8)
where
- Y
£ () = ELf (0 [T} _ (2.9)

and (Mt(x)) is a (CP,C(T:)-martingale given by

t ~
i, (x) = IO k_(x) (a¥ - _ds) , (2.10)

where kt(x) can be easily calculated using the formulas in {9,12,13] as

_ 2 A -1
k() = -E () + ()T X

Ajét_(TJTlx) . (2.11)
i€

To calculate f‘s(x) observe that if A C X, B C X, then

£, (ME (B) = 1(X € AL(X_EB) = 1(x‘t €ANB) = (ANB),

so that from (2.5)



~ i -1
£ (x) = igl ATLEL(T Tx) =g _(x D E]. (2.12)

Here we used the fact that Tilx c Ei by definition and x NE, = {x} NE,
i i

to simplify notation. Finally, from (2.12),

~ _ i ~ _l ~
£ () = 126:1 NLE(T0-E (x NEN]. (2.13)

It will prove useful to note that Pt(x) = Egt(x) is just the
unconditional probability that Xt = X so that from (2.4), (2.5)

dp

. -1
?ﬁ? (x) = 2: Al[Pt(Ti x)—Pt(x n Ei)]. (2.14)

i€I
Lemma 2.1 (Independence Criterion.) Xt and‘%ft are independent for t > 0

if and only if for all x and t > 0

A . = Mr (rTly. i
j%?] Pt(El)Pt(x) jzea Pt(Tj x) (2.15)

Proof The independence of Xt and‘E;Z is equivalent to
ét(x) = Pt(x) for all . (2.16)

To prove necessity suppose (2.16) holds. Then ét(x) must be continuous

in t and so kt(x) = 0 in (2.10). From (2.11), (2.7) and (2.16),

= = h| -1 j -1
0= -P (x) + [;L; M ()] J}é‘,} Ve (TS

which is the same as (2.15).
To prove sufficiency suppose (2.15) holds. It is enough to show
that Pt(x) solves the equation of conditional probabilities (2.8).

Substituting ét(A) = Pt(A) into (2.11) and using (2.15) shows that

A - 3 o — Ju— Y -
kt(x) 0, and so Mt(x) = 0 in (2.8). Since Eo(x) —(1){Xo—xr;;b} = PO(X).

it only remains to verify that



t

P(X) = P (x) + IO £ (x)ds
t i -1
= P_(x) +j Y Al (r7x)-p (x NE,)1ds
0 : s i s i
0 i€l .
from (2.13). But the equation above is identical to (2.14). "

Corollary 2.1 Suppose the process (Xt) is in equilibrium and let
Pt(x) Z P(x) be the steady-state distribution. Suppose the independence

condition (2.15) holds. Then (Yt> is a Poisson process with rate

Y MeE)y.
J€T J

Proof By the equilibrium assumption and Lemma 2.1 it follows that the

process

£t . .
- . j
Y, I hds =Y - [ A P(E)]E.

0 i€
is a (cllﬁ;t)—martingale. By Watanabe's thoerem [14,15], (Yt) must be
Poisson with rate I AJP(Ej). o
i}

Note that the independence condition is réquired to hold only in
equilibrium. In fact in every interesting case the condition will
not hold outside of equilibrium. The next result gives a condition for
the counting processes (Sz), j € J, introduced in (2.2) to be all
mutually independent Poisson processes. The proof is similar to that
of Lemma 2.1,
Lemma 2.2 Suppose the process (Xt) is in equilibrium with steady state

distribution Pt(x) = P(x). Suppose that for all j in J and x in X
. i '
P(x)P(Ej) = P(Tj x). (2.17)
Then the SJ are independent Poisson processes with rate AJP(Ei).

Moreover Xt and {Si|j € J,s < t} are independent.

-10-



Proof Letg’S V q , and for A C X let

E (A) = E{gt(AHCJf:}, E (0 = £ ({xD).
It is known [11,12,13] that the process
.ot
Sil: —I hJ ds
0o S
is a (Cp” ‘t)—martingale where

I 23z :

moreover,

-~ ~ t -~ ~

£ (0 = E (0 + Io E_(x)ds + H_(x) (2.18)
where

£ (0 = ELE (0 FD)

and (ﬁt(x)) is a (CIK;;E)-martingale,

o t . »
i G0 = 2 j' 13 (x) (ds -hlds). (2.19)
je] 0 S S S

The process (ki(x)) can be readily shown to be

J - ~jy-1 3= -1
ki(x) = - (x) + (b)) = A Et(Tj x)
oz ~ -1 -1
= -g,(x) + [gt_(Ej)] &t('rj X). (2.20)
Also,
B = X ME a0 xNEYL. | (2.21)
i€I

Now suppose (2.17) is satisfied. Then we claim that Et(x) T P(x)

solves the conditional probability equations (2.18). Because substituling

Naa T4
~
#
~
1]

P(x) in (2.20), and using (2.17), implies ki(x) = 0 and so

=
~~
ke
A
1

0; (2.18) then reduces to

-J1-



t .
0= S 2 Al[P('rflx)-P(x NE)I],
0 i€1 . .

which, from (2.14), certainly holds in equilibrium.
-~ S S
P =C = = . h
Since Et(x) ?{xt xigt} P(x) it follows that Xt: andcl:rt
are independent. Furthermore ﬁz = AJP(Ej), and so (Si-AJP(Ej)t) is a
S .
Gq)f;rt)—martingale. Watanabe's theorem [15] now implies that st is a
Poisson process with rate AJP(Ej), and for Tt > t, the future increment
J_ <l . S . :
ST St is independent ofﬁart from which follows the independence of
these processes. H
3. OUTPUT THEOREM FOR JACKSONIAN NETWORKS
Consider a feedback network with n nodes. The arrivals of external
customers at node i form an independent Poi~sun process with rate A

Node i is an M/M/1 queuing system with service parameter M- A customer

who completes service at i joins the queue at node j with probability

rij’ j=1,...,n, or leaves *the network with probability riO = 1-) rii'
. i
Let {Ai} be a solution,assumed to be unique, to the equations
xi = Yi + ? Ajrji’ i=1,...,n.
]

Ai

Assume that the stability condition Py = ;—-< 1 holds. Jackson's
i

result states that, in equilibrium, the probability that there are

ki customers in queue (including the customer in service) at node i is

Pk peeesk ) = By (k) enlP (K ), | (3.1)
k.

= i -

P(k,) = o (1-p,). (3.2)

Next this description of the network is transposed into the form
of the abstract model. It is convenient to partition the transition

i
functions (Ti)’ the enabling events (Ei) and the Poisson processes (N )

-12-



into three types corresponding to the different kinds of transitions.

The state space is

X={x=(k kn)lki € N},

120
where N is the set of nonnegative integers.

(i) Internal transitions. For 1 < i,j < n, let Eij = {(kpseensk Yk, > 0}
- - n 1

Ty (psenesk) = (kl,...,ki-l,...,kj+1,...,kn), and N9 an independent
Poi i .

oisson process with rate HiTyy

(ii) External arrivals. For 1 < i <n, let U, =X, Ai(kl""’kn)

= (kl,...,ki+l,...,kn), and N© an independent Poisson process with

rate Yi'

(iii) External departures. For 1 < i <n, letV, = i(kl,...,kn)|ki > 0)
i A .

Di(kl"'°’kn) = (kl,...,ki-l,...,kn), and M~ an independent Poisson

r 6, = i
process with rate i~ %50

Observe that instead of describing the server at node i by a single
Poisson process of rate My followed by independent sampling with
probabilities T qoeeesTyoTi0 Ve are using an equivalent description of

i

n+l independent Poisson processes Nll,...,N n’ Mi with rates

u.r

r e e T LA
¥itie ds i i0

i in’

Theorem 3.1 In equilibrium, the outputs or external departures are
Poisson processes independent of each other and of the state.

Proof Let
. t i
1 =
St j F”s-(vi)dMs
0
be one of the outputs. According to (2.17) it suffices to show that

P(x)P(Vi) = P(D;lx) for all x. (3.3)

-13-



since V, = {(k ,...,k )|k, > 0}, it follows from (3.1), (3.2) that

P(Vi) =0y . (3.4)

1

On the other hand for x = (kl,...,kn), Di x = (k k "’kn) and

FELEETLIE
so from (3.1), (3.2)

PO, %) = 0, P(x). | (3.5)

(3.3) now follows from (3.4), (3.5) and the theorem is proved. H
Remark Using Lemma 2.1 it can be seen that the transitions corresponding
to the external departures are the only ones which can be independent

of the state. Since Tij(Eij) ? X and.Ai(Ui) gix therefore there must
exist xij and Xy such that ng(xij) = A;l(xi) = ¢. Hence

P(T;;xij) = 0 # P(E;)P(x;,) > 0, P(A;'x,) = 0 # P(UP(x,) > 0, and

so the independence criteriom (2.15) is not satisfied. Of course, this
does not imply that these transitions do not form a Poisson process.

For example the external arrivals are certainly Poisson, as are the

departures in equilibrium from node 1 in the tandem network of Figure 1.

4. QUEUES WITH STATE DEPENDENT SERVICE RATE

Theorem 3.1 can be shown to hold even when the service rate depends
upon the number of customers in queue. To avoid cumbersome notation
this is proved here for a single queuing system represented by the
birth-death process of Figure 6. Take X = IN.
(i) Arrivals. Let U = X, A(k) = k+l, and M a Poisson pfocess with
rate A.
(ii) Departures. For i = 1,2,... let E = {i}, Ti(i) = i-1, and

N' an independent Poisson process with rate My

~J4=



Let

-1

=1, w, = [ul...u.] }\J ([0.1)

m
0 j J
and assume that Zﬂj < o, It is known that the process (Xt) has the’

steady-state distribution

K (4.2)

P(X, = k) = P(k) = [an]'1 T
Theorem 4.1 (Reich [2]) In equilibrium the departure process is
Poisson and independent of the state.

Proof. The departure process is
t i

Y, - % J' g, (BN,

i>1 J0

and so, by Lemma 2.1 and Corollary 2.1, the result is true if and only if

E: u.P(E)P(x) = E u,P(TTlx), for all x. (4.3)
. i i 4 i i
i>1 i>1

h* = k+l, so that (4.3) is

For x = k, T;lx = ¢ if i # k¢l and T

equivalent to

El u PR = u, P(kHD)

which can be readily verified from (4.1), (4.2). n
5. NETWORKS WITH SEVERAL CLASSES OF CUSTOMERS
Consider a feedback network with n nodes and L classes of customers.
The arrivals.of external customers of class & at node i form an independent.
Poisson process of rate Yi' Node i is an M/M/1 queuing system with
service parameter My independent of the class of customer. A customer
of class % who completes service at i changes into a customer ol c¢lass
m and either immediately joins the queue at node j with probability

ri? or leaves the network with probability rﬁg. Naturally

-]15-



n L
L ')
Z Z r “.1 1. Let {Ai} be a solution, assumed to be unique, to

the equations

s & nom
SR 2; z; Ny Ty 0 1= Leesny £= 1L,
=l m=1
L Af
Set Xi =7 Xi. Assume the stability condition pi = E—-< 1. We can now
L i
reformulate the description in terms of the abstract model.

Set X = {8}V [U {1,...,L}
k=1

state space is X = X". A state is then an n-tuple x = (xl,...,xn) where

k]. 8 denotes the empty string. The

X, represents the customers in queue at node i with the right-most element

in Xy being the customer in service and the left-most the customer who

arrived most recently. xi = 0 means the server is idle. To simplily the

description of the transition functious let a < b denote the concatcenation
. = . 1 PS ‘

of two strings from X. For example if a = {(a”,...,a? then

a-+ = (al,...,aM3&). Also for X, € X 1let

a(xi) left-most elemen. in X5 a(e) = 0,

d(xi) right-most element in X5 b(e) = 0,

kz(xi) = number of customers in X of class &,

k(x,) = & kz(x.) = pumber of customers in x_;
i . i i

and if k(xi) > 0 let ii be obtained from X by deleting the right-most
element.

(i) Internal transitions. For 1 <i,j <mnandl < %,m <L, let

fm

ij
m . . fm
Nij an independent Poisson process with rate uirij'

gl - {x]d(x,)) = ¢}, T

13 (xl,...,xn) = (xl,...,ﬁi,...,m . xj,...,xn), and

L
(ii) External arrivals. For 1 < i <mnand 1l <2 <L, let U, =X,
L . : .
A:(xl,...,xn) = (xl,...,z . xi,...,xn), and Ni an independent Poisson
. L
process with rate \E

-16-



(iii) External departures. For 1 <i <nand 1l < &,m <L, let

m _ - fm - fm
Vi = {xld(xi) = %}, D} (xl,...,xn) = (xl,...,xi,...,xn), and M, an
independent Poisson process with rate uirgg.
i

Thus the transition function Ti? represents a customer of type £
who completes service at node i changes to type m and joins the qucuc
at node j whereas Dim corresponds to this customer departing from the
network. A: represents a customer of type % arriving at node i from
outside the network. To prove the output theorem the following extension
of the steady state distribution formulas (3.1), (3.2) is needed.
Lemma 5.1 In equilibriﬁm, the probability distribution of the state

process (Xt) is given by

P(xl,...,xn) = Pl(xl)°"Pn(xn)’ (5.1)
k(x,) Lo, k“(xi)
P.(x,) =p, (1-p,) T (p)) , (5.2)
it i i i
=1
where p% = X%ATl.
i i%i
n

Proof See the Appendix.
Note that the distribution (5.1), (5.2) is the same that would

prevail if the total arrivals of each class of customers at each node

were an independent Poisson process (which is not true in general) .

Theorem 5.1 In equilibrium, the outputs or external departures of

each class of customers are Poisson processes independent of each other

and of the state.

Proof Let

t
s¥M(ey = I
1

£ (V™ ar™(s)
0 s~ 1 L

-17-



be one of the outputs. According to Lemma 2.2 it suffices to show that
L -
PGIR(V,™) = PLODI™ ] for all x. (5.3)
Since Vim = {xld(xi) = 2}, therefore by (5.1), (5.2),
L

pmy _ 9 ko R
P(V] ) = kgl Py a oi)pi P4Py - (5.4)

On the other hand (D:m)-lx = (xl,...,x. . 2,...,xn) and by (5.1), (5.2)

R M

P(xl,...,xi . 2,...,xn) = P(x)pip.,

which together with (5.4) yields (5.3). H

6. EQUALITY OF SERVICE RATES FOR DIFFERENT CUSTOMERS IS NECESSARY

In the previous section the output theorem was proved under the
condition that customers of different classes entering the same node
are served at the same service rate. Here a simple example is given to
show the necessity of this condition. Consider an M/M/1 queue in
which the arrivals of customers of class £ = 1,2 form an independent
Poisson process of rate YQ > 0. Service is provided on a FCFS basis,
and the service time for a customer of class i is exponentially distributed
with parameter un.

The notation of the preceding section is maintained with the
obvious simplification resulting from the fact that there is only one
node. In particular there are no internal transitions. The state space
is

X = (6} U [ U {1,214].

k=1

(i) External arrivals. For 2 = 1,2 let U2 = X, Al(x) = ¢ + x and

Ng an independent Poisson process with rate Yz.
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(ii) External departures. For % = 1,2 let Vz = {x]|d(x) = 2},
~ L
Dl(x) = X, and M" an independent Poisson process with rate uz.
As in section 2, for A C X let it(A) = l(Xt € A). Define the

counting processes
t
L 2
s =J' £ (V)aM*, ¢ = 1,2
t s~ % s
0
1 2
and Yt = St + St’ the total departure process. As before, let
A Y
£, () = Ele (W I[FF .

Then the process

is a (Crxg;i)-martingale where

A 1a 2a
hy =wE (V) +we (V).

Theorem 6.1 1In equilibrium (Yt) is a Poisson process if and only if
1 2

H = .

Proof The sufficiency is immediate from Theorem 5.1. To prove the

necessity suppose that (Yt) is Poisson. By Watanabe's theorem ﬁt must

be constant and so, in equilibrium,

~ 1~ 2~ 1 2
h =W (V) +wE (V) =v" +7v7, (6.1)
and hence
1~ 24 1 2 _
u ﬁt(Vl) + u Et(Vz) =y + Yy~ =y say. (6.2)

Following the development in section 2, the conditionmal probability
Y., . . . . .
(1){Xt = xFErt} is given by (2.8), which is reproduced here,
L t

it(x) = éo(x) + jo fs(x)ds + Io ks(x) (dYS-ﬁSds) (6.3)
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From (2.13),

£ = Z VIE A 0-E (x NU ]+ 2 WE 008 (x N V)T,

=1
(6.4)
and from (2.11),
A 1 & . _
kG = =200+ ()7 Y Wt 0. (6.5)

=1
Substituting from (6.2), (6.4), (6.5) into (6.3), it follows that in

between jumps of Yt’ i.e., when dY = 0,

2

%ét<x)=?____‘,ly[a (] X)E(X)]+Z W E (070 (x N V)]

£, (x)

-+

“()—22“, RO
YEt X Z u Et g X

E [YE(A X)uE(an)], (6.6)
=1

whereas at a jump of Y ¢ i.e., when dYt =1,

\."'1)

=y L 2 ‘.o, : (6.7)

Note that V = {x 2 |x €X}. Set Vom = {x « 2 - m|x €X}. Then it

follows from (6.6) that, before the first jump of (Yt)’

Ewy=3X. s(x) GuhE (7)) + ¥4 (0,
#EV

2 A DA
(0 = YE (0) - w'E (0,
2 m, » La
= - -+ .
gV ) = (=g (Vo ) + y7E (m)
This system of equations can be considered recursively and its genceral

solution is
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_ L
E,t(Vz) =a, exp(y-p )t + b, (6.8)

= _m _m
m) 0 exp(y-p )t +b,_exp-p t+c

a, . (6.9)

2m m

The constants can be found by observing that if y < ug the system is
stable and then (6.8), (6.9) must converge to the unique equilibrium
which can be easily computed. This gives
L L _\~1
b, =Y PO®)W-Y) 7, (6.10)
L m, m -
ey = YY" RO L™ 17L (6.11)

Substituting (6.8), (6.10) into (6.2) gives

2
Y= Wt e ce) . 4 (6.12)
2=1

Next, at the first jump of Yt’ we obtain from (6.7)
~ 2 -~
YE (V) = X B _(V, ),
m=1
and so, from (6.2),

2 g .
=1 2,m ’

Hence, before the first jump of Yt’
2 ~
W= X E ). (6.14)
2,m m

Substituting (6.9), (6.11) into (6.14) implies
2 L L =1

(y) = E uoy oy =y TR ()
L,m

and substituting for P(8) from (6.12) gives

Lo, % -1 g e m m -1
YEIuy )T = 0wy Y (i -y)
L 2,m

Substituting yl + Y2 for y on the left leads, after some simplification,

1 2 .
to yw =y as required. n

-21-



7. CONCLUSION

The Burke-Reich output theorem has been generalized to show that, in
equilibrium, customers leaving from any node of a feedback network of
M/M/1 queues form a Poisson process which is independent of the state of
the network. Moreover the departures from different nodes are independent.
The result is true even if there are several classes of customers and
even if the service rate is state-dependent so long as at each node
the service rate is independent of the customer class. This final
condition is necessary. The techniques of proof rest heavily upon recent
formulas of the conditional probability of the state given that a subset
of the transitions are observed. Although flows internal to the network
as not generally independent of the state thecy may nevertheless be
Poisson. These flows are characterized in terms of the network topology

is a companion paper.
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APPENDIX. Proof of Lemma 5.1.

The unconditional probabilities Pt(x) = P(Xt = X) are given by the
differential equation (2.14). In the notation of Section 5 the
differential equation is

dPt u L
T ™

m 2m, -1 m
pr., {P [(T;,) "x] - P (x NE_))}
i,j=1 2,m=1 1] t +J t 1]

L ) 2. -1 2
Yi{Pt[(Ai) x] - Pt(x N Ui)}

>
=1
5

i=l %
zp: m m, -1 Lm

+ ' pr.  {P.[(D,) x] =P (xNV, )] ~
i=1 2,m=1 140 “e" 4 t 1

= ct(x), say. (A1)

It will first be shown that ct(x) = 0 “ur all x when Pt(x) = P(x)
where P(x) is given by (5.1), (5.2). From (5.1), (5.2) and the definitions
of the various transition functions the following evaluations are

obtained.

-1 -1
PI(Ts3) x] = pppyGopD T Laxy) = m PG,

Px NEGD = 1d(x) = 1) PG,

PLAD X = (o Lalx) = 1) PG,
P(x N UY) = P(x),
fm, -1 L

Plx N vim] = 1(d(x) = 0 PG

Here 1(+) is the indicator function of the set (¢). Using these formulas,

-1 ¢ (U |
: UL ing that p, = A u, Y., = N, A, , we get
md recalling th Py 111 . | i i g

A-1



' -1 2 -1
0, () [P (x)] Y rp 000D L) = w) - w160 = 0)

i,3,4,m
L 2,-1
+ I 0T Ll = 0 - 1)
fm . % _
+ 2; rip Og-u, 1(d(x) = 0.

i,2,m

Next substituting from the relations
fm R m m im % L
2 .. A, = AL - Y., Z r.. A, = 2 Y:o»
i WL g, it
where the second relation expresses the equality between total input

and output rates, gives

-1 -1 L
0 P01 = ¥ DN 0D 1ak) =m - T vl =0

jom i,5,%,m

2 %=1 B %
+ izz Yo O 1) = 0 - i}:ﬁ Yy

A 2m
+ 2 Yi ~ X Ty ¥y 1(dGxp) =2)
i,% i,e,m

2wy Ualx) =m) - ¥ uld(x) = 2) = 0.

j,m i L

P(x) is indeed a solution of (A.1). It can be verified

Hence Pt(x)

that I P(x%)
X

1 and so the lemma is proved. H



FIGURE CAPTIONS

Fig. 1 A two-node tandem network

Fig. 2 A feedforward network

Fig. 3 A Jacksonian network

Fig. 4 An M/M/1 queue with feedback

Fig. 5 State transition diagram for (2.1)

Fig. 6 Birth—~death process
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