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I. Introduction

Recently, Polak and Mayne [1] presented an algorithm for solving

problems of the form

min{fo(z)ng(z) <0, j=1,2,...,p; £3(2) <0, j=1,2,...,m}

(L)
0O . n i n . ,
where f :IR > R and g':IR -+ R, j = 1,2,...,p are continuously
differentiable functions and f.r™ > R, j=1,2,...,m, are
functional constraints of the form
I(a) = ] | (2)
£7(z) = max ¢ (z,w)

w€Q
where ¢j:1Rn x IR = R. It is assumed that ¢j(-,-) is continuous and
that Vz¢j(-,-) is continuous for each j = 1,2,...,m. The set Q is a
compact interval of the real line, As noted in [1,2,3,4], an important
class of engineering design problems can be formulated in the form of (1).
The method in [1] is a phase I-phase II type feasible directions
method (see [5]). Since the value of fj(z) cannot be computed exactly,

the algorithm in [1] uses approximatiomns to fJ(z) given by max ¢J(z,m),
w€Q
q

where Qq is a suitably constructed discrete subset of Q. Also, in [1],
in order to make the linear program, which computes the search direction,
finite, the sets Qg(z) A {w € Q]¢j(z,m) - wo(z) > €}, where
wo(z) A:max{gj(z), j=1,2,...,P; fj(z), j=1,2,...,m}, are also
approximated discretely. Unfortunately, the particular choice of the
discrete approximation to the sets Qz(z), used in [1], forces the
insertion of a very costly test into the algorithm. This test involves
the computation of many inner products which increases both computer time

and storage.



In this paper, we present an algorithm which uses a different discrete
approximation to the sets Qg(z), which has the great advantage over the
one in [1] that the costly test in [1] need no longer be used. As a
result, the new algorithm is much faster. The new algorithm also avoids
a number of smaller shortcomings present in the algorithm in [1]. It
uses a more satisfactory discretization rule for the approximations of the
fj(z) as well as a better optimality function for the calculation of
search directions. Both of these changes further contribute to its
superiority over the algorithm in [1]. Although, from a theoretical point
of view, the present algorithm does not appear to be all that different
from the one in [1], the collective effect of all the changes results in
very substantial practical differences, as can be seen from the experimental
results in Appendix B, and hence should be of considerable interest to

engineers in the area of computer aided design.

II. Definitions and Assumptions

We formalize our remarks about problem (1) by assuming the following

hypothesis is true.

Assumption 1. fo(-) and gJ(-), j=1,2,...,p are continuously differentiable;

¢J(-,~) and VZ¢J(-,- , j =1,2,...,m are continuous.
u

Because we are using feasible directions type algorithms we introduce
the concept of "e-active" constraints. Given z Gvﬂin, we define

w:n;n + IR by

v(z) Amax{gd(2), j €p; £(2), 5 Em} (3)



where p A {1,2,...,p} and m A {1,2,..,,m}. Then we define

11;0:]11u + R by
v, (2) A max{0,y(2)} (4)
For any € > 0, we define the "e-active" constraint sets by

f@atenf@ -y >-e 5)

B(z) A G5 €pled (@) - v (2) > - €} )

We identify the set of points in Q for which ¢j(z,m), j €Em, is

g-active by defining
() A o €2l (z,0) - v (2) > - €) M

We assume the following hypotheses are true.

Assumption 2. For all z € ]Rn, for all j € m, Qé(z) is a finite set.

Assumption 3. For all z € Bln, e >0, and j € JZ(Z)’ Qg(z) is the

union of a finite number of disjoint intervals, Ii k(z), k = 1,2,...,ki(z),
, ,

possibly of zero length, i.e.

Qje(z) = U I‘i’k(z) (8)

where{](j(z) {1, 2,...,kJ(z)}

Assumption 4. For all z € ]&n, {Vz¢3(z,w), w € Q%(z), j € Jg(z);

i +
vgl(z), j € J%(z)} is a set of positive linearly independent vectors.

| =]

Twe say a set of vectors {n } 1 is positive linearly independent if the
zero-vector is not contalned 1n the convex hull of {n } -1° This

assumption is related to. the Kuhn-Tucker constraint quallflcation [6].



These three assumptions are identical to those in [1].

We now define two functions which could, theoretically, be used to
generate feasible search directions. The first function defines a linear
program (LP)(cf. [1]) and the second function defines a quadratic program

(QP) (cf. [2]). For amy z € ]Rn, e > 0, define el':IRn + IR and
2

6‘_::]1{n + IR by

61(z) A min max{{VE°(z),D - vy (2);

(vgd(2),W, 3 € J?(Z); <Vz¢j(z,w),h>, w € Qi(Z), i€ Ji(z)}

(9)

ez(z) A min {%ﬂhﬂz + max{{ V£°(z),b - yxpo(z);
h €R"
(ng (z),w, j € Ji(z); (Vztpj(z,w),h) , w € Qg(z), j € Jz(z)}
(10)
where S A {h € mnlﬂh“w <1} and y > 1 is a constant. In [1] the
constant y was not used. We have found through our computational
experience that y > 2 gives best performance. Note that by increasing
vy the effect of the cost function, fo, is lessened whenever IIJO(Z) > 0.
The programs defined by (9) and (10) cannot, in general, be solved
by conventional LP and QP computer codes because Qz(z), j € m, may
contain an infinite number of points. It is for this reason that we
approximate 9‘2: (z) to make the LP or QP tractable while at the same time
ensuring that a suitable feasible search direction is computed. In
[1], Polak and Mayne approximates Q‘:’:(z) by a discrete set of points
given by the set of midpoints of each subinterval I:i (z). This approximation

e,k
provides a low dimensional LP to be solved (or QP as in [2]). But, the



direction vector computed with this approximation is not necessarily
a satisfactory search direction and a test is necessary to ensure suitability
of the vector. This test, Step 5 of Algorithms I and II in [1], involves
the computation of inner products for all the points in Qi(z). This
causes two computational problems: (i) the set Qi(z) has to be stored
and (ii) the computation of inner products for all the points in Qi(z)
(even when  is discretized) could be very expensive. It is desirable,
therefore, to approximate ei(z) or ez(z) in some other manner for which the
test over all the points in Qi(z) can be eliminated.

The new algorithm to be presented here is based on a new method
of "approximating" ei(z) and Gz(z). We define the "approximation” to

Qi(z) by

ﬁg(z) A{w € Qi(z)lw is a left local maximizer of ¢j(z,-)} ~(11)

where a point w € @ is a left local maximizer of ¢J(z,-) if there exists

a p > 0 such that
3 (z,0) < ¢7(z,0) ¥ € (w-u,0) N @ (12)
¢J(z,5) 3_¢j(z,m) Yo € (w,wtp) N Q (13)
~1 _n ~2 . n
We now define the functions OS:IR + R and ee:m + IR by

51(2) A min max{{ VE°(z),0 - vy _(2);
€ hES o

(vgd(z),w, 3 € JE(Z); <Vz¢j (z,w),b, 0 € ﬁi(Z),

1 € IL(2)) (14)



52(2) A min {%Hhﬂz + max{{ ve%(2) 0 - ywo(z);
h€ Rr"

gl (2,9, 3 € (@B@); (v ol zw,w, wed @), 5erl@

(15)

In order to ensure that 52(2) and éz(z) define a finite LP or QP respectively
we must require that for all j € Ji(z), Qi(z) is a finite set. Therefore,
we assume the following additional hypothesis to be true.

Assumption 5. For all z € B&n, e >0, and j € Ji(z), ﬁi(z) is

a finite set. H

Note that this is a slightly stronger assumption than Assumption 3. In
most practical cases, however, Assumption 5 should be satisfied.

The solutions of the programs defined by (14) and (15) will be denoted
by hi(z) and hi(z) respectively. Although éi(z) defines a QP it may

be more efficient to solve its dual [7,8]

62(z) = max {- -1-"u°Vf°(2) + ) ungj(Z)
€ ux0 2 g
= j€ JE(Z)
P uj"”vz¢j(z,w)“2 - Yuowo(Z)

jeJE(z) weﬁg(z?
w’ + ) W v s W = 1)

j€ Jg’(z) jE JZ(Z) w € ﬁg(z)

(16)

which also defines a QP. The solution of the program defined by (16) will

be denoted by ue(z). This solution is related to hi(z) by

) . .
ho(z) = - [12(2)VE%(2) + > W (2)vgd (2)
1€8@ °©

D 3 W %(2)v_¢7 (2,0)) (17)
JEI () w€ Qi(z)]
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III. An Algorithm Model

The conceptual algorithm to be presented here is based on an
algorithm model which was given in [1] and later in [5]. This model
is related to thé abstract problem of finding a point in a subset,
AC ]Rn, using a search function ART > Z]Rn. The set of points,

A, are referred to as desirable points.

Algorithm Model

Data: zq € r",

Step 0: Set i 0.

Step 1: If z, € A, stop; else, compute a z € A(z,).
otep 1 i i

i+l

Step 2: Set i =i + 1 and go to step 1. .

In the following general convergence theorem we list the assumed
properties of the map A. It will be showﬁ later that our conceptual
algorithm, for sol;ring problem (1), possessés these properties.
Theorem 1. [1] Suppose the map AR® > 2 mn, with associated cost
function c:RT > IR, has the following properties.

1) There exists an F C R"™ such that ¢ = cl on F and ¢ = c2 on Fc,
where c;»l, czlen + IR are continuous.

2) A(F) CF.

3) For all z € r" such that z & A, there exist ap > 0 and a

# > 0 such that

a) cl(z") - cl(z') <-u ¥z' €B(z,p) NF
¥z2" € A(z"Y) _ (18)

b) cz(z") - cz(z') <=-u ¥z' €B(z,0) N r¢
¥z" € A(Z") (19)



where B(z,p) A {2' € IRnlﬂz'-zﬂ < p}, If the algorithm model constructs

an infinite sequence {z }i:0 then any accumulation point z of this sequence

i
is desirable, i.e. z € A.

The proof of this theorem is given in [1].

As discussed in [1], and to a greater extent in [5], the use of two
cost functions allows the "Phase I" process of computing a feasible
point to be combined with the "Phase II" process of computing a point

in the desirable set, A.

IV. The Conceptual Algorithm

We now present a new conceptual algorithm.+ This algorithm is not,
in general, implementable, since it may not be possible to compute

exactly, in a finite time, quantities such as max ¢J(z,w) or
w€Q

ﬁi(z), for j € m. This algorithm is, however, used as a prototype for

the implementable algorithm to be presented in the next section.

Algorithm I

Data: o € (0,1), 8 € (0,1), § € (0,1], v > 1, 5 € (0,), 0 < ¢, << ¢

1 0’

z € R", 7 € {1,2}, M > 0.

Step 0: Set i

0.
Step 1: Set g = €o°
Step 2: Compute ﬁi(zi).

Step 3: Compute h:(zi) and ég(zi).

fSee 1.3 of [9] for a discussion of conceptual vs. implementable
algorithms.



Step 4: 1If 52(21) < =8¢ (set e(zi) = e)+ go to step 6; else, set € = e/2
and go to step 5.

Step 5: 1If ¢ <€ and eg(zi) = 0, stop; else, go to step 2£

Step 6: If wo(zi) = Olcompute the largest step size o, = B ie (0,M]

(li E‘Z-‘_‘_)H such that

£9(z, + o/h (2)) - £(z,) < ;aoiae (20)

gj(zi + oihZ(zi)) <0 ¥j€p (21)

g3 (z; + oh(z)) <0 ¥ €m | (22)
If wo(zi) > 0 compute the largest step size o, = Bzi € (0,M]

(S
(2i ‘l-+) such that

m .
v(z; + 0/ (z)) - ¥(z,) < -a0,8e (23)

- ™ . T+t
Step 7: Set Zi41 © 2% + oihe(zi)’ i = i+1, and go to step 1 (2). L

Note that the parameter m must be selected as a data parameter. If
m = 1 is selected then an LP must be solved in step 3; otherwise,
with m = 2, a QP must be solved.

We define F to be the feasible set for (1); i.e.

FA{z€EREI(2) <0, 1 €m; g7(2) <0, j €p} (24)

n
Steps 1 through 7 define a map A:R™ > Zni and step 6 provides the

property that A(F) C F. We define cl é:fo and c2 Ay on F and F¢ respectively.

+The construction of e(zi) is for use in the proofs only.

+*—Zﬂ+ denotes the non-negative integers.
+++This algorithm will also work if 'go to step 2" is used in step 7.

The proof of convergence is substantially more complicated so that we
will consider only the case when e is reset at each iteration.



In order to show that Algorithm I satisfies the assumptions of
the convergence theorem of the previous section we require the following
three lemmas. No proof is given for Lemma 1 since the proof requires only
a slight modification to the proof of Proposition 1 in [1] to be valid
here. The proofs for Lemmas 2 and 3 are contained in Appendix A.
Lemma 1. If z € F is optimal for (1) then eg(z) = §g(z) = 0 for

m € {1,2}. Furthermore, for all z € Fc, eg(z) < 0 for m € {1,2}.

Lemma 2. For all z € R™ such that eg(z) <0, m € {1,2}, there exist

ap >0, and an € > 0 such that
e(z') > ¢ ¥z' € B(z,p) (25)

where €(z') is the value of € constructed by steps 2 through 5 Algorithm I,

with z, = 2'.
i
Lemma 3. For all z € R™ such that eg(z) <0, m €{1,2}, there

exist a p > 0 and a p > 0 such that

fO(zu) - fo(z') <-u ¥z' € B(z,p) NF . (26)
¥z" € A(z")
P(z") - P(2') < - v ¥z' € B(z,p) NFC (27)
¥z" € A(z2'")
o

As a consequence of Lemma 1, we define the set of desirable points,

A, as follows.

AA{z €ER™ef(2) =0, 1€ {1,21" (28)

JrThe zeros of eé(-) and 93(-) coincide; i.e., 0(1)(2) = 0 if and only if
2
eo(z) = 0. See [5] for a further discussion of other optimality functions

and their use in feasible directions algorithms,

-10-



Because of Lemma 2 the algorithm caﬁnot cycle between steps 2 and 4
indefinitely while halving €. Hence, the map A is well-defined.
Theorem 2. If Algorithm I constructs a sequence {zi} which is
finite then the last point constructed is desirable. If the sequence

is infinite then every accumulation point is desirable.
a

Proof: We have defined cl A £° and c2 A ¥ so that by Assumption 1,
cl and 02 are continuous. As previously stated the map A satisfies
A(F) C F. Hence, assumptions 1 and 2 of Theorem 1 are satisfied.
From Lemma 3 and the definition of the set of desirable points 4,

it is clear that assumption 3 of Theorem 1 is satisfied. Hence, we can

apply Theorem 1 and we obtain the desired conclusion.

V. The Implementable Algorithm

Since it is impossible to evaluate in finite time, méx ¢j (z,w)
or ﬁi (z), j € m, exactly, we have developed an implemen::)ablg version of
Algorithm I in which a piecewise linear approximation of each
¢j
[1].

Let @ A [mo,wc] and Aq A

(z,0), for j €Em , is used. The method is similar to the one used in

w
cC O

for q E'l-_'_. Then let

9, A v €alu=u, + kg, k=0,1,2,....0) (29)

The points in qu will be referred to as mesh points. Given z € ]Rn,

j€m, and v = A0 + (1-2) (wtAq) with A € [0,1] and w € Qq, define

¢3'1<z,m> A A3 (2,5) + (1-)¢3 (z,5+0q) (30)
and

3(z) A max  ¢3(z,0) (31)

q ® e Qq q.

-11-



For any z € R™ and q E'l.+, define q;q:IRn + R by

by(2 Amaxigd (), j € ps £, j €W (32)
and then define npq’o:mn + IR by

¢q’o(z) A max{O,lpq(z)} (33)
For any z € IRn, q G.l._'_, and € > 0, we define

2 @ & o€ lod@w -y @ -l (34)

6(31 (z) A {w € Q‘jl (z) |w is a left local maximizer of ¢‘jl(z,')}

(35)

L@ AaUenR@ - @ 2-e (36)
g . h
To.c® AL ERlE@ -y (2) 2~ e} 37y
el (z) A min max{( v£%(2),n - Y\fl (2)3
q,€ hE€s

(vgl(z),w, j € chl,e(z);

., vel @, 557 @) (38)

(z) A min max{{ ve° (z),R - sz (z);
q, h e S

(vgd(z),w, 5 € chl,e(z); <Vz¢j(z,w),h> ,

w € szJ (2), ] € e<z)} (39)

Let eq (z) and eq (z) denote the obvious modification to (10) and
’
(15) respectively.
In the implementable algorithm to be presented, the conceptual

algorithm will be applied to the "approximate' problem

min{fo(z)|gj(z) <0, j €p; fg(z) <0, j €Em} (40) -

-12-



We must, therefore, ensure that the quantities in (40) satisfy the
assumptions for the conceptual algorithm, The only assumption which
may be satisfied by the original problem (1), but not for (40), is
Assumption 2. This is true since, for some j € m, Qg(z) may have two
points which are adjacent mesh points in Qq. If this happens, then
¢g(z,-) would be constant between these two points and a "zero-active flat"
would occur. In this case, the approximate problem would not satisfy
Assumption 2, since Qg(z) being finite implies that ¢j(z,-) cannot have
a '"zero-active flat."

While we cannot ensure that Assumption 2 is satisfied by (40) for
all q ejlt+, we . have added a subloop in the implementable algorithm
to eliminate any "zero-active flats" for any given z; € R"™. This subloop
decreases the spacing of the points in Qq until there are no two adjacent
mesh points in Qg’o(z).

We can now state the implementable algorithm.

Algorithm II

Data: o € (0,1), B € (0,1), § >0, v > 1, ¢, € (0,2), u; > 0,

>0, z. € RY, 4y, €L, M> 0, 7 € {1,2}.

Ha 0
Step 0: Set i =0, q = qg° k = 0.

1]

Step 1: Set ¢ €0°
. s s cu
Step 2: Compute Q;,e(zi) and Qi’o(zi), JE€Emn
Step 2': If ﬁi O(Zi)’ j € m, contains two adjacent mesh points, set
2
q=q+ 1 and go to step 2; else, go to step 3.
n -
Step 3: Compute hq,e(zi) and eq,e(zi)'

-13-



Step 4: If 5: e(zi) < =~ 8e go to step 6; else, go to step 5.
9
H H
1 2
Step 5: If < — and —= = =
€ < - an d)q’o(zi) -<—2q’ set q =q+ 1, Yy = 2
=k + 1, and go to step 1l; else, set € = £/2 and go to step 2.

i’

Step 6: If wq o(zi) = 0, compute the largest step size
’

L
=8 le (0,M] (21 EL_'_) such that

%1
£° (z +0 h (z )) fo(zi) < - acide (41)
gj(z +0h (24 20 ¥Vi€p (42)
J
i:'q(zi o.h q’ (z)) <0 ¥ €m (43)
L.
If ¢ q (z ) > 0, compute the largest step size o; = g * € (0,M]

(2.1 E7L.+) such that

+ -— -
q;q(zi q,(_:(zl)) \b (z ) < - ac 6(-: (44)
T
Step 7: Set Zi = %y + oihq,e(zi)’ i =1+ 1, and go to step 1 (2).
n

In addition to Assumption 2,we require the following hypothesis to
be true.

Assumption 6. There exists a q E7L.+ such that for all z € ]Rn, and

for all q > a, each 9‘: o(z), j € m, does not contain adjacent mesh points.
2
H

This assumption ensures that there is a uniform minimum distance between
the points of Q-;')(z), j € m, for all z € ]Rn. We now state a result which
is an immediate consequence of Assumption 6.

Lemma 4. Algorithm II cannot cycle indefinitely between steps 2 and 2'.

=1

-14-



Because of Lemma 4, the only way that Algorithm II can jam up is
to cycle between steps 2 and 5, while halving €. Suppose the algorithm

jams up at a point zg . The cycling can occur if " €(zi) =0
M i’
(z,) > —ZT, where q, is the value of q at iteration
. g0 17 g4l 1
i. Since ¢i (zi,'), j € m, has no "zero-active flats," we can apply
1 ,
Lemma 2. If 6

for all € > 0 and ¢q

T

qi’o

such that 52 e(zi) < - €. Hence, the only way in which the algorithm can
i’

H

. . m = 2 j C j
jam up is if eq’o(zi) 0 and wq,o(zi) > —E;u Because Qq,O(zi) Qo(zi),

j € m, we have, by Assumption 4, that if ¢q 0(zi) > 0 then 6:
b

(zi) < 0 then by Lemma 2 there exists an € > 0

,0(z3) <0
which is a contradiction. We conclude that Algorithm II cannot jam up
and, hence, it is well-defined.

We now state the main convergence result for Algorithm II. Note
that if Algorithm II generates a sequence {zi}izo then Step 5 sifts out
a subsequence {yk}.

Theorem 3. If Algorithm II, with w = 1 or 2, constructs an infinite

sequence {zi}izo, then any accumulation point y* of the sequence {yk}

must be desirable; i.e. y* € F and Gg(y*) = 0.

Proof: We will first show that either {yk} is infinite or else
. =)
(=30 |
accumulation points). Suppose that {yk} is finite; i.e. there exist an

Mk 2
Nl € 7Zﬂ+ and a q Ejl,+ such that s(zi) > ;E or wq,o(zi) > ;a for all
where e(zi) is the value of € constructed by steps 2 through 5

has no accumulation points (which implies that'{yk} can have no

1> N,

of the algorithm. Such a value of q exists because of Assumption 6.

Let z be an accumulation point of {zi}; i.e. zy ¢ z for some

K C:vlq+. Because wq o(-) is continuous and, by Theorem 2, wq 0(;.) = 0.

b b

2
— 11i>N,, 1 €K.
there exists an N, > N; such that wq’o(zi) g_zq for al >Ny,

Because'{e(zi)}1€K is a sequence bounded away from zero there exists a

-15-



'I\
subsequence {e(zi)}ia(., K' CK, such that e(zi) LS € > 0. Hence, there -

exists an N, > N

3 such that

1

~

0

™m>

(z,) < -6e(z)) <-65 ¥l >N,, i €K' (45)

q,e(zi) 2 S

By arguments similar to those used in proving the convergence of the

conceptual algorithm it can be shown that there exists a 0 > 0 and an

N4 > N3 such that
) o
- - = €K'
f (zi+l) f (zi) <-0 Vzi Fq 1€K' 1> N4 (46)
- - EF°, 1 EX'
wq(zi_'_l) q)q(zi) <-0 Vzi Fq, i€K' i 3_N4 47)

where Fq 4 {z € IRn|gJ(z) <0, j €p; f‘;]l(z) <0, j €Em}. Now consider
two cases: (1) z:L € F: for all i > N4. For any two successive indices

i,jGK',j>iiN4wehave

- = - . + z, -
by () = V(e = ¥ (z) = ¥z ) + ¥ (5 )
- - 48
Hence, {lpq(zi) }i € g is not Cauchy which is a contradiction since, by
continuity, wq(zi) L(,_' wq(;). (ii) 1f z3 c Fq for some i 1N4, then

ziGFq for allil'i. For any i, j €K', j > iz_i, we have

o o o o o
f (zj) - f (zi) = f (zj) - f (zj_l) + f (zj_l) -

v 4 £z, ) - E(2) < -0 (49)

i+1

-16-



A\l A~
We again have a contradiction since fo(zi) X £9(z). Thus, if {yk} is

finite, then {zi} can have no accumulation points.

Let y* be any accumulation point of‘{yk}:=0 s 1.e. Vi

E'C'Z_4: Let e(yk) and 9 be the corresponding values of € and q in the

X y* for some

algorithm when Yie is constructed. We then obtain

u

o 2—;1: < = 8ely))
) eqk,e(yk)(yk)
= :é: max{(Vfo(yk),h ) - quk’o(yk);
(vgly),h), 5 € Jq,e(yk)(yk);
(v ¢ (z,0),0 ), w € QJk’S(Yk) (v)» 3 € Jﬁ,s(yk)(yk)}
< ﬁérsl max {(vE°® (v,)»h ) - W’qk,o(yk);
viv (v - qu’o(yk)] +vgl,nY, 5 € Jﬁ,e(yk) (7,
U RETARCRI R CEEIIL CASCARER Jﬁ(yk) (v}
= S(yk) G + ylv (v - tbqk,o(yk) M (50)
where we have used the facts that égk’e(yk) (v © Q‘Z ) (,)> 3 €m, and
qu,o(yk) §_wo(yk), for all k. Since qu,o(yk) -+ 0 as k > » and

quk,o(yk) - ¥, (y)| >0 as k> =, k€K, it follows from (50) that

1im 6

(y,) =0 (51)
wex 0y Tk

+We have used the expansion for m=1 only. The corresponding result for
m=2 should be obvious.
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It now follows from the upper semicontinuity of the function eg(y) in

both € and y (at €=0), that

— T T
1lim 6 < *
3600y )0 < 00M 0 (52)
From (51) and (52) we conclude that Bg(y*) = 0. From the discussion

above, it is clear that wo(y*) = 0 and, hence, y* € F. n

VI. Conclusions

We have presented here a new algorithm that is a substantial
improvement over the algorithm in [1] for solving problems with
functional inequality constraints. This new algorithm uses a different
method in approximating the functional constraints. The use of e-active
local maxima points in Q; for computing search directions, allows the
deletion of a test, which is costly in terms of computation time and
storage, from the algorithm in [1]. Also,a new discretization rule is
given since the one in [1] will not always be satisfactory.

We have also included a new optimality function which gives rise
to a different method of computing search directions. This optimality
function gives rise to a better scaled search direction vector and it
provides a faste; speed of convergence when compared to the method used
in [1].

It is hoped that this improved algorithm will provide better
computational results when used to solve computer aided design problems.
Our computational results have thus far supported this optimism.
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Appendix A. Proofs for §§IV.

For the sake of conciseness it will be assumed that m=1 and p=1l.
The superscripts on fj and gj, etc. will be deleted. Of course, all the
results hold for the more general case. The proofs will also be given
only for #=1, but they require only slight modifications to hold for
=2,

Before we prove Lemma 2, we shall prove several preliminary results.
For notational convenience, we define

Df(z,h) & max (V ¢(z,w),h? : (A1)
w € Q (2) z

{w € Qlf(z) = ¢(z,w)}. It was shown by Danskin [10] that

e

where (z)
Df (z,h) is the directional derivative of f(z) in the direction h. We

also define

-
Df (z,h) 4 max (Vv ¢(z,w),h ) if £(z) - ¢ (2) > - ¢
€ w € (Z) vz (o]
ﬁ €
L - @ otherwise | (A2)
A (s
Dg_(z,h) = (vg(z),h? if g(z) - ¥ (2) > - ¢
<i~- © otherwise (A3)

Proposition 1. For any z € R" such that Qo(z) # ¢, and for any u > 0,

there exist a p > 0, and an € > 0, such that for all z' € B(z,p), and

e € [0,¢e],

] + |
(a) ﬂe(z ) C Nu(QO(Z)) (A4)

+We define the neighborhood of a subset @ C Q of radius u > 0 by

Nu(ﬁ) 4 {w € $2| |w - E| < u for some w € Q}
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(b) Bfe(z',h) < Df(z,h) + nu, Vh € S (A5)

Proof: (a) Given z € IR"™ such that QO (z) # ¢ and p > 0, suppose the
conclusion is not true. Then there exist sequences {zi} and {ei} such

that z; »+ z and g 0 with Qei(zi) A Nu(ﬂo(z)) . This implies that

e = LRI
there exist points, wy Qei(zi), i=1,2, , such that wy & Nu(QO(z))
for all 1 = 1,2, --+. Since Q is compact, there exists an w € @ such

K —_—
that w, > w where K C Z+. By the definition of Wy, ¢(zi,wi) > tpo(zi) - €y

Because ¢(-,+) and tpo(-) are continuous, ¢(z,w) > lpo(z) and hence w € Q()(z).

Consequently, w, € Nu(QO(z)) for sufficiently large i € K, which is a

i
contradiction. Thus, part (a) must be true. (b) By the continuity of

Vz¢(',°) and compactness of Qo(z) and S, there exist a Py > 0 and a

ul > 0 such that

max (Vz¢(z',w) ,h) - Df(z,h) < p

w € Nu (Qo(z))

1
VYh €S, ¥z' € B(z,pl) (A6)

From part (a) there exist a p € (0,p1] and an € > 0 such that ﬁe(z') C
Nu (Qo(z)), for all € € [0,e] and for all z' € B(z,p). From (A6) we
1
obtain
max {9 _¢(z',w),h? < Df(z,h) + u

w€ QR (2"
€ ¥Vh €8, ¥z' € B(z,p) (A7)

From the definition of ﬁfe(:-.',h) and (A7), we obtain (A5), the desired

result. =

Proposition 2. For any z € IR " such that 2 (z) # ¢, and for any € > O,

p > 0, there exists a p > 0 such that for all z' € B(z,p)
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(a) QQ(Z) - Nu(ﬁs(z')) ‘ (A8)
(b) Df(z,h)'f__‘I;fe (z',h) + u, ¥h S S. | | (A9)

Proof: (é)‘Let w* € Qo(z). Since Qo(z) is finite, there exists a
u* € (0,pu] such that w* is the unique maximizer of ¢(z,*) on the in-

terval Np*(m*). For all z' € Bln, define

ne>

NCD) max  ¢(z',u) | (A10)
w € Nu*(m*)
and
a(e) Yl €N @40 = v (A11)

By Proposition 1, there exist a Py > 0 and an € € (0,e] such that

8(z') CN

u'k (QO (Z)), ¥z' € B(z:pl) (Alz)
2

By the continuity of ww*(.) and ¢o(-),'there exists a p, € (0,p1]

such that for all z' € B(z,pz),

P a(2') =¥, (2) 2 -% (A13)
=¥, (z") + ¢ (2) > -% (A14)'

Since “’w*t z) = ¥_(z) (because w E‘Qo(z)) we obtain
ba(z') - ¥ (2") 2 =€, ¥z' €B(z,0,) ' . (A15)
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From (Al2) and (Al5) we conclude that Qw*(z') C QZ(Z') - Nu*(QO(z)) for
2
all z' € B(z,pz). But this implies that Qw*(z') - Nu*(w*) for all

2
z' € B(z,pz); i.e., Qw*(z') consists of unconstrained local maximizers

of ¢(z',w) over Nu*(w*). Consequently, the points in Qw*(z') are local

maximizers of ¢(z',:) over 2. From (Al5) we obtain
o(z',0(z") -y (2") > -€>~c¢ (A16)

where w(z') 4 min{mlw € Qw*(z')}, (leftmost maximizer). Thus,

w(z') € ﬁe(z'). Also, w* € Nu(fze(z')) because |w(z') - w*| < p* < q.
The above argument can be repeated for each w* € Qo(z). Let pz(w*)
be the associated radius of the ball about z for which the argument holds.

Then let p = min {pz(m*)} and we are done with part (a).
w* € Qo(z)

(b) Because V¢(+,°) is continuous, and Qo(z) is a finite set, and S is

compact, there exist a Hy > 0 and a Py > 0 such that for any w € Qo(z)

(Vz¢(z,w),h> - (Vz¢(z',w'),h) <u

Vh €58, V|w-w'| <My ¥z' € B(z,pl) (A17)

We then obtain

Df(z,h) = max (V ¢(z,w),h?
w € 9 (2) z

< max~(vz¢(2',w'),h> +u
w' €9

Vh €S, ¥z2'€E B(z,pl) (A18)
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where Q is any set such that Qo(z) c Nu (ﬁ). By part (a), there exists
1

a p € (O,pll such that Qo(z) c Nu (ﬁe(z')) for all z' € B(z,p). There-

1
fore,

Df(z,h) <  max (V ¢(z',0"),h) +u
w' €8 (z) ®

= f)fe(z',h) + u

¥h €8, ¥z' € B(z,p) (A19)
The following result is a corollary to Propositions 1 and 2.

Corollary 1. For any z € R" such that Qo(z) # ¢, and for any € > 0,

u > 0, there exists a p > 0 such that for all z', z" € B(z,p),
(a) a(z") C N (& (") | (a20)
(b) Df(z",h) < f)fs(z',h) +yu, ¥Vh €S (A21)

Proof: Let € > 0 and u > 0 be arbitrary. Then by Proposition 1, there

exist a p; > 0, and an € € (0,e], such that for all z" € B(z,pl) and

e' € [0,¢]
@ . (2") C N (2y(2)) (A22)
2
and
Be_,(z",h) < Df(z,h) + %, ¥h €8 (A23)

By Proposition 2, there exists a Py € (O,pll such that for all z' € B(z,pz)

Qo(z) - NEFQe(z')) - (A24)
2
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and

Df(z,h) < 13fe(z',h) +L% wyheEs (A25)

Since f(*) and w0(°) are continuous and f(z) = wo(z) there exists a
Py € (0,p2] such that £(z") - wo(z") > - e for all z" € B(z,pSK. Thus,
Q(z") C Qg(z") and we obtain part (a) by combining (A22) and (A24).
Similarly, because Q2(z") C ﬁg(z"), we have that Df(z",h) f_ﬁfg(z",h)

and therefore part (b) follows from (A23) and (A25). o

Lemma 2. For all z € R™ such that eg(z) <0, " € {1,2}, there exist a

p > 0, and an € > 0 such that
e(z') > ¢ ¥z' € B(z,p0) (A26)

where e(z') is the value of ¢ constructed by steps 2 through 5 of

Algorithm I with z, = z'.

Proof: Let p > 0 be such that eo(z) <=u< 0.+ Because Qo(z) = Qo(z),

it follows that

9 (z) = 6 (z) = min max{{ vE°(z),h ) - vy (2);
0 0 h€s °

Dgo(z,h); ﬁfo(z,h)} (A27)

We now consider 3 cases.

Case 1. ¢¥(z) < 0.

By the continuity of y(-) there exists a p > 0 such that for all

+The proof will be valid for m=1 only. We drop the superscript on
ee(z), etc.
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z' € B(z,ﬁ) ’

P(z') < 5’% | (A28)

Let € 4. ?éﬁl.; then we obtain

8(z") - ¥ (z") < -

f(z') - wo(z') < - ¢ ¥z' € B(z,0), ¥ e € [0,€] (A29)
Consequently,
Dg_(z',h) = f)fe(z',h) = -
¥h € S, ¥z' € B(z,p), Ve € [0,¢]. (A30)

Case 2. y(2) 20, 2,(2) = ¢.

Because Qo(z) = ¢, there exists an ¢ > 0 defined by ¢ & —-%
(£(z) - ¢o(z)). By the continuity of £(.) and wo('), there exists a
0y > 0 such that f(z') - wo(z') < - g for all z' € B(z,pl) and for all

€ € [0,e]. By the continuity of Vg(-), there exists a p € (O,pl] such

that
(vg(z"),h? < (vg(z),h) +-%
Vh €S, ¥z' € B(z,p) (A31)
Consequently,
Dg_(z',h) < Dgy(z,h) + 5
ﬁfe(z',h) = ﬁfo(z,h) = -
¥h €S, ¥z' € B(z,p), ¥e € [0,¢] (A32)
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Case 3. y(z) >0, Qo(z) # ¢.

By Proposition 1, there exist a Py > 0 and € >0 such that

Bf_(z',h) < DE (z,m) + %

¥h €5, ¥z'E€ B(z,pl), ¥e € [0,¢] (A33)

where we have used the fact that Df(z,h) = ﬁfo(z,h). By the same
arguments as in the two previous cases, there exist a p € (0,p1] and
€ € (O,el] such that

Dg_(z',h) < Dgylz,h) + 3

Vh €S, ¥z' € B(z,p), ¥e € [0,€] ' (A34)
This completes the third case.
By the continuity of Vfo(') and wo(-), there exists a p € (0,pl,
(using the appropriate § from case 1, 2, or 3 above) , such that
O 1 ' o u
(vE%(z"),h) - yp_(2") < (VE(2),h) - v (2) + 5

Vh €S, ¥z' € B(z,p) (A35)
Using € from case 1, 2, or 3, as appropriate, we obtain,

max{ (VE€°(z"),h) - ywo(z'); Dge(z';h); ﬁfe(z,h)}
f_max{(Vfo(z),h ) - y¢°(z); Dgo(z,h); ﬁfo(z,h)} %

¥h € S, ¥z' € B(z,p), Ve € [0,€] (A36)

Because (A36) holds for all h € S, it follows that

5 (g L, L
8 (2 <oy +5< -}

¥z' € B(z,p), ¥e € [0,€] (A37)
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Let ﬁ(z) G‘Z+ be an integer such that € 2 sOZ-J (z) < min{g, ;—5-}. Then,

from (A37) we obtain

ég(z') < - 8¢, ¥z' € B(z,p) (A38)

(z")

The algorithm constructs e(z') = eOZ_J where j(z') is the smallest
nonnegative integer such that ée(z,)(z') < = 8e(z'). In view of (A38),

we conclude that §(z) > j(z'). Hence, e(z') _>_E for all z' € B(z,p).

-
Proposition 3. For all z € R such that Go(z) < 0, there exists a
p > 0 such that
(a) Df(z",h') < - ade(z')+ if £(z) = wo(z)

¥z", z' € B(z,p), ¥h' € 5(z") (A38)
(b) (vg(z"),h') < - ade(z") if g(z) = ¢ _(2)

¥z", z' € B(z,p), ¥h' € s(z') (A39)
(c) (Vfo(z"~),h' ) < - ade(z') ¥z' € B(z,p) NF

¥z" € B(z,p), ¥h' € 8(z'") (A40)

where S(z') C S is the set of all direction vectors which are solutions

to the program defined by (14) with z = z' and € = e(2').

Proof: From Lemma 2 there exist a Py > 0 and an € > 0 such that

e(z') ig for all z' € B(z,pl).

(a) If £(z) = wo(z), then by Corollary 1, there exists a Py € (O,pl]

such that for all z", z' € B(Z,Oz)

+Not:e that o and § are data parameters in Algorithm I. § is used in the
€ test in Step 4 and o is used in the step length calculation in Step 6.
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DE(z",h") < Df_(z',h') + (1-0)8¢
< = 8e(z') + (1-a)dE

< - ade(z')  ¥h' € 5(z") (A1)

(b) If g(z) = tpo(z), there exists a Py € (0,p1] such that g(z') -
tpo(z') > - ¢ for all z' € B(z,p3). Also, there exists a oy € (0,93]

such that for all z", z' € B(z,p4)

(Vg(z"),h' ) < (vg(z"),h') + (1-a) 8¢

¥h' € S(z2'") (A42)

Because g(z') - wo(z') > - &> - e(z") for all z' € B(z,p,), we obtain
from (A42)
" ' r Rt _ 2
(vg(z™),h') iDge(z,)(z ,h") + (1-a) 8¢

< - 8e(z") + (L-a)éé

< - ade(z') w2, z' € B(z,p4), ¥h' € S(z')

(A43)
(c) By uniform continuity there exists a p 5 € (O,pl] such that
(ve%(z",h ) < (vE%(z"),h) + (1-a)de
¥VhE€s, ¥2", z' € B(z,ps) (A44).
By the definition of e(z'), if tpo(z') = 0, we obtain
(vEP(zM,h' ) < - Se(z") + (1-0)éé
< - ade(z'") ¥z' € B(z,ps) Ny
¥z" € B(z,ps), ¥h' € s(z') (A45)
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Let p & min{pz,p4,p5} and the proof 1s complete.. o

Lemma 3. For all z € R™ such that eg(z) < 0, m € {1,2}, there exist a

p >0 and a p > 0 such that

£9(z" - £%z") < -u  ¥2' €B(z,0) NF

¥z" € A(z") (A46)
P(z") - Y(z') < - u ¥2' € B(z,p) NF°
¥2" € A(z") (A47)

Proof: We shall consider the case, m=1, only. By Lemma 2, there

exist a p, > 0 and an £ > 0 such that e(z') > € for all z' € B(z,p()).

Case 1. y(z) > 0.

By the definition of ¥(z), either £(z) = y(z), or g(z) = £(z), or
both. Suppose,
(1) g(z) < y(z). By continuity there exists a Py € (0,p ] such that
g(z') < y(z') for all z' € B(z,pl) and hence ¢(z') = £(z') for all
z' € B(z,pl). By Proposition 3, there exists a p € (O,pl'] such that
Df(z",h') < - ade(z') for all z", z' € B(z,p), and (Vfo(z"),h' ) < -
ade(z') for all z' €B(z,p) NF, z" € B(z,p) and for all h' € é(z'). It
follows from the definition of the directional derivative that for any
z', h € R" and A >0,

A
f(z' + Ah) - £(2') = f Df(z' + sh,h)ds (A48)
o

For any z' € B(z,p/2), and for all A € [0, —":7—_], it follows that
2vn
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z' + Ah' € B(z,p), for all h' € §(z"), since fn'l < /n. We then obtain
from (A48)

f£(z' + Ah') - £(2') < - Acde(z')
¥z' € B(Z,D/Z), ¥h' € S(Z'),

¥\ € [0,p/2Vn] (A49)
Because f(z') = y(z') for all z' € B(z,p) we obtain
P(z' + Ah') - P(2') < - Aade(z')
¥z' € B(z,0/2), ¥h' € 5(z"), ¥ € [0,~] (A50)

For all z' € B(z,p/2) NF we obtain from Proposition 3

A
£9(z' + An') - £°(2") = f (vE%(z' + sh'),h' )ds
(o]

< = Aade(z')
¥h' € 5(z"), ¥ € [0, (A51)
2vn
From (A50) we have that for all z' € B(z,%) NF,
$(z' + An') <0  ¥h' €5(z"), VA € [0,-2] | (A52)
2vn
. p Lol 12(2) A
Let M' = min{M, —— }; then let k(z) € -'L+ be such that B <

. 2/n
M' < Bk(z)_l. In step 6 of the algorithm the smallest integer k(z') € 7—.+

. ]
is chosen such that Bk(z ) € (0,M] and

k(z")

y(z' + 8 h') - p(z') < - Bk(z') ade(z') 1f z' € F¢ (A53)
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or

fo(zl + Bk(z')h') - fo(z') < - Bk(z')
k(z')

ade(z')

¥(z' + 8 h') <0 if 2' €F (A54)

Comparing (A50), (A51), and (A52) with (A53) and (A54), we conclude that

k(z') < k(z) for all z' € B(z,%D. Hence, -g%(2") < - 8°® 4nd we obtain

$E" - 9z < - 85Pasezty < - gt

¥z' € B(z,p/2) N FC (A55)

fo(z") - fo(z') < - Bk(z)aﬁe(z') < - Bk(z)aéé

¥(z") <0 ¥z € B(z,p/2) O F (AS6)

1
where z" a z' + Bk(z )h'; i.e. 2" € A(z2").

(i1) f£(z) < P(z). The argument is the same as part (i) except that

f(-) and g(-) are interchanged.

(ii1) £(2) = g(z) = v(z). The argument is similar to part (i) where both

f(-) and g(+) are written using integral expansions.

Case 2. y(z) < 0.

By continuity there exists a Py € (0,p0] such that ¢(z') < 0 for
all z' € B(z,pl); i.e. B(z,pl) C F. By Proposition 3 there exists a
p € (0,p1] such that (Vfo(z"),h' ) < - ade(z') for all h' € S(z') and
for all z", z' € B(z,p). Using the same argument as in Case 1, we

obtain

£2(z") - £°(z") < - a8 (P se

p(z") <0, ¥z' € B(z,p/2) (AS57)
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where z" € A(z'").

Using the results of Case 1 or Case 2 as appropriate, if we let
5 o gk

and u aéa, then we are done.

V>
1
fo
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Appendix B
We now present a design problem in which a PID controller is to be

designed for the system in Figure 1. The transfer function is

1
G(s) = 2 (B1)
(s+3)(s™ + 2s + 2)
and we wish to choose the gains, z, for the PID series compensator
H(z,s) = z~ + z2/s + z3s. We wish to minimize the mean square error
in the zero-state response to a step input, subject to the constraint
that the phase margin is not smaller than 45°. The cost is
£°(2) = f e(z,t)dt
o
_ 2222 + 175" + 62 - 55 + 7M7) + 1802° - 36z + 1224
22(408 + 56zl - 5022 + 6023 + 102123 - 2(21)2)
(B2)
where we have used Parseval's theorem and the tables in [11]
The phase margin constraint is formulated as the inequality con-
straint ¢l(z,w) < 0 for w €Q 4 [10—6, 30.0] where
1 A 2
¢ (z,w) = Im T(z,w) - 3.33 (Re T(z,w))” + 1.0 (B3)

and T(z,w) = 1 + H(z, jw) G(jw). This constraint, when satisfied,
defines a region in the complex plane in which the Nyquist plot will

be located. The excluded region is a parabolic region as shown in
Figure 2. We also impose conventional constraints on the PID controller
gains, 0 < zZ < 100, 0.1 < z2 < 100, and 0 < z° < 100.

The parameters used in the implementable algorithm are
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o =0.2, 8=0.3, 6§=10", y=20, € =0.2, u = 1073,
o .

]
3]

= 10"2, q, = 128, M = 15.0, =
Our results are tabulated in Table 1. The approximate CPU time

was 32 seconds on a CDC 6400 computer.
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Table 1.

i zi zi i £°(z2,) e(zy) - q

0 1.000 1.000 1.000 3.131 0.20 128
10 21.964 21.952 30.646 0.186 2.0x10”% | 128
20 15.400 36.702 35.357 0.176 2.4x107° | 128
30 17.826 40.770 34.017 0.175 6.1x107° | 128
40 1 16.626 42.552 34.781 0.175 3.1x107% | 128
50 17.746 42,152 34.108 0.175 3.1x107° 512
60 17.017 42.712 34.555 0.175 1.5x107% | s12
68 16.928 42.974 34.617 0.175° 7.6x10”7 | 512
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PID
Controller

'1 G(s)l
= output

Plant

input

System block diagram for PID controller

Fig. 1.

design problem.

QI'“  0(ReT(2,0) , InT (%,10))=0
l-

-1

4\
yd

v

Fig. 2. Nyquist plot for system of Fig. 1 with gains of

s 16,028, 32242.974, and 5°=34.617.
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