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g
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he
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ta
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ow

an
al
ys
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be
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de
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at
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ne
ce
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to
fi
rs
t

co
mp
ut
e

th
e

da
ta

fl
ow

in
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at
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n
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ra
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ra
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ng
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il
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e
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ow
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at
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n
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a

pa
ss
,

an
d

th
en

at
te
mp
t

to
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nd
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ti
mi
zi
ng

t
r
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f
o
r
m
a
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i
o
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i
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s
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u
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S
u
m
m
a
r
y

o
f
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r
e
v
i
o
u
s

w
o
r
k
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T
h
e
o
l
d
e
s
t
i
n
t
e
r
p
r
o
c
e
d
u
r
a
l
d
a
t
a

f
l
o
w
a
n
a
l
y
s
i
s

t
e
c
h
n
i
q
u
e

o
f

w
h
i
c
h

t
h
e

a
u
t
h
o
r

i
s
a
w
a
r
e
w
a
s
d
e
v
e
l
o
p
e
d

b
y
S
p
i
l
l
m
a
n
.

[1
8]

H
i
s

m
e
t
h
o
d

i
s
p
r
i
m
a
r
i
l
y

d
e
s
i
g
n
e
d

to
d
e
t
e
r
m
i
n
e

si
de

e
f
f
e
c
t
s
o
f
a
s
s
i
g
n

i
n
g

t
o
a
v
a
r
i
a
b
l
e

(
d
u
e
t
o

a
l
i
a
s
i
n
g
)
,

b
u
t

c
a
n

b
e

u
s
e
d

t
o
d
e
t
e
r
m
i
n
e

t
h
e

s
i
d
e
e
f
f
e
c
t
s

o
f

c
a
l
l
i
n
g

a
p
r
o
c
e
d
u
r
e
.

H
e

c
o
d
i
f
i
e
s

i
n
f
o
r
m
a
t
i
o
n

i
n

a
b
o
o
l
e
a
n

m
a
t
r
i
x

an
d

t
h
e
n

i
t
e
r
a
t
i
v
e
l
y

m
e
r
g
e
s

ro
ws

t
o
a
c
c
o
u
n
t

fo
r

va
ri
ou
s

wa
ys

i
n
wh
ic
h

si
de

ef
fe
ct
s

ar
e

pr
op
ag
at
ed

in
ru
nn
in
g

p
r
o
g
r
a
m
s
.

In
p
a
r
t
i
c
u
l
a
r
,

fo
r

p
r
o
c
e
d
u
r
e
s

c
a
l
l
s
,

h
e
m
e
r
g
e
s
r
o
w
s

w
h
i
c
h

r
e
p
r
e
s
e
n
t

e
f
f
e
c
t
s
d
u
e
t
o
p
r
o
c
e
d
u
r
e
s

i
t
e
r
a
t
i
v
e
l
y

u
n
t
i
l

t
h
e

bi
ts

of
th
e
m
a
t
r
i
x

s
t
a
b
i
l
i
z
e
.

Hi
s

t
e
c
h
n
i
q
u
e

do
es

no
t

d
i
s
t
i
n
g
u
i
s
h

t
h
e
i
n
c
a
r
n
a
t
i
o
n
s
o
f

v
a
r
i
a
b
l
e
s

n
o
r
d
o
e
s
i
t
g
e
n
e
r
a
l
i
z
e

t
o
d
a
t
a

f
l
o
w

p
r
o
b
l
e
m
s

o
t
h
e
r

t
h
a
n

"
m
o
d
i
f
i
e
s
"
.

A
l
l
e
n
d
e
v
e
l
o
p
e
d

t
h
e
m
o
s
t
w
i
d
e
l
y
u
s
e
d

a
l
g
o
r
i
t
h
m
f
o
r
i
n
t
e
r
p
r
o

c
e
d
u
r
a
l

d
a
t
a
f
l
o
w

a
n
a
l
y
s
i
s
.

[2
]

O
r
i
g
i
n
a
l
l
y
,
t
h
e

a
l
g
o
r
i
t
h
m
w
a
s

l
i
m
i
t
e
d

t
o
n
o
n
r
e
c
u
r
s
i
v
e

p
r
o
g
r
a
m
s
.

A
fi
rs
t

pa
ss

ov
er

t
h
e

p
r
o
g
r
a
m

i
s

us
ed

t
o
d
i
s
c
o
v
e
r

th
e

c
a
l
l
i
n
g

r
e
l
a
t
i
o
n
s
h
i
p
s

o
f

th
e

p
r
o
c
e
d
u
r
e
s
.

I
n
t
e
r
p
r
o
c
e
d
u
r
a
l

i
n
f
o
r
m
a
t
i
o
n

i
s
t
h
e
n
g
a
t
h
e
r
e
d

b
y

p
r
o
c
e
s
s
i
n
g

p
r
o

c
e
d
u
r
e
s

i
n
t
h
e
"
r
e
v
e
r
s
e

i
n
v
o
c
a
t
i
o
n

o
r
d
e
r
"
.

Th
is

o
r
d
e
r
i
n
g

h
a
s
t
h
e

p
r
o
p
e
r
t
y

t
h
a
t

a
l
l

p
r
o
c
e
d
u
r
e
s

c
a
l
l
e
d

b
y

s
o
m
e

p
r
o
c
e
d
u
r
e
,

P
,

a
r
e

a
n
a
l
y
z
e
d

b
e
f
o
r
e

P.
T
h
e
e
x
i
s
t
e
n
c
e
o
f
s
o
m
e
o
r
d
e
r
i
n
g

w
i
t
h
t
h
i
s
p
r
o

p
e
r
t
y
i
s
g
u
a
r
a
n
t
e
e
d

b
y
t
h
e
n
o
n
r
e
c
u
r
s
i
v
e

c
h
a
r
a
c
t
e
r

o
f

th
e

p
r
o
g
r
a
m
.

A
l
l
e
n

a
n
d
S
c
h
w
a
r
t
z
h
a
v
e
e
x
t
e
n
d
e
d

t
h
i
s

b
a
s
i
c

a
l
g
o
r
i
t
h
m

t
o

h
a
n
d
l
e

r
e
c
u
r
s
i
v
e

p
r
o
g
r
a
m
s
.

[3
]

T
h
e

e
s
s
e
n
t
i
a
l

i
d
e
a

i
s

t
h
a
t

a

p
r
o
c
e
d
u
r
e
,

P,
w
h
i
c
h
c
a
l
l
s
a
n
o
t
h
e
r

p
r
o
c
e
d
u
r
e
,

Q
,
c
a
n

b
e

a
n
a
l
y
z
e
d

b
e
f
o
r
e

Q
i
f
o
n
e

i
s
w
i
l
l
i
n
g
t
o
m
a
k
e
w
o
r
s
t
c
a
s
e
a
s
s
u
m
p
t
i
o
n
s

a
b
o
u
t

t
h
e
da
ta

f
l
o
w
i
m
p
a
c
t
o
f
Q
.
T
h
e

i
n
f
o
r
m
a
t
i
o
n

c
a
n

b
e

r
e
f
i
n
e
d

b
y

-
5
-

r
e
a
n
a
l
y
z
i
n
g

P
a
f
t
e
r

a
b
e
t
t
e
r

a
p
p
r
o
x
i
m
a
t
i
o
n

f
o
r

Q
h
a
s

b
e
e
n

c
o
m

p
u
t
e
d
. A
l
l
e
n

d
o
e
s

n
o
t

d
i
s
c
u
s
s

t
h
e

p
r
o
b
l
e
m

o
f

d
i
f
f
e
r
e
n
t

i
n
c
a
r
n
a
t
i
o
n
s

o
f

v
a
r
i
a
b
l
e
s

i
n
r
e
c
u
r
s
i
v
e

p
r
o
g
r
a
m
s
.

He
r

t
e
c
h
n
i
q
u
e
s
d
o

no
t

n
a
t
u
r

a
l
l
y
h
a
n
d
l
e

s
h
a
r
i
n
g
o
f
v
a
r
i
a
b
l
e
s

b
e
c
a
u
s
e

t
h
e
o
r
d
e
r

i
n
w
h
i
c
h

p
r
o

c
e
d
u
r
e
s

ar
e

e
x
a
m
i
n
e
d

i
s

a
n
o
r
d
e
r

i
n
w
h
i
c
h

b
i
n
d
i
n
g
s

a
t
c
a
l
l
i
n
g

s
i
t
e
s
a
r
e
a
l
w
a
y
s

d
i
s
c
o
v
e
r
e
d

a
f
t
e
r

t
h
e
c
a
l
l
e
d

p
r
o
c
e
d
u
r
e

h
a
s

b
e
e
n

a
n
a
l
y
z
e
d
.

T
h
e

p
r
e
p
a
s
s
w
h
i
c
h
g
a
t
h
e
r
s

t
h
e
c
a
l
l
i
n
g
i
n
f
o
r
m
a
t
i
o
n
c
a
n

b
e

u
s
e
d

t
o
c
o
l
l
e
c
t

s
h
a
r
i
n
g

i
n
f
o
r
m
a
t
i
o
n

[
1
8
]
,

w
h
i
c
h

a
l
l
o
w
s
A
l
l
e
n
'
s

m
e
t
h
o
d

t
o

b
a
s
e

i
t
s
a
c
t
i
o
n
s

o
n
t
h
e
m
o
s
t
g
e
n
e
r
a
l

s
h
a
r
i
n
g

p
a
t
t
e
r
n

f
o
r

e
a
c
h

g
i
v
e
n

v
a
r
i
a
b
l
e
.

Ot
he
r

m
a
j
o
r

w
o
r
k

i
n
i
n
t
e
r
p
r
o
c
e
d
u
r
a
l

d
a
t
a
fl
ow

a
n
a
l
y
s
i
s

h
a
s

b
e
e
n

d
o
n
e
b
y

R
o
s
e
n
.

[1
4,
l-
7]

H
i
s
m
e
t
h
o
d

w
o
r
k
s
o
n
r
e
c
u
r
s
i
v
e

p
r
o

g
r
a
m
s

a
n
d

p
r
o
d
u
c
e
s

v
e
r
y

p
r
e
c
i
s
e

i
n
f
o
r
m
a
t
i
o
n

e
v
e
n

i
n

c
a
s
e
s

i
n

w
h
i
c
h

th
e

s
h
a
r
i
n
g

p
a
t
t
e
r
n
s

o
f
v
a
r
i
a
b
l
e
s

va
ry

d
e
p
e
n
d
i
n
g

o
n
t
h
e

c
o
n
t
e
x
t
.

U
n
f
o
r
t
u
n
a
t
e
l
y
,

h
i
s

m
e
t
h
o
d

i
s

p
r
o
b
a
b
l
y

i
m
p
r
a
c
t
i
c
a
l
l
y

s
l
o
w

a
n
d
c
o
m
p
l
i
c
a
t
e
d
.

T
h
e
b
a
s
i
c
i
d
e
a
e
x
p
l
o
i
t
e
d
b
y
R
o
s
e
n
i
s
t
h
a
t

w
h
e
n
a
n
a
l
y
z
i
n
g

a
p
r
o
c
e
d
u
r
e
,

P,
w
i
t
h
a
c
a
l
l
o
n
a
s
u
b
p
r
o
c
e
d
u
r
e
,

Q
,

t
h
e

i
n
f
o
r
m
a
t
i
o
n

i
m
p
a
c
t
o
f
Q
c
a
n

b
e
e
x
p
r
e
s
s
e
d
i
n
a
f
o
r
m
u
l
a

w
h
i
c
h

s
u
m
m
a
r
i
z
e
s

P.
T
h
a
t

is
,

t
h
e
s
u
m
m
a
r
y
o
f
P
i
s
a
n
e
q
u
a
t
i
o
n

w
i
t
h

u
n
k

n
o
w
n
s

fo
r

s
u
b
p
r
o
c
e
d
u
r
e
s

c
a
l
l
e
d
i
n

P.
A
n
a
l
y
z
i
n
g
a
p
r
o
g
r
a
m
y
i
e
l
d
s

a
s
e
t
o
f
e
q
u
a
t
i
o
n
s
w
h
i
c
h
c
a
n
b
e
s
o
l
v
e
d
s
i
m
u
l
t
a
n
e
o
u
s
l
y

t
o

o
b
t
a
i
n

u
s
e
f
u
l

d
a
t
a

f
l
o
w

i
n
f
o
r
m
a
t
i
o
n
.

S
h
a
r
i
n
g

i
s
h
a
n
d
l
e
d
b
y
a
l
l
o
w
i
n
g
f
o
r
m
u
l
a
s

t
o
b
e
p
a
r
a
m
e
t
r
i
c
,

i
n

s
o
m
e

s
e
n
s
e
,

i
n

a
s
h
a
r
i
n
g

p
a
t
t
e
r
n
.

W
h
e
n

a
n
e
q
u
a
t
i
o
n

i
s
u
s
e
d

t
o

s
u
m
m
a
r
i
z
e

i
n
f
o
r
m
a
t
i
o
n

a
t
a
p
o
i
n
t
o
f
c
a
l
l
,
t
h
e
p
a
r
t
i
c
u
l
a
r

b
i
n
d
i
n
g
s

a
t

t
h
a
t

p
o
i
n
t

o
f

c
a
l
l

a
r
e

u
s
e
d

t
o

r
e
f
i
n
e

t
h
e

f
o
r
m
u
l
a
.

-
6
-



I
n
c
a
r
n
a
t
i
o
n
s

o
f
v
a
r
i
a
b
l
e
s

c
a
n

b
e
k
e
p
t

a
p
a
r
t

b
y

r
e
n
a
m
i
n
g
v
a
r
i
a
b
l
e
s

i
n

e
q
u
a
t
i
o
n
s

a
s

t
h
e
y

a
r
e
p
a
s
s
e
d
b
a
c
k
i
n
t
o
t
h
e
p
r
o
c
e
d
u
r
e

w
h
i
c
h

c
r
e
a
t
e
d

t
h
e
m
,

b
u
t

R
o
s
e
n

n
e
v
e
r

e
x
p
l
i
c
i
t
l
y

s
t
a
t
e
s

h
o
w

t
h
i
s

i
s

t
o

b
e

d
o
n
e
.

T
h
e

t
e
c
h
n
i
q
u
e

u
s
e
d

b
y

R
o
s
e
n

t
o

s
o
l
v
e

t
h
e

s
i
m
u
l
t
a
n
e
o
u
s

e
o
u
a
-

t
i
o
n
s

i
s

a
b
i
t

r
e
d
u
c
t
i
o
n

s
t
r
a
t
e
q
v
,

i
n

w
h
i
c
h

m
a
x
i
m
a
l

i
n
f
o
r
m
a
t
i
o
n

i
s

a
t

f
i
r
s
t

a
s
s
u
m
e
d
.

T
h
e

e
q
u
a
t
i
o
n
s

a
r
e

s
u
b
s
t
i
t
u
t
e
d

i
n
t
o

e
a
c
h

o
t
h
e
r

un
ti
l

th
e

i
n
f
o
r
m
a
t
i
o
n
,

w
h
i
c
h
i
s
m
o
n
o
t
o
n
i
c
a
l
l
y

d
e
c
r
e
a
s
i
n
g
,

s
t
a
b
i
l
i
z
e
s
.

H
e

p
r
o
v
e
s

t
h
a
t

t
h
e

i
n
f
o
r
m
a
t
i
o
n

t
h
u
s

o
b
t
a
i
n
e
d

i
s

c
o
r
r
e
c
t
.

A
c
h
a
r
a
c
t
e
r
i
s
t
i
c

o
f

t
h
i
s

m
e
t
h
o
d

i
s

t
h
a
t

t
h
e

i
t
e
r
a
t
i
o
n

m
u
s
t

b
e

f
u
l
l
y

c
a
r
r
i
e
d

o
u
t
,

b
e
c
a
u
s
e

p
a
r
t
i
a
l

s
o
l
u
t
i
o
n
s

a
r
e

i
n
c
o
r
r
e
c
t

u
n
t
i
l

c
o
m
p
l
e
t
e

s
t
a
b
i
l
i
z
a
t
i
o
n
.

R
o
s
e
n
p
r
o
p
o
s
e
s
t
h
a
t
t
h
e

e
q
u
a
t
i
o
n
s
m
a
y
b
e
s
i
m
p
l
i
f
i
e
d

i
n
a
d
v
a
n
c
e

b
y
u
s
i
n
g

v
a
r
i
o
u
s

s
y
m
b
o
l
i
c

e
x
e
c
u
t
i
o
n

s
t
r
a
t
e
g
i
e
s

o
n

t
h
e
p
r
o
g
r
a
m
.

H
e
c
h
t

a
n
d
S
h
a
f
f
e
r

ar
e

i
n

t
h
e

p
r
o
c
e
s
s

o
f

i
m
p
l
e
m
e
n
t
i
n
g

a
n

i
n
t
e
r
p
r
o
c
e
d
u
r
a
l

a
n
a
l
y
z
e
r

fo
r
a
l
a
n
g
u
a
g
e

c
a
l
l
e
d

S
I
M
P
L
-
T
.

[8
]

T
h
e
y

a
r
e

e
m
p
l
o
y
i
n
g

a
m
u
l
t
i
p
a
s
s

s
c
h
e
m
e

w
h
i
c
h

u
s
e
s

t
r
a
n
s
i
t
i
v
e

c
l
o
s
u
r
e
.

B
e
c
a
u
s
e

o
f
t
h
e
l
i
m
i
t
e
d
s
c
o
p
i
n
g

s
t
r
u
c
t
u
r
e

o
f
S
I
M
P
L
-
T
,

t
h
e
p
r
o
b
l
e
m

o
f

v
a
r
i
a
b
l
e

i
n
c
a
r
n
a
t
i
o
n
s

d
o
e
s

n
o
t

e
n
t
e
r

i
n
t
o

t
h
e
i
r

a
n
a
l
y
s
i
s
.

S
h
a
r
i
n
g

i
s
h
a
n
d
l
e
d

b
y
a
t
e
c
h
n
i
q
u
e
w
h
i
c
h
i
s
b
a
s
e
d

o
n
o
r
e
a
n
a
l
y
z
i
n
g

s
h
a
r
i
n
g

c
o
n
f
i
g
u
r
a
t
i
o
n
s
.

H
e
c
h
t

a
n
d
S
h
a
f
f
e
r

o
n
l
y
p
l
a
n
t
o
c
a
l
c
u
l
a
t
e

i
n
f
o
r
m
a
t
i
o
n

a
b
o
u
t

w
h
i
c
h

g
l
o
b
a
l

v
a
r
i
a
b
l
e
s

m
a
y
b
e
m
o
d
i
f
i
e
d
,

w
h
i
c
h

g
r
e
a
t
l
y
s
i
m
p
l
i
f
i
e
s

t
h
e
p
r
o
b
l
e
m

t
h
a
t
t
h
e
y

a
r
e

a
t
t
a
c
k
i
n
g
.

T
h
e
i
r

w
o
r
k

a
p
p
e
a
r
s

t
o
b
e
t
h
e
m
o
s
t
s
i
m
i
l
a
r

t
o
t
h
e
a
l
g
o
r
i
t
h
m
d
e
s
c
r
i
b
e
d

i
n

t
h
i
s

pa
pe
r,

b
u
t
w
h
e
n

th
e
d
e
t
a
i
l
s
o
f
t
h
e
n
e
w
a
l
g
o
r
i
t
h
m

ha
ve

b
e
e
n

p
r
e
s
e
n
t
e
d
,

i
t

w
i
l
l

b
e

p
o
s
s
i
b
l
e

t
o

s
e
e

t
h
a
t

t
h
e

f
u
n
d
a
m
e
n
t
a
l

s
t
r
a

te
gi
es

fo
r

co
ll
ec
ti
ng

su
mm
ar
y
da
ta

f
l
o
w

i
n
f
o
r
m
a
t
i
o
n

ar
e

to
ta
ll
y

-
7
-

d
i
f
f
e
r
e
n
t
.

Th
ei
r

t
e
c
h
n
i
q
u
e
s

3
r
e
s
u
c
c
e
s
s
f
u
l

l
a
r
g
e
l
y

as
a

r
e
s
u
l
t

o
f

t
h
e

s
i
m
p
l
i
f
i
c
a
t
i
o
n
s

t
h
a
t

w
e
r
e

p
o
s
s
i
b
l
e

b
e
c
a
u
s
e

o
f

t
h
e

l
i
m
i
t
e
d

d
e
s
i
a
n

o
o
a
l
s

o
f

t
h
e

S
I
M
P
L
-
T

D
r
o
i
e
c
t
.

-
8
-



N
o
t
a
t
i
o
n

a
n
d

P
r
o
b
l
e
m

D
e
f
i
n
i
t
i
o
n
:

I
t
w
i
l
l

b
e
c
o
n
v
e
n
i
e
n
t

t
o
i
n
t
r
o
d
u
c
e

s
o
m
e

n
o
t
a
t
i
o
n
a
l

c
o
n
v
e
n

ti
on
s

wh
ic
h

wi
ll

be
us
ed

th
ro
ug
ho
ut

th
is

pa
pe
r.

A
fo
rm
al

de
fi
ni

ti
on

of
th
e

su
mm
ar
y

da
ta

fl
ow

in
fo
rm
at
io
n

th
at

we
wi
sh

to
co
mp
ut
e

w
i
l
l

t
h
e
n
b
e

p
r
e
s
e
n
t
e
d
.

We
ar
e
co
ns
id
er
in
g

th
e

su
mm
ar
y

da
ta

fl
ow

pr
oh
le
m

fo
r

pr
o

gr
am
s

in
Al
go
l

li
ke

(s
ta
ti
c

na
mi
ng

st
ru
ct
ur
e)

la
ng
ua
ge
s.

A

pr
og
ra
m

is
un
de
rs
to
od

be
re
as
on
ab
ly

we
ll

fo
rm
ed
,

i.
e.

th
er
e

is
no

in
ac
ce
ss
ib
le

co
de
.

Su
br
ou
ti
ne
s

ar
e
ca
ll
ed

ex
pl
ic
it
ly

at
ca
ll
in
g

si
te
s
wh
ic
h

ar
e

te
xt
ua
ll
y

vi
si
bl
e,

ra
th
er

th
an

be
in
g

ac
ti
va
te
d

by

th
e

ex
is
te
nc
e

of
so
me

co
nd
it
io
n.

A
va
ri
ab
le

is
a
de
cl
ar
ed

en
ti
ty

wh
os
e

st
or
ag
e

ma
y

be
as
so
ci
at
ed

wi
th

su
br
ou
ti
ne

en
tr
y.

Th
at

is
,

if
a

pr
oc
ed
ur
e

is
ca
ll
ed

re
cu
rs
iv
el
y,

a
pa
rt
ic
ul
ar

va
ri
ab
le

ma
y

b
e
as
so
ci
at
ed

w
i
t
h

se
ve
ra
l

st
or
ag
e

lo
ca
ti
on
s.

Ea
ch

su
ch

l
o
c
a
t
i
o
n

i
s

c
a
l
l
e
d

a
n
i
n
c
a
r
n
a
t
i
o
n
o
f
t
h
e
v
a
r
i
a
b
l
e
.

De
f:

Le
t
P
P
be

th
e

se
t
o
f
pr
oc
ed
ur
es

i
n

a
pr
og
ra
m

t
o
b
e
a
n
a
l
y
z
e
d
.

Fo
r

t
h
e
e
x
a
m
p
l
e
s
,

a
s
s
u
m
e

th
at

P,
Q
,

R
,

a
n
d

S
a
r
e

m
e
m
b
e
r
s

o
f

P
P
.

De
f:

Le
t
V
V

be
th
e

se
t
o
f
va
ri
ab
le
s
i
n
th
e

pr
og
ra
m.

Fo
r

th
e
e
x
a
m
p
l
e
s
,

a
s
s
u
m
e

th
at

r,
u,

v,
w,

x,
y,

a
n
d

z
a
r
e

m
e
m
b
e
r
s

o
f
W
.

S
e
p
a
r
a
t
e
l
y

d
e
c
l
a
r
e
d

v
a
r
i
a
b
l
e
s

ar
e
d
i
s
t
i
n
c
t

e
v
e
n

i
f
t
h
e
i
r

s
p
e
l
l
i
n
g
s

c
o
i
n
c
i
d
e
.

De
f:

A
(b
in
ar
y)

re
la
ti
on

i
s
a

se
t
o
f
o
r
d
e
r
e
d

pa
ir
s.

I
n

a
c
c
o
r
d
a
n
c
e

w
i
t
h

s
t
a
n
d
a
r
d

n
o
t
a
t
i
o
n
,

f
o
r

r
e
l
a
t
i
o
n
s

A
a
n
d

B
:

A
*
i
s
th
e

r
e
f
l
e
x
i
v
e

t
r
a
n
s
i
t
i
v
e
c
l
o
s
u
r
e
o
f

A,
A
+
i
s
t
h
e
t
r
a
n
s
i
t
i
v
e
c
l
o
s
u
r
e
o
f

A
,

A
B

i
s
t
h
e
c
o
m
p
o
s
i
t
i
o
n

o
f
A
a
n
d
B
,

~
A
i
s
t
h
e
s
e
t
o
f

p
a
i
r
s

n
o
t
i
n

A,
A
a
n
d
B
i
s
t
h
e
s
e
t
o
f
p
a
i
r
s

i
n
b
o
t
h
A
a
n
d

B,
A
o
r
B
i
s

th
e
s
e
t
o
f
p
a
i
r
s

i
n
e
i
t
h
e
r

A
o
r

Bf
T
R
A
N
S
(
A
)

i
s

t
h
e

t
r
a
n
s
p
o
s
e
o
f

A
,

t
h
a
t

i
s

(
a
,
a
'
)

6
A
i
f
f

(a
',
a)

6
T
R
A
N
S
(
A
)
,

a
n
d

(a
,a
*)

6
A
i
s
w
r
i
t
t
e
n

i
n
t
e
r
c
h
a
n
g
e
a
b
l
y
w
i
t
h
a
A

a'
o
r

(
a
,
a
'
)

i
n

A
.

-
9
-

D
e
f
:

L
e
t
C
A
L
L

b
e

a
r
e
l
a
t
i
o
n

d
e
f
i
n
e
d

o
n

P
P
x
P
P
.

A
p
a
i
r

(P
,Q
)

i
s

i
n
C
A
L
L

i
f
p
r
o
c
e
d
u
r
e
P
c
o
n
t
a
i
n
s
a
c
a
l
l

o
n

p
r
o
c
e
d
u
r
e

Q
.

De
f:

L
e
t
M
U
S
T
C
A
L
L
b
e

a
r
e
l
a
t
i
o
n
d
e
f
i
n
e
d
o
n
P
P
x

PP
.

A
p
a
i
r

(P
,Q
)

i
s
i
n
M
U
S
T
C
A
L
L

i
f
p
r
o
c
e
d
u
r
e

P
c
o
n
t
a
i
n
s

a
c
a
l
l
o
n

p
r
o
c
e
d
u
r
e

Q
o
n

a
l
l
p
a
t
h
s

o
f

e
x
e
c
u
t
i
o
n

f
o
r

w
h
i
c
h

p
t
e
r
m
i
n
a
t
e
s

n
o
r
m
a
l
l
y
.

T
h
a
t

is
,
a
ca
ll

o
n
P

m
u
s
t

a
l
w
a
y
s

b
e

f
o
l
l
o
w
e
d

b
y

a
c
a
l
l

o
n

0
b
e
f
o
r
e

P
r
e

t
u
r
n
s

t
o

i
t
s

c
a
l
l
i
n
g

s
i
t
e
.

T
h
e
n
o
t
i
o
n
o
f
"
m
u
s
t
"

i
n

c
o
n
t
r
a
s
t

t
o

"m
ay
"

w
h
i
c
h

d
i
s
t
i
n

g
u
i
s
h
e
s

MU
ST
CA
LL

fr
om

C
A
L
L
i
s
s
u
f
f
i
c
i
e
n
t
l
y

im
po
rt
an
t
t
o
w
a
r
r
a
n
t

ca
re
fu
l

ex
po
si
ti
on
.

A
r
e
l
a
t
i
o
n

wh
ic
h

c
o
n
t
a
i
n
s

"m
ay
"

i
n
f
o
r
m
a
t
i
o
n

on
ly

ex
pr
es
se
s

th
e

po
ss
ib
il
it
y

th
at

th
e

ac
ti
on

su
gg
es
te
d
b
y
th
e

re
la
ti
on

na
me

wi
ll

oc
cu
r

in
th
e
ex
ec
ut
in
g

pr
og
ra
m.

Fo
r

ex
am
pl
e,

(P
,Q
)

6
C
A
L
L

st
at
es

th
e

p
o
s
s
i
b
i
l
i
t
y

th
at

P
ma
y

ca
ll

Q.
In

co
n

tr
as
t

to
th
is
,

"m
us
t"

in
fo
rm
at
io
n

is
ap
pr
op
ri
at
e

wh
en

a
ce
rt
ai
nt
y

a
b
o
u
t

th
e

e
x
e
c
u
t
i
n
g

p
r
o
g
r
a
m

i
s
i
n
t
e
n
d
e
d
.

If
(P
,Q
)

6
M
U
S
T
C
A
L
L

th
en

th
e

ca
ll

o
n
Q
mu
st

be
ex
ec
ut
ed

as
a
su
bc
al
l

o
f

P
(i
n

th
e

c
a
s
e

o
f

no
rm
al

t
e
r
m
i
n
a
t
i
o
n

o
f

P
fo
r

wh
ic
h

su
mm
ar
y
da
ta

fl
ow

i
n
f
o
r
m
a
t
i
o
n
i
s
m
e
a
n
i
n
g
f
u
l
)
.

M
a
y
i
n
f
o
r
m
a
t
i
o
n
i
s
u
s
u
a
l
l
y

u
s
e
d

i
n
t
h
e
n
e
g
a
t
i
v
e

se
ns
e.

T
h
e

f
a
c
t

t
h
a
t

(P
,Q
)

6
"
C
A
L
L
c
o
n
s
t
i
t
u
t
e
s
d
e
f
i
n
i
t
e

i
n
f
o
r
m
a
t
i
o
n
t
h
a
t
P

w
i
l
l

no
t
d
i
r
e
c
t
l
y

ca
ll

Q.
T
h
e

fa
ct

t
h
a
t

(P
,Q
)
6

C
A
L
L

d
o
e
s

n
o
t

i
m
p
l
y

t
h
a
t

P
r
e
a
l
l
y

w
i
l
l

c
a
l
l

Q,
an
d
s
o
i
s
o
f
l
i
m
i
t
e
d
u
s
e

fo
r

e
x
t
r
a
c
t
i
n
g

i
m
p
o
r
t
a
n
t

i
n
f
o
r
m
a
t
i
o
n
.

D
e
f
:

L
e
t

D
I
R
E
C
T
M
Q
D

b
e

a
r
e
l
a
t
i
o
n

d
e
f
i
n
e
d

o
n

P
P

x
W
.

A
p
a
i
r

(P
,x
)

i
s
i
n
D
I
R
B
C
T
M
O
D
i
f
p
r
o
c
e
d
u
r
e

P
c
o
n
t
a
i
n
s

a
s
t
a
t
e
m
e
n
t

w
h
i
c
h

m
o
d
i
f
i
e
s

t
h
e

v
a
l
u
e

o
f

v
a
r
i
a
b
l
e

x.
(
m
a
y
i
n
f
o
r
m
a
t
i
o
n
)

D
e
f
:

L
e
t

D
I
R
E
C
T
U
S
E

b
e

a
r
e
l
a
t
i
o
n

d
e
f
i
n
e
d

o
n

P
P

x
W
.

A
p
a
i
r

(P
,x
)

i
s
i
n
D
I
R
E
C
T
U
S
E

i
f
p
r
o
c
e
d
u
r
e

P
co
nt
ai
ns

a
us
e
o
f
th
e
va
lu
e
o
f
va
ri
ab
le

x.
(n
ay

i
n

f
o
r
m
a
t
i
o
n
)

-
1
0
-



D
e
f
:

L
e
t

D
I
R
E
C
T
N
O
T
P
R
E

b
e

a
r
e
l
a
t
i
o
n

d
e
f
i
n
e
d

o
n

P
P

x
W
.

A
p
a
i
r

(P
,x
)

i
s
i
n
D
I
R
E
C
T
N
O
T
P
R
E
i
f

p
r
o
c
e
d
u
r
e

P
do
es

no
t

pr
es
er
ve

th
e
va
lu
e
o
f

v
a
r
i
a
b
l
e

x
o
n

an
y

oa
th

o
f

e
x
e
c
u
t
i
o
n

fo
r

w
h
i
c
h

P
t
e
r
m
i
n
a
t
e
s

n
o
r
m
a
l
l
y
.

T
h
a
t

is
,

x
m
u
s
t
b
e
s
e
t
b
y
a
n
i
n
v
o
c
a
t
i
o
n

o
f

P.
(m
us
t

i
n
f
o
r
m
a
t
i
o
n
)

Al
l

of
th
e

ab
ov
e

re
la
ti
on
s

ar
e
di
re
ct

in
th
e

se
ns
e

th
at

th
ey

co
nt
ai
n

in
fo
rm
at
io
n

ab
ou
t

ef
fe
ct
s

of
pr
oc
ed
ur
es

ig
no
ri
ng

in
di
re
ct

ef
fe
ct
s

du
e

to
su
bc
al
ls
.

Th
e

re
ma
in
in
g

r
e
l
a
t
i
o
n
s

to
be

de
fi
ne
d

co
nt
ai
n

su
mm
ar
y

in
fo
rm
at
io
n

ab
ou
t

th
e

ef
fe
ct
s
o
f
pr
oc
ed
ur
es

an
d

a
s
s
o
c
i
a
t
e
d

s
u
b
c
a
l
l
s
.

D
e
f
:

L
e
t
M
O
D
,

U
S
E
,

a
n
d
P
R
E

b
e

r
e
l
a
t
i
o
n
s

d
e
f
i
n
e
d

o
n

P
P

x
W

w
h
i
c
h

a
r
e
t
h
e
s
u
m
m
a
r
y
i
n
f
o
r
m
a
t
i
o
n

t
h
a
t
w
e

w
i
s
h

t
o

c
a
l
c
u
l
a
t
e
:

If
(P
,x
)

6
~M
OD

th
en

p
r
o
c
e
d
u
r
e

P,
an
d

an
y

s
u
b
c
a
l
l
s

o
f

P,
w
i
l
l
n
o
t
m
o
d
i
f
y
t
h
e
v
a
l
u
e

o
f

x
.

If
(P
,x
)

6
"U
SE

th
en

p
r
o
c
e
d
u
r
e

P,
an
d

an
y

s
u
b
c
a
l
l
s

o
f

P
,

w
i
l
l

n
o
t

u
s
e

t
h
e

v
a
l
u
e

o
f

x
. If

(P
,x
)

€
"
P
R
E

th
en

b
e
f
o
r
e

P
r
e
t
u
r
n
s
,

t
h
e

va
ri
ab
le

x
wi
ll

ha
ve

be
en

a
s
s
i
g
n
e
d
.

MO
D,

US
E,

an
d

PR
E

ar
e

re
la
ti
on
s

w
h
i
c
h

c
o
n
t
a
i
n

ma
y.

in
fo
rm
a

ti
on
,

it
wi
ll

be
mo
re

co
nv
en
ie
nt

to
c
a
l
c
u
l
a
t
e

pr
es
er
ve
s

in
fo
rm
a

ti
on

as
mu
st

in
fo
rm
at
io
n,

so
we

de
fi
ne

an
ad
di
ti
on
al

su
mm
ar
y

da
ta

f
l
o
w

r
e
l
a
t
i
o
n
:

De
f:
-

Le
t

N
O
T
P
R
E

b
e
a
r
e
l
a
t
i
o
n

d
e
f
i
n
e
d
o
n
P
P

x
W
.

A
pa
ir

(P
,x
)
6
NO
TP
RE

im
pl
ie
s

th
at

be
fo
re

P
re
tu
rn
s,

th
e

va
ri
ab
le

x
wi
ll

ha
ve

be
en

a
s
s
i
g
n
e
d
.

(N
OT
PR
E

i
s

s
i
m
o
l
y

"
P
R
E
.
)

It
is

un
de
rs
to
od

th
at

su
mm
ar
y

i
n
f
o
r
m
a
t
i
o
n

mu
st

be
c
o
r
r
e
c
t

wi
th
-
re
sp
ec
t

to
an
y

pa
rt
ic
ul
ar

po
in
t
o
f
ca
ll

o
f
a
pr
oc
ed
ur
e.

Th
e

s
u
m
m
a
r
y

d
a
t
a

f
l
o
w

r
e
l
a
t
i
o
n
s

a
r
e
d
e
f
i
n
e
d

o
n
P
P
x
W
,

w
h
e
r
e

W
i
s

th
e

se
t
of

ad
dr
es
sa
bl
e

in
ca
rn
at
io
ns

o
f
va
ri
ab
le
s

at
th
e

po
in
t

of

-
1
1
-

ca
ll
.

Th
e

fo
ll
ow
in
g

ex
am
pl
e

il
lu
st
ra
te
s

wh
y

th
is

in
te
rp
re
ta
ti
on

o
f

s
u
i
r
m
a
r
y

i
n
f
o
r
m
a
t
i
o
n

i
s
c
r
i
t
i
c
a
l
:

i
D
e
c
l
a
r
e

x;

i
Jq
"

i
I

P(
);

x
u
n
c
o
n
d
i
t
i
o
n
a
l
l
y

a
s
s
i
q
n
e
d
b
y

P;
Q
(
)
;

It
is

wr
on
a

to
co
nc
lu
de

th
at

P
NO
TP
RE

x
at

it
s

ca
ll

wi
th
in

0,

si
nc
e

th
e

in
ca
rn
at
io
n

of
x
wh
ic
h

is
ad
dr
es
sa
bl
e

at
th
is

si
te

is

di
ff
er
en
t

fr
om

th
e

in
ca
rn
at
io
n

as
si
gn
ed

by
th
e

ca
ll

on
P.

Th
e

re
la
ti
on
s

de
fi
ne
d

ab
ov
e,

an
d

se
ve
ra
l

to
be

in
tr
od
uc
ed

in

l
a
t
e
r

s
e
c
t
i
o
n
s
,

a
r
e
s
u
m
m
a
r
i
z
e
d

i
n
T
a
b
l
e

1.

In
te
rp
ro
ce
du
ra
l

da
ta

fl
ow

an
al
ys
is

is
es
se
nt
ia
ll
y

th
e

pr
o

ce
ss

of
co
mp
ut
in
g

th
e

su
mm
ar
y

da
ta

fl
ow

re
la
ti
on
s.

We
mu
st

be

so
me
wh
at

ca
re
fu
l

in
sp
ec
if
yi
ng

wh
at

is
ex
pe
ct
ed

of
an

in
te
rp
ro

ce
du
ra
l

da
ta

fl
ow

an
al
ys
is

te
ch
ni
qu
e

be
ca
us
e

th
e

de
fi
ni
ti
on
s

of

th
e

re
la
ti
on
s

do
no
t

ex
cl
ud
e

tr
iv
ia
l

(a
nd

us
el
es
s)

so
lu
ti
on
s.

Se
ve
ra
l

ev
al
ua
ti
on

cr
it
er
ia

of
da
ta

fl
ow

an
al
ys
is

te
ch
ni
au
es

wi
ll

b
e

n
e
c
e
s
s
a
r
y
.

De
f:

We
sa
y

th
at

a
su
mm
ar
y

da
ta

fl
ow

re
la
ti
on
,

A,
i
s

c
o
r
r
e
c
t

a
t
a
p
a
r
t
i
c
u
l
a
r

c
a
l
l
i
n
g
s
i
t
e
f
o
r
a
p
r
o

c
e
d
u
r
e
,

P
,

i
f
:

—
—
—
4

F
o
r
m
a
y
i
n
f
o
r
m
a
t
i
o
n

-
T
h
e
r
e

i
s
n
o

i
n
s
t
a
n
c
e

o
f

t
h
e

f
o
l
l
o
w
i
n
g

t
h
r
e
e
c
o
n
d
i
t
i
o
n
s
o
c
c
u
r

ri
ng

si
mu
lt
an
eo
us
ly

fo
r

an
y
va
ri
ab
le
,

x:
i.

x
i
s
a
d
d
r
e
s
s
a
b
l
e

a
t
t
h
e
c
a
l
l
i
n
q

si
te

i
i
.

(
P
,
x
)

6
"
A

ii
i.

Th
e

ca
ll

on
P
ma
y

ha
ve

th
e

su
mm
ar
y

ef
fe
ct

A
o
n
t
h
e
i
n
c
a
r
n
a
t
i
o
n

o
f

x
a
d
d
r
e
s
s
a
b
l
e
a
t

t
h
e

t
i
m
e

o
f

c
a
l
l
.

F
o
r
m
u
s
t
i
n
f
o
r
m
a
t
i
o
n
-

T
h
e
r
e

i
s

n
o

i
n
-

-
1
2
-



Table 1

Direct/Summary/
Relation Domain Program Independent May/Must

CALL PP X PP Direct May

MUSTCALL PP X PP Direct Must

DIRECTMOD PP X w Direct May

DIRECTUSE PP X w Direct May

DIRECTNOTPRE PP X w Direct Must

MOD PP X w Summary May

USE PP X w Summary May

PRE PP X w Summary May

NOTPRE PP X w Summary Must

SCOPE PP X w Program Independent

GENSCOPE PP X w Program Independent

GLOBAL PP X w Program Independent

NONRECURSIVE PP X w Program Independent

UPCALL PP X PP Program Independent

AFFECT- W X w Direct May

stance of the following three conditions
occurring simultaneously for any variable,
x:

i. x is addressable at the calling site
ii. (P,x) 6 A
iii. the call on P may fail to have the summary
effect A on the incarnation of x which was
addressable at the time of the call.

Def: We say that a summary data flow relation, A,
is correct if it is correct at every calling site in
the program.

We wish to define the precision of a calculated relation to

capture the concept of the amount of definite information avail

able. In particular, for may information, the sparser the rela

tion, the more effects are known not to be possible. Relations

have a natural partial ordering by set inclusion. We define pre

cision to be a meaningful comparator between related elements in

the partial order.

Def: We say that a correct summary data flow rela
tion is more precise than another correctly calcu
lated version of that relation if:

For may information - the more precise re
lation is a subset of the pairs of the
less precise relation.

For must information - The more precise
relation is a superset of the pairs of the
less precise relation.

The notion of correct does not exclude the trivial solutions of

all pairs for may information and no pairs for must information.

These solutions are correct, but are usually too imprecise to be

useful. It is too stiff a criterion to ask for the most precise

solution for a summary data flow relation, since the determina

tion of this will be undecidable in general.

Def: We say that a summary relation is precise up
to symbolic execution if

For may information - it is the most pre-
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Calculating MOD and USE, no sharing:

For simplicity in this section, we assume that there is no

mechanism, such as call by reference parameters, for introducing

sharing among variables. Formulas which use CALL, DIRECTMOD, and

DIRECTUSE to calculate MOD and USE are presented. A series of

formulas will be presented which calculate summary data flow

relations to differing levels of precision. In order to distin

guish the computed relations, we will write, for example, MOD/1.1

to be the MOD relation as calculated by formula 1.1. Only the

formulas for MOD are justified since the arguments in both cases

are essentially the same.

Correct formulas for MOD and USE are easy to obtain:

MOD := CALL* DIRECTMOD

USE := CALL* DIRECTUSE

Claim: MOD/1.1 is correct.

(1.1)
(1.2)

Justification: Since MOD is may information, we
must justify the absence of any pair, (P,x) , missing
from the computed relation. Suppose that
P ~ (CALL* DIRECTMOD) x. This says that P, and all
procedures callable from P (directly or indirectly),
do not contain a statement which modifies x. From
this we conclude that P, in summary, does not modify
x.

Although the above formulas are correct, they are extremely

conservative in their treatment of variables. If any incarnation

of x may be modified by a subcall qf P, then P MOD/1.1 x is cal

culated. If the incarnation of x which is modified by the sub-

call must be different from the one addressable at the point of

call of P, then the pair (P,x) could have been eliminated from

MOD, increasing the precision of the information.
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Refined formulas will be obtained for MOD and USE by includ

ing Algol scoping rules in the calculations. The techniques

presented can be modified to accommodate languages with less gen

eral static naming structure.

Def: The level of a procedure is the static depth
at which the procedure is defined. Declarations
which occur anywhere within a procedure will be as
sociated with the procedure invocation, rather than
with BEGIN block entry. The level of a variable is
the same as the level of the procedure to which it
is local. (This differs somewhat from standard Al
gol terminology.) Global variables are at level 0,
the lowest naming level.

When comparing levels, it will usually be clearer to refer to

lower levels as outer and higher levels as inner.

Def: Let SCOPE be a relation defined on PP x W. A
pair (P,x) is in SCOPE iff the level of x is strict
ly lower than the level of P. That is, x is de
clared at a outer level from P.

SCOPE is weaker than an addressability relation, since it is pos

sible that P SCOPE x, even though x is not addressable within P.

It is shown in [5] that using SCOPE rather than an addressability

relation does not degrade the calculated summary data flow infor

mation.

The following lemma will be used repeatedly in justifying

formulas involving scoping rules:

Scoping Lemma: When computing summary data flow information, a

call (direct or indirect) on a level n procedure, P, and all of

its subcalls, can affect addressable variables at the original

point of call only at levels 0 thru n-1.

Proof: P, and its subcalls, may be able to address
variables at levels which exceed n-1, but the vari
ables at these levels will be new incarnations and

-19-
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are not addressable at the original calling site.
Under the rules of static scoping, when a procedure
is called, the variables which are addressable in
the called procedure are a subset (not necessarily
proper) of those addressable at the calling site,
plus new incarnations of local variables. In the
body of P, the levels 0 thru n-1 contain variables
addressable at the original calling site, and level
n contains new incarnations of local variables for
P. By applying the previous observation inductive
ly, subcalls of P (direct or indirect) can only af
fect a subset of the variables addressable in P plus
new incarnations of local variables which were not
addressable at the original calling site.

Note that the above lemma is false in the presence of reference

parameters.

Formulas 2.1 and 2.2 produce summary data flow information

which is more refined than that oroduced by formulas 1.1 and 1.2:

MOD := CALL* (DIRECTMOD and SCOPE) (2.1)
USE := CALL* (DIRECTUSE and SCOPE) (2.2)

Claim: MOD/2.1 is correct.

Justification: If P "MOD/1.1 x then by the correct
ness of formula 1.1 it follows that the absence of
(P,x) from MOD/2.1 will not make the relation in
correct. Suppose that P MOD/1.1 x but that
P "MOD/2.1 x. Since P MOD/1.1 x, it must be true
that P CALL* Q and Q DIRECTMOD x (for at least one
procedure Q). Since P "MOD/2.1 x it must be true
that for any such Q, Q "SCOPE x. That is, the level
of x >= level of Q. (In short, x is local to Q
since the only variables addressable from Q at a
level which exceeds or equals Q's are locals.) By
the scoping lemma, the incarnation of x which Q
modifies can not be addressable at the calling site
of P. Thus, all pairs which are eliminated by using
formula 2.1 over 1.1 were superfluous. (Note: The
fact that MOD/2.1 is a subset of MOD/1.1 follows im
mediately from the semantics of "and". It is this
fact which implies that formula 2.1 is at least as
precise as formula 1.1)

Formulas 2.1 and 2.2 reflect the observation that actions on

local variables never affect summary data flow information. These

equations are sufficiently powerful to process programs in
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languaqes which do not allow the nesting of naming levels except

to distinguish locals and globals. For such languaqes the rela

tions computed are precise up to symbolic execution, a fact that

will follow as a corollary to a more general statement which is.

proven later in this section. SIMPL-T, C, and BLISS are languages

which enforce this naming limitation. [8,13,20]

A series of examples which illustrate program skeletons will

be useful in developing intuition as to the precision of various

formulas used in calculating summary data flow relations. We

begin with two examples for which formulas 2.1 and 2.2 are more

precise than formulas 1.1 and 1.2. For all the examples, the

reader is to assume that subroutine calls are executed condition

ally so that nonterminating recursion is avoided.

Declare x;

x is modified;
P();

Example 1

The call on P does not modify the addressable incarnation of x at

the point of call. This is the important case of direct recur

sion.
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4.1 and 4.2 are not precise up to symbolic execution, these for

mulas are the ones recommended for use in practice. Formula 4.1

fails to be completely precise on this complicated example:

QO;

Declare x;

rI S();

r • .x is modified;

R();
P();

The call on P within Q can not modify the addressable x thru the

call on S but:

P CALL* R,
R (DIRECTMOD and SCOPE) x,
and P SCOPE x

so P MOD/4.1 x.

Completely characterizing the effects of scoping rules on

MOD and USE information will result in formulas for them which

are computationally less efficient. It will be convenient to

introduce some notation for this characterization.

Def: A call chain is an ordered sequence of pro
cedures which are pairwise in the CALL relation.
Thus, P CALL* S as a result of P CALL Q, Q CALL R,
and R CALL S results in P,Q,R,S as a call chain.

Def: Let the call chain level be the level of the
outermost procedure in the call chain. In the exam
ple above, the call chain level is min(level P, lev
el Q, level R, level S).

-24-

Def: Let MAXCHAINLEVEL be a |PP| x |PP| matrix of
integers where rows and columns are selected by sup
plying procedure names. MAXCHAINLEVEL[P,Q] is the
maximum call chain level for all call chains from P
to Q.

Calculating MOD and USE can be accomplished with these formulas:

MOD

USE

= [ (P,x) | For some 0 6 PP,
P CALL* Q, Q DIRECTMOD x, and
level X < MAXCHAINLEVEL[P,0] }

:= { (P,x)
P CALL* Q, Q DIRECTUSE x, and

(5.2)

The intuition which justifies the use of the maximum chain

level in the formulas is that one may only be certain that some

oair, (P,x), is absent from the computed MOD if the call chains

which result in the modification of x all involve the call of a

procedure at a level at least as low as x. If a call chain of

maximum level contains a procedure at a level as low as x, then

all other call chains must also.

Claim: MOD/5.1 is correct.

Proof: Suppose that P "MOD/5.1 x. For a contradic
tion, assume that P does modify the addressable x
from some point of call. Since P can modify x,
there is some call chain, C, beginning with P, and
ending with the procedure, Q, which directly modi
fies x. The call chain level of C <=
MAXCHAINLEVEL[P,Q] by the definition of MAXCHAINLEV
EL. The modification by Q of the same incarnation
of x which is addressable at the call of P is only
possible if level x < call chain level of C (by the
scoping lemma). Thus, the level of x <
MAXCHAINLEVEL[P,Q] and all three conditions of for
mula 5.1 are satisfied, a contradiction.

Claim: Formula 5.1 calculates MOD precisely up to symbolic exe

cution.

Proof: We must show that the elimination of any
pair, (P,x), from MOD/5.1 results in an incorrect
summary relation (assuming that all paths of condi-

For some 0 6 PP,
P CALL* Q, Q DIRECTUSE x, and
level X < MAXCHAINLEVEL[P,Q] }

-25-

(5.1)
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Calculating NOTPRE, no sharing:

In this section, formulas for computing NOTPRE from MUSTCALL

and DIRECTNOTPRE will be presented. It will be shown that the

calculation of this summary information involves very different

considerations than those which applied to the calculation of MOD

and USE. As in the previous section, the assumption that there

is no aliasing of variables will be used here.

In a language without recursion, the calculation of NOTPRE

could be accomplished using the formula:

NOTPRE := MUSTCALL* DIRECTNOTPRE (6)

Formula 6 is not correct for programs with recursion as the fol-

lowing example proves:

P~~
Declare x;

P();
x is unconditionally assigned;

The call on P does preserve the value of the addressable incarna

tion of x, although

P MUSTCALL* P and

P DIRECTNOTPRE x.

Using SCOPE in NOTPRE formulas, as it was used in calculating MOD

and USE, would have the effect of complicating the examples for

which the formulas are incorrect, but they would remain

incorrect. At the end of this section, the call chain argument

is modified to produce a correct, but computationally ineffi

cient, method for calculating NOTPRE.
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Before presenting correct formulas for recursive programs

which will be based on formula 6, its correctness for nonrecur

sive programs must be established.

Claim: Formula 6 is correct for calculating NOTPRE for nonrecur

sive programs.

Justification: We assume that (P,x) 6 NOTPRE as
calculated by formula 6 for some procedure P and
some variable x. We can assume that x is address
able at some calling site of P (or the relation is
trivially correct). From the formula, there is some
procedure Q, such that P MUSTCALL* Q and
Q DIRECTNOTPRE x. By the definitions of MUSTCALL
and DIRECTNOTPRE, Q must be called and it must as
sign x before P returns. Therefore, the call on P
must have the summary effect of assigning x. Since
the program is nonrecursive, the incarnation of x
which is assigned by Q is the same one as the incar
nation addressable at the point of call of P.

Extending formula 6 for use on recursive programs can be

accomplished in several ways.

Def: Let GLOBAL be a relation defined on PP x W.
For every P 6 PP, a pair (P,x) is in GLOBAL iff x is
a global variable (i.e. is defined at the outermost
level).

A superset of GLOBAL can be defined which will have all of

the desirable properties of GLOBAL and which will result in the

calculation of somewhat more precise summary data flow informa

tion.

Def: Let NONRECURSIVE be a relation defined on PP x
VV. For every P 6 PP, a pair (P,x) is in NONRECUR
SIVE iff x is either a global variable or a local
variable to a procedure, Q, which can not call it
self (directly or indirectly). That is, Q "CALL Q.

These relations can be used to calculate NOTPRE for recursive

programs:

NOTPRE := (MUSTCALL* DIRECTNOTPRE) and GLOBAL

-29-
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Def: Let MINCHAINLEVEL be a IPPI x IPPI matrix of
integers where rows and columns are selected by suo-
plyinq procedure names. MINCHAINLEVEL[P,Q] is the
minimum call chain level for all must call chains
from P to Q.

Calculating NOTPRE can be accomplished with this formula:

NOTPRE := { (P,x) | For some 0 in PP,
P MUSTCALL* Q, Q DIRECTNOTPRE x, and
level x < MINCHAINLEVEL[P,Q] } (11)

Claim: NOTPRE/11 is correct.

Proof: Suppose that (P,x) 6 NOTPRE as computed by
formula 11. There is some procedure, 0, such that
P MUSTCALL* Q and Q DIRECTNOTPRE x. The must call
chain from P to 0 could not have produced a new in
carnation of x, since all procedures on that chain
are at levels which exceed the level of x (by defin
ition of MINCHAINLEVEL and level x <
MINCHAINLEVEL[P,QJ by formula 11).

It is possible to argue that MOD and USE are computed pre

cisely up to symbolic execution by formulas 5.1 and 5.2. No such

claim is made for the calculation of NOTPRE by formula 11. An

example of a program which prevents such a claim from being true

follows:

Q
Declare x;

P

R

x := v + 1;

IF booleanexpression THEN x := u + 1 ELSE R();

P();

It is obvious that P NOTPRE x, but

P "MUSTCALL R and

P "DIRECTNOTPRE X

so by any formula of this section, (P,x) would not have been

-32-

included in NOTPRE. This difficulty appears to be fundamental in

the calculation of NOTPRE by relational techniques. It is possi

ble to refine NOTPRE information by iterating over the procedure

bodies in a manner similar to that described by Allen and

Schwartz. [3]

At first it seems Plausible that some analogous problem

might exist in the calculation of MOD and USE. Fortunately, it

does not matter under what patterns of conditional execution pro

cedures are called for these kinds of information. It will be

shown in [5] that for data flow problems which have identical

composition functions for straightline code as they have for con

ditionally executed code, the underlying control structure of

procedures is irrelevant to the gathering of summary information.
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Sharing, MOD and USE:

The task of collecting summary data flow information is made

somewhat more difficult by the introduction of reference parame

ters into the program which is to be analyzed. A simole assign

ment statement like:

x := u + 1;

can affect variables other than x. These aliasinq effects happen

in two distinct ways, which we name for future reference:

Q~
Declare x;

P(reference formal r)

r is modified;

P(xf;

Refmod Effect

Modifying a reference parameter results in the modification of

the actual parameter bound to it. In this example, we must

determine that P MOD x.

Declare x;

R(reference formal r)

r x is modified;

P();

R(x);

Varmod Effect

{
Modification of a variable may result in the modification of '

reference parameters. Here, P MOD r must be deduced.

-34-

In this section, we will study sharing effects on the MOD

relation. It should be understood that all the reasoning applies

equally well to USE information.

The relation that will enable us to compute summary data

flow information in the presence of sharing is:

Def: Let AFFECT be a relation defined on W x W.
A oair (r,x) is in AFFECT iff formal reference
parameter r is directly bound to actual parameter x
at some point of call.

A formula for MOD can now be obtained from formula 1.1 which

will be correct in the presence of reference parameters:

MOD := CALL* DIRECTMOD AFFECT* TRANS(AFFECT)* (12)

Intuitively, refmod effects are accounted for by AFFECT* and

varmod effects are computed by TRANS(AFFECT)*. To aid in the

correctness proof of formula 12, and for subsequent formulas in

this section, we use a lemma which requires the introduction of a

few new terms.

Def: Let [x I r AFFECT* x} be called the set of
actuals which may be aliased to r.

Def: Let {r I x TRANS(AFFECT)* r] be called the set
of formals which may be aliased to x.

The lemma will attempt to formalize a rather simple idea

which is best understood by looking at a series of diagrams.

Consider nodes of these graphs to represent variables and

directed arcs to represent endpoints in the AFFECT relation. (A

reverse arrow represents endpoints in the TRANS(AFFECT) rela

tion.)
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r u

Here we see a graph which is induced by a program in which formal

reference parameters r and u are bound to actual parameter x. If

both r and u are bound to x simultaneously, modifying r modifies

r, x, and u. (The proof of the lemma contains an example of a

program in which this occurs.)

This graph represents a program in which formal parameter r takes

either x or y as its actual parameter. There is no way to bind

both x and y to the same incarnation of formal parameter r, hence

modifying x can not result in the modification of y.

Aliasing Lemma: Altering a variable, r, may modify its set of

actuals, and variables which are in the sets of formals of these

actuals. No other variable may be modified as a sharing effect

of the modification of r.

Proof: The examples which illustrate refmod and
varmod effects prove most of the first sentence of
this lemma. The following example shows that for
mals of actuals can be modified through sharing ef
fects:

-36-

Declare x;

P(reference formal r)

r is modified;

R(reference formal u)

P(x);

R(x);

P modifies r. This modifies x, an actual of r (ref
mod). Since at the calling site of P within P., u is
a formal of x, u is modified by the call on P.

What remains to prove is that no other kinds of ef
fects can arise through sharing. In particular, it
must be shown that no other actuals of formals can

be modified. That is, if
r AFFECT x and

r AFFECT u

that modifying x will not modify u. At the moment
that the program modifies the value of x, it may be
bound to some incarnation of the reference parameter
r. This incarnation of r can not be simultaneously
bound to x, because the incarnation of r is associ
ated with a particular call of the procedure to
which it is a formal parameter. Since x affected r
(varmod), this call must have had actual parameter
x, not u.

The aliasing lemma relates to formula 12 in that

AFFECT* TRANS(AFFECT)* has the impact of widening the modifica

tion of a variable first to its set of actuals and then widening

this to the sets of formals for these actuals. In a diagram,

modifying r results in the computation of the possible modifica

tions of all the nodes in the shaded region:
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Claim: MOD/12 is correct.

Justification: Follows from aliasing lemma and the
proof of formula 1.1.

Combining aliasing effects and scoping considerations is

necessary for practical applications. It will turn out that the

formulas derived are quite uniform in appearance, but the

correctness arguments are quite different at each step of

increasinq complexity analoqous to formulas 2.1, 3.1, and 4.1.

For this reason, combining scoping and aliasing considerations

will be done in stages which parallel the previous presentation

of scoping.

The notion of SCOPE must be recast because in the presence

of reference parameters, the modification of a local variable

(formal parameter) may have global effects (see for instance the

illustration of refmod effects).

Def. Let GENSCOPE be a relation defined on PP x W
which will generalize SCOPE. A pair (P,x) is in GEN
SCOPE iff the level of x is strictly less than the
level of P or x is a formal reference parameter of
some procedure.

This differs from SCOPE in that if x is a reference parameter,

the pairs (P,x) are automatically in GENSCOPE for all procedures,

P.

The first of the formulas which will combine scoping con

siderations and sharing effects follows:

MOD := CALL* (DIRECTMOD and GENSCOPE)
AFFECT* TRANS(AFFECT) *
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(13)

Claim: MOD/13 is correct.

Justification: We will show for any Q 6 PP and any
y,z 6 W such that

P CALL* Q,
Q DIRECTMOD y,
y AFFECT* z, and
z TRANS(AFFECT)* x

that Q "GENSCOPE y implies that P can not modify x
as a summary effect. That is, a pair (P,x) not com
puted by formula 13, but calculated by formula 12,
is superfluous.

Suppose 0 "GENSCOPE y and P MOD x, show contradic
tion.

Case 1: y is a reference parameter - This case is
impossible by the definition of GENSCOPE.

Case 2: y is not a reference parameter - It must be
true that y = z by the definition of AFFECT. If
Q "GENSCOPE z, then z must be a local variable of Q
(level of z >= level of Q). If x = z, then P can
not have a summary effect on x since the scoping
lemma applies (modifying a local variable can not
result in any summary effects). So, x must be modi
fied by a varmod effect of modifying z. This is im
possible since z is local to Q, and can not be bound
to any reference parameters at the instant it is
modified (Q is executing, so any formals which are
potentially bound to the local copy of z are associ
ated with bindings which are not currently in ef
fect) .

Formula 13 is analogous to formula 2.1. The next equation

echoes formula 3.1:

MOD := ((CALL* DIRECTMOD) and GENSCOPE)
AFFECT* TRANS(AFFECT)*

Claim: MOD/14 is correct.

Justification: We will show for any Q 6 PP and any
y,z G W such that

P CALL* Q,
Q DIRECTMOD y,
y AFFECT*~z, and
z TRANS(AFFECT)* X

that P "GENSCOPE y implies that P can not modify x
as a summary effect. That is, a pair (P,x) not com
puted by formula 14, but calculated by formula 12,
is superfluous.
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Suppose P "GENSCOPE x and P MOD x, show contradic
tion.

Case 1: y is a reference parameter - This case is
impossible by the definition of GENSCOPE.

Case 2: y is not a reference parameter - Again,
y = z. We also know that level of z >= level of P
since P "GENSCOPE z. If x = z, then the scoping
lemma shows that P can not have a summary effect on
x. The only case left is that reference parameter x
is modified through the varmod effect of modifying
z. This implies that z must be bound to x at some
call of the procedure to which z is a parameter. If
this.is a subcall of the call on P, then the incar
nation of x in question can not be addressable at
the calling site of P (it doesn't exist yet). If,
on the other hand, x exists already bound to z, then
z will cease to be addressable during the call on P
and its subcalls (since level z >= level P) and it
is impossible that Q could directly modify this in
carnation of z.

Combining formulas 13 and 14 produces the recommended for

mula for use on programs in languaqes that allow Algol scoping

and reference parameters.

MOD := ((CALL* (DIRECTMOD and GENSCOPE) and GENSCOPE)
AFFECT* TRANS(AFFECT)*

Claim: MOD/15 is correct.

Justification: Check that arguments from formulas
13 and 14 can be combined. Using the P, Q, y, z,
and x from those arguments, we show that
(Q "GENSCOPE y) or (P "GENSCOPE y) implies that P
can not modify x as a summary effect.

Case 1: y is a reference parameter - contradiction
by the definition of GENSCOPE.

Case 2: Q "GENSCOPE y - argument of formula 13 ap
plies.

Case 3:

plies.
P "GENSCOPE y - argument of formula 14 ap-
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(15)

Sharing, NOTPRE:

An analysis which parallels the aliasing considerations for

MOD could be developed for NOTPRE. A relation MUSTAFFECT could

be defined to capture the notion that assigning a formal refer

ence parameter, r, must also assign a particular actual parame

ter, x. There are two reasons for. omitting this analysis.

It is highly doubtful that such an analysis would have much

practical impact, because refmod effects would be limited to

parameters which in the entire program were bound to one, and

only one, actual parameter. Varmod effects are probably quite

rare in real programs altogether, and there is no obvious way to

calculate them for NOTPRE because of the "must" character of the

relation.

The second reason to ignore sharing when computing this

relation is that it is unnecessary for achieving correct formu

las. In computing NOTPRE the formulas which neglect aliasing are

correct, even if slightly less precise than would be possible

using these techniques. In contrast, MOD and USE formulas which

assume no reference parameters become incorrect until the refmod

and varmod effects are incorporated into them.
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Implementation:

One of the major advantages claimed for the interprocedural

data flow analysis algorithm described in this paper is its

strictly one pass nature. This section will describe how to

implement the algorithm in the first pass of an optimizing com

piler. The space and time reguirements for the implementation

are mentioned, with emphasis on an organization of data which

suoports bit vector operations.

The idea behind the single pass implementation is that CALL,

MUSTCALL, DIRECTUSE, DIRECTMOD, DIRECTNOTPRE, and AFFECT are

easily constructed from the program before any interprocedural

information is available. In particular, since the order in

which procedures are examined is unimportant, it is not necessary

to construct a call graph in advance of performing the intrapro

cedural information gathering. It is also unnecessary to analyze

the possible sharing relationships in advance, since they have no

effect on the computation of any of the direct relations.

Here is a sketch of an implementation which computes MOD,

USE, and PRE in a single pass over a program:

Step 1: FOR each procedure, P, in the program DO
Perform an intraprocedural global flow
analysis algorithm on P with the power to
compute which procedures are in the
MUSTCALL relation to P and which variables
are in the DIRECTNOTPRE relation to P.
This is relatively easy to do intrapro-
cedurally, since it only involves inter
secting information on paths of condition
al execution for which P terminates nor
mally. Flow analysis is not necessary for
computing CALL, DIRECTMOD and DIRECTUSE.
Computing the procedures in the CALL rela
tion to P is trivial. Computing variables
which are in the DIRECTMOD relation to P
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includes just those which are modified in
statements of P. It is not necessary to
worry about sharing effects, since these
will be included at a later stage of the
algorithm. The passing of an argument by
reference to a procedure called in P
should not be considered a modification of
the variable. (That is, if a variable is
passed by reference to a subroutine which
does not modify its formal, the algorithm
correctly computes the information that
the actual parameter is not modified.) The
variables in the DIRECTUSE relation to P
should include variables passed by value
to called procedures, but not those passed
by reference. This need not be considered
a use of the value of such a variable -
the subprocedure does not necessarily use
the value of its parameter. Finally,
pairs in the AFFECT relation are augmented
to include every (formal,actual) pair
which is bound at calls with reference
parameters within P.

Step 2: Construct GENSCOPE, GLOBAL, and UPCALL from
level information associated with procedures and
variables. Compute the transitive closure of CALL.
Using this, it is now possible to compute NONRECUR
SIVE.

Step 3: Compute MOD, USE, and NOTPRE using formulas
chosen from 1 through 15. To use formulas 5.1, 5.2,
and 11 it will be necessary to construct MAXCHAIN
LEVEL and MINCHAINLEVEL from CALL, MUSTCALL, and
level information. To obtain PRE, set PRE to
"NOTPRE.

This implementation assumes that a procedure is not called

before it is known which of its arguments are reference parame

ters. By keeping a table of all arguments supplied to a pro

cedure, this restriction can be eliminated. Since AFFECT is not

used until the entire interprocedural information collection pass

is complete, delaying its construction until the procedure param

eter description has been obtained does not degrade the algo

rithm.
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P DIRECTMOD x

GENSCOPE is a peculiar relation in that it need not com

pletely exist in actual memory. Consider the column representa

tion of GENSCOPE. There are only 11 (the number of naming levels

plus one) different columns in the matrix. Columns that

correspond to reference parameters are uniformly 1, as are

columns which correspond to globals. A variable which is

declared at a particular level, induces a pattern characteristic

of that level in its column.

Computing (DIRECTMOD* and GENSCOPE) , both stored as column

vectors, requires 0(|W|) bit vector steps and the result is

columnar.

Composing CALL* with (DIRECTMOD and GENSCOPE) is a matrix

multiplication. It requires 0(|PP| |W|) bit vector steps

regardless of the orientation of the resulting matrix. It is

most efficient to orient the result in rows.

A row version of GENSCOPE can also be keot implicitly using

only 10 rows, one for every procedure level. Just as in the

column case, a row has a pattern induced by the level of the pro

cedure it holds information about. Masking the row result of the

last computation with the row version of GENSCOPE results in a

row oriented relation for ((CALL* (DIRECTMOD and GENSCOPE)) and

GENSCOPE) in 0(|PPI) bit vector steps.
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Storing AFFECT as a matrix of bits is wasteful in space,

since it is normally quite sparse. There are a variety of

methods which allow sparse matrices to be represented in less

space, but one is particularly well suited for use with this

algorithm if there are relatively few reference parameters. Let

RR be the set of variables which are formal reference parameters.

Consider AFFECT and AFFECT*:

W - RR RR W - RP RR

W

RR

RR

0 0

9
9

?

w

RR

RR

0
1

1

1 o
1

o \
? 1

AFFECT EFFECT*

It is obvious that AFFECT and AFFECT* can be stored as

IRRI x IWI bit matrices. It is possible to compute the transi-

2
tive closure of AFFECT using 0(|RR| ) bit vector operations if

the |RR| x |W| matrix is stored bv rows using the following

modification of Warshall's algorithm:

FOR each column, x, in the |RR| x |RR| matrix in the
lower right corner of AFFECT DO

FOR each row, r, in that column DO
IF r AFFECT x THEN

row r := (row r) or (row x);

This version of Warshall's algorithm is simply a restatement of

the general algorithm in which steps that are known to merge zero

rows into other rows are omitted. To compute the reflexive
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transitive closure from the transitive closure, the "diaqonal"

pairs must be included.

The computed row version of AFFECT* is suitable for use

(without modification) as a columnar version of TRANS(AFFECT)*.

In order to obtain a useable version of AFFECT*, a columnar ver

sion should be computed. It is now possible to complete the com

putation of MOD using 0(|PP| |W|) bit vector steps with only a

bit vector temporary, if the composition with AFFECT* and

TRANS(AFFECT)* is done in the correct order.

Total space required for the large sample program which is

being used as an example is summarized below for a machine with

60 bit words:

CALL, MUSTCALL, UPCALL
DIRECTUSE, DIRECTMOD, DIRECTNOTPRE
GENSCOPE

AFFECT, AFFECT*

420 words each

1820 words each

170 words total

770 + 520 words

CALL* and MUSTCALL* use the same storage as CALL and MUSTCALL.

MOD, USE, and NOTPRE are overlaid on DIRECTMOD, DIRECTUSE, and

DIRECTNOTPRE. PRE is overlaid onto NOTPRE. Only one |PP| x |W|

temporary is needed GLOBAL and NONRECURSIVE do not use any

storage, since they are uniformly zero or uniformly one in each

column. AFFECT becomes TRANS(AFFECT)* through the transitive

closure process. AFFECT* is separate storage. The total space

required for the large sample program is about 10,000 words,

which is moderate by any standard for a problem of this magni

tude.

(The existing implementation, written in PASCAL to collect

data flow information for PASCAL programs was run on this cora-
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piler. (4,10] The program is about 6800 lines of code. Per

forming the data flow analysis took somewhat less time than it

takes to compile the compiler using the standard translator.

This indicates that not only are the space factors reasonable,

but also that the method is sufficiently fast to be practical).
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e

i
s

t
h
e

s
a
m
e

a
s

t
h
e

c
o
m
p
l
e
x
i
t
y

o
f

b
o
o
l
e
a
n

m
a
t
r
i
x

m
u
l
t
i
p
l
i
c
a
t
i
o
n
.

[1
]

U
s
i
n
g

th
e

i
m
p
l
e
m
e
n
t
a
t
i
o
n

d
e
s
c
r
i
b
e
d

i
n

th
e

p
r
e
v
i
o
u
s

s
e
c
t
i
o
n
,

t
h
e
a
l
g
o
r
i
t
h
m

p
r
e
s
e
n
t
e
d

c
a
n
b
e

ma
de

to
ru
n

as
ym
pt
ot
ic
al
ly

as
qu
ic
kl
y
a
s
bo
ol
ea
n

ma
tr
ix

mu
lt
ip
li

c
a
t
i
o
n

a
n
d

t
r
a
n
s
i
t
i
v
e

c
l
o
s
u
r
e
,

p
l
u
s

t
h
e

t
i
m
e

n
e
c
e
s
s
a
r
y

t
o

s
c
a
n

th
e

p
r
o
g
r
a
m

on
ce
.

S
i
n
c
e

th
e
p
r
o
g
r
a
m
s
c
a
n
i
s
i
n
e
v
i
t
a
b
l
e

fo
r

an
y

c
o
n
c
e
i
v
a
b
l
e

al
go
ri
th
m,

i
t

wi
ll

b
e

ar
gu
ed

th
at
,

a
t
le
as
t
i
n

t
h
e
o
r
y
,

t
h
e
a
l
g
o
r
i
t
h
m
p
r
e
s
e
n
t
e
d

i
s
t
h
e
f
a
s
t
e
s
t

p
o
s
s
i
b
l
e
.

-
5
0
-

T
h
e
f
i
r
s
t
o
b
s
e
r
v
a
t
i
o
n

n
e
c
e
s
s
a
r
y

fo
r

th
e

r
e
d
u
c
t
i
o
n

t
o

t
r
a
n
s
i

ti
ve

c
l
o
s
u
r
e

i
s

th
at

th
e
co
mp
ut
at
io
na
l

c
o
m
p
l
e
x
i
t
y
o
f
co
mp
ut
in
g

t
h
e

r
e
f
l
e
x
i
v
e

t
r
a
n
s
i
t
i
v
e
c
l
o
s
u
r
e
o
f
a
c
y
c
l
e

f
r
e
e

g
r
a
p
h

i
s

t
h
e

s
a
m
e

as
th
e
c
o
m
p
l
e
x
i
t
y

fo
r

ar
bi
tr
ar
y

gr
ap
hs
.

Th
e

re
ad
er

ma
y

fi
nd

a
pr
oo
f

of
th
is

fa
ct

in
th
e

pr
oo
f

of
Th
eo
re
m

5.
6

in
Ah
o,

Ho
p-

cr
of
t,

an
d

Ul
lm
an
,

al
th
ou
gh

th
ey

do
no
t

st
at
e

th
is

fa
ct
.

[1
]

L
e
t
M
b
e

an
a
d
j
a
c
e
n
c
y

ma
tr
ix

fo
r

so
me

a
c
y
c
l
i
c

gr
ao
h.

Th
e

co
mp
ut
at
io
n

of
th
e

re
fl
ex
iv
e

tr
an
si
ti
ve

cl
os
ur
e

of
M,

M*
,

ca
n

be

e
m
b
e
d
d
e
d

i
n

an
y
o
f

th
e

su
mm
ar
y
da
ta

fl
ow

p
r
o
b
l
e
m
s
.

W
e
wi
ll

pr
o

d
u
c
e

a
n
o
n
r
e
c
u
r
s
i
v
e

p
r
o
g
r
a
m

w
i
t
h
t
h
e
p
r
o
p
e
r
t
y
t
h
a
t
M
O
D
f
o
r
t
h
e

pr
og
ra
m

is
an

in
te
rp
re
ta
ti
on

M*
.

Th
e

pr
og
ra
m

co
ns
is
ts

o
f

pr
o

c
e
d
u
r
e
s
,
P
.
,
w
h
i
c
h

a
r
e
o
f
t
h
e
f
o
l
l
o
w
i
n
g

f
o
r
m
:

P
. i

x
.

i
s

m
o
d
i
f
i
e
d
;

C
a
l
l
e
v
e
r
y
p
r
o
c
e
d
u
r
e

P
.
f
o
r
w
h
i
c
h
M
[
i
,
j
]

=
1
;

I
t
i
s
q
u
i
t
e

o
b
v
i
o
u
s

th
at

P.
.
MO
D

x.
if
f

M*
[i
,j
]

=
1.

T
h
e

p
r
o
g
r
a
m

i
s

n
o
n
r
e
c
u
r
s
i
v
e

be
ca
us
e

th
e

gr
ap
h

re
pr
es
en
te
d

b
y
M
i
s
ac
yc
li
c.

Su
pp
os
e

th
at

M
is

an
n
x
n
ma
tr
ix
.

Th
e

pr
og
ra
m

co
ns
tr
uc
te
d

ha
s

jp
p
|
=

|V
V|

=
n

so
th
e
co
mp
le
xi
ty

of
co
mp
ut
in
g

MO
D

ex
pr
es
se
d

in

|p
p
j
+

|V
V|

is
at

le
as
t

as
gr
ea
t

as
th
e
co
mp
le
xi
ty

of
co
mp
ut
in
g

M
*

e
x
p
r
e
s
s
e
d

i
n
n

(
u
p
t
o
a
c
o
n
s
t
a
n
t

f
a
c
t
o
r
)
.

It
is

pa
rt
ic
ul
ar
ly

in
te
re
st
in
g

to
no
te

th
at

pr
oc
es
si
ng

pr
o

ce
du
re
s

in
no
nr
ec
ur
si
ve

pr
og
ra
ms

us
in
g

th
e

re
ve
rs
e

in
vo
ca
ti
on

or
de
r

(A
ll
en

[2
])

do
es

no
t

le
ss
en

th
e

co
mp
ut
at
io
na
l

co
mp
le
xi
ty

of

t
h
e

s
u
m
m
a
r
y

d
a
t
a

f
l
o
w

p
r
o
b
l
e
m
.

-
5
1
-



H
a
v
i
n
g

s
h
o
w
n

t
h
a
t

g
a
t
h
e
r
i
n
g

s
u
m
m
a
r
y

d
a
t
a

f
l
o
w

i
n
f
o
r
m
a
t
i
o
n

i
n

t
h
e

n
o

s
h
a
r
i
n
g
a
n
d
n
o
n
r
e
c
u
r
s
i
v
e

c
a
s
e

i
s
a
s
c
o
m
p
l
e
x

a
s
c
o
m
p
u
t
i
n
g

r
e
f
l
e
x
i
v
e

t
r
a
n
s
i
t
i
v
e

c
l
o
s
u
r
e
,

i
t

f
o
l
l
o
w
s

t
h
a
t

t
h
e

s
h
a
r
i
n
g

a
n
d

r
e
c
u
r
s
i
v
e

c
a
s
e
s

a
r
e

a
t

l
e
a
s
t

a
s

c
o
m
p
l
e
x
.

-
5
2
-

C
o
n
c
l
u
s
i
o
n
:

A
n
e
w
i
n
t
e
r
p
r
o
c
e
d
u
r
a
l

d
a
t
a
f
l
o
w
a
n
a
l
y
s
i
s

a
l
g
o
r
i
t
h
m

h
a
s

b
e
e
n

p
r
e
s
e
n
t
e
d

a
n
d

a
n
a
l
y
z
e
d
.

T
h
e
r
e

a
r
e

s
e
v
e
r
a
l

f
u
n
d
a
m
e
n
t
a
l

o
b
s
e
r
v
a

ti
on
s

wh
ic
h

w
e
r
e

n
e
c
e
s
s
a
r
y

to
ar
ri
ve

a
t

th
e

te
ch
ni
qu
es

d
e
s
c
r
i
b
e
d

i
n

t
h
i
s

p
a
p
e
r
.

V
i
e
w
i
n
g

t
h
e
p
r
o
b
l
e
m

a
s
t
h
e
c
a
l
c
u
l
a
t
i
o
n
o
f

a
r
e
l
a
t
i
o
n

f
r
o
m

o
t
h
e
r

r
e
l
a
t
i
o
n
s

i
s

a
n
e
w

f
o
r
m
u
l
a
t
i
o
n

wh
ic
h

p
e
r
m
i
t
s

th
e

c
l
e
a
n

ex
pr
es
si
on
,

an
d

ve
ri
fi
ca
ti
on
,

o
f
a

fa
mi
ly

o
f
re
la
te
d

al
go
ri
th
ms
.

T
h
e

n
a
t
u
r
a
l

b
o
o
l
e
a
n

m
a
t
r
i
x

i
m
p
l
e
m
e
n
t
a
t
i
o
n

t
u
r
n
s
o
u
t

t
o

b
e

r
e
a
s
o
n

a
b
l
e

i
n

p
r
a
c
t
i
c
e
.

I
n
o
r
d
e
r

t
o
s
u
p
p
o
r
t

t
h
i
s
v
i
e
w
o
f

i
n
t
e
r
p
r
o
c
e
d
u
r
a
l

d
a
t
a

f
l
o
w

a
n
a
l
y
s
i
s
,

i
t
m
u
s
t
b
e
o
b
s
e
r
v
e
d

t
h
a
t
t
h
e
s
p
e
c
i
f
i
c
c
o
n
t
r
o
l

s
t
r
u
c
t
u
r
e

o
f

e
a
c
h

p
r
o
c
e
d
u
r
e

i
s

o
n
l
y

o
f

l
i
m
i
t
e
d

i
m
p
o
r
t
a
n
c
e
.

T
h
e
r
e
i
s
o
n
e
o
b
s
e
r
v
a
t
i
o
n

w
h
i
c
h

i
s
a
b
s
o
l
u
t
e
l
y
c
r
i
t
i
c
a
l

i
f
t
h
e

d
a
t
a

fl
ow

a
n
a
l
y
s
i
s

i
s
t
o
b
e
p
e
r
f
o
r
m
e
d
i
n
a
si
ng
le

pa
ss
.

Un
de
r

a
l
l
p
r
e
v
i
o
u
s

s
c
h
e
m
e
s
,

s
h
a
r
i
n
g
h
a
d
t
o
b
e
p
r
e
a
n
a
l
y
z
e
d
.

T
h
i
s

fo
l

l
o
w
e
d

f
r
o
m
a
b
e
l
i
e
f

t
h
a
t
w
h
e
n
p
r
o
c
e
s
s
i
n
g
a
s
t
a
t
e
m
e
n
t
l
i
k
e
:

r
:
=

u
+

1
;

fo
r

r
e
f
e
r
e
n
c
e

p
a
r
a
m
e
t
e
r
,

r,
th
e
m
o
d
i
f
i
c
a
t
i
o
n

i
m
p
a
c
t
o
n

al
l

v
a
r
i

a
b
l
e
s

p
o
t
e
n
t
i
a
l
l
y

s
h
a
r
e
d

w
i
t
h

r
h
a
d
t
o
b
e
r
e
c
o
r
d
e
d
.

T
h
a
t
is
,

t
h
e

s
t
a
t
e
m
e
n
t

g
e
n
e
r
a
t
e
d

t
h
e

m
o
d
i
f
i
c
a
t
i
o
n

i
n
f
o
r
m
a
t
i
o
n

f
o
r

a
s
e
t

o
f

va
ri
ab
le
s.

Th
e

ne
w
ob
se
rv
at
io
n

wa
s

th
at

th
e

fa
ct

"r
ma
y

be
mo
di

fi
ed
"

ca
n

be
,

a
s
a
n

a
f
t
e
r
t
h
o
u
g
h
t
,

e
x
p
a
n
d
e
d

t
o
i
n
c
l
u
d
e

th
e

va
ri

ab
le
s

sh
ar
ed

wi
th

r.
Th
e

s
t
a
t
e
m
e
n
t
d
o
e
s

no
t
ge
ne
ra
te

th
e

in
fo
r

m
a
t
i
o
n
,

bu
t

th
e
e
f
f
e
c
t
o
n
r
do
es
.

W
i
t
h

th
is

i
n

mi
nd
,

A
F
F
E
C
T

co
ul
d

be
co
mp
ut
ed

i
n
pa
ra
ll
el

wi
th

th
e

ot
he
r
di
re
ct

re
la
ti
on
s,

a
n
d

c
o
m
p
o
s
e
d
i
n
t
o

t
h
e
s
u
m
m
a
r
y
i
n
f
o
r
m
a
t
i
o
n
l
a
t
e
r
.

-
5
3
-



Pr
ev
io
us

in
te
rp
ro
ce
du
ra
l

da
ta

fl
ow

an
al
ys
is

te
ch
ni
qu
es

tr
ea
t

al
ia
si
ng

ef
fe
ct
s

as
op
er
at
io
ns

on
eq
ui
va
le
nc
e

cl
as
se
s,

ra
th
er

th
an

ta
ki
ng

th
e
ca
re

to
no
ti
ce

th
at

th
e
on
ly

ef
fe
ct
s

wh
ic
h

ar
e

po
ss
ib
le

ar
e

ch
ar
ac
te
ri
ze
d

by
co
mp
os
in
g

AF
FE
CT
*

wi
th

T
R
A
N
S
(
A
F
F
E
C
T
)
*
.

Th
e

ex
pl
ic
it

ha
nd
li
ng

of
in
ca
rn
at
io
ns

of
va
ri
ab
le
s

is
ne
w,

as
ar
e

th
e

ch
ar
ac
te
ri
za
ti
on
s

wh
ic
h

us
e

MA
XC
HA
IN
LE
VE
L

an
d

MI
N

CH
AI
NL
EV
EL
.

Th
es
e

re
su
lt
s

fo
ll
ow
ed

fr
om

th
e

in
it
ia
l

go
al

of
pe
r

fo
rm
in
g

da
ta

fl
ow

an
al
ys
is

on
re
cu
rs
iv
e

pr
og
ra
ms
.

An
im
pl
em
en
ta
ti
on

fo
r

th
is

al
go
ri
th
m

ex
is
ts

fo
r

PA
SC
AL

pr
o

gr
am
s

(w
ri
tt
en

in
PA
SC
AL
,,

an
d

it
ap
pe
ar
s

to
.b
e

qu
it
e

in
ex
pe
ns
iv
e

to
us
e.

in
th
e

mo
st

ge
ne
ra
l

of
te
rm
s,

th
e
da
ta

fl
ow

an
al
ys
is

of
a

me
di
um

or
sm
al
l

pr
og
ra
m

(u
p
to

50
pr
oc
ed
ur
es

an
d

30
0
va
ri
ab
le
s)

wi
ll

ta
ke

ab
ou
t
on
e

th
ir
d

of
th
e

ti
me

it
ta
ke
s

to
co
mp
il
e

th
e

pr
og
ra
m

us
in
g

th
e

st
an
da
rd

tr
an
sl
at
or
.

Fo
r

la
rg
e

pr
og
ra
ms
,

on
th
e

or
de
r

of
th
e

on
e

de
sc
ri
be
d

in
th
e

im
pl
em
en
ta
ti
on

se
ct
io
n,

th
e

ti
me

fo
r

th
e

da
ta

fl
ow

an
al
ys
is

ap
pr
oa
ch
es

th
e
co
mp
il
at
io
n

ti
me
.

Th
e

us
e

of
in
te
rp
ro
ce
du
ra
l

da
ta

fl
ow

an
al
ys
is

in
an

op
ti
mi
z

in
g

co
mp
il
er

at
th
es
e

co
st
s

se
em
s

pr
ac
ti
ca
l.

In
a

sy
st
em

wh
ic
h

is
at
te
mp
ti
ng

to
Ge
ne
ra
te

pr
og
ra
m
di
aa
no
st
ic
s

or
au
to
ma
ti
c

do
cu

me
nt
at
io
n,

th
es
e

co
st
s

ar
e
qu
it
e

sm
al
l

co
mp
ar
ed

to
th
e

su
rr
ou
nd
-

in
q

sy
st
em
.

Th
e

ex
pe
ri
en
ce

wi
th

th
is

al
go
ri
th
m
co
nv
in
ci
ng
^

sh
ow
s

ch
at

in
te
rp
ro
ce
du
ra
l

da
ta

fl
ow

an
al
ys
is

is
we
ll

wi
th
in

wh
at

sh
ou
ld

be
co
ns
id
er
ed

pr
ac
ti
ca
l

fo
r

us
e

in
or
og
ra
mm
in
g

la
ng
ua
ge

s
v
s
t
e
n
s
.

-
5
4
-

B
i
b
l
i
o
g
r
a
p
h
y
:

il
l
n!
5'

A1
H

et
V

?°
Pc
ro
ft
'

Jo
hn

E.
,

an
d

Ul
lm
an
,

Je
ff
re
y

D.
^M
?!
!^
"

.a
"d

An
al
vs
is

of
Co
mp
ut
er

Al
gn
r^
h^

Ad
di
so
n-
wl
sl
eC

Pu
bl
is
nm
g

Co
mp
an
y,

Re
ad
in
g

Ma
ss
.

(1
9*
M)
':

«u
xa
on

we
si
ey

[2
]

Al
le
n,

F.
E.

In
te
rp
ro
ce
du
ra
l

da
ta

fl
ow

an
al
vs
is

Pr
oc
ee
di
ng
s

IF
IP

Co
ng
re
ss

iq
t«
.

No
rt
h

Ho
ll
ln
d
Kb
li
Jh
in
g

Co
.,

A
m
s
t
e
r
d
a
m

(1
9
'4
),

39
8-
70
2.

"
s

r[
]L
ti
0i
JM
'r
,r
,^
#

an
d,
?c
hw
ar
tz
'

J-
T.

De
te
rm
in
in
g

th
e

da
ta

dl
ta
li
ed
^s
u^
ar
1?
,!

C°
ll
ec
tl
on

<"
Pr
oc
ed
ur
es
,

(u
np
ub
li
sh
ed

Fu
er
S
m
a
t
i
^
z

60
°°
"

3«
4'

ET
H'
^i
tu
t

in
ii

J!
a«
th
i'

Je
f!
"v

M-
.A

Pr
ac
ti
ca
l

in
te
rp
ro
ce
du
ra
l

da
ta

fl
ow

an
al
ys
is

al
go
ri
th
m

an
d

it
s

ap
pl
ic
at
io
ns
.

Ph
.D
.

Di
ss
er
ta
ti
™

Un
iv
er
si
ty

of
Ca
li
fo
rn
ia
,

Be
rk
el
ey

(i
n
pr
ep
ar
at
io
n^
?e
rt
at
l°
n'

[6
]

Gr
ah
am
,

Su
sa
n

L.
an
d
We
gm
an
,

Ma
rk
.

A
fa
st

an
d

US
U8
ii
v

wn
ey
?r
N;
w\
^k
it
i9
^r
i9
:r

CO
nS
tr
UC
ti
o"

f°
r
*

^
Co
rn
er
,.

if
ii
nn
6^
*:

?a
ct
he
w

s-
an
d

Sh
af
fe
r,

Je
ff
re
y

B.
Id
ea
s

on
th
e

de
si
gn

of
a
"q
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