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CHAPTER 0

INTRODUCTION

This thesis examines a class of Stochastic Cont¥ol Problems where
the control laws are restricted to having piecewise constant sample
paths. Thus a control law can be looked upon as a choice of random times
when the value of the control is changed. The system is modelled as a
controlled probability space rather than as a controlled space of
trajcctoriés. This 18 in keceping with the recent results of Boel-Varaiya
[8]. This technique of modelling the effect of control laws was first
used by Benes [2,3] to prove the existence of solutions of systems driven
by a Wiener Process. Subsequently it was used by Davis~Varaiya [10] to
derive optiﬁality criteria for such systems and by Boel [7] to derive
optimality criteria for jump processes. The restricted class of control
laws gives rise to the problem of Impulse Control. This problem has been
considered for systems driven by a Wiener process by Bensoussan and Lions
[4,5,6]. The results presented in the first chapter can be looked upon as
the abstract versions of their results. The differences between the
optimality criteria for the restricted class of control laws and for the
class where no such restriction exists are most clearly brought out in the
local criteria presented in Chapter one (see 1.5). These are to be
compared with the local criteria of Boel-Varaiya [8].

The problem of Inventory Control is a typical example of the above
type of problem. There is an extensive literature on this type of
problem soﬁe of which has been referenced in Chapter 2. The basic problem
which arises here is that in the general case it is very difficult to

characterize the jump times of the optimal control. The use of (s,S)
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inventor§ policies circumvents this difficulty by restricting the jump
times to ones that can be easily characterized (viz. exit times from very
simple sets in state space). It is clear however that an (s,S) policy
cannot be optimal for a finite horizon problem. In chapter two we show
that the abstract optimality criteria lead to a complete characterization
of the optimél policy. '

Chapter 3 is devoted to showing differentiability properties of the
value function obtained for the Impulse Control problem of Chapter 2,
There we see that under suitable assumptions the value function is

continuously differentiable in its spatial variable.
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CHAPTER 1

ABSTRACT MODEL: OPTIMALITY CRITERIA

1.1. Model, Terminology, Preliminary Definitions

We fix a non-empty set 2 called the sample space. Let I = [0,1]
be the time interval of interest. Let x : I x Q =+ ]RP be a fixed map.

For each w € Q, the map t + x(t,w) will be called the path w of x. The

collection of all paths of x manifest all possible evolutions in time of
the process under consideration.
For each t € I, let ’ﬂt be the o-field of subsets of generated by

the maps {xs}s<t. This will be written as Q’t =olx ; s <th Itis

clear that the—family of o-fields {g;} 6 is an increasing family of
o-fields. 1i.e. t < s implies gt SCJS'. t:'1'111:e familﬁr {?};} e is called
the family of complete information o-fields. Let 'ﬂ’ deno;elthe o-field

generated by the union of the o-fields Q't, t € I. This will be written
as ﬂ = vtﬂt'

A stopping time T of %(t is an CJr'-measur:able map T : Q@ + ]R+ s.t.

for all t € I, {w/T(w) < t} € gt If T is a stopping time of q&;:, let
g,;,be the o-field of all sets A G":}, s.t. AN{T <t} € gt for all t € I,
It can be verified that the collection of all such sets do in fact.form

a o-field. (See IV-D35 of Meyer [13].)

The family of o-fields {g;:} is said to be free of times of discontinuity

if for every increasing sequence Tn of stopping times of {?1',__} we have

F =vE .
n

{limT )} ©
n

For a definition and discussion on times of discontinuity of the family

{"3;__} refer to VII-D39, D40, No. 54 of Meyer [13].
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Let QJ . be a fixed (but arbitrary) increasing family of sub o-fields
of ?‘,(t i.e.QJt C Qt for all t € 1. We call @t} the family of
partial information o-fields. Each (U ¢ is the observation g-field 'at time
t. |

Throughout  this thesis we assume that ’%}’t andCU ¢ ‘are free of times

of discontinuity. Note that this is an assumption on the map x.

Amapu: I x Q- RP 1s said to be Cyt-predictable. if for each
n P
t, u, is Cyt-measurable and there is a sequence of maps u : I X  + R
such that each u” has left continuous paths and 1lim un(t,w) = u(t,w) for

n>e

all (t,w) €I x Q.

A stopping time T of fy is Algebfaicallz Predictable if the indicator

function of the stochastic interval [T,1] is predictabie in the sense of
the above definition. (See Meyer [14].)

If ’P is a probability measure on (9,’\..;,), a stopping time T is

predictable if there exists an increasing sequence of stopping times

S, <8S

1 < «... such that

2

MP{r =0, or s <T for all k and limg, = T} = 1.

ko

k

'J4+'~QJ1;’C‘T) is the class of all Stochastic Processes (at,QJt,(D),
t € 1 such that a = 0 a.s., a, has right continuous, nondecreasing paths
and which are uniformly integrable: s:p Ea, <o u‘l(Cyt,CP) =, Jl”’(QJt,CD)
- AQY, D).

The definitions and terminology introduced above are quite standard.

They have been recorded for the sake of completeness.

1.2. Control Laws, Cost

Fix a set U C RP. U is the set of admissible control values.
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Definition: A control law is amap u : I x Q > U.

Dcfinitioq: 1f u and v are control laws and t+ € I, the concatenation of

u and v at time t (written (utv)) is the control law defined by
(utv) = u on [0,t] x Q
v on (t,1] x Q.

Definition: The.classcllof admissible control laws is any class of control

laws which satisfies the following conditions.

1) Cl‘ is closed under concatenation.

2) The paths of every u E‘QX are piecewise constant, right continuous with left
limits and have a finite number of jumps in a finite time interval.

3) Every u € U1sY ,~Predictable.

The assumption 1) is necessary for Dynamic Pfogramming. The
assumption 25 rules out continuous control laws. This class of control
laws is a subclass of the class considered by Boel-Varaiya [8]. The
assumptionIZ) gives rise to the problem of Impulse control. It is
particularly useful for capacity programming where there is indivisibility
or set up costs. It is also useful in an economic context when prices
are modelled as control laws. Then institutional constraints require

that prices cannot be changed in a continuous fashion.

Action of Control Laws:

The action of a control law u € Cu is characterized by a probability
measurecj)u on (Q,§;3 such that for each t € I,CI>u restricted to ;;;
depends only on the values of u on [0,t].

Thus each control law determines a state process (xt,§};§1)u) and a
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control process (ut$%thq)u). Changes in control laws affect the
Probability Measures on (95:33 and not the paths of the state process.
This technique of Modelling the cffect of control laws is implicit in

the methods of proof used by Davis-Varaiya [10] for the control of Systems
driven by a Wiener process. Boel [7] has used it in modelling the
control problem for Jump processes. In Chapter 2 we shall encounter a
problem where it is better to model the effect of changes in control lawé
by changing the state process. However the martingalé techniques
developed in this chapter still apply. For the control of Jump processes
the results of Boel-Varaiya show that this model is suitable to tackle

a wide class of problems.

If u€ QI, we define the jump times of u inductively by:

™ =90, T

o ’ k+1(w) = Inf{t/t 3.Tk(w) and ut(w) #

uTk(w) (w)}

where the Infinum over the empty set is taken to be +», Since we are
only dealing with a finite time interval, this is mérely a device to say
that: T;(m) = +o means the path w of u has no more than k-1 jumps. We
note that the jump times Tz(m) are defined since each path of u has only
a finite number of jumps in a finite time interval.

Since each control law u isCljt-predictable, it follows from the
results of Meyer [14] that each Tt 1s an algebraically predictable stopping
time ofclJt. From now on we assume that the cr-fieldscyt are computed
with respect tocT)u. Then by T52 of Meyer [13] we have each T: is a

predictable stopping time of the o-fieldcljt completed with respect to
Cpu

With each control law u G'Ql we associate the process

Nu(s) = 2:21 . Where 1 is the indicator function of the set

k (1)) {e>T}
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{21} = {w/s2T () }.

Thus the process Nu(s) counts the number of jumps of u up to time s.
It is clear that for each u, Nu(s) is an increasingfljt-adapted
predictable counting process. -

We are now in a position to describe the cost associated with each
control law. In order to-do this we suppose given the instantaneous
cost functionvc which is a bounded map ¢ : I x U x Q » ]l+ which for
each fixed u € U is gt-adapted and CR(I) xq-measurable on I xQ.
(whereCI;(I)'is the Borel o-field on I.) o

If u is a control law E" denotes the expectation operator on (9};}3
induced by the probability measurecT)u. The cost incurred by u ecllis

1 1
J(u) = Eu{f c(s,u(s)) ds +»y an%(s) ).
0 0

(In the interests of notational simplification we have overlooked the
inclusion of a terminal cost and of a discounting rate. The equations

which follow can easily be written down for these cases.)

The inclusion of the term Eu{[l dNu(s)} expresses the fact that each
change in the control value costs gne unit. This justifies the terminology
Impulse Control. In an economic context this cost could be interpreted
as the cost for broadcasting changes in prices. On the other hand from
a welfare point of view it says that very frequent price variations are
detrimental to consumer welfare.

We are interested in discovering necessary and sufficient conditions
for a control law u* to be optimal in the sense that'J(u*) <J(u) W EfQ(.
This end will be achieved by the methods of Dynamic Programming in the

interest of which we make the following definitions.
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1.3. Principle of Optimality

We now assume that the class of admissible control laws is reduced

1 1
to include only control laws u such that Eu{s c(s,u(s) ds +-s dN"(s) }
0

< o, If this new class is empty then J(u) = » for all u and tgere is no
problem. Thus we assume that this new class is non-empty. Because of
this assumption the following family of processes (Indexed by control laws
u, v) is well defined and each member of the family is Integrable.

1 1

J(t, (utv)) = E“':"{s c(s,v(s)) ds +S aN'(s) AU, 3.

t t
J(t,(utv)) is the cost to go from time t onwards given the information
évailable at time t and that control law u is used up to time t and v
thereafter. Because of the assumption made at the beginning of thié
section we have J(t,(utv)) € L1(951Jt57)u) for each t. Since Ll(QJQthi)u)
is a complete lattice with respect to the natural partial ordering for
real-valued functions (see IV-8-22 of Meyer [13].) the following infinum
exists for each t:

W(u,t) = inf J(c,(utv)) and W(u,t) € Ll(sz,Cyt,CP“).'
v

W(u,t) is called the value process associated with u. It is clear from

the definition that W(u,t) is Cyt-adapted. If u is a control law, W(u,t)
is the minimum cost to go from time t, given that control law u is used
upto time t. In order to state our first Theorem we need the following
definition which was first introduced by Rishel [151 and used subsequentiy

by Davis-Varaiya [10].

Definition: The class Clliscljt relatively complete with respect to W(u,t)
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if for all u ch, for all T € I, for all € > O, t;hgre exists v EC“:
such that |
J(t,(utv)) < W(u,t) + ¢ a.s.‘T)u.
We note that Q(t is obtained from Ql by restricting the domains of all
u € to [¢,1].
By lemma 3.1 of Davis-Varaiya [10] we have that Ql 1s tUt-relatively

complete with respect to W(u,t). We can now state our first theorem.

Theorem 1.3.1. (Principle of Optimality)
For a1l u €Q, for al1 0 <t <t+h <1

t+h t+h

c(s,u(s)) ds +s dNu(s)/:Ut} + Eu{W(u,trl-h)/CUt}

W(u,t) < Eu{s
’ L t

t

with equality if and only if u is optimal.

Proof: The proof is as in Theorem 2.1 of Boel [7) except for minor

.modifications and will not be repeated here. ‘ =

We now introduce the following notation: If u is a control law,
let ¢(s,u(s)) be the process defined by c(s,u(s)) = Eu(c(s,u(s))/Cys).

Then c(s,u(s)) is adapted toCUs for all s.

Corollary 1.3.1.

t

t :
an"(s) ,QJt,®u) is a submartingale
0 0

adapted toQJ ¢ and a martingale if and only if u is optimal.

(wma+s a&u@)u+s

t
Proof: By definition, W(u,t) is adapted t:oCyt S c(s,u(s)) . ds is
0

adapted tocyt since c(s,u(s)) is and :yt is an increasing family of
. t
o-fields. Similarlys dNu(s) is adapted to Cyt. It remains to show
0 .
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the submartingale part of the statement. This is shown as follows:

e t+h t+h | t -
E*{W(u, t+h) + S c(s,u(s)) ds + S aN'(8) AU} - [W(u,t) + (" esyus)) s
0 S

0 0

t
+ S dN"(s)]
. Jo

t+h t
= [Eu{w(u,t+h)/;LL} - W(u,t)] + [Eu(s0 ¢(s,u(s)) dsf}Jt) - SO E(S,u(s)) ds]
u tth u t u ’
st at@A - aten) ()
0 0

The second term in the above sum is:

t+h _ t

2 et asY - [ sty as
o 0

U t+h 2t 4 /%J ) t £% (Y ) d
(So (cs/ys 879 0 cs/Cys 8

t+h _ t
E“<$0 c(s,u(s)) dsfY,) - E“(So c(s,u(s)) Y,)

t+h

E“(S
t

Similarly the third term is seen to be equal to E“(““'+h dN“(s)ﬂQJt)
.

]

c(s,u(s)) dsK%Jt).

Thus the right hand side of (a) becomes

' t+h +h .
[E" (W(u, t+h) AU,) - W(u,0)] + E“th c(s,u(s)) ds/QY,) + E“[st aN(s) Y, ]

which is non-negative for all control laws u and zero if and only if u is
optimal (by the principle of optimality). This proves the statement of

the corollary. , B
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Corollary 1.3.2.

The principle of optimality holds if t and t+h are replaced by

Clt-stopping times T and S such that T < S.

Proof: Theorem 1.3.1 can be rederived from Corollary 1.3.1. Thus the

result follows from the Optimal Sampling Theorem. n

*
We remark that the principle of optimality says that if u is an
%* %
optimal control law, (W(u ,t){%thj)u) is a supermartingale. This

prompts the following definition.

Definition: A control law u is value decreasing if (W(u,t),511t51)u) is
a supermartingale. This definition has been used by Davis-Varaiya [10]
Rishel [15] and Boel [7]. Far value decreasing controls we have the

following result which follows from the Optimality Principle.

Corollary 1.3.3.

For all value decreasing controls u, the process (W(u,t)éljtfq)u) is
a right Continuous Potential of class D. (upto right continuous

modification).

Proof: By the Optimality Principle we have

t+h

+h
|EY[W(u, t+h)-W(u,t) 1] _<_,E“s c(s,u(s)) ds + E“_r dn'(s)
t

t
as h >+ 0 we have the first term on the right goes to zero since c is
bounded. The second term goes to zero since u has right continuous paths.
Thus we have that the map t - EuW(u,t) is right continuous. Since u is
value decreasing W(u,t) is a supermartingale. Thus by VI-T4 of Meyer [13],

the supermartingale W(u,t) admits a right continuous modification. Also
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since the o-fields':Ut are free of times of discontinuity every path of
this modification is free of oscillitory discontinuities. Note also
that W(u,s) > 0 and W(u,t) 0 as t + 1 a.s.ff3“ and in L1(7)u). Thus

W(u,t) is a class D potential. This concludes the proof of the corollary.

n

The next corollary provides a relationship between the values of
the value function W just before and just after the jump times of a

value decreasing control.

Corollary 1.3.4.

1) For all value decreasing control laws u we have W(u,Tz-) <1+ W(u,Tz)
for all k = 0,1,... a.sfjbu with equality if u is optimal.
2) For all predictable stopping times T ofcyt such that Tﬁ_l < T« T:

for some u for some k, we have W(u,T-) < 1 + W(u,T).

Proof: 1) Fix a value decreasing control u. Let {Tﬁ} be its jump times.

Fix k. Since T: is<1Jt-predictable, there is an increasing sequence of

Cl ~-stopping times {S_} such that §_ + ™ a.s.(I)u.' By considering
t n n k

u u
Sn\¢ Tk—l if necessary we can assume that Sn_i Tk—l‘ Since the optimality

principle holds for stopping times offljt, we have:

U u
k k

For all n, W(u,Sn).i Eu{s c(s,u(s)) ds +-s dNu(s)K%Js }
Sn Sn n

u u
+E {w(u,rk)ﬁgsn}. (a)

Thus the inequality is preserved in the limit as n + «. The limit of the
left hand side of (a) exists and equals W(u,T;-) a.s.CI)“ since the paths

of W are free of oscillitory discontinuities and Sn + T:. As for the
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right hand side we have:

Tll
k
Eu{s c(s,u(s)) ds/CUS } >0 a.s. Cpu(Since Sn + T;:)
Sn : n
Ty
and -Eu{g dtiu(s)ﬁgs }+1 a.s. Cpu(Sj.nce Tt is a jump time of u.)
Sn n
and Eu{W(u,TE)/CyS } > Eu{W(u,'l‘;)/Cg
n T, -
k

But the c—fieldsvcyt are free of times of discontinuity and T; is a

predictable stopping time. Thus QJ =CU . Thus
T T
k k
u u _ QU u - u
E {W(u,Tk)/CUTu-} =E {W(u,Tk)_/CyTu} W(u,T,)
K k
since W is Cyt:-adapt:e:d. Putting it all together We,qbtain W(u,'r:-)
<1l+ W(u,T;:) a.s. CP“. The equality for an optimal u is proved similarly
noting that the optimality principle jolds with equality for an optimal
control.
(2) Fix a stopping time T, a control law u and an index k satisfying
the conditions of the corollary. Then there is a sequence {Sn} of

stopping times of Cyt such that Sn > ‘1‘;_1 and Sn 4+ T. As in 1) we obtain

T T
W(u,S)) < E“{S

c(s,u(s)) ds + S
S S

n n

u u
dN (s)ﬁysn} +E {W(u,T)/»ySn}-

Taking limits as n + «» we see that

T .
W(u,T-) < W(u,T), Since lim Eu{S dN“(s)/QJS }=0
S ~““n

n
n
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in view of the fact that T is strictly between jump times of u. Thus’

certainly we have

W(u,T-) < 1+ W(u.T) a.s. P m

l.4. Conditions for Optimality

In this section we develop conditions which will eventually lead us
to a local characterization of the value function and of the optimal
control law. The argument used in the next Theorem is the same as that
used in Theorem 4.2 of Boel-Varaiya [8] we repeat it here because it is
used later.

u 1 1
Since the process E {S c(s,u(s)) ds +§
0

u : e
. dN (s)/QJt} is a (C_Ut’ Ry

Martingale, the process w(u,t) is a (CUt,CD“) supermartingale where
1 1
w(u,t) = E“[S c(s,u(s)) ds _+s aN“() Y1 - W(u,t)
t t

Now exaétly as we did in Corollary 1.3.3 we can verify that w(u,t) is a |
class D potential. Thus by The Supermartingale Decomposition Theorem of
Meyer [13] (VII—T29)- there is a unique predictable increasing process .

A () € Jﬁ'@yt,q)“) which generates w(u,t). That is there is a (:Ut,Cp“ )
martingale mt(u) such that w(u,t) admits the decomposition w(u,t) = J(u)
- At(a) + mt(u) . Where 3(u) = y(u,0) = J(u) - J*. Furthermore the
Decomposition Theorem says that At(u) is the following weak limit in the

o(L l,L“) topology on L1:

t
At(u) = we:.lfolim So%; Eu[w(u,s) - w(u,s-i-h)/:-ys] ds
i 1 u s+h s+h u
= weak 1lim{ Y E [s c(s, u(s)) ds +s dN (S)’Q;Jsl ds
h->0 0 s s
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t
- s‘o % EY[W(u,s) - W(u,s+h) .1 ds (a)

It follows that there is a predictable process Yt(u) e_}¢+€1JtFIv5 such

that

@ ‘14 t 1 Eu[js+h ) &) s+h u
Y, (u) = wea n = c(s,u(s)) ds + dN ()M ] b
t  h0 s ol Js L_ ©FY,1 ®

From (a) and (b) we can conclude that there exists a predictable process

Zt(u) E(J*C%thi)u) viz. Yt(u) - At(u), such thaf

t
R () = veak lin So & E'W(u,8) - W(u,5+0) /] ds.

This is sufficient to apply Meyer's Decomposition Theorem to W(u,t) and

we may conclude that
- - * - -
W(u,t) = W(u,0) - At(u) + mt(u) =J - At(u) + mt(u)

where Et(u);is a KQJtSTDU) martingale and Kt(u) E‘J46th§I)u). We remark
that if u is value decreasing we can immediately use the Decomposition

- + u
Theorem on W(u,t). In that case we would obtain At(u) G(J4 «%thT) ).
When we develop local conditions, it will be necessary to restrict attention
to value decreasing controls viz. controls such that W(u,t) is a

Supermartingale. We can now state the first Theorem of this section.

Theorem 1.4.1.

*
There exists a constant J and for each u ECQI, there exists a

predictable process Kt(u) Eg)4«1Jt§T)u) such that
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1) EYa, (u) =J* for all u GCU.
Ay

' t+h . t+h
2) Eu{-K?-h(u) +‘ c(s,u(s)) ds +§

-t

dNu(s)./Cyt} > 0 a.s. o,

t

for all 0 < t < t+h < 1.

*
A control law u is optimal if and only if equality holds in 2) for all

* *
0 <t < t+th < 1. Then furthermore, J(u ) = J and

W(u*,t) = Eu*{zt(u*)/'-yt} a.s. Cpu*.

where Kt(u) =K@ - & .

Proof: as in Theorem 2.2 of Boel [7]. n

We can now use the fact that the o-fields are free of times of

discontinuity to obtain the following sharper version of the above Theorem.

Theorem 1.4.2. |

*
There exists a constant J and for each u ch there exists a

predictable process Kt(u) E-J’((.yt,‘fp“) such that

1) B () = 7* for a11 w €QL.

<t-+h t+h "
S dNu(s) >0 a.s.Cp

2) -ALTP +3 a(s,u(s)) ds +
t t

*
for all 0 < t < t+h < 1. A control law u is optimal if and only if equality

* *
holds in 2) for all 0 < t < t+h < 1. Then furthermore J = J(u ) and

Wt t) = B A AU, )

Proof: For each u eCu’ let Kt(u) and ﬁt(u) be the processes introduced

* - -
just before Theorem 1.4.1. Then we have W(u,t) = J -~ At(u) + mt(u).
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Thus from the Optimality Principle we may conclude that -Kt(u)

t t
+ S c(s,u(s)) ds + S dn(s) is a cQthl)“) Submartingale. Thus by the

0 0 ' .
Doob decomposition Theorem (Meyer [13], VII, T31) it admits a decompoition

t

t
-A (u) + S E(S,u(s)) ds + S' dNu(s) = A+ B (u) +mn (v
t 0 t t

0
where Bt(u) is a predictable 1ncreasing process and mt(u) is a martingale
and A is a constant. The expression on the left is predictable and of
integrable variation. Thus mt(u) must be predictable and bf integrable
variation. But a predictable martingale of integrable variation on a
family of o-fields which are free of times of discontinuity vanishes.
Thus mt(u) = (0, Thus the process on the left ig increasing. This shows
that condition 2) is satisfied. On the.other hand E“Kl(u) =J" by
Construction. Let now u* be optimal. Then the argument used above

‘ E(S,u*(s)) ds +-s

0 0

is a Martingale by the optimality Principle. The sufficiency part follows

t
dNu*(s)

* - %
applies noting that Bt(u ) = 0 since -At(u ) 4-5
from Theorem 1.4.1 since a process Kt(u) which satisfies 2) of Theorem
1.4.2 clearly satisfies 2) of Theorem 1.4.1. This completes the proof of

the Theorem. ) n

Theorem 1.4.2 is stronger than Theorem 1l.4.1 since it is a statement
regarding the behaviour of the ﬁaths whereas Theorem 1.4.1 is a statement .
regarding their expected value.

In the next section we use the above theorem to obtain local conditions
for optimality. This is accomplished by showing that Kt(u) is absolutely
continuous in-t. However we shall need that Kt(u) is an increasing
process. Thus we will henceforth restrict attention to value decreasing

controls.
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1.5. Local Conditions for Optimality

We begin with the following lemma which yields a suitable
representatioh for the process At(u). Further we restrict attention
to value decreasing controls. Thus for the statement of the next lemma

At(u) is the generator of the potential W(u,t).

Lemma 1.5.1.
For all value decreasing controls u, there exist non-negative,

Clk;adapted predictable processes

t t
u ,u . - u u
s Bs satisfying: At(u) so a ds + so 88 dN (s).
Proof: By the Optimality Principle we have
" u t+h t+h u
ET[A (W) - At(u)fqut]_i E [St c(s,u(s)) ds +-st dN (s)ﬁ%Jt]

This implies that for any non-negative well measurable process (¢s£%Jt}f)u)

we have
t

t t
FEARENOE 2 ogeteuten) as + gt
- s s - s 8
0 : 0 0
Thus whenever the second integral vanishes so does the first. Thus by
the Radon-Nikodym - Theorem, there exist nonfnegativeéngpredictable processes
u Lu
s Bs satisfying
t

t
u u ,u
asds + s BS dN"(s).

A () = S )

This completes the proof of the lemma. a

0

Next we prove a lemma which relates the process B: to the potential

W(u,t).
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Lemma 1.5.2
Let At be an increasing integrable process and let Wt be the potential
generated by it. Assume that there exists an increasing sequence {Tk}
of th-predictable stopping times and non-negative CU t—predictable processes
t
o ds + 2. By 1., - Then for each k = 0,1,...

0 k "k —k

we have B, =W -W. .
e T T

o, B suchthatA=S
s ] t

Proof: Fix k. Since Tk is aCyt-predictable stopping time, thex'.'eA exists
an increasing sequence of stopping times T such that T  + Tk’ a.s. By
considering Tn\/'l‘k_l if necessary we can assume that ™ > Tk—l for all n.

Now fix n. Fix a set B" € QJ n Since At generates Wt, we have
T

Wt = -At + m, wher;e m, is a Martingale. Thus
ESl 11 1 ' 1
n ,.n dw_ = -ES 1 -1 dA + Es 1 1 dm
0 B (T ’Tk] t o B" (Tn,Tk] t o B" (Tn,'l‘k] t

The second term on the right is zero since m, is a martingale. Thus

substituting for At’ we obtain:

a2 1
EJ 1 1 aw,_ = -ES 1.1 ads - E1 -8,
0 B (Tn,Tk] 0 B' (T,T,] B® “k

Since B" € Cy n is arbitrary it follows that
T
T

k
-E[ST‘El 0gds/Y ;) - Els Tk/ClJTnl

L]

or
T

k
E[s a ds/Q]..]1 + E[8 ]
™ s /rlJTn TleyTn

an - E[wTkﬂQlﬂn]

Taking the limit as n + « on both sides of the above equality, we obtain:
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T

w._ - EW, fY,_ 1=k, QY 1
"X Tk JT-k '1'k JT K

Since the o-fields are free of times of discontinuity and T, is predictable

k
we have CUT- =CUT . Thus we obtain W, - W, =B, since Wis QJ e
k k k k k
adapted. This concludes the proof of the lemma. n

We now come to the main Theorem of this chapter. It provides local

necessafy and sufficient conditions for optimality.

Theorem 1.5.1.
o *
There exists a constant J and for all value decreasing controls

u GCN processés o and BY which are -adapted and predictable satisfying
8 8 t

1 1
1) EY[ s a ds +s glant(s)] = J° for all u.
o °. o °

2) ?:(s,u(s)‘) - a:_?_ 0 a.s. ds x dfP“.

3) B:i 1 a.s. dNY(s) x aPu.

*
A control law u is optimal if and only if 2) and 3) above are satisfied

* * *
with equality for u . Then J = J(u ) the cast of the optimal control law

% : t % %k %
* *
and W(u ,t) = 4 [A]t':(u*)/(yt] where At(u ) =j a: ds +I B: dN" (s).
%* % 0 * 0
Furthermore we have: Su x = W(u*,T; =) - W(u ,T; ).
u
T

Proof: Fix a value decreasing control u. Then W(u,t) is a Potential

of class D. Let then At(u) be the unique increasing predictable process
*
which generates W(u,t). Thus there exists a constant J and a martingale
*
mt(u) s.t. W(u,t) =J - At(u) + mt(u). Since W(u,1l) = 0 and mt(“) is a

* : * '
martingale, J clearly satisfies EuAl(u) = J for all u. Let a‘; and B:
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be the processes of Lemma 1.5.1. Then it is clear that a‘sl and 3:

satisfy the condition 1) of the Theorem. From Theorem 1.4.2 we have

t+h ~u u t+h u u

S (¢’-a ) ds +s (1-87) dN (s) > 0 for all h,t... (b)
s s s -

t t
Identifying the jumps in the 2nd integral we see that E: - a: > 0 a.s.
ds x d:Pu and B: <1a.s. dNY(s) x aCP“. Thus a: and 8: satisfy conditions
2) and 3) of the Theorem. Let now u* be an optimal control. Then again
from Theorem 1.4.2, (b) above holds with equality. Thus it follows that

*
conditions 2) and 3) hold with equality for u . This proves the necessary

part of the Theorem.

*
Sufficiency: Assume there exists u satisfying 2) and 3) with equality.

Let

B, (u) = : Y4s + tBudN"()
t u) = 0 C!s S 0 s 8

Vo (v) = EYB ()} } - B (w)
(1) tu ft u

C (u) = c ds + dN"(s)
t So s 0

v () = EN{C )/} - Cp(w)

Consider

1 1 t t
wt(u) - V. (u) = EY[ so c:ds + so dNu(s)/fUt] - [s'oc:ds + SodNu(s)]

1 et t
- Eu[S: a:ds + SO B:dNu(s) /:yt] + [s a:ds + SOBZdNu(s)]
-~ Jo
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1 1
u ~u u u u
E [So(cs-as)ds + So(l-ss)dN (S)/th]

- ['t(““- Yds + t(1-3“)dn“< )]
so cs us s 0 s S

1 1
u Au u u, ..U
E [ft(cs- s)ds + St(l-gs)dN (s)/CUt] >0

by conditions 2) and 3). It follows that

*
wt(u) > Vt(u) a.s. ds x d':p“ and upt(u*) = Vt(u*) a.s. ds x dCPu

Thus E" ) g,z“vo(u) and

* *

e v ") = B v (")

* ‘ *
But EV wo(u) = J(u), ol wo(u*) = J(u*) and Euvo(u) = gY Vo(u*) = J*

* * *
by Condition 1). Thus we have J(u) > J(u ) = J . This shows that u 1is
: *
* * *
optimal and has cost J . To show that Wt(u ) = E" {Ai'(u )/'yt} we apply
the sufficiency part of Theorem 1.4.1. Finally the stated relation between

* *
*
Bu % and W(u ,T; ) follows from Lemma 1.5.2. This concludes the proof of

u
Ty

the Theorem. n

We note that the above theorem is the version which‘holds .in our case
of the optimality criterion derived for Markov processes by Kushner [11],
for Conditional Markov Processes by Stratonovich [20], for processes on a‘
Wiener Space by Davis-Varaiya [10]. Finally it is the abstract version

of Theroem 2 of Bengsoussan and Lions [4].
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1.6. Optimality Conditions with Complete Information.

We now consider the case where the Information o-fields are‘;;;'
rather thanC%Jt. In order to make the problem meaningful we impose the

following restriction on the probability measures‘q)u.

Assumption: - for all t € [0,1], for all control laws u, v, W
¢ 1 1 , " 1 1 v
EY V[S c(s,vs) ds + 5 de(s)/gqt] = EY V[S c(s,vg)ds +'§ dN (s)/?}l]
t t t t

This assumption implies that the dynamics defined by the probability
111easuresq)u in fact define a dynamical system. For a version of this
" assumption which is stated for the probability measures instead of for
the expectation operators defined by them see Boel-Varaiya [8]. Due to
this assumption the value function now no longer depehds on u, the control

law ﬁsed up to time t, since

W(u,t) = inf J(t,utv) = inf J(t,(wtv)) and
v v

therefore W(u,t) = W(w,t) or W is independent of u. However the processes
in the decomposition of W can still depend on u since the decomposition
CI)u

holds a.s. with respect to measure. Some simplification does occur

as can be seen by the following:

W(e) = J° - A (v) + m (u) = 3 - a0 + m, (v) or

J* - At(u) + mz(u) + mﬁ(u) = J* - At(v) + mz(v) + m:(v) (a0

where mﬁ(u) and m:(u) are the purely continuous and purely discontinuous
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parts of the martingale mt(u). Similarly for mi(v) and mi(v). Now we
can identify the continuous and discontinuous parts in equality (a) to

obtain
-At(u) + mz(u) = -At(v) + m:(v); mg(u) = mi(v).

Unfortunately this is as far as we can go. In the presence of a
Martingale representation Theorem we can do better since each martingale
above can ﬁe,suitably represented as a Stochastic Integral with respect
to the "basis" Martingales. A Martingale representation Theorem for
martingales on o-fields generated by fundamental jump processes has been
proved by Boel-Varaiya-Wong in [9]. Boel [7] has shown how this can be |
used to simplify the optimality criteria for jump process. Davis-Varaiya
[10] have shown how the Martingale representation Theorem.for_Martingales
on a Wiener Space can be used to simplify the optimality criteria for the
control of systems driven by a Wiener Process. We ghall encounter the case
6f a system driven by a Wiener Process in the next chapter, where no sﬁch
simplification occurs. This is because for the system considered, it is
not possible to model the effect of control laws as changing the Probability
Measures on a fixed Sample Space of paths.

We conclude that for the model considered above the simplification
which results in the complete information case is thaf all the results of
the previous sections hold with W(u,t) replaced by W(t),ClJt by G}; and

¢ by c. We can replace c by c since c is q;;—adapted.
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CHAPTER 2

AN APPLICATION TO THE PROBLEM OF CONTINUOUS TIME INVENTORY CONTROL

2.1 Model.
Fix a time interval [0,1].

Let Bs denote a zero mean Brownian Motion Process on [0,1] with values in

P
IR" and BO = 0. We assume that the components of Bs are independent.

Let y: [0,1] » an be a bounded integrable function and o apXxop
diagonal matrix. The accumulated demand between times t and s is
s

D(t,s) = Lu(z) dz + o (B_-B)

where 0 < t < s < 1.

Control Laws:

Fix a set UC Rf_. Let C(Tt= o{Bs; s<t}. An admissible control law is an
g;’t-predictable map u: [0,1] x Q -+ BRP satisfying the foilowing conditions
1) u has piecewise constant sample paths which are right continuous with
left limits.

2) Each sample path of u has a finite number of jumps in a finite time

interval.

3) The jump of u at time t = pAu = u - € U for all t and for all

paths of u.

Letfll denote the set of admissible control laws. We can inductively

define the jump times of u by:
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k

T (w) = k+1(w) = Inf{t|t > T, MOPENC) #u u (w)} where the
0 T (m)

infinuum over the empty set is understood to be +~. The same comment
as made in Chapter 1 applies here. It is clear that each jump time of u
is a stopping time of the family {?}%}. Similarly we can define the
jump heights of u by hz(w) = Au (w).

u

T, (w)

k

The jump times of u represent times at which orders for inventories

are places, the jump heights are the quantities ordered. Both are
random variables since we are interested in feedback control laws. It is

clear that the pair of sequences {Tz, h:} is an equivalent description
k

of the control law. The two descriptions are related by
u
21 u-hk.
k
Thus if u is an admissible control law, u; represents the total supply

ordered up to time t.

We now define the trajectory generated by a control law u to be

t
X = S u(s) ds + aBt -

t 0 t
t u
=s p(s) ds + oB 21 u hk'
0 t>'1'k

If x: > 0 we have that the accumulated demand between 0 and t is bigger
than the total supply ordered up to time t. A similar interpretation holds

for the reverse inequaltiy and for equality.
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Cost Associated with a Control Law

Let ¢ be a bounded continuous map c: [0,1] x HSP -+ IR+. The cost

associated with the control law u is then

1 1
J(u) = E{f c(s,x") ds +§ d N%(s)}
0 8 0

where NU(t) = 2:1_ is the counting process which counts the number
k t>T '

k

of jumps of u up to time t. Thus each placement of an order costs one
unit. The role of a fixed cost of ordering is essential. In effect it
rules out continuous control laws which would lead to infinite costs.

We are interested in determining necessary and sufficient conditions

for a control law to be optimal in the sense that

J(u*) < J(u) for all admissible control laws u.
For a general survey of inventory control models see Scarf [18].
For a discrete time approach see Scarf [19], Vienott [21]. For another
approach in continuous time with infinite horizon see Bather [1]. The
model we have adopted is similar to the one used by Bengoussan and Lioné
[4]. |
We shall solve this problem by the methods ﬁf Dynamic Programming.

We thus need a definition of concatenation of control laws.

Concatenation of control laws:

‘Let u and v be admissible control laws and let 0 < t < 1. The concatenation

of u and v at time t, denoted by utv is the control law defined by:

= <
(uev)  =u_ s <t

+ (v - > t.
u, +.(vgvy) s



L]

28

It is easily verified that utv is an admissible control law.

2.2 Value Function and conditions for optimality.

1

1
Let J(t, (utv)) = E{y c(s,x; ") ds +f an’ (s) |TF, -
) t

t
Now exactly as in the abstract case we can define:
W(u,t) = Inf J(t, (utv))
v
We note that the c-fieldsq form an increasing family in t and that they
are not affectéd by change: in control laws. Therefore the relative

completeness lemma of Davis-Varaiya [10] holds. Exactly as in the

abstract case we can establish the Principle of Optimality.

Theorem 2.2.1.

For a1l u €QI, for all t, t+h such that 0 < t < t+h < 1, we have:

t+h " t+h u
c(s,x)) ds +I dN (s)lq} + E{W(u, t+h| CJ.;}

W(u,t) < E{S
t t

t

with equality if and only if u is optimal. The Theorem holds for any CJ’
t

stopping times T and S such that T < S.

Proof: As in Theorem 1.3.1. n

The reasoning from now on is the same as in the abstract case. We

thus have the following analog of Theorem l.4.1.

Theorem 2.2.2. There exists a constant J* and for all controls u a

process Kt(u) EJ((’{};,CP) satisfying:

1) E Kt(u) = J* for all u.



@

2) Forall0<t< tth<l

t+h t+h u t+h u i
E{(-X_ (u) +s. c(s,x_ ) ds +I dN (s)|CJ }>0 a.s.
t t s t t

A control law u* is optimal if and only if 2) hold with equality for

u*, Then J* = J(u*) the cost of the optimal control and
1 .

W(u*,t) = E{At(u*)|§3;}.

Proof: As in Theorem 1.4.1.

We now arrive at the main Theorem of this section. It provides a
characterization of the value process W(u,t). It is similar to Theorem
4.3 of 'Davis-Varaiya [10] and to Theorem 1.5.2. It is better than
Theorem 1.5.2 because of the presence of a marfingale representation

theoren.

Theorem 2.2.3.

There exists a constant J* and for all value decreasing controls u,

processes u:, 8:, Y: satisfying the f'ollowing conditions.

1 1
i(a) EI Y dB_=0 (b) f IV 2ds <= aus.
s s s
0 0
u u
2) c(s,xs) -a > 0 a.s.

3) B: <1 a.s. an’(s)

4) Vl(u) =0 for all u

29
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t t .
a” ds - gY anV(s) + yudB . A control law u¥*
s 0o ® 0o S 8

) t
where V_(u) = J* -I
t
0
is optimal if and only if 2) and 3) hold with equality for u*. Then
J* = J(u*) the cost of the optimal control and Vt(u*) = W(t,u*) the

value process evaluated along the optimal control law.

Proof: Let u* be an optimal control law. Fix a value decreasing control

u. Let At(u) be the generator of the potential W(u;t;). Then we have

W(u,t) = J* - At(u) + mt(u), where mt(u) is a square integrableg’-martingale.
Thus by the martingale representation theorem [10,22], there ex:l;ts a
process y: satisfying 1(a) and 1(b) such that mt(_u) =s: Y: st. Let

a: and B: be the process of Theorem 1.5.1. Then “: and B: satisfy 2) and

3) by Theorem 1.5.1. Clearly W;(u) = 0 for all u and

t u t u u t
wt(u)=J*-s o ds-"‘ Bs dN (s)+j‘

'yu dB by definition.
0 0 s s 7.

0

Conversely, assume there exist processes u:, B:, y: satisfying the condition
of the theorem. The same argument which was used in the sufficiency part

of theorem 1.5.1 yields the result. This completes the proof of the theorem. ®

2.3 Markov: Controls, Markovian Value Function V.

The set Jhl of admissible Markov controls is defined by

M= (e €Ujor a1 0 < t-h <t <1, u -u _, 1s

o{B_; t-h < s < t}-Measurable .}
For each t € [0,1], we obt:ainuutfrom'v‘u by restricting the domain [0,1]

of control laws ;mJU to [t,1]. If u GM let
t
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1 1
J(t,x,u) = E{s. c(s,xu) ds +S. dNu(s)Ixt= x}.
t ® t

The Markovian value function V: [0,1] x rP > 1R+ is defined by:

1 1
V(t,x) = Inf E{s c(s,x") ds +'[ dNu(s)/x = x}.
WM, Je o F t t

We wish to show that V satisfies a principle of optimaligy. In order
to do this we use discrete backward dynamic programming. This method is

quite similar to the one used by Boel [7].

We fix t € [0,1] and an integer N > 0. For each n = 0,1,... ZN we
let t =t+ (1-t) =. Thus t, =t and t = 1. This partitions the
n 2N 0 ZN

interval [t,1] into ZN equal divisions. Let the graph of tn’ [tn], be

defined by

[t ] = {(w,tn)/we Q) Similarly if u GJl/lt, define

[T ] = (@, T} ) /uS0}.

2N

Now let/l/"lf be the set of all u GJM such that for all k, [Tt] Cvu [tn].
: t

. n=o0
Then by definition ofJMt, it is clear that u GJ\/“: satisfies
“oN

: us(w) - us_(w) = 0 for t <s< tn+1’ n=0,... 2 -1

ut (w) - u
n

- (w) = h(tn, x::“_ (w)) for some function h.
n

n
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Thus the decision times for u EJMI: are restricted to be at times t
and the value of the jump at time tn depends only on the state at that
time. Let f“t be obtained from ()| in the same way that Jut was obtained
from VM .

N
Let Q) = {u €Q, | for all k [T}] € 2uo [t ]}. We define V' (t,x)
n:

by backward induction as follows:

Let £(t N,x) = 0 for all x € ]RP.

2

Then define f(tn,x) for x E]RP as follows:

t .
f(tn,x) = Inf E{ tn+l c(s,x—h(tn,x) + D(t:n,s)) ds + Nh(tn,x)

'h(tn,x) n

+ f(tn_'_l,x—h(tn,x) + D(tn,tn_‘_l))}

where Nh(tn,x) =1 if h(tn,x) >0
0 otherwise.
And we define VN(t,x)' = f(to,x), x € ]RP. We are now ready to state our

first lemma.

Lemma 2.3.1.

Fix N> 0 and € > 0 and x € IRP. Then there exists u; er: such

that J(t,x,u:'l) < VN(t,x) + €.

Proof: By definition of f(tn,x), there exists a function h® (tn,°) such

that for all x € IRP,

e ] t‘n+1 “h
£(t_,x) + — > E{f c(s,x-he(t »X) + D(t_,s)) ds + N (t_,s)
n ZN - n n : . n

t
n

n+1)} ‘

€
+ f(tn+1,x-h (tn,s) + D(tn,t
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(V]

N € € €
Define u::'] G/Mt by uN(tn,w) - uN(t;‘,w) = h (t_,x,_ (w)). Then we have

n’ t-
. N1 Catl u§ okl
J(t,x,uN) = Z E{S c(s,xs) ds +s‘ dN “(s)}
- 0 t t
n n
A U us o us
< £(e,x) + 30 =g+ D E[-£(r,x) + £(t ,x )] + £(t ,x )
_ 0 2 0 n n 2 2N
= f(t_,x) + ¢ (since £f(t .,z) = 0 for all z.
o 2N
Since f(to,x) = VN(t,x) we have
I(t,x,u) < W(e,x + e | m

Lemma 2.3.2.

Fix x € IRP and € > 0. Then for all u € Mt’ there exists N and

€ N
e i
uN /“t such that
J(t,x,uN) < J(t,x,u) + €.

Proof: The proof is in two steps. We first show that u E./ut can be
approximated by a N GQJ(?_I for N sufficiently large and then show that

we can find u; € ./ut: which approximates vy ecuf

. N
Step 1: Fix u GMt. For each positive integer N define Vn e:ut

as follows: Let {Ti} be the jump times of u. Define the jump times TkN
"ﬁ N
of YN by 'l‘k (w) = tj where j is the smallest integer between O and 2
v
N

v ,
satisfying t, > Tﬁ(w). Define hkN(w) = h;(w). Then by definition of Tk

A
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we have 'l‘kN 2> TE. Thus for each k, TkN is a stopping time of @’}t

N
and v 1s an admissible control. Since u GJut S/u we have v e(ut.

It is now clear from the definition of v, that

N
v v,
N u . N _.,u
Tk ¥ Tk,and_hk = hk' Thus
1 v 1
f aN N(s) —> I dnY(s)
Nooo
t t
vy u
and X, T§Xg a-8. for all s € [t,1]. Thus
1 VN 1 VN
J(t,x,vN) = E{I c(s,x ) ds +I dN "(s)/x = x}
t s t t

1 u 1
__*{EI c(s,xs) ds +I

de(s)/xt = x} = J(t,x,u)
N t t ’

where we have used the boundedness of c to justify the interchange of
limit operations. This shows that given € > 0, there exists N and

N
Viy Gf.ut such that
J(t,x,vN) < J(t,x,u) + €.

Step 2: Fix N. Now we note that

- N

el
Inf E{S c(s,xt - h + D(t N »8) ds + Nh/q_. 3
h tZN-l 2N_1 2°-1 N,

where the infinuum is taken over all h which are ?Tt ~Measurable,

Ny

is equal to
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N 2-1 N

1
h
Inf E{g c(s,xt - h + D(t N ,8) ds + N /xt }
h t _
MN_y 2'-1 2 -1

This is because D(t,s) is a Markov Process. We thus obtain that for all

€ > 0, there exists a function b (t N ,X) such that for all x € IRP .
2 -1

for all ?}’t -Measurable functions h

N1

1
E{s c(s,x—he(t N ,X) + D(t,s) ds + Nh}
t 2 -1

1
< E{S c(s,x~h + D(t,s)) ds + 1~Ih/<}‘;.’t } + iN
N Mg 2

£

N

1

= E{y c(s,x-h + D(t,s)) ds + Nh} +
t N 2
2 -1

We can carry this process down to n = 0 to obtain

1 u§ 1 u; 1 u 1 u
E{g c(s,x_) ds +S dN “(s)/x. } < E{s c(s,x_ ) ds +j' dN (s)/?,f + €
t s t t £ s t t
1 1 ¢
= E{s‘ c(s,x:) ds +s dnY(s)/x"} + € for all u chc.
t t

Thus combining steps 1 and 2 we obtain the statement of the lemma. This

concludes the proof of the lemma. "
Now by lemma 2.3.1 we have

VN(t,x)= Inf J(t,x,u)

M,
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Since by definition, N > k impliesdddi;gvAdi, we have that VN(t,x) is a
decreasing sequence in N. On the other hand it is bounded from below

by 0. Thus lim VN(t,x) exists and equals Inf VN(t,x). Let
N> N

lim VN(t,x) = Inf VN(t,x). In the next lemma, we show that
Noo N

U(t,x)

u(t,x) = v(t,x) the Markovian value function.

Lemma 2.3.3.

Inf VV(t,x) = lim V'(t,x) = U(t,x) = V(t,x).

N N>
Proof:
Step 1: We show that U(t,x) < J(t,x,u) for all u E,Aﬂt. Towards this
end fix ¢ > 0 and u E'AAt' Then since U(t,x) = Inf VN(t,x) we have

N .
U(t,x) g_VN(t,x) for all N. On the other hand since VN(t,x) = Inf J(t,x,u)

N
] "
we have VN(t,x) < J(t,x,u) for all u GiAﬂt. Now choose N sufficiently

large that

J(t,x,d;) < J(t,x,u) + €.
We thus obtain:
UCE,%) < V' (£,%) < J(E,%,05) < I(t,%,u) + €.

Thus U(t,x) < J(t,x,u) + €. Since € > 0 is arbitrary and u is arbitrary

it follows that U(t,x) < J(t,x,u) for all u G‘AAC'
Step 2. We show that for all € > 0, there exists u E_AAt such that

J(t,x,u) < U(t,x) + €.
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Since U(t,x) = Inf VN(t,x) we have
N

(a) U(t,x) + 2¢ > VN(t,x) + ¢ for N sufficiently large. Since

VN(t,x) = Inf J(t,x,u) we have, there exists u; GiAA? such that
N
M,

(b) VN(t,x) + € z_J(t,x,u;). Thus combining (a) and (b) we have

U(t,x) + 2e > J(t,x,u:l). But ug EJMl: EJ‘/“:. Thus we have establilshed

the lemma. ‘ n

We now impose a Lipschitz condition on ¢ and show that each VN is
then uniformly Lipschitz in x for fixed t. This will enable us to
conclude that VN(t,x) converges uniformly in x to V(t,x) and that for

each fixed t, V(t,x) is uniformly Lipschitz in x.

Assumption: We assume that the cost function c satisfies a uniform
Lipschitz condition in x. i.e. there exists a constant K such that for

all s € [0,1], for all x' and x € BKP, lc(s,x) - c(s,x")|< K |x-x'|,i

Lemma 2.3.4. For each fixed t € [0,1], VN(t,x) converges uniformly

to V(t,x) in x as N » o~

Proof: We show that VN(t,x) is uniformly Lipschitz in x with Lipschitz

constant independent of N. Towards this end we fix N and let

tn =t + (1-t) l%, n=0,... 2N as before. We first show that each function

2
f(tn,x) is uniformly Lipschitz in x. Fix x and x' € ]RP . Fix e > 0. Then
by definition of f(t N ,X) we have there exists u G;Alg such that
2°-1 N-1

2



f(t
N Ny Ny

where h(t ,X) is the jump of u at (t N h

N 2°-1

2 -1

Using the same h at x' we have

2°-1 2-1

1 .
f(t N »X') A3 E{I c(s,x"-h(t N ,x) + D(t N
2 -1 t N
. 2°-1

Thus we obtain

|c(s,x—h(t:"N

- ¢(s, x"-h(t N ,X) + D(t N

2-1 2 -1

,X) and N =

,x) + D(t
t 27-1
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1
»X) < E{j c(s,x-h(t N ,x) + D(t N ,8) ds + Nh} + €
1 : t
' N1

1 if h(t
2Ny

0 Otherwise.

,s)) ds + N}

2 -1

,s))lds] + €

since the Nh's cancel each other out. Using the uniform Lipschitz

condition on ¢, we see that

’x) < K(l;lt)
2-1 2 -1 2

|x-x'| + €.

Similarly by considering an e-effective h(tn,x') at x' we obtain

»x) = £(t »x') i—-‘-———K(;-t) |x-x"| + €.

2-1 2-1 2

N »8))

, ) > 0



N

39

Combining the last two inequalities, we obtain:

K(1-t)
| £(t ,x) - £(t x| < =5 |xx'| + €
N1 Ny N

Since € > 0 is arbitrary we obtain

[£¢e ¢ »%) - £(t

»x") | il(%r'—)- |x-x'|
2 -1 2 -1 2

Using this arghment backward, we see that

: N
|f(tr;,x) - f(tn,x')l < K(l_tg](z -n) |x-x'], 'n=0...2N-l.
2

Thus for n=0 we see that
|£¢t %) - £(t »x")| < K(Q-t) |x-x"].

Since f(to,x) = VN(t,x) we have shown that VN(t,x) is uniformly Lipschitz
in x with coefficient independent of N. It follows that VN(t,x)
decreases uniformly to V(t,x) in x and that V(t,x) satisfies a uniform

Lipschitz condition in x. This completes the proof of the lemma. n
We are now ready to prove the Markovian Principle of Optimality.

Theorem 2.3.1.

For all (t,x) € [0,1] x ]RP , for all h s.t. t + h <1, for all u GJ\/{t,

the Markovian value function V(t,x) satisfies:

t+h u t+h u u
v(t,x) < E[It c(s,xs) ds +st dN (s)/xt = x] + E [V(t+h’xt+‘n)/xt = x]



Y

with equality if and only if u Gth is optimal.

Proof: Step 1

By the definition of V(t,x) we have,

t+h t+h : 1 v
V(t,x)iE[S c-(s,xu)ds + s dNu(S)/xt=x] + Inf E E{s c(s,xs)de
t 8 t vE_Mt . t+h

1
+ an’ (s) /< }/x = x]

Consider the s_econd term on the right in the above expression. The
first statement of the Theorem will be proved if we show that the Inf

and the firsﬁ conditional expectation operator can be interchanged.

4Q

Towards this end we fix ¢ > 0. Then since VN(t:-i-h,x) ¥ V(t+h,x) uniformly

in x we have: There exists N s.t.

V(t+h, X ) + 2 > VN(t xt

a.s.

t+h ) tE

Now by Lemma 2.3.1, there exists v € /u

VN(t x

t+h such that' :

) + € > J(t+h, X a.s.

t+h t+h’ )

Combining this with the above inequality and taking expectations we obtain:

E[V(t+h,x 5/xt = x] + 2¢ > E[J(t+h,x +h,v )/x x]

t+h

Taking the Inf over v € A,l on the right, we get:

t+h

E[V(t+h,x = x] + 2¢ > Inf E[J(t+h,x +h,v)/x = x]

)/ X,
t+h Vej‘«l h

Since ¢ > 0 is arbitrary it follows that

E[V(t+h,x

t+h)/x =x] > Inof E[J(t+hx h,v)/x = x]

M et
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u
The reverse inequality is clear from the definition of V(t-l-h,xt_'_h).

We have thus proved that:

1 1
Inf E [E {g c(s xv)ds +s dI‘lV(.'s)/xu Clx. = x] = E[V(t:+h,xu )/x, =

This establishes the first statement of the Theorem.‘

Step 2: We now show that u G_A,lt is optimal in /btt' if and only if

1 1
V(t:+h,xu ) = E[S c(s,xu) ds + j' dNu(s)/:-:u ]a.s.
t+h J e+ ] t+h t+h

for all t < t+h < 1.
If equality holds above, we immediately obtain that u is optimél by
taking h = 0. On the other hand suppose u is optimal. Then by definition

of V(t,x) we have:

t+h t+h 1 *
V(t,x) = E“' c(s,x")ds +5 dNu(s)/xt = x] + EU’ c(s,x )ds
t s t t+h 8

1
+ I dNu(s)/xt = x]
t+h ’

t+h t+h . 1
= n“ c(s,x")ds +f dNu(s)/xt = x] + E[E{_“ c(s,x5)ds
. 1%y . t+h s

L i
u u
+It+th (s)/xt+h} /xt = x]

on the other hand by the first statement of the Theorem we have

x|
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t—l-hl u tth "
V(t,x) < EU't c(s,xs)ds +5t dN (s)/xt = x] +E [V(”h”‘tﬂ\)”‘t = x] .

Subtracting gives:

A
(=]

1 1 '
u u u u
E [E{ St+hc(s,xs)ds + st+th (s)/xt_'_h} - V(tth,x ) /x, = x]

.

But by definition

) 1
E{s c(s,xu)ds +I dNu(s)/xu }-. V(t+h,xu )
LJ t+h ] t+h t+h t+h

is a non-negative random variable. We thus obtain

1

1
c(s,x:)ds +j‘ dnv (s) /x° }a..s.

u
V(t+h,x_,,) = E{j
t+h t+h t+h

t+h

Step 3. We now use step 2 to show that u is optimal iff equality holds

in the first statement of the Theorem. If u is optimal then,

t+h u t+h 1 u
V(t,x) = E[s c(s,x )ds +5 dNu(s)/x = x] + E [E{f c(s,x )ds
t s t t : t+h s

1
u u o
+jt+th (s)/xt+h} /xt = x]

t+h u " ptth u u 1
= E[St c(s,xs)ds +st dN (s)/xt = x] + E‘[V(t:+h,:-:t_'_.n)/m:t = xJ

(by step 2).
On the other hand if equality holds in the first statement of the Theorenm,

we take h = 1 - t to obtain
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1 1
v(t,x) = E{S c(s,x‘s‘)ds +s dNu(s)/xt = x}.

t t

Thus by definition of V(t,x), u is optimal. This concludes the proof of

the Theorem. n

We can restate the above Theorem in the form of the following
equivalent corollary which is in the form of the Abstract Optimality

Principle.

Corollary 2.3.1.

For all u EiAA, for all 0 < t < t+h < 1, the function V satisfies:

u : rt+h u t+h u u u ul
-V(t:,xt) < E{I c(s,xs)ds +S dN (s)/xt + E V(Hh’xt-!-h)/xtj
t t

a.s. with equality 1iff u G,AA is optimal.
Proof: Follows immediately from the above Theorem. - H

All the results of section 2.2 now apply. In particular we have the

following corollary.

Corollary 2.3.2.

t t
u
For all u e_/u, the process V(t,xt) +I c(s,x:)ds +I dNu(s) is an
0 0
gr-submartingale and a martingale iff u is optimal.
t

Proof: Follows immediately from Corollary 2.3.1. o

We now proceed as in Section 2.2. However we make the following

observation: We construct the process w(u,t) as we did in Section 1.4 and
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associate the processes Z%(u) and Eg(u). But now, just as in Theorem

2.5 of Boel [7] we can show that K:+h(u) and ﬁt+h(u) depend only on

THeHh o{Bs; t<s<t+h}, Thus Theorem 2.2.2 takes on the following version.
t .

Theorem 2.3.2

There exists a constant J_ and for all controls u G.Jbla process

M

- , h ,
At(u) 62;46?;51)) such that Kt+ (u) isgq-t+h-Meas. satisfying

t . t

1) E Al(u) = JM

2) For all 0 < t < t+h < 1

_t+h t+h u tth “
E [_At: (u) +I c(s,x )ds +I dN (s)/x ]> 0 a.s.
t .8 t tl=

A control law u = u* is optimal iff 2 holds with equality for u*.

Then J.

M = J(u*)

Inf J(u) and
-

u* -1 u*
= *
v(t,x, ) = E [A_(u Yx, 1.
Proof: as in Theorem 2.2.2. n

We can now derive a local version of this Theorem which is the analog
of Theorem 2.2.3. However it is necessary to restrict attention to

value decreasing controls.

Theorem 2.3.3.

There exists a constant JM and for all value decreasing controls

u GLAJ, processes a:, B:, Y: satisfying the following conditions:
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L 1 2
u _ u -
1(a) Ej- vgd B, =0 (b)j- IYsl ds < » a.s.
0 0
2) c(s,x:) - a: >0 a.s.
u
3) Bs <1 a.s. dN (s)

4) Vl(u) = 0 for all u where

t t t
_ _ u _ u, u u
Vt(u) = JM foas ds IO Bst (s) +Io Yg dBS.

A control law u* E_Jblis optimal if and only if 2) and 3) hold with

equality for u*., Then JM = J(u*) the cost of the optimal Markov control

*
and Vt(u*) = V(t,xz ) the value function evaluated along u*.
Proof: As in Theorem 2.2.3. H

We note that in the above theorem we can say that the processes
u u u
s Bs’ ys are in fact obtained from measurable functions

o, B, y: [0,1] x IRP + IR by
u _ u u _ u, u _ u
aS = u(s’xs)a BS Bl(s’xs)’YS Y(ssxs)°

This is because of the observation made just prior to Theorem 2.3.2.

We .have not done this because it makes the notation intolerable.

2.4 Characterization of V under Differentiability Hypothesis.

In this section we use Ito's rule to show that the value function
can be characterized as the solution of a partial differential equation
with inequality constraints. In order to state the differentiability

hypotheses we need some terminology from distribution theory. For
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definitions of all the terms used below refer to Rudin [17] or to Yosida
[23].

By condition D, on a function V: [0,1] x ]RP -+ DR+ which is

B

continuous and bounded, we mean D, : The first and second partial distri-

]
bution derivatives of V in the x variable are in LB([O,I] x IRP) and the

first partial distribution derivative with respect to t is in
80,11 x ®Y).

The imposition of condition D, on V is weaker than imposing continuous

B
differentiability. A Theorem of Rishel [16] states that a version of the

Ito rule is valid if V satisfies the weak differentiability hypothesis DB

_for some B > 1. If V satisfies D, for B > 1 we define the action of the

B
partial differential operator A(t,x) on V by:

2
aVv . ov ' "V

i i3

Using this notation, we have the following Theorem.

Theorem 2.4.1.

Assume there exists a bounded continuous function V:[0,1] x l{P d IR+

and a control law u* satisfying the following conditions:

1) V(l,x) = 0 for all x € R®

2) V satisfies condition DB for some B > 1

3 elt,xd) + ARV 2 0 = ele,xi) + AE, ) [V]  a.s.

u u

> X )
k TE

u * u¥ u* u*
4) V(T - V(% ) < 1= V(T ’xT‘-’)‘ - (T, ,x ) a.s.

k Tk k k

where 3) and 4) hold for all controls u.
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Then u* is optimal, V is the Markovian value function and V(0,0) = JM

the cost of the optimal control law.

Proof: Fix t € [0,1]. Fix a control law u. Let TE be the jump times
of u. Define the sequence of stopping times Sk by Sk = tA Tt. Then Sk

is an increasing sequence of stopping times and Sk + t. Now we have:

(@) V(t,x)) - V(0,0) = 2, [V(Sz, ,xa ) - V(S ,x0 )] = 3 (V(S—,.,x0 )
t k=0 S T A ! k18-

- V(S axu )]
k Sk

But the 221 term on the right hand side of the equality (a) is

. ‘
S [V(s-,x" ) - V(s,x")] dN"(s)
0 S- <3

t
=S [_V(s,xu ) - V(S,xu)] dNu(s)
0 il y

in view of the continuity of V in the t variable. Thus equality (a)

becomes

(b) V(t,x) = v(0,0) + : [V(S, . Xe ) - V(S ,x“')]
t %E k+1 S-k+1 k Sk

t
-s [V(s,x. ) - V(s,x)] aN"(s)
0 8= s

From Theorem 2 of Rishel [16], it follows that

Skl . . .
Es A(s?xs) [V] ds = E[V(Sk+1’xS— ) - V(Sk’xS )]
Sk k+1l k
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Thus taking expectations in (b) we obtain

Se1 t
() E V(t,x:) = v(0,0) + EZI A(s,x") [V] ds - E"' [V(s,x" )
k 7S s 0 5=

k

- V(s,x))] dN(s)
or carrying out the summation in the 2-Ei term on the right, we obtain

t t

E V(c,x‘t’) = V(0,0) + ES A(s,x‘s’)[vl ds - EI

J[V(s,xg_)- V(s,x:)] an“ (s)

0

Now put V(0,0) = J*, - A(s,x:)[V] = a: and [V(s,x:_) - V(s,x:I = B:.

Then it is seen that the conditions of the sufficiency part of Theorem

1.5.1. are satisfied. This proves the Theorem. o

Corollary 2.4.1.

The V appearing in the preceeding Theorem is unique..
Proof: Clear since the V is the Markovian value function. o

A Partial Converse of the above Theorem is provided by the next
Theorem. Here we assume that the Markovian value function V satisfies
condition DB. Towards this end we have already shown that V is Lipshitz
in x and absolutely continuous in t (due to the integral representation

for it in Theorem 2.3.3). In the next chapter we deduce some

differentiability properties of V under alternate hypotheses.

Theorem 2.4.2.

Assume that the Markovian value function V satisfies condition DB for

some B8 > 1. Then u* is an optimal control implies for all value decreasing



controls u, the Markovian value function satisfieés.

1) clt,x) + A(t,xp)[V] 2 0 = ele,x) + M) V] aus.

: % uk * yk
2) vt ) -vat,xt) < 1= vt Y ) - V(T ,x ) a.s.
® k? o u k T Y k o
k k k k
P
? 3) v(1,x) = 0 for all x € R

Proof:
Condition 3) follows immediately. Let now u* be optimal and fix a
value decreasing control u. By the same argument as in the previous

Theorem we have

t t
E V(t,x:) = v(0,0) + ES A(s,x)[V] ds - Es- [V(g,x" ) - V(s,x")]dN"(s)
) ) 0 S— S

We can now use the optimality principle to conclude that

t

‘ t
_At(u) + S c(s,x:) ds + s @Nu(s) is a submartingale where
0 0
t £
A (w) =s0 - A(s,xY) ds +so [V(s,x_ ) - V(s,x )] dN"(s)

The technique which was used in the necessary part of Theorem 1.4.2

yields the result. This concludes the proof of the Theorem.

£ Theorem 2.4.1. is to be compared with Theorem 2 of Bensoussan and
Lions [4]. It is a slightly stronger version of their Theorem since we
only need their "Differential Inequalities" to be satisfied along the

admissible trajectories generated by control laws.

49
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CHAPTER 3

DIFFERENTIABILITY PROPERTIES OF V UNDER ADDITIONAL HYPOTHESES

In this chapter we show that the Markovian Value function V of the
Impulse Control probiem introduced in Chapter 2, is continuously
differentiable in x under suitable assumptions on the cost function ¢
and the set U of admissible jump heights. We will further assume that V
satisfies a condition which makes it into a "good" function. For ease
of exposition we assume that u(t) = O.

We know that V is a bounded continuous function V : [0,1] x RP - ]R+.

From 1) of Corollary 1.3.4 it follows that

V(t,x) <-1 + inf V(t,x-u) for all (t,x) € [0,1] X rP
U :

Let C = {(t,x) € [0,1] x RP/v(t,x) < 1 + inf V(t,x-u)}.
u€U '
Let S = C (viz. the complement of C). Note that C is the set of all

points in (t,x)-space where a change in control value is not advisable.
Thus an optimal control if it exists cannot jump in C. The region C
may therefore be called the continuation region. On the other hand in
the region S it is imperative that we change the éontrol value,
Intuitively an optimal control should jump as soon as the trajectory
reached the boundary of C and the height of the jump should be the u
which minimizes V(t,x-u). For a Theorem regarding the optimality of this
policy refer to Bensoussan and Lions [4]. We now make the following
assumptions:

Al The set C is non-empty, its complement S has non-empty interior and
3C = 9S is regular (where 3 denotes boundary and the bar over C denotes

closure).
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A2 For all (t,x) € S, there exists a unique u*(t,x) € U such that
inf V(t,x-u) = V(t,x-u*(t,x)) and for each fixed t the map (t,x) > u*(t,x)
lffgm RP » U is continuous.
A3 The set UC IR_I:_ of admissible jump values is a cone.
A4 The cost function c is continuously differentiable in both variables.
A5 There exists an optimal control.

Al, A2 and A3 are similar to the assumption of Bensoussan and Lions
[4] that V be a good function. In Assumption Al, what we mean by the
regularity of the boundary becomes clear in the analysis between Lemma 3.2
and Theorem 3.1. We note that the continuity of V implies that C is an
open set. We prepare the proof of differentiability with the following

Lemmas which say that V is continuously differentiable in C and in Int S

(where Int denotes "Interior.")
Lemma 3.1. V is continuously differentiable in x in the region C.

Proof: Fix (t,x) € C. Since C is open there is a Neighbourhood (Nbd)
of (t,x), N(t,x), s.t. N(t,x) C C. Let S be the first exit time for the
Brownian Motion whiéh starts from x at time t from the Nbd N(t,x). Now
since in C, V satisfies V(t,x) <1 + V(t,x—u*(t,x)), it follows that the
optimal contfol law does not jump in C, in particular in N(t,x). Thus

the optimality Principle yields.
S
V(T,B,I)= E{ST c(s, Bs)ds/BT} + E V(S,BS)
for all stopping times T such that t < T < S. Now since ¢ is continuously

differentiable in both variables, it follows from the solution of Problem 6,

Pg. 59 of McKean [12] that V is continuously differentiable in x in the
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Nbd N(t,x). This completes the proof of the Lemma a

Next we show that V is continuously idfferentiable in x (for fixed
t) in int S = int C. It will then remain to show that V is differentiable

on 38.
Lemma 3.2. For each t, V is continuously differentiable in x on int S.

Proof: The proof is in two steps. We first show that for each fixed t,
(t,x) €ESs=x - u*(t,x) € C. Then we use this to est#blish the statement
of the lemma

Step 1: Fix (t,x) €S. Let z = x - u*(t,x). We need to show that

z € C. Now since. (t,x) € S we have

(a) V(t,x) =1+ V(t,z). If z is not in C then z € S. In that case we

have

(b) v(t,z) =1+ 325 V(t,z-u). Now since U is a cone in ]RE, every

point which is accessible from z is accessible from x. Thus inf v(t,z-u)

> inf V(t,x-u) = V(t,z). So certainly we have 1 + inf V(t,z-gfu> v(t,z)
u€U u€U

which contradicts (b). Thus we must have z € C. This concludes the proof'
of Step 1.

Step 2: We now show that for fixed t, V is continuously differentiable

in x for x € int S. Towards this end fix (t,x) € int S. Let u = q*(t,x).
Then by step 1, x-u € C. Now since C and int S are disjoint open sets,
there are Nbds. N of x-u and N, of x in RP guch that N CC and N1C int.S.
By the continuity of the addition Map on ]Rp, there exists a Nbd. N2 of

%x in RP such that x"-u € N for every x' € N,. By the céntinuity of the
map u* as assumed in A2, there exists a Nbd N3 of x such that x'—u*(t,x')

€ N for every x' € N3. Let now N' = N1 N N2 N NS' We shall work locally
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in N'. Let x' € N'. The we have:

[l + V(t,x'-u')] - [1 + V(t,x-u)] where u' = u*(t,x')

[}

v(t,x') - V(t,x)

*
o . and u=u (t,x)

V(t,x'-u') - V(t,x-u)

"

[V(t,x'-u') = V(t,x'-u)] + [V(t,x'-u) - V(t,x-u)] (a)

Now x'-u', x'-u, x-u € C and by the previous lemma V ig continuously
differentiable in C. Therefore taking recourse to a Taylor expansion

(a) can be rewritten as

V(t,x') - V(t,x) = g—z , (umu') + g_X xoy' (x'-%) * o(x'-x) (b)

where z is an interior point of the line segment joining x'-u' to x"-u.
We show that the first termon the right in (b) is zero. Towards this

end consider

v(z) jLV(z+ (u-u')) < e %% z-(u—u') + V(z) (c)

for all |e| sufficiently small. We note that the first inequality in
(c) holds for e both positive and negative by the continuity of the map
*

u and because U is a cone.

Thus from (c) we obtain

0<e¢ cul (u-u') for all |e|. sufficiently small

ox|2z

Taking € > 0 and € < 0 we see that

v

e (u-u') =
x|z (u.u ) =0

Thus (b) becomes
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V(Ex') = V(E,x) = ool L (x'-x) + o(x'-x).
This shows that v exists and equals v . Next we show that v is
T 9x|x 9X|x-u 9x

continuous at all points x € int S. Towards this end fix t and let

| * *
x X in R, where (t,xn) € int S for all n. Let u (xn) = u (t,xn)

Then A
ox

~_-AY
X ax|x -u (x)°
* n n n * *
u (xn) +u (x) or x —u (xn) +x -u (x). But x -u (xn) € C for all n
v * Vv

and V is continuously differentiable in C. Thus = > —
ax,xn-u (xn) x|x-u (%)

*
Now since xn + X and u 1s continuous we have

v
ox

= < This shows that V is continuously differentiable in x in int S.

This concludes the proof of the lemma. a

We are now ready to prove that V is continuously differentiable in x
on 3S. In order to prove this we fix (t,x) € 3S and consider a control
law which does not jump in a small Nbd of (t,x) and follows the optimal
policy odtside this Nbd. This will enable us to compare the right and
left partial derivatives at x, in every direction, whiéh exist by
lemmas 3.1 and 3.2. We shall see that they are equal. This will enable
us to conclude that %¥ x.exists and is continuous for x € 3C = 9S. Before
we prove the theorem we introduce some notation and make an observation.
We remark that this cumbersome notation is necessary because of the
variety of cases that occur.

Fix (t,x) € 3C =3S. Let e, denote the unit vector in the direction

i

of the ith co-ordinate axis. For each € let 61(5) = ey + ee, . Now fix
i. Since (t,x) € 3C = 9S8 and 3C = 0S is regular the following mutually

exclusive cases arise:

1) x+ 8,(e) €5 for all |e| sufficiently small.

2) x+8,(e) € C for all |e| sufficiently small.
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3) x+ di(e) € S and x + Gi(-e) € C for £ > 0, ¢ sufficiently small.

4) x + 61(-5) € S and x + Gi(e) € C for € > 0, € sufficiently small.

We remark that these are the exclusive cases which arise because of the

assumption that 3C = 3S is regular.

Now let D, (x) = 1lim 3V (x+8 (e);} where we have
e+ 9x i
i e+0 i
e>0 g suppressed the
v variable t since
and let De- x) = lim~3;— (x+61(e))
i e i we have fixed it.
€<0
J

Then by lemma 3.1 and 3.2 both De+ (x) and De- (x) exist. We have to
i i ,
show that they are equal. If the index i satisfies case 1) then by

lemma 3.2 we have De+ (x) = De- (x). If the index i satisfies case 2)
. i ' i
then by lemma 3.1 we reach the same conclusion. The only cases that

remain are cases 3) and 4). Let now IS be the set of all indices i which
satisfy case 3) and let Ic be the set of all indices 1 which satisfy

case 4). Fix an index i € I_. Then we claim that D (x) <D (x) -
‘ S e+i - e~y
Here we recall that (t,x) € 3.C. To see the above claim, fix € > 0.

‘Then since i € I, we have x + Gi(e) €S, x+ Si(—e) € C for ¢ sufficiently

S

small. Since the set U of admissible control values is a cone, we have

V(x+61(e)) < V(x). Thus De+ (x) < 0. On the other hand since (t,x) € 38,
i
we have V(x) Z.V(x+61(-e)) for ¢ sufficient small. Since if not we would

obtain V(x) < 1 + inf V(x-u) which contradicts the fact that x € S. Thus
usU

D (x) > 0. We have thus shown that D (x) <0<D (x) or
ey T eh, 7T T T ey :
De+ (x) < De- (x). If the index i € IC a similar érgument holds. Thus we
i i
have shown that De+ (x) :-De- (x) for all indices i when (t,x) € 38 = aC.
i i
In the theorem we show that the reverse inequality holds.
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Theorem 3.1.
For each fixed t € [0,1], the Markovian value function V is

continuously differentiable in x on rP.

Proof: Fix t. Let €| = {x€ RP|(t,x) € c}. Similarly define int slt.

By lemmas 3.1 and 3.2, the statement of the theorem holds in C|t and

int Slt. We now show that it holds on 86'?. Towards this end, fix

x € 36|t and fix € > 0. Let N(e;(t,x)) = {(s,y) € [t,1] % ]Rplls-t| <t,
|y—x| < e}. Then N(e;(t,x)) is a Nbd of radius € around (t,x). Let Se
be the first exit time of the Brownian Motion starting at x, from the Nbd.
N(e;(t,x)). Consider the control law which maintains a no jumps policy
in N(e;(t,x)) and follows the optimal policy outside N(e;(t,x)). Compute
the cost J of this policy. We have

S

€
J = E[S c(s,x+Bs)ds] + E[V(Se,x-l-BS )] f.Kle + Kze + EV(t,x+BS ) (a)
t € € -

where Kl is the uniform bound for ¢ and K2 is the time Lipschitz Constant

for V. Now since S is the first exit time for the Brownian Motion

starting at x from N(e;(t,x)) we have |B§ | < ¢ where Bé is the ith
€ €
component of BS . Thus using lemmas 3.1 and 3.2, the inequality (a) can
€ ‘
be rewritten as

i

i
J < Kee + V(t,x) + 2, D, (¥ E[Bg /0 < By < €]
i i £ €
+T 0w EB/-c<Bt <ol+oeH
e- S S
i i € €
i 1/2
where we have used the fact that Eo(BS ) = o(e"" 7). But
€ g
—E[Bi /- € < Bi <0] = E[Bi /0 f_Bi < e]li-———i—- 51/2 + 0(81/2)
S S S S 1/2
€ € € € (2m)

Thus (b) can be rewritten as
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° 2 /2
@ -, WI—t7 e Ol

(27)

)] + o (el

(c)

1
J < Kee + V(t,x) + 25 [D,, +o(e ).
i

i

Now looking at. (c) we see that if any term under the summation sign is
strictly negative we can take € sufficiently small and obtain J < V(t,x)
which contradicts the fact that V is the value function. Thus we have
D, (x) >D (x) for all i. Combining this with the result D ., (x)
e+i — e~y e+i
j_De_ (x) proved just before the statement of the theorem, we obtain
i
D, (x) =D__ (x). We have thus shown that V is continuously differentiable
i i

at x in every co-ordinate direction. This concludes the proof of the

theorem. H

We remark that when the state space RP is one dimensional, the
assumption that int S is non-empty implies that V is constant in x for
each fixed f for x € int S. This statement is fairly easily proved. We
shall not go into details here. Thus 1nAthe one dimensional case we
obtain that V is twice continuously differentiable in int SIt and in fact
both the derivatives are 0. Furthermore the technique used in lemma 3.1
could be used to show twice continuous differentiability on Clt' Furthermore
the technique used in Theorem 3.1 could be used to show that V is twice
cpg?}nuously diffe?entiable on 3C e In addition the technique used in
Theorem 3.1 could be used as a basis for discovering a heuristic algorithm
which tells us whether we are following an optimal policy or not. This
would be particularly useful if we restricted oqrselves to (s,S) policies.
Then we could discover whether the reorder point we opefate on should be

increased or decreased in order to maintain the equality of the derivatives.
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CHAPTER 4

CONCLUDING REMARKS

In chapter one we have considered a fairly general.form of the
stochastic control problem and a class of control laws which are important
whenever physical or institutional constraints require that controls
cannot be changed continuously. This is particularly meaningful in an
Economic Context when control laws are modelled as prices or have
components which represent capacity levels. Another important class of
problems which can be tackled under this framework is that of optimal
stopping problems and quickest detection problems. The results preéented
here could be combined with those of Boel [7] to obtain a thecry of
Impulse Control of jump processes. The detailed analysis of the continuous
time Invenfory control probiem carried out in chapter two shows that the
abstract conditions lead to equations which are difficult to solve
computationally but which nevertheless indicate important properties of

’

the optimal control as remarked at the end of Chapter 3.
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