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LIKELTHOOD RATIOS AND TRANSFORMATION OF PROBABILITY
ASSOCIATED WITH TWO-PARAMETER WIENER PROCESSES

*
Eugene Wong and Moshe Zakai-r

1. Introduction

Let X, 0 <t <1, be a standard Wiener process defined on a probability
space (Q,{qt},cpo). Let CD be a probability measure on (9,?371) equivalent

to Cpo E and E. will denote expectation relative to Cp and CDO respectively.

0
Let ‘g;::t denote O(Xs, Oisﬁt). The following set of results are by now well

known: [See e.g., 3]
1 1t 2
exP{foq)sdxs_EJ ¢Sds} where ¢ 1s an {gt} adapted process,
0

(a) 1If %CDR
0
t

then Wt = Xt - ¢Sds is a standard Wiener process with respect to
0

{2, (1P

1
(b) Under some additional conditions such as J

E¢2ds < o, the likeli-
0o S
hood ratio is expressible as

_ 4P } ta 1"
L, = EO(Kﬁglgxt) = exp{]otbsdxs - -2-I0¢sds}

vhere ¢ _ = E(¢t|gxt).
(c) Even without the hypotheses of (a) and (b), the likelihood ratio
4P -
(viz., the projection of de on the o~field generated by Xs’
0

0 <s <t) is of the form

t 1(t 2
. Lt = exp {I vsdxs - Ej vsds}
0 0

=
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: t
where v is an {’th} adapted process and V_ = X - I v ds is a
standard Wiener process with respect to (Q,{EIxt},CP ).
The purpose of this paper is to consider these and related problems for

Wiener process with a two-dimensional parameter. An attempt in this direc-

tion was begun in [4] but the effort was only partly successful. It revealed

the far more complex structure of the stochastic calculus in the two-para-
meter case, and a full elucidation of the form of the Radon-Nikodym deriva-
tive and likelihood ratio had to await the development of the calculus
as presented in [6,7].

| Let Ri denote the positive quadrant of the plane. For two points

a= (al,az) and b = (bl,b'z) we denote

a4 b if a, <b, and a, <D

1 1 2 -2
a4 b if a, < bl and a, < b,
aAb if 3 < bl and a, > b2
a4t b if a; <b, and a, >b,

Furthermore, we shall adopt the notations

a®b= (al’bZ)

a~b-= (min(al,bl), min(az,bz))

[}

avb (max(al,bl) ,~max(az,b2))

Observe that if a A b then a® b=a ~band b® a = a+v b. Note also that

a®b®c=a®c. Finally, for a fixed point z, in Ri, Rz will denote
0

the rectangle {z: z 4 zys 2 € R_?_}.

Let (Q,"J,CP) be a probability space and let {qz, z € R, } be a family
: 0

of o~-subfields such that
' T D
Fl) z' yz = (n};. CJ;

F g;b contains all null sets of CJ‘where 0 denotes the origin

2)

-



F,) %}; = N Q};, for every z

z2'>z
F4) ?};gzo and Q};dgz are independent given %;;

For each z, %;g'will denote 93;82 andcgri will denote %}; ®z"
0

. 0
Let {Xz, z € R, } be a stochastic process defined on (szrfl)) and

adapted to {%;;} (i.e., for each z, Xz is Q;;—measurable). For b » a let

(a,b) denote the rectangle {z: a< 2z < b} and X(a,b] the increment
xb'-xasb'-xh®a4-xa'

Definition. {X , &F , z €R } is said to be:
—_—— 2z z 2,
M) a martingale if E{XZFEI;} = X_ almost surely
M,) |
M3) a strong martingale if E{X(z,z']ﬁqj>/§;3} =0

M4) an adapted i-martingale of E{X(z,z']|€I§} =0, 1i=1,2

a weak martingale if E{X(z,z’]|€;;] =0

MS) a Wiener process if {Xz, Q};, z € Rz } is a strong martingale,
0
and X is a Gaussian process with EXZ = 0 and

EX(A)X(B) = Area(ANB) for all rectangles A and B .

We note that if X satisfies condition M4 it is said to be an i-martingale
whether or not it is {QB;} adapted. In (1)-(5) the conditions are to hold
for all z and all z' y z. With these definitions, we can easily verify
that a process is a martingale if and only if it is both an adapted
l-martingale and an adapted 2-martingale. A strong martingale is also a
martingale, and an adapted one or two martingale is also a weak martingale.
We owe most of these definitions to [1]. In the appendices, a summary of
the principal results concerning the stochastic calculus for a Wiener

process is presented. These results in a more general form and in

greater detail can be found in [6,7].



4

Let (Q,{g;;}) be a measurable space on which two proﬁébility measures
CI) and CF% are defined. Let {XZ,QB;, z € Rz } be a Wiener process under
D 0
LO and let %3;2 denote the o-field generated by {XC’ L4 z}. We shall

attempt to answer the following questions:
(a) Suppose that<1> and CFB are equivalent and

dggz - _1 2
Eq exp{IR ¢CdXC ZJR d)CdXC} ’

0 VA
0 29

how does X behave under<1)?
(b) With whatever additional assumptions which might be necessary,

is it possible to obtain an explicit expression for the likelihood

ratio

(¢c) 1If we do not assume thatci) and CF% are equivalent, but only that
their restrictions on Q};z are equivalent, can the generalvformA

of the Radon-Nikodym derivative on Q};Z be found?

We believe that thesé questions are answered with reasonable completeness
by the results of this paper. We are satisfied that the form of these results
is quite general, even if the conditions under which they ére proved may
not be the best possible, The order of our presentation will be as follows:
In section 2 we shall obtain a series of formulas which provide an answer
to (¢), and in section 3 a generalization to the exponential formula for
Wiener processes. In section 4 we shall give an interpretation for these

formulas in terms of some conditional moments of the process X under the



CD-measure. Finally, in section 5 an application of these results to the
following hypothesis testing problem which arises in signal detection will

be considered:

H.: The observation {Ez, z € Rz } is a white Gaussian noise.

0
0
H: The observation is of the form Ez = 924-nz where n is a

white Gaussian noise and 6 is a random signal,

It will be shown that in this case the likelihood ratio is expressible in

terms of 62 = E(Ozlg;;z) and p(z,z') = cov(e 6 ,|€;

xzvz'

2. Likelihood Ratio Formulas on Increasing Paths

Let (Q‘;I) be a measurable space and {X , 2 € R } a family of measurable
functions. Let CJ = O(XC’ L ER ) and assume ‘EI q Letcp and ‘
20
P

be two equivalent probability measures on (Q,%;B such that under 0° X is a

Wiener process. Denote the likelihood ratio by

_ d
(2.1) : L, = E, {%%lgxz}

Then L is a positive ({%;;z}§1>0) martingale. In addition, we shall assume

(2.2) Ll <o, wzER
. V4 VA

so that we can tnvoke the repfesentation theorem df [5] and write L in the

form

(2.3) L =1+J a, dX +I B, ., dX dX_, .
z A

4

Whence it follows that L can be chosen to be almost surely sample-continuous.



The square-integrability condition of L is made necessary by the fact that
unlike the one-parameter case the stochastic-integral representation for
Wiener-martingales has been proved only for square-integrable martingales

and not for martingales in general. Because of this, it is not yet clear
whether all Radon-Nikodym derivatives on a Wiener space are sample continuous.
However, we believe that the square-integrability condition (2.2) can be
weakened and that the form that we will derive is valid for all continuous
likelihood ratios.

Equation (2.3-1) can be put in the form

(2.4-1) L,=1+ IR LC,®z u(z,z') dxc,
z
- with
.5- ') = + ! dxX_ ] .
(2.5-1) w(eth) = o o IR I(ZAT")B, . 1dX, ]

z
Alternatively, (2.4—1) and (2.5-1) can be recast into the form

) dX

(2.4-2) Lz =1+ J r

L G(z
R 22

z
1

28C

(2.5-2) u(z,t) = a1 .

L

]
[ac + IR I(CAC )BC,C'

k4

We recognize (2.4-1) as a representation of L as a l-martingale, and
(2.4-2) a representation as a 2-martingale. Since Lz > 0 almost surely,
we can now apply the differentiation formula (B.2) of the appendix to

n Lz and get

s e



= ' - _]_'_ 2 1 '
n LZ = IR U(Z,C )dxcc ZIR u (29c )dC

k4 z

= J ;(Z,C)dXC --%J GZ(Z,C)dC .
R R

V4 4

It follows that we have

=
I

(2.6-1) . exP{IR u(z,0")dx,, - %JR uz(z,c'mg'}

b4 Z

(2.6-2) exp“ u(z,r)dX -lj Gz(z,c)dc} .
R ¢ 2)p

z z

Equation (2.7) is reminiscent of the exponential formula in one dimension,

and indeed it is precisely that. We note from (2,.5-1) that
u(z,2') = u(x'®z,z'")

so that the exponent in (2.6-1) is a semimartingale on horizontal lines.
Thus, (2.6-1) can be considered a reﬁresentation of L as a positive martin-
gale on horizontal paths, and (2.6-2) as a representation on a vertical
path. Thus, the similarity of (2.6) to the exponential formula for one-
parameter Wiener processes comes as no surprise. Indeed, the representation

(2.6) can be generalized to any increasing path.

Let T be an increasing path connecting the origin and Zq- For any
point z € Rz > Zp will denote the smallest point on I' greater or equal to
0
z. Wesay {¢ , z€ER_ 1} is g—adapted if for each z ¢_ is CJ -measurable.
z zq r z zp

In appendix A, stochastic integrals for Q;}—adapted integrands have been

defined. Using this definition, we can rewrite (2.3) for z €T as

2.7) L =14+ I L. un(g) dX
z R cr r

4

4

where (c.f. (B.10))



" -1
2.8 = A\
(2.8) up(® = @) [“c +f LB TETAD axg,
®c' €D
1
, .
+J r BC’C' I(C/(C ) dxcv] .
c'®;GD2

Observe that only one of the two integrals in the definition of u. is non-

T
zero. For T € D{, z'®C cannot be in D;I)_" and for ¢ € Dg, £®Z' cannot be

in Di. So defined ul..(C) is Ca-; -measurable, and an application of the one-

r
dimensional differentiation rule to the path T yields
1 2
(2.9) L = exp u.(2)dX_ - =| un(g)dr
z R T . 2 R T
z z

for all z €T.

Theorem 2.1. Let (Q,?T,CPO) be a probability space and {XZ, z € RZ } a
0
Wiener process. Let C‘}rxz denote the o-field generated by {XC’ < z} and

assume q = C’sz .
0
(a) Suppose'c-p is a probability measure equivalent to CPO such

that the likelihood _ratio

is Cpo-square-:l.nt:egrable (i.e., EOLi < o, ¥z 4 zo). Then for any increas-

ing path I' there exists an g-;-adapted process up so that for all z €T

2.7 L=1+Iu(C)L ax
z R T & ¢
2
and
(2.9) L =e (0)dx -lf w2 (D)dr
. . Xp . up ¢ 2, T .

k4 k4



(b) Conversely, let I' be an increasing path and up an g}}-adapted

process satisfying

uz(a)dc < © almost surely CF’ .
R T 4]

4

0
Define for z €T
1 2
L_= exp un(D)dX, - 5| un(D)dz) .
z T z 2 r
R R
z z
Suppose that EOL = 1. Then é%g?—=’L defines a probability measure (])
%0 o %o

and EO(Lzoquz) =L,.

Proof: (a) Since Lz is a CT%—square--integrable g;;z—martingale, we can write

as in (2.3)

B. _. dX_ dX., .

=1+ +
L 1 JR o, dX .z z z

z Lt JRxR
Z z 2z

Define up by (2.8). Then (2,7) follows. An application of the one-parameter

differentiation formula to n Lz on I' ylelds (2.9).

(b) Conversely, if I u%(c)dc < ® almost surely (CFB) then

R
z

MZ = JR ul.,(t;)dxc

z

is well-defined as a local martingéle on I' with

> = JR ui (0T .

b4

Mz ; ’M>z
Hence, Lz = e defines a probability measure if ELz = 1. Since

0
L =1+ J L. un.(p)dX
z R CP T z

Z

it follows that EO(L IQJ? ) = L_, almost surely. 0O
zy Xz z
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Let Yz = J G(C)(dXC-UP(C)dC), where o is a bounded deterministic func-
R

z
tion. Then, under (1%, YZ can be considered a semimartingale on I', and the

one-parameter differentiation rule (B.8) yields

LY =J L [a(g) +Y_ u.(p)]dX
R T o T g

so that LZYz is a CI%—martingale on I', Therefore Yz is a CFLmartingéle on .

This gives us the interpretation

E[(dxc-ur(z;)dz;) |€Ixzr] =0
or

(2.10) up(2)dg = E[dxchzr] .

Specializing to horizontal and vertical paths yields an interpretation

for the functions u and u in (2.6) as follows.

E[dxc' ng,c'&]
E[dxclg’x’ z®§]

A more precise statement of (2,10) or (2.11) can be made as follows:

(2.11-1) u(z,z')dg’

)]

(2.11-2) u(z,z)dzg

For a fixed T define a I'-martingale Y by the property

E{Y(z,z']lqz } =0 for all z'¥rz .
r

This generalizes the concept of i-martingale (adapted or non-adapted). Now,

a precise statement of (2.10) or (2.11) is given by
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Theorem 2.2. Let ur, X,CI) and CI), be as in Theorem 2.1. Then

YZ = Xz - IR ur(c)dc
k4

is a I'-martingale with respect to CIl

Proof. Fix two points z £ z', and for {a: o *2z and o € T} define

M - JR La4 T42") (4K ~u(D4]. -

o

Since Ma is a Cp—martingale on the portion of T from zp to zy we have

EM | ) =™
Zo % Zr

Since Mz = Y(z,2'] and Mz = 0, the desired result follows. 0O
0 T
Before proceeding to the derivation of a two-dimensional exponential
formula for L, consider the special case where uP(C) = ¢C is independent.

of path, In that case the formula (2.9) becomes

= Y Y
Lz exp { IR ¢Cdxc ZIR d)cdc}
z z

which being path independent is already a full-fledged two-dimensional

exponential formula. Needless to say, the condition that u, be independent

T
of path is a severe one and the circumstances under which this obtains will

become apparent in the next section.

3. A Two-Dimensional Exponential Formula

The exponential formulas for the likelihood ratio given by (2.6) and

(2.9) are two dimensional in form, but clearly one-dimensional in spirit.



Our next objective is

The starting point is

form of (B.5~2) so that (B.6-1) applies.

(3.1)

If we denote

(3.2)

then (2.5-1) acquires
(3.3)

For a fixed ', L
to get

u(z,z') =

Observe that because of

so that

LC”@Z -

'@z

12

to derive a formula which is inherently two-dimensional.

(2.5-1) and (2.4-2). Observe that (2.4-2) is in the

It yields

I(ZAZ")L G(c'®t_.,c)dxC

L,+I
& r

4

L'®r

= \J
YZ,C' aC' + JR I(TAL )BC,C'dXC

z

the form

u(zc)"( )Y

z,g' ’

C 'Qz

and Yz z are 2-martingales, and we can apply (B.2-2)
’

,

4

(—Q—) +
C'

[

L,z dX

Lyver

I(CAC )———"’-LC— L

2 Lc'®«;

a(c! dx
o 0o u(g'®C,) r

,

I(CAT' )

z

u(z'®c,c' )Bg C'

‘R c'®c

1(gAg) [t z®c R Y g §(LEL,DAT

L

J
Rz L'

the term I(ZAZ') in the integrals, we have

u(z,z") = u(g'®z,z")

Y
22808 (e8L,C") = u(L'®L,T") .

Loer
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Then it follows that we can write for z p '

G4-D i) =6y, +] L(EAT")0(E,T") [dX,-u(z @, D)dz]
R

k4

where
A a,
(3.5) 8, =u@',C") = &)
C Lc'
and
(3.6) o(g,zy = B e chyucce,o)
g'ec '
By symmetry we can also write
(3.4-2) u(z,z) = 8 +J I(C*C')D(C,C')dx '
4 R C

4

-j 1(ZAZ)p(2, 2 )u(z'®C,2')dT" .
R

VA
Equation (3.4-1) yields

2

3.7) uz(z,c') = GC.

+ ZJ I(z AT )u(g'®C,z")p(L,2") [ch-G(C'@’C,C)dC]
R
Z

+J I(CAz")p2(g,0)dz .
R .

2z
Putting (3.4-1) and (3.7) into (2.6-1) yeilds

1 2 1
(3.8) L = exp{J 6_,dx_, - —I 6 ,dg' - —J
z r & ¢ 2g Tt 2JR xR
z 4 A Z

o2 (c,c")dzdc

+ I D(Q,C')[dxc-;(C@C,C)dC] [dxg.-u(§'®C,C')dC' ]}
RR,

which is the two-dimensional exponential formula that we have sought.
Given p and 0, (3.4) can be viewed as a pailr of linear integral equa-

tions with unknowns u and u. Indeed, if we set u(a®,a) = h(a,b) and
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u(a®,b) = h(a,b), (3.4) can be rewritten in the form

h(a,b) = hy(a,b) +J 6, (¢, 2" )h(z" ,z)ddg
R _XR __ 2
a8b Radh
h(a,b) = h_(a,b) + G, (z,2")h(z',r)dzdz’ .
0 X g b
“Ragp Ragh

If p is bounded then so are G and é, in which case Picard iteration converges,
and the existence and uniqueness of h and h are not in question. Therefore,
if p is assumed to be bounded then (3.8) can be vieﬁed as an expression of

Lz in terms of 6 and p.

Summarizing, we have the following:

Theorem 3.1. Let {L , z € R } be an almost surely positive square-integrable
martingale defined on (Q<E;CI) ) where CTis generated by a Wiener process

{X,z€R }. Let L, =1. Then, there exist functions 8, p, u and
z z, 0

satisfying (3.4) such that Lz can be expressed by (3.8). Further, L satisfies

(3.9) L =1+ L 6 dX + Lo [0(C,C") +u(g'®,z")u('®z,z) 1dX_dX
; z R A C

A IRXRc 4
z z

zZ

Conversely, let Gz be an Q;;Z—measurable function defined for z € Rz
0
and p(z,z') be an ﬁ];z z,-measurable function defined for all z, z' € Rz
” 0
such that z z'. Suppose that (3.4) has unique solutions for u and u, and

when 0, p, u and u are substituted into (3.8), it yields an Lz satisfying

EOLz = 1. Then, Lz is a positive martingale which is the unique solution
0

to (3.4).

Corollary. Let {Xz, z €ER_} be a Wiener process defined on (Q,QBECFE) and
%0
denote Q;;z = O(XC’ «2). Let(q) be a probability measure on (szr) such

that the restrictions ofqD and CF% to ?3;2 are equivalent. Suppose that
0
the likelihood ratio
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=E0(9€L)x_
P

0

)

z

is CI% square-integrable. Then, it satisfies (3.8) and (3.9).

Proof. The fact that Lz éétisfies (3.8) has already been proved by the steps
leading to (3.8). To obtain (3.9), we return to (2.3) and use (3.5) and
(3.6) to identify o and B. Finally, to go from (3.8) to (3.9), we rewrite
(3.8) using (3.4) to get back to (2.6-1), viz.,

= ' - 1‘. 2 ] L
Lz exp{lR u(z,z; )dXC' ZIR u (z,?; )d;} .

k4 ¥4

If EOLz = 1, this implies (2.4-1), i.e.,
0

L, =1+ JR P MICRADL L S

Z

Now, we can use (3.1) and (3.4-1), whence (3.9) follows. O

We observe that if p = 0 then (3.8) degenerates into the form given at

the end of section 2. 1In that case u(z,) = u(z,g) = eg,and up

independent of the path. This situation arises when and only when Lz satis-

is indeed

fies the equation

L=L+I 6 L dX +I 86 L. dXdX ,
2 R, ©C ¢ pe coleELTE

4, Interprétation of the Functions 6 and p

The interpretation of 6 comes immediately from those of u and 4 and

the relationship 0(Z) = u(g,z) = u(Z,;). We have from (2.11)

.

(4.1) 6(r)dg = E(dxcﬁ};c) .
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The interpretation of p is more obscure. A hint as to what it should be
comes from comparing (3.9) with eq. (4.12) of [4]. (In the latter
equation the factor %-is due to a slightly different definition of the
stochastic integral of the second type.) These equations are similaf,

and the comparison suggests that while u and u are conditional expectations
of dX given 0-fields of various kinds, p should be the covariance of such

conditional expectations. Specifically, we should have

(4.2-1) u('®r,0)ds’ = (X, [, i)

(4.2-2) u(g'®z,z)dg

5(ax, [T, prer)
(4.3)  o(g,5")dzdg’ = E[(dxg-ﬁ(c'&,c))[dxc.-u(::'m,c))ng,c'®;]

for all ¢, ¢' in RZ such that ZAZ'. We note that because CAZ', §'®F
' 0
can be replaced by Cv ' as is done in [4].

To verify (4.3) precisely, we must show that if

(4.4) Y, = f(c,z;'){[dxg-ﬁ(c@c,c)dc][dxC.-u(c'®c',c')dc']

JR xR
z z
- p(g,5')dzde’
where f is any bounded deterministic function, then Y is a weak martingale
with respect to ({Q};z}fJD), or equivalently, Y L is a weak martingale with
respect to ({G;;Z}fJDO). To do this we follow the procedure of appendix B,
by first writing YZ and Lz in the form of (B.5-1) and then representing the

integrands as stochastic.integrals of the form (B.4-1).

Define

(4.5-1) - v(z,g') = I I(CA-C')f(C.,C')[dXC-ﬁ(C'QC,C)dE]
: R

4
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(4.6-1) w(z,g') = I I(c‘kc')f(c,c')[u(c"sc,c')(dxc-ﬁ(c'@E,ﬁ)dC)
R
z - p(z,z")dz] .

Then,

(4.7-1) Y =J [V(Z,C')dXC,+w(z,C')dC'] .
R ,

Z
¥4

Similarly, we can also write

(4.7-2) Y = J [V(z,0)dX_+w(z,7)dt]
zZ R z
2 ,
with
(4.5-2) v(z,z) = J I(z A C')f(C,C')[dXC' -u(g'®z,5')dz']

R
z

(4.6-2) w(z,0) = J I(z4 E')f(C,C'){ﬁ(C'®C,C)[dXC.'-u(C'®C,C')dC']

RZ
- p(c,z')dc'} :

Using (2.4.1) and applying the differentiation rule for l-semimartingale,

we get
(4.8) | LY, = IR LC.&IV(z,C') +“(Z’C')Y§'®z]dxc'
z

"'.JR LC.&(W(z,C') +u(z,g")v(z,z')]dzg" .
4

From (4.5-1), (4.6-1) and (3.4-1), we get

Cw(z,2") + u(z,c)v(z,C")
=J I(C/(C')[V(C'&,C')D(CJ')+2f(C,C')u(C'®C,C')][dxg“ﬁ(§'®¢:,§)d§] .
R

z

" It follows from (3.1) that
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L§'®ZIW(z,C') +u(z,2')v(z,z")]

= IR I(CA C')LC,QE[ﬁ(uv-Pw) + (vp+2£fu) ]dxf;
Z

where the arguments of the functions-in the integrand are (Z,f') for f and

p, (£'®,z') for u, v and w, and (£'®c,z) for u. Thus, (4.8) can now be

written as

LY = JR LC.®ZIV(2,C') +u(z,c')YC.®z]dXC. + IR G(z,c)dx(; .
Z A

Symmetry dictates that G(z,Z) must be such that

(4.9) LY = JR LC.&[V(z,C')+u(Z.C')YC'®z]dXC;

+ IR LZQC[V(z,C) +u(z,C)Yz®c]dXC
Z

which is clearly a weak martingale with respect to CE%. :

5. Random Signal in Additive White Gaussian Noise

The following situation often arises in signal processing problems.

The observation is represented by a process Ez of

EZ==eZ+nZ

where 6 is a random process representing the signal and n is a white
Gaussian noise. To deal with such a model, we can integrate both sides of

the equation and get

= (S
(5.1) Xz JR ecdc + Wz s, 2ER

where X represents the observed process and W is a Wiener process. Let
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(Qf;ffi)) be the probability space in which the processes X, € and W are
defined. For problems in signal detection and filtering it is useful to

introduce a probability measure CF) on (szr) with respect to which X itself
0 &

is a Wiener process.

Lemma. Let (Q,QI}JD) be a probability space and let {?};, z € RZ } be a
‘ 0
family of o-fields such that BZ is gj;—measurable for each z and {Wz, z & Rz }
0
is a standard Wiener process with respect to {91;}. Define

1l 2
52 v -l 8w -3
o0 k exp{JR = ZJR Bcdc}

VA z

and assume that lﬂc(w)[ ¢ for almost all (Z,w). Then for o 3_1; we have

| A

2
(5.3) 1< Ev: < exp[(az

Y cArea(® )
Proof. Using the differentiation rule (B.2-1), we can write

Vis g J v 0 dw_ + %—(az—a)[ 02v%_ dr

z R @z ¢ R ¢ ®z
z z
If we set
vV =V if sup (V ) <n
nz z r ER @z
z
=0 otherwise
then
o o 1, .2 2_0
S - = i
Voo = 1 {R vn,g@zacdwc + 2(0: a)IR egvn,c@wde
z z
and
o I, 2 2 (o]
< — =
EVnz <1+ 2(a o) JR EVn,USsz

or
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a c2 2 s o
EV < 14—+
- n,st — 2 (a”-o)t JOEVn,otdc

and -

o 02 2
EV < exp —Z—(rx -a)ts

n,st —
and the right hand side of (5.3) follows from Fatou's lemma.

Since I E[Va
R

Z

@zeC]de;’ < ®, the stochastic integral JR V(z®zecdwC has
z

zero mean so that

o _ 1.2 20
EV =1+ z(oz o) JR E(GEVC&)dC >1. 0

z

. Theorem 5.1. Under the conditions of the above lemma, define a measure
Cpo by
dP,

P 2o
where Vz is given by (5.2). Define Xz by (5.1). Then,
(a) CDO is a probability measure

(b) Xz is a Wiener process under CDO

(e) CDO '\:Cp and

aPp 1 2
(5.4) —— = exp J 6, dxX -—[ ) dz;} .
aP { R & & 2y ¢ :
0 z4 zg

Proof. (a) From (5.3) we have EVZ = 1, Since Vz is clearly positive,
0 0
Cpo is a probability measure.

(b) To prove X, 1s a Cpo—Wiener process it is enough to show that

E exp{iJ u(g)dx } = exia{——];J uz(C)dQ}
0 R 4 L2
) i %0

N
v
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for all bounded deterministic u. Now,

E. exp{i u(z)dx } = E{V exp{%J u(g)dx }}
0 {'R & 20 R ¢

z

20 0

= exp{f uz(C)dC}E[}xp{;J [6_-iu()]dX -H%J [6 —iu(C)]de}]
IR R C t g F

0 “B Z0

N

Since u is bounded (by uy say)

exp{—J [Oc—iu(C)]dX -—;I [ec-iU(C)]de}‘
R R

R

“n 20

= [ﬁz |exp[%{ uz(g)dq] <V exp{%ugArea(R )}
0 R 0 %0

0

Hence, exp{}[ [Bc-iu(g)]dxc-—%f [Gc—iu(C)]zdg} is a square-integrable
R R

zZ A

CFLmartingéle and

Eoexp{i[ u(E)dXC} = exp{}%{ UZ(C)dC}
R R
ZO ZO

as was to be proved.

(¢) Since X is a Cr%—Wiener process and 0 is bounded
éL.= exp{f BCdXC-%I Bgdc}
z Rz Rz

replacing E and-j; replacing Vz. Thus,

must satisfy (5.3) with E v

0

and part (c) is proved. [
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Now, let QJ;Z denote the o-subfield generated by {XC’ S Rz} and

denote

(5.5)

Let

(5.6)

QI;Z].

- (&P
L, Eo(dcpo

1 1 2
A === exp{f 6 _dXx -—-I 0 d«;}
z V, R, g 2 R ©

b4

which is of the form (3.8) with p = 0. Hence, (3.9) and (3.4) yield

(5.7)

A=1+JA9dX +I A, 8.6 ,dX dX
z p Lot R®, A0 A Al

k4

which was also derived in [4]. Since

Lz - EO[AZIE;;Z]

we can follow the arguments of [4] and get

(5.8)

L =1+ [R LCE(BClng)dXC

k-4

+ JR - LorgE(0, 0, ngc.@)dxcdxc,
z 2Z

Now, denote

(5.9)
and

(5.10)

8(zl2) = E0,|F)

R(Z,C'|2) = E[(ec-é(clz))(Bc.-é(c'lz))] .

Then (5.8) can be rewritten as
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= ) A ' Brrt]rt
(5.11) L =1+ JR L 8lnax, + ” Lo [0t @08 | 200
z R_XR
z z
+ R(Z, 2! |T'®0) Jax ax,,
Comparing (5.11) with (3.9) and using (3.8), we get

- 5 b 52 -+
(5.12) L= exp {JR e(clc)dXC—ZIR 6%zl vaz -3

I R%(z,z' | c'®C)dzde!
Rz XRZ

4

+ I R(z,5'|5'®) [ax ~6(z| g '®r)dz] [dX, ,-B(z' |z ®r)dE']

which gives an explicit representation of the likelihbod ratio Lz in terms
of the moments 6 and R. Such a formula was sought without success in [4].
In light of the amount of additionalmachinery which has been necessary to
derive (5.12), the failure is hardly surprising.

Now, (3.4) takes on the form

I(cztc')R(c,c'Ic'Gz)[dxC—é(clcﬂac)dc]
R

z

(5.12-1) B(z'|z'®z) = B(z'|c") + I

(5.12-2) B(z|=®) = 8(z|D) +J I(CAC')R(c,c'Ic'®c)[dxc‘.-§(c'Ir,'@c)dc'] .
R

4

It follows that {Lz, z€R, } is completely specified by {8(z|z), z € R, }

0 0
and {R(z,z'lzvz'), z,z' € Rz }. Furthermore, if 8 and W are jointly Gaussian
0
under CFZ then R(Z,Z'|z.Z') is a deterministic function, and {Lz, z € Rz }
R 0
is completely determined by e(zlz), z € R, . This implies, for example,
0

that a detector for testing between the hypotheses:
H: X = J ¢.dc+W  and W is a Wiener process
z R [ z
z
0° Xz is a Wiener process

can be implemented by a filtering operation which yields 6(z|z), z € Rz .
' 0
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Equation (5.12) represents a constraint on the various conditional moments.
The existence of such a constraint is surprising and could hardly have been
predicted a priori. As such, (5.12) has considerable interest in its own

right.

Finally, we observe that a natural concommitant of the likelihood ratio

formulas js the behavior of martingales under such transformation of measures.

Theorems of the Girsanov type [2], representation theorems for martingales
and weak martingales are all to be expected. Much of this body of results

is already in hand and will be reported in a subsequent paper.

113
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Appendix A. Stochastic Integrals for 2-Parameter Wiener Processes

As in section 1, define a Wiener process {wz,§§;, z € Rz } as a strong

0
martingale such that W is also a Gaussian process with EWz = 0 and

(A.1) szwz' = Area(szz,) .

Provided that a separable version is chosen, a Wiener process is sample

continuous, and for rectangles A and B
(A.2) EW(A)W(B) = Area(ANB) .
Let {¢z, z € Rz } be a process satisfying the following conditions:
0
(A.3) (a) ¢ 1is a bimeasurable function of (w,z)
and
2
(b) J E¢zdz < o
R
or %0
(b") Cp({wz sup|d(w,2) | < “}) =1
: z
and for each z
either (co) ¢z is gg;-measurable

or (ci) ¢z is %IZ—measurable, i=1,2.
Then the stochastic integral

(. 4) (4o, = J b,

R C

2

is well-defined for each z € RZ . The process (¢oW) is a square-integrable
. 0
strong martingale with respect to {%};} if (a), (b) and (co) are satisfied,

a square-integrable i-martingale if (a), (b) and (ci) are satisfied. In

each case a sample continuous version can be chosen, and

(4.5) E(poW) > = I E¢§d; .
R

k4
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If condition (b) is replaced by (b') then there exists a sequence {¢n}
satisfying (b) such that (¢noW) converges uniformly with probability 1, and
¢n > ¢ almost surely. Hence, ¢oW can be defined as the uniform limit of a
sequence of continuous strong martingales (resp. i—martingales), if ¢ satis-~
fies conditions (a), (b) and (co) ((ci)). Convergence being uniform, ¢oW
is sample continuous. We shall call (¢oW) under these conditions a local
martingale (or local i-martingale).

The integral ¢oW can be generalized still further. Let I' be an increas-

ing path connecting the origin to z For each z € Rz let z, denote the

0’ T
0
smallest point on I' greater than z (with respect to the ordering ). The

1,2, where DF is the area

path I' divides Rz into two parts, say Di, i= 1
0
below I' and Dg is the area to the left of T, i.e.,
Dl = {ER_ : BT, = .}
1 z, r T
D) = (L ER_ : .8C =z}
2 zo' T T
_____ - aZ
7 0
DF ]
2 ¢ A
Zp r
T
D
z 1:

Now, suppose that instead of (A.3c), ¢ satisfies

(A.3c') For each z € Rz s ¢z is §§£

-measurable.
0 T :

Define for i = 1,2
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T
(A.6) ¢iz = ¢z if z € Di

=0 otherwise .

i —
Then ¢iz 1S(E¥z-measurab1e, i=1,2, and ¢z = ¢1z+-¢22 for almost all z.

Hence, we can define

and so defined ¢oW is a sample-continuous martingale (or local martingale)
on I'! It is also a weak martingale if ¢z is g;;—adapted.

Consider a process Xz, z € Rz , defined by
0

(A.8) X, = J f(z,c)dwC .
R
z.
In general, because the integrand depends on the ehdpoint, X is not a martin-

gale of any kind. However, suppose that f satisfies the conditions:

(A.9) For each z € R and each  €R
z, p
(ai) £(z,z) = £(®z2,) for 1i=1
= f(28¢,;) for i =2
and
(bi) f(z,z) is ggégz—measurable, i=1
f(z,L) is gg;gc-measurable, i=2.

Then, X is an adapted i-martingale (local i-martingale). The intuitive
reason for this is clear. For i = 1 let z and z' + z be two points on the

same horizontal line, then {®z = ;®z' so that

x'—'x =
Z 4

J f(asz,C)dwC
R '-R :
z z

and
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E[X_,-X_[F] =0
z! T2V g iy

Similarly, for 1 = 2, we have E(Xz.—leg}i) = 0 whenever z, z' lie on the
same vertical line.
Now, let wz Y (z,z') € Rz ><Rz » be a random function satisfying the
H

0 0
following conditions

(A.10) (a) V¥ is a measurable function of (w,z,z')

(b) J I(zA.z')sz ydzdz' < o«
R XR Z,2
%0 %o
(alternatively, (b') CID(sup |wz z'| < ag = 1)
z,z' ’

(¢c) For each (z,z') ¢, is %}' ,—measurable.
z,2 ZvZ

For such a { we define the integral

,d du' (2!
f . wc’c u(z)du' (')

where Y and u' can each be either W or the Lebesgue measure, as follows:

Let I(CACZ') be equal to 1 or 0 according as LALZ' or not. Define

wu(z,C') = J I(cAz")Y, ,du(@)

1
R L,z
z

(du(g) = dwg or d) and

wu(z,c) = JR I(c,4C')wC,C'du(€') .

4

Observe that wu(z,c) satisfies the condition (A.9b1) and &u(z,q) (A.9b2).

It can be shown that

J Y (z,5")du(g") = j ¥~ (2,2)du(z) (1,1 = W or Lebesgue)
3 R M .

Z Z
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so that

du(g)dn(zg')

(w°UU)Z = I ‘pc’cl

R_XR

z z

is well-defined. (YouW) is a l-martingale, (YoWn) is a 2-martingale, and
PoWW, being both a l-martingale and a 2-martingale, is a martingale.

We should note that for any Y

J Yy C.I(CAC')du(C)dﬁ(C')=[ b, 1du(g)du(z’)
R, xR~

0 “0 0 “0

so that only values of ¥ for T AL' affect the integral (Youil). We also

C,z'
note that the definition for VYoWW given here is sligﬁtly different
from the symmetrized definition given in [5], but is the same as the one

introduced in [1,6] and used in all our papers on the subject since that

time.
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Appendix B. Differentiation Formulas

The simplest differentiation formulas for two-dimensional stochastic
integrals are those associated with horizontal and vertical paths. Let

sz be processes defined by

(B.1) sz = xkO + JR uk(z,c)dWC + IR Vk(Z,C)dC . k=1,2,,..,n

Z k4

where u and vk satisfy conditiops‘(A.9-ai,bi). We shall call X an
i-semimartingale. For 1 =1, Xk is a continuous semi-martingale on hori-
zontal paths, and for 1 = 2, X is a continuous semi-martingale on vertical
paths. If we consider the differentiation formula for céntinuous one-parameter
martingales on horizontal paths in the case of 1 = 1, and on vertical paths

in the case of i = 2, we get the formulas [7]

(B.2-1) F(Xz) = F(Xo) + IR Fk(ngz)[uk(z,C)th'PVk(Z,C)dC]
4
+ %’JR Fkl(xc&)uk(zsg)uz(z’l;)dc
2
(B.2-2) F(Xz) = F(X;) + I Fk(xz®c) [uk(Z.C)dWC+vk(z,C)dCl
R

k4

) ‘
+-§JR sz(xzez)uk(Z,C)uz(Z,C)dC

V4

where F(x), x € R®, has continuous partials F, (x) = —g—F(x) and
k Sxk

2
F, ,(x) = ——g———F(x) and every repeated index implies summation from 1 to n.
k2 axkaxz .

Now suppose that sz satisfy

(B.3) sz = XkO + IR ¢dewC + JR edeC

z Z

dw dw_, +

£, ,,ddu
¥ JR & ez, e IR Tt
z 2z z z

C'

+ I g dw_dz' .
R XR k,5,"' L
z 2z

o
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Then, it can be rerepresented in the form (B.l) in two ways: as a l-semimar-

tingale and a 2-semimartingale. Defining

?
TEATD Wy o prdW +E o pide]

R
z

(B.4-1)  w (z,5") = ¢, +I

' =
2z

(8.4-2) & (2,1) “’ke;‘”J TERATDY o prdWor by o 0d')

R
z

BlaoD) = 8 + | AT

R
z

K,z,0' M

we can write

]

(B.5-1) X, =X+ IR u (2,0 )W, + JR

Z z

vk(z,c')df,'

(B.5-2) X,=Xo+ JR ﬁk(z,c)dwg + I x"ik(z,l;)dc

R
z Tz

which in turn yield

I(zAL') [ﬁk(c'®c,C)dwC+w”rk(c'®c,c)dc]
R

z

(B.6-1) xk,c'@m = Xk,C' + J

(B.6-2) X or = %, t JR I(zA c')[uk(z'@:,f,')dwc, + v, (T'®,z")dz'].
z
The differentiation formula (B.2-i) as applied to (B.5-1), can be taken
together with (B.4-i) and (B.6-1i) to yield a two-dimensional differentiation
formula which represents F(Xz) where Xz is the sum of five integrals as in
(B.3)) as the sum of integrals of these five types once again. This formula,
given in [7], involves mixed partial derivatives of F through the fourth

order. It is not necessary for our purpose here.
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Equations (B.2) are basically one-parameter differentiation formulas
for horizontal and vertical paths, and can be generalized to any increasing

path. Let I' be an increasing path and let sz, z €T, be processes of the

form

R
z Z

(B.7) sz = XkO + JR “k(P’C)dWc + J vk(F,C)dC , k= 1,2,.f.,m

where uk(F,z) and v, (I',z) are §;7 -measurable for each z € R, Then Xk
4 k Zp zq
are semimartingales on I' and (B,2) now takes the form

B8 Fx) =TE) + | P08 ) [ (D, +, (T, 2)c)

R
z

1

Z

If Xk are defined by (B.3) then they can be put into the form of (B.7)

by suitably identifying u and v as follows. Consider an integral of the form -

(B.9) Y du(z)dii(z")

v, - |
z R. XR C’c'
z 2z

as introduced in appendix A where y and {l can each be a Wiener procesé on

the Lebesgue measure, and Y is Q}% C,—measurable. This can be

z,z'

reexpressed as

(8.10) v, - | b, L IEATANDEE"
I‘ b
grecen]

+ J ¥, TEATADEIE)
;'®;€D£

=[ J Y I(CAL')du(L) dii(L)

z,g'
Rz C"8C€D£

+ by o 1(EATHAE") au(D)
I' ’

R
z C'@EGDZ

R
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which is of the form

(B.11) Y, = J a(T,z)dii(z) +J B(l",'c)du(c)
’ R R
p A A

where for each g, a(l',Z) and B(T,Z) are %J; -measurable. Reexpressing each
I“ .

of the' double integrals in (B.3) in this way puts it into the form of (B.7).
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