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ABSTRACT

The object of this paper is a general study of the input-output
stability of arbitrary interconnections of nonlinear, time-varying, .
multivariable subsystems which may be either continuous-time or discrete-
time. The paper shows how the overall system can be algorithmically
decomposed into a hierarchy of strongly connected subsystems interacting
through interconnection subsystems. Theorem I establishes that the
overall system is stable once the strongly connected subsystems and the
interconnection subsystems are stable. Theorem II shows tﬁat, under
very reasonable assumptions, these sufficient conditions are actually

necessary. Part II of the paper will consider subsystems whose dynamics

are restricted in several ways.
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A. Introduction

The object of this paper is a general study of the input-output
stability of arbitrary interconnections of nonlinear, time-varying,
multivariable subsystems which may be either continuous-time or discrete-
time. This problem can be viewed as a generalization of that dealing
with the feedback interconnection of multivariable systems: see for
example references [1-5]. On the other hand, since an arbitrary inter-
connection can always, by suitable reformulation, be viewed as a single
overall feedback system (as is done in Eqs. (7) and (8) below), the
task of this paper is to analyze the details of the interconnections and
to bring them to bear on the stability study. Arbitrary interconnections
of systems can Be treated by Lyapunov techniques [6~10], the cost is that
tﬁe dynamics are restricted to ordinary and functional differential
equations, [23]. Our functional analysis approach is much more general.
For other papers using this approach see [11,12].

The thrust of our approach lies in exploiting the structure of the
overall system. Thus, in spirit, our approach is very close to that of
signal flow graphs, see for example [13]. Following Kevorkian [14-16] we
decompose the overall system into a hierarchical structure of strongly
connected components. This was also done in [17] however in contrast to
[17], we use a much more efficient algorithm due to Tarjan [18]. 1Inm

Part I of this paper we prove two very general structural theorems which,

together with their corollaries, make technically precise and correct
the intuitive notion that if all strongly connected subsystems are stable
and if all interconnecting subsystems are stable, then the overall

system is stable. Theorem I shows that under verymild assumptions these

conditions are necessary and Theorem II specifies a number of technical
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assumptions which guarantee that these conditions are both necessary and

sufficient. Part II of the paper will consider special interconnections of

subsystems whose dynamics are restricted to special classes.

B. Preliminaries, System Description and Assumptions

Throughout this paper we consider an interconnection of subsystems
each one having the following standard descrption [2,Sec III.1l]. Let
Jbe the time set of observation (typically J = IR+ or 7.+), ?f'be a
normed space with norm || (typically U =R, C, ]Rn or Cn), and C—f{be
the set of all the functions mapping (J into 'U' The function space \7
is a linear space over R (or €) under pointwise addition and pointwise
nmultiplication by scalars. Introducing a norm 0.1 on G(, we obtain a

normed linear subspace o_t of the linear space 3’, given by
LY. g VYlgl < =)

For any T € J, we define fT(t) = f(t) if t < T, and zero for t > T.
We say that fT is obtained by truncating f at T. Associated with the

normed space Z is the extended space aﬁedefined by

L 4T V| vre T, lggd <)

e

We shall often write “f"T instead of "fT“. From now on we take U= R.
The object of our study is the overall system S which consists of m

subsystems described by the operator equations (Fig. 1)

n; = giei + v, i=1,2,...,m (1)

n,," n, .
where (i) 91 :ieil > :f,elo is a causal-i-r operator sending e; into the

—— e

+By definition, ;ﬁz = ofex jeX...x ;fe-, n times.
1.1‘By definition, G; is causal iff for all e € ;Cel, for all T €,

(6sep)p = (Gye)p » [21.
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n

ith subsystem undisturbed output v; = 61 (ii) ] € Zﬁeio is an output
n,

disturbance and (iii) y; +v, =n, € afe1° is the ith subsystem

available output. Each subsystem input, say e is the output of a summing

node fed by the interconnection operators Eij and the ith subsystem

external input u;; more precisely e; is given by the operator equations

(Fig. 2)

m
e, = ) Figny + Uy i=1,2,...,m (2)

n. n,,

where (i) for j = 1,...,m, Eij : 5{:0 > o‘feu is a causal interconnection

operator (which may be the zero operator) sending nj into Eijnj which is
n,.

fed into the summing node (Fig. 2) and (ii) uy € .;,fell is the ith subsystem

external input.

The 2m Eqs. (1) and (2) describing the overall system S can be

condensed to describe the causal relationship between inputs and outputs

of S.
m m
A A
Let n, = 2 n.., n_ = 2 n (3)
A ! o [ io
A o einifﬂ'
u = (ul,uz,...,um) = (ui)i= o (4a)
v 8 (v, ,v v.) 4 (v.)" eino (4b)
1°V27 2V i)i=1 = e
e & (e,,e e) 4 (e. )" e;fni C (4c)
1°72*°°" " i’i=1 e
n 2 (nyon n) & m)Hm eino (4d)
12722 """ 'nm i’i=1 e
T

To avoid clumsy notations, we shall often represent column vectors as
ordered sets.



By referring to Table I, the reader will perceive the logic of our

notation scheme. We choose to view (u,v) as the overall system input

and (e,n) as the overall system output.

n, n
i o
: d
Let G Sfe > Sﬁe be defined by (5)
. (~1 1)1—1
n n,
: defined b
and F: ;ﬂe -> ;ﬁe be defined by )
( 2: ~ij J 1-1
j=1
With these definitions, the 2m Eqs. (1) and (2) become two operator
equations

e—-Fnp=u @)

(8

|
&
+
3

]
<

Thus at this abstract level the overall system S, with its complicated
interconnected structure defined by (1) and (2), is just like a standard
feedback system (Fig. 3). Our task is to take advantage of the structure.

In order to perceive (7) and (8) in simpler form, let

nth, Mt
: &ie N ;fe © be the causal operator defined by

H(ean) & (Fy,Ge) | (9

and let I denote the identity operator. Then (7) and (8) give rise to the

equation

(I-H) (e,n) = (u,v) (10)



Assumption I:

Throughout this paper, we assume that

the operator ge 4 (I-m) is a well defined causal

n.+n n.+n
map from éiel ° intOoZel °

(11)

Conditions under which this assumption is satisfied can be found in
[1, Chap. 2], [2, Sec III.5]. 1If (I-H) is not one-to-one, then ge is a

relation.HH

If we define By : (u,v) b (ge,gn) and the linear isometric map

K : (u,v) » (v,u), then

B = K(H,-I) and H, = I +K i (12)

Hence Hy exists (resp. is causal) if and only if By exists (resp.
is causal).
The causal operator G :z{: > ;ZZ is said to be éé-stable iff there

exists constants b, y in BR+_such that ¥e € éi:, ¥T € :7
| 13
“ge“T < b + 'y“elT ( )

(b and y stand for bias and gain respectively).

o

n
Using the sum norm in the product space Ed 1 , i.e. l(u,wl

e

lull + lvll, we say that H, is o -stable iff there exists constants b,

ni+no
Y in R such that ¥(u,v) € ie , ¥T € J

IlelIT + llnllT <b+ ‘Y("uuT +IIvl|T), (14)

++*+If H_ is a relation, then Hy is defined to be o -stable iff (1?).holds
for all~?e,n) in the relation. With this definition, all the stability
results presented below also hold, with obvious modification, for the case

where H, is a relation.
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Similarly we define L -stability of ij_. A system whose input-output
relation is given by a causal operator G is said to be Zﬁ-stable iff G
is &, -stable. In view of (12), we have I;_Ie is & -stable if and only if l:ly
is f-stable. Hence, as far as the stability is concerned, we can choose
either (e,n) or (Ge,Fn) as the overall system output of S. We chose
(e,n) because Ele has a simpler expression.

For causal operators, the above definition of i—stability can be

shown to be equivalent to the usual one [2, Sec III.7], [1], [19].

C. Graph Theoretic Preliminary System Decomposition

By definition, a digraph ,O'é (V,E) consists of a set of vertices V
and a set of directed edges E = {(v ,vj)l\) i Vy €V} (vi,vj) is an

edge directed from v; to \Z and is said to be incident to both vy and

v [20,21]. A section graph of dJ = (V,E) is defined to be a digraph

D) 4 (ucv, {(vi,vj) € Elvi,vj € U}). JJ(U) is said to be connected
iff disregarding the direction of the edges, every pair of vertices in U
are mutually reachable by going through edges in L. L) is said

to be strongly connected iff respecting the direction of the edges, every

pair of vertices in U are mutually reachable by traversing along edges in
LJ(U). A maximal strongly connected section graph J(U) is called a

strongly connected component (abbr. SCC) of 3. A connected component is

similarly defined. The vertex v, is said to have a self-loop iff

i
(Vi"’i) € E. A circuit of length & > 1 is defined to be an ordered set
of g distinct vertices (111,172,...,172) such that (“2,’"1) € E and

("k’"k+l) €E for k=1,2,...,%1. A digraph is said to be acyclic iff it
does not contain any circuit. The indegree (resp. outdegree) of a vertex

v; is defined to be the number of edges coming into (resp. out of) vy
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The adjacency matrix of a digraph O = (V,E) is defined to be an nxn

matrix A where n is the number of vertices in {J, such that aij =1 iff
§ - .
(vj, v) EE’ and a5 = 0 otherwise.

Consider the overall system S described above. The interconnection

digraph innt of S is defined as follows: each subsystem operator 91
corresponds to a vertex Vi and there is a directed edge from'vj to v,

iff the interconnection operator Fij is not the zero operator. Since each

connected component of ljin can be analyzed separately, without loss of

t

is a connected digraph.

generality, we assume that iDint
We now perform a graph theoretic decomposition on the connect

digraph innt'

- 2 L}
Step 1: Find all the SCC's Cl,@ 511 of J_,-

Step 2: Make a condensation of iBint with respect to these SCC's. That

is, we define a new digraph called the structural digraph j:L of

S as follows: each SCC & of lj&nt corresponds to a vertex
a
Ga in ljs and there is a directed edge from ;a to GB iff the set

of directed edges in Jjént from any vertex in (2) to any vertex

in C?B is not empty. By construction, l:; is a connected acyclic

digraph.

Step 3: Relabel the vertices of lfg so that its adjacency matrix AS is
a lower triangular matrix. Hence, with respect to the new
labeling, a SCC, say C:u, can only feed its output to SCC's,

say 6%,5;,..., with a higher subscript, i.e. B, v > a.

§Most graph theorists define ags = 1 iff (vi,vj) € E. Hence our adjacency
matrix is the transpose of theirs.



Step 4: Relabel the vertices of ljknt so that (a) those that belong to the
same SCC are numbered consecutively and (b) those that belong to the
lower numbered SCC are numbered lower than those belong to the
higher numbered SCC. n

An example illustrating this decomposition algorithm is given in

Appendix AII. Step 1, the identification of SCC's, can be done by

using Tarjan's efficient algorithm STRONGCONNECT [18]. An English language

description of it is in Appendix AII. Step 2 can easily be done by

inspection. Step 3, labeling of a connected acyclic digraph is called

topological sort [20,pp.462], [22,pp.258]. It is done in M iterations

(¢ = the number of SCC's) by deleting a vertex with zero indegree and all
its incident edges at each iteration and, then, by relabeling the

vertices in the order they were deleted.

A little thought reveals that the adjacency matrix Aint of ljint
after Step 4 will be in the lower block triangular form:
_ml m, P |
c —
m, Al1 0 .o 0
c c
m, A21 A22 . 0 _
= : (15)

ED

- -

where (i) ma is the number of vertices in Cfa, (ii) each diagonal block

A;a is the adjacency matrix of C;a and (iii) each off diagonal block
AEB ,» o > B is the adjacency matrix of tfae which is defined to be the

bipartite digraph [20, pp. 168] consisting of (a) all the vertices of
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Ga and 68’ and (b) all edges of °Oint directed from a vertex in éB to
a vertex in C:a’
From now on, without loss of generality, we assume that we start

out with the overall system S which has been relabeled. For each SCC

G, «=1,2,...,u, we define

o
c A ' c A
Tl zk: ki > Tao 2 ko (16)
k
c A c A
Ya T (uk)k > Vo T (vk)k (17)
c A c A
e, = (e » g = () (18)
c c
c nai inao ccA
G, ¢ ie -+ o Such that Gee = (G e )y (19)
and nS nS
c Bo ai c cA (20)
: = F .n.
I-“:aB ie > £ o Such that EQB ng (zj:~k3n;|)k
a-1 o
where in every case, k ranges from E m, + 1 to Z m,
A=l A=l
B-1 8
and j ranges from E m, + 1 to E m . Since Gk’ Fk' are assumed to be
- - ~ ~K]
A=1 A=l
causal, (}(‘;, FZB are also causal.
Equations (1) and (2) (or equivalently (7) and (8)) can now be
rewritten as 2u equations
c & e ¢ c
- = = ve 21
e, - 2 Foang =u, @ =1,2,...,0 (21)
B=1
-¢%e +n¢=+° a =1,2,...,H (22)
~a o a a

Observe that due to relabeling, the index B in (21) does not go

beyond a.

-10-



For a =1,2,...,u, we denote by Sg the strongly connected subsystem

(abbr. SCS) described by Eq. (22) and

e - 7 nc =ut . (23)

For o > B, a,8 = 1,...,u, we denote by SEB the interconnection

s c
subsystem (abbr. 18) represented by the interconnection operators gaB'

By Assumption I in S%c. g, the SCS §; is represented by a causal

+n
ao

) n
operator mapping from erai into itself. Thus the éf—stability of

the SCS S: and IS Sz are defined unambiguously using the definition

B

given in Sec. B.

D. Structural Theorems

The two structural theorems presented below are based on the form
of the Eqs. (1) and (2) as well as the structure of the interconnection
exhibited by (21) and (22). We emphasize the fact that these theorems
are valid for a very general class of systems: linear or nonlinear,
time-invariant or time-varying, continuous-time or discrete-time.

Given the decomposition described in Sec. C, it seems intuitively
obvious that the statement 'the overall system S is Z-stable if and only
if each SCS SZ and each IS SiB are i, -stable" should be true. Theorems I
and II below should be viewed as attempts to delineate techmnical conditions
under which that statement is true. Although many sets of conditions

were considered, the conditions below seem to the authors to be the most

general and elegant.
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Theorem I§§

Consider the overall nonlinear system S originally described by (7)
and (8) and by (21) and (22) after relabelling:

(a) If every SCS SZ and every IS Sg are L -stable, then the overall

B
system S is L -stable.

(b) TFor the overall sysEem g, assume that for i = 2,...,u, there is an
input (ﬁz,Gz) ed® ao, a=1,...,i-1 such that for the

. AC .
corresponding output Ny o=1,...,i-1

=l c ~C ngi
F. n. € , 24)
& Fig"g L (

under these conditions, if the overall system S is Jféstable then every

every SCS Sz is L -stable. n

Assumption (24) above is very mild. Indeed if G(8) = 6 and
F(8) = 6, then (24) is satisfied by taking the inputs (ﬁ;,ﬁ;) = 0 for
a =1,...,u-1. In particular, (24) is satisfied for all linear G and

F.

~

Since each IS Sg does not involve feedback loops, its stability

B
problem is straight forward. The following corollary is an obvious result
of Theorem I. It is useful because it gives us an assumption under which

the question of stability of the overall system S reduces to the stability

of each SCS Sz.

Corollary I.1

Consider the overall nonlinear system S described by (21) and (22).

§§All the proofs are relegated to Appendix AI.

-12-
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Suppose G(08) = 6, F(6) = 6 and suppose that every ISSZB is dﬁ—stable.
Under these conditions, the overall system S is Z-stable if and only if

every SCS Ss is L-stable. R

In order to obtain the desired if and only if statement for the
&f-stability of S versus the éf-stability of each Sg and each S;B, it

turns out that more delicate assumptions are needed.

Theorem II
Consider the overall nonlinear system S described by (21) and (22).

Assume that

c c
for o =1,...,u, gga(;( rl"‘°) c ;Cn“i (25a)
nS, ¢
for a =1,...,u, there exists an Eg € £ ** such that gzég efL ®°,
c (25b)

for 8 =1,...,u~1, there exists an ﬁ; € 6£ Bo such that for all

c e ai
> B8, F BB L (25¢)

Q

C

for every unstable F , there exists an n aB ed Bo

B
such that F ¢ L a1 : (26)

Under these conditions, the overall system S is ;ﬁ—stable if and only if

every SCS %: and every IS S;% are Jf-stable. R

Assumption (25a) appears to be more restrictive than necessary. It
is required by the form of the system equations and by the possibly
devilish behavior of nonlinear maps: suppose that Fzz(e) =6 but for all

o # nz € ;ﬁ 20, ;2 ; y, a fixed element of ;ﬁ 21 di- "2i and similarly

suppose that F (e) 6 for allg # “1 € £ lO’F21“§ =-y.
' n

+ F22n2 is always 6, hence ind 21, even though

Then in the

N N Cc c _¢C
equation for SCS S, FZlnl

-13-



c

most of the time the two terms are not in ;ﬁnzi. Obviously, in general,
in ‘the linear case, such cancellation will not occur for all ni # 8 and
n; 0.

Assumption (25b) and (25¢) are very mild. They are of a similar
nature as assumption (24) of Theorem I(b). If G(6) =6, F(6) =6 and
every gga is JZ-stable, then (25) holds: choose all Eg,ﬁg in (25) to
be 8. In the proof of Theorem II, we use Theorem I(b) after showing that
(25) implies (24).

Assumption (26) is required because our definition of ;f—stability
not only requires that any input in ;i gives rise to an output in ;f but
also that the '"gain factor" y in (13) be finite. From a strictly

mathematical elegance point of view, deleting the second requirement would

have made assumption (26) unnecessary.

E. Conclusion

This paper has treated in a very general setting the stability of an
arbitrary interconnection of subsystems. Due to the functional analysis
approach the assumptions required on the subsystems are minimal. The paper
shows how the overall system can be algorithmically decomposed into a
hierarchy of strongly connected subsystems interacting through inter-
connection subsystems. Theorem I establishes that the overall systenm
is stable once the strongly connected subsystems and the interconnection
subsystems are stable. Theorem II shows that, under very reasonable
assumptions, these sufficient conditions are actually necessary. Part I1
of the paper will consider strongly connected subsystems whose dynamics

are restricted in several ways.
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APPENDIX AI: PROOFS

PROOF OF THEOREM I

roof of (a): By induction. (I) observe that because SCS S; is ;f—stable,

the system (ui,vi)\+ (ei,n;) is Jf-stable. (II) Using the induction

principle, we only need to prove that if the system (ui,...,ug_l;vi,...,vzll)

xs (ec,---,ez_l;ﬂi,...,n;_l) is ;f-stable, then the system (ui,...,ui;vi,...,vi)

c c._c c
g (el,--»,ei;nl,--.,ni) is a130<Zf—stab1e.

Set oo = i in the system Eqs. (21), (22) and obtain

i-1
¢ c c_ .c c c A -.c
g~ Fyng =ug t 2 Figng =0 (A1)
f=1
-c%eS +  nf =+ s (A2)
~ii i i i

Because of the &f—stability of SZB and the inductive assumptioncin c

- c .c nBi+nBo
(II), there exists constants b and vy in H{F such that ¥ (uB’VB) € ;ﬁe s

6 - l,o-- ’i-l, and UT E :
A

Hence the conclusion in (I1) follows from (A3) and theéf-stability

of SCS sg. o

Proof of (b): Consider an arbitrary SCS Sg. Set o = i in the system

equation (21), (22) and obtain (Al), (A2).

Thus the operator (ai,vg) H-(eg,ng) represents the SCS Sg. By
assumption, the overall system S is‘Zf-stable, i.e. there exists b, Yy in
n.n
c c.H i o
e e J
R, such that V(ua’va)a=1 er , ¥T

- €l In S : 1€l + 0wl )} (AL)
géi ( ea T + nu T) bty {géi ( ua T va T
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i-1
Consider first i = 1l: the term Z g‘;ang in (Al) is absent. Hence

.C c

(ul,Vi) = (ul,v;). Setting (u:,v:)g___z =0 in (A4), we have b, vy in IR+
n, .

such that V(ﬁi,vi) € ieli lo yre J,

el Ins 6 v
ell r "1“T <b+ y([lulllT + [lvlllT)

i.e. the SCS S¢ is ZL-stable.

1
Now consider i > 2: settin c Cyi-1 _ (ec rcyi-1 ' ihe input i
kd g (ua, a)a=1 (uoz va)a -1 e inputs specified
by t tion in t . CyH =
y the assumption in part (b) of the theorem; and setting (ua, a)a—1+1 9,
we obtain from (A4)
c c
n, . i,
V(1-1(.:""7‘.:) € i’ ii 10, yT € J’
i’'i e
leCl,, + In T 4 15° 1S+ 04l
e niﬂTib+y{a2=:1(uaT+ vaT)+(uiT+ ViT)}
(AS5)
3 St
i-1 a=1 i ao
By (24), (u sV )a -1 e L » hence there exists b; in R such
that ¥T € J,
il c c
II‘ ﬂ fv=l
};1 Aot + Iv 1) <by (A6)

Using (A6), the second equalities in (Al) and (A2), .and triangular inequality

of the norm, we obtain from (A5)

nc +nc
V(t’ig,w’?;) € ien o yreld

llecil + [lngll <b +yby + Y(“Ui ¥t Ilvcll P +vl Z Fc ACII (A7)
.C
By (24), Z F e € i 1, hence there exists b, in R _such that ¥T € J,
o=1
i-1 c ~c
i az=:1 ]’:ia"a"'r <b, (A8)

-19-



Substituting (A8) into (A7), wechavg b 4 b+ ybl + vb
+n
c n X
and v in R, such that V(ﬁi,\"ric) S ieii 10, ¥T € J

2

1D+ 0n€I b ac vC
ei T ni T'i b +-Y(ﬂui“T + Hvi"T)

i.e. the SCS §; is L -stable.
Since this conclusion holds for all i = 1,...,u, the proof is

complete. o

PROOF OF COROLLARY I.1.

Since G(8) =6, ?(6) = 0, assumption (24) is satisfied with
(ﬁg,%;) =6 for «a = 1,...,u. The result follows immediately from

Theorem I.

PROOF -OF THEOREM IT

= Follows immediately from Theorem I(a)

= (i) We prove first the Jf—stability of SCS SZ. By Theorem I(b),

we only need to show (25) implies (24). We want to choose inputs, say
AC

~Cc -c -c,H .
(ua,va):=l such that the corresponding outputs are the (ea’na)a=1 specified

in (25b) and (25¢). By (21) and (22) these inputs are given by

o

~c A —-cC Cc ~C

= - F = e oo A9
Ua ea E_ “'(XBnB o] 1, > ( )

g=1

AC A -C Cc =C

= - = ce. Al0
Ve =Ny G «%a a=1,...,u (A10)

Note that (ﬁg,%ﬁ)z=l € éﬁni+:° since egch term in the right hand
sides of (A9) and (Al0) are in ;ﬁ?ai and éféao respectively. Thus, by
the uniqueness assumption (11), assumptions (25) imply the existence of
the inputs (ﬁ§,§§)2=l which produce ﬁz (denoted here by ﬁi) which satisfy

(24).
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(ii) We prove the Jt-stability of IS S; by contradiction. Suppose

B

Among all the L -unstable SZ 's

there is at least one & —unstable IS Sz . 8

B

let ng be the ong first, with the smallest value of o and, second, with

the largest value of B among af—unstable Sg 's. Hence for a,B = 1l,...,i-1,

B

is gf—stable and for B = j+l,...,i-1, SEB is &i—stable. Rewrite

c
a > B, Sa

]
the system Eq. (21) for Sf as follows

j-1 i-1
¢ L C _ ¢ CcC C cC C c _C

el - Fion; =ul + P ny +Foon. 4+ 3, Eoon (A11)
i ii'i i 44 ig'8  <ij ] B=3+1 B8

where the last term is absent when j = i-l.
We shall reach a contradiction by show%ng that for some input, say
n, .
(1,9), the left hand side of (All) is in & ! while the right hand side

is not.
ni+no
By ;f—stability of S and assumpgion (25a), for all (u,v) € Jf ,

My
the left hand side of (All) is in ai . (A12)

. P . . . . ~C =
U31gg arguments similar to those in (i), we first pick (ua,vg)

ndi*ndo
€ ;f sa=1,...,j so as to obtain

nc, as given by (25¢) for a =1,...,j-1

o
AC =
Ny )
njy as given by (26) fora = j.
c,c
Second we pick any (ﬁ:,%ﬁ) € ;f ai “ao for o« = j+l,...,u so that the

n_.4n

overall input (u,v) € L1 ° Now substituting u-

~c,1i
1 and (na)a=l into the

right hand side of (All) we have,

1 i-1
O DD S S S T DS
Cc (&

n n,,
where the first term is in ;i i1 by choice, the second term is in ;f i
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c
by g25c), the third term is not in éi i by (26); the last term %s in

€ &fnso and by

L3, gor g = j+l,...,i-1, by the azq-stability of S, Ao

B
C aC Bi
e
iB’FBB £"
(0]

+n
In conclus1on, there exists a (u v) € &ﬁ such that the right

the sf—stablllty of S

hand side of (A11) is not in ;ﬂ . This is a contradiction to (Al2) and

hence every IS SaB must be &£ -stable. . "
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APPENDIX AII: IDENTIFICATION OF STRONGLY CONNECTED COMPONENTS OF A DIGRAPH

By definition, a search of a digraph AL is a process in which one
traverseé* all the directed edges of ljﬁ each exactly once; and a depth-

first search is a search in which the edge tc be traversed at each step

is always an unexplored edge emanating from the vertex most recently
reached. Tarjan's algorithm is based on using depth-first search: it
will neglect edges which are irrelevant in identification of SCC's and it
will classify the remaining edges of [Jas either a tree arc or a nontree
arc. The algorithm uses a stack which is a linear list for which all the
insertions and deletions are made at the same end of the list, hencg it

is characterized by last-in-first-out. We number the vertices consecutively
in the order they are reached in depth-first search; -these numbers will be

used in the algorithm. The algorithm STRONGCONNECT can now be described

in the English language as frollows:
Algorithm STRONGCONNECT [18]

Step 1l: If there is a vertex not yet numbered, take if as the acFive
vertex, number it and insert it into the stack; 8£R%£Eéﬁﬁm§£82'

Step 2: Choose an unexplored edge emanating from the activé vertex v.

Step 3: Case (a) If the chosen e&ge leads to a vertex T not yet numbered
(Fig. 4(a)), then classify (v,%) as a tree arc, number 7 and insert
m into the stack. Take m as the active vertex and go to Step 2.
Case(b) 1If tﬁe chosen edge leads to a vertex m already numbered

and 7 is not reachable from v by traversing along any number (> 0)

of tree arcs (Fig. 4(b)), then classify (v,w) as a nontree arc and

-'-
Throughout this paper, traversing means moving along the directed edges
respecting their direction.
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go to Step 2.
Case (c¢) 1If the chosen edge leads to a vertex w already numbered
and 7 is reachable from v by traversing along some nuﬁber ¢ 0)

- of tree arcs ‘(Fig. 4(c)), then neglect (v,m) aﬁd go tq Step 2.
Case (d) If there is no more unexplored edge emanating from v,

then (i) evaluate LOWLINK (V) 4 min{number of vertex v, number of

vertex ﬁ‘ﬁ %%N%Rméésmiﬁﬁ%%% and is reachable from v by traversing along
some number (> 0) of tree arcs followed by exactly one nontree arc};

(ii) If LOWLINK (v) = number of vertex v, theﬁ, from the stack, delete
v and all the vertices that come after v in the stack because they all

belong to the same SCC if, the, Stack, Lo ROt SRV BRI RN IR

go to Step 4; if LOWLINK (v) # number of vertex v, then go to Step 4.

Step 4: Take the preceding active vertex as the active vertex and go to
Step 2. "

Tarjan proves the correctness of the algorithm and shows that the run time

and menory storage required is bounded by a linear function of the number

of vertices and number of edges in D.

Example 1:
Consider the interconnection digraph ijint given in Fig. 5(a) and
associated adjacency matrix in Fig. 5(b). When algorithm STRONGCONNECT

is applied on D .

int® it generates the digraph as shown in Fig. 5(c) where

the solid lines represent the tree-arcs, the dashed lines represent the
nontree-arcs and the LOWLINK values are given in square brackets. The
ScC (:1,.. o> 65, labelled in the order they are detected in the Algorithm

STRONGCONNECT, are the section graphs O({7}), [({3,4,5,6,8}),
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L ({10,11,12}), LD({1,2,9}) and JJ({13,14,15}) respectively. The
corresponding structural digraph ACL is given in Fig. 5(d). Figure 5(e)
is the table relating the old labeling to the new labeling after steps

3 and 4 of the decomposition algorithm described in Sec. C. Figure 5(f)
gives the adjacency matrix of l)int with respect to the new labeling and
observe that it is indeed in block lower-triangular form. Although such
relabeling is not unique, the corresponding adjacency matrices will
always be in block lower-triangular form with the same number of diagonal

blocks of the same sizes.
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Table I:

Summary of Notations

subsystem level

strongly connected
subsystem level

overall system
level

number of subsystems
system

number of inputs

number of outputs

subsystem operator

interconnection operator

external input
output disturbance
local input
disturbed output

undisturbed output

digraph

adjacency matrix

vertices

directed edges
Strongly connected
component (SCC)

interconnection between
SCC's

adjacency matrix of (fa

adjacency matrix of éfaB

number of vertices in ga

m
(see Fig. 1,2)
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S (see Fig. 3)
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ne>
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ne>
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m
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nw> ue

ne>
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Fig.
Fig.
Fig.

Fig.

Fig.

1‘

2.

Figure Caption

The ith subsystem.

Summing node associated with the ith subsystem.

The overall system S.

The solid lines represent tree arcs. The dashed line represents
the edge (v,7) under consideration in Step 3 of the algorithm
STRONGCONNECT.

Illustrations for Example 1. (a)'Interconnection digraph ijint
with vertex numbers, the corresponding new vertex numbers after
the relabeling are given in parentheses. (b) Original adjacency
matrix A, . Of‘xaint' (c) Digraph generated by the algorithm
STRONGCONNECT with LOWLINK values given in square brackets.

(d) Structural digraph aCL. (e) Table relating the old label

to the new label. (f) Adjacency matrix of.{)int after relabeling.
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F. Introduction

Even though Part II of this paper can be read independently from
Part I, Part II obtains its justification from Part I. Indeed Part I
considered an arbitrary interconnection of subsystems and by studying
the structure of the overall system, it was shown that, roughly speaking,
the overall system is input-output stable if and only if the strongly

connected subsystems (SCS) and the interconnection subsystems are stable.

Part II studies'ekclusively the stability of strongly connected subsystems.

In order to save space we do not replicate referencés and equations

from Part I: so for Part II, references start with iteﬁ [24], equations

" start with (27) and the first section is labelled "F. Introduction."
Throughout Part II we study the stability of a single strongly

connected subsystem, namely, S:. For convenience and to alleviate the

already burdensome notation, we will drop the subscript o throughout

Part II. Thus Eqs. (22 ) and (23) which in Part I describe the SCS S_,

c .
now labelled S, are now written as

e -Fn =u (27)

]
o

_ gcec + r]('.‘. (o4 (28)

The thrust of Part II lies in obtaining a graph theoretic decomposition
of the SCS under study by using the concept of minimum essential set.
Once a minimum essential set is obtained, the SCS can be viewed as
partitioned into a "forward subsystem" whose only feedbacks are strictly
local (self-loops) and the subsystem corresponding to the yertices of
the chosen minimum essential set. Together they form an overall multiloop

feedback system. The task is to obtain stability conditions for the SCS
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by making use of this structural decomposition. One theorem considers
nonlinear time-varying subsystems. The remaining six occur in pairs,

one for the lumped case and one for the distributed case, and they

consider only linear time-invariant subsystems. The techniques involved

are those developed recently in the study of feedback systems [2,4,5,32].

In section J we use the structure of the SCS to calculate the characteristic
polynomial. In section K we give translation rules for continuous—-time

to discrete-time. Finally a simple example shows how the techniques of

the paper are applied. The reader may find it helpful to use the example

as a vehicle to illustrate the theoretical developments of the paper.

G. Graph Theoretic Decomposition on SCS

In addition to the graph theoretic terms defined in Part I Sec. C
we will need the following terms. By definition, U €V is called an

essential set of a digraph ) 4 (V,E) iff the section graph ,O(V—U) is

acyclic. Given a digraph, an essential set with minimum number of

vertices is called a minimum essential set of the digraph. It should be

noted that our definitions allow an acyclic digraph to have self-loops;

this follows from our requirement that a circuit be of length >1.
Consider the strongly connected subsystem s and its interconnection

digraph C: 2 (V,E) which by construction is strongly connected. We now

perform a graph theoretic decomposition on (f.

Step 1: Find an essential set V2 of G and define V1 L V—Vz. By

construction, the section graph C:(Vl) is acyclic.
Step 2: Relabel the vertices of C; so that every vertex in V]'is

numbered lower than all the vertices in V2.



Step 3: Relabel the vertices of Cf(Vl) so that its adjacency matrix

A11 is a lower triangular mat:r:'.x.Jr H

A little thought reveals that the adjacency matrix A of C: after

Step 3 will be in the bordered lower triangular form:

1 2
m m
ln1 A11 E A12
)
Ac I : _____ ( 29)
i
m2 _A21 : A22 N

i i . 11
where (i) for i = l,2,m1 is the number of vertices in v’ and (ii) A

is a lower triangular matrix.

To exploit the structure of & as much as possible, it is obvious
that one should use a minimum essential set in the decomposition. The
problem of finding a minimum essential set has been studied by many
researchers [24-29,39]. Theoretically speaking, the problem can be

considered solved since it requires a finite amount of work; however the amount

of work required can become potentially excessive for some large digraphs.
To perform Step 1, we must first compensate for the fact that we allow
self-loops, so we first remove all the self-loops in C:, then apply the
algorithm given in [28] to find a minimum essential set and then put back
the self-loops. Step 2 of the decomposition can be done easily. Step 3

is carried out by using the topological sort described in Part I, Sec. C.

TTake note of the definition of adjacency matrix in Part I, Sec. C.



Cc Cc

Remark. Consider the operator Ec : 5(:0 - Jﬁ:i . The algorithm above
can be viewed as a reordering of the scalar equations representing EC
and of its variables; in fact since only a relabelling of the vertices
of C? is involved, the same permutation is applied to the equations as
well as the variables. Clearly we are perfectly free to permute the
equations independently from the permutation of the variables, this
jncreased flexibility will, in general, decrease the size of A22 in Ac
of (29). There is as yet no practical algorithm for doing so: however,
as soon as such an algorithm is available it can be used and the theory
below is applicable, except that the description of the variables
associated with A22 as "associated with the minimum essential set" is no
longer appropriate.

From now on, without loss of generality, we assume that we start

out with the SCS S which has been relabelled after decomposition with

respect to a minimum essential set. We define, for i = 1,2,

I
e

5 ,
oy PN i “; Zk: ko

r A .
ul = (uk)k’ Vl é (vk)k
et 2 (ek)k, ni 4 (nk)k

i Z“i “i i1ia
G H =
G . > 7 . such that G'e ((—«;kek)k
and for j = 1;2,

nj ol
glJ : ,feo +iel such that E‘IJnJ

(zz: UL



. i j .
where in every case, k ranges over V- and % ranges over v). since

the G 's and F 's in (1) and (2) are assumed to be causal nonlinear

k k

operators, the gl's and ElJ's are also causal nonlinear operators.
Equations (27) and (28) which describe the SCS s¢ can now be

rewritten as four equations

e -F ' -Fn =u (30)
_ glel + ﬂl - Vl (31)
I I (32)

(33)

|
@
o
+
=3
]
<

Observe that since A11 is lower triangular, gll as defined above

is a block lower triangular matrix which is partitioned columnwise

according to (nko) and row-wise according to (nki) . Diagonal

1 ket evt
blocks of F: are (F,.) . We define
~ ~ii’, -1
i€v

The matrix signal flowgraph [13] associated with the nonlinear

. =22
Eqs. (30)-(33) is given in Fig. 6. The flowgraph interpretation of F

defined by (34) is given in Fig. 7.

H. Nonlinear Time-varying Case

We first consider nonlinear time-varying subsystems. We give below
. c
a theorem which makes use of the structual decomposition of the S5CS S-.

. . =~ 0 &ﬁm .
The incremental gain, y(G), of a causal operator G : e TLe is

defined as



7@ Y inffy € R J¥xx, €L0, w1 € J, ' (40)

[ngl—(szu < 'y"xl x2[|T}

From (40), it follows that when G is a linear operator, G is

éf—stable if and only if ?(g) < o,

Theorem IIL

Consider the SCS S€ described by (30)~(33). We assume that for all

1.2 1 2 a{(“*“)
(u ,u,v,v7) € , these equations have at least one solution

(n +n )
(el,ez,nl,nz) e jﬁ

If (a) for i,j = 1,2, each EiJ is ;f-stable and its incremental gain
~, 11
v (F 1) < o

®  ¢ta-rleh ™! and 62 (1-5*%6%) 7! are of -stable

@ yeta-rteh ™ < -

~

then the SCS S¢ is o -stable. o

Comments: (i) Neither 91 nor 92 are required to be éf—stable. (ii) 1f
all the ElJ's are linear, then assumption (a) need only require them to

be éétstable. (iii) By referring to Fig. 6, the physical meaning of

assumption (b) becomes clear: first, set ul, vl, v2 identically zero in

(30)-(33), a careful computation with nonlinear operators show that

2 G (I- %ZZGZ) 1 2 and hence G (I~ %22G2) 1 can be viewed as the closed

1 o, v1 = 0, v2 = 0; second, set

loop operator taking u2 into n2 with u

vl identically zero and set Elz as the zero operator in (31), (32), again

by computation we have nl = Gl(} 11 1) -1 1 and hence G (I- F11 1)"l

-~



be viewed as the open loop operator (since Elz is the zero operator)
taking ul into nl, with Vl = 0. (iv) Anothér benefit of the decomposition
of Scs ¢ is that gl has a block diagonal structure which conforms with
the block lower triangular structure of Ell; consequently (}-Ellgl) is
block lower triangular with square diagonal blocks. Hence its inversion
is greatly simplified: it requires only the inversion of the (;-Eiigi)'s

for each i € Vl.

I. Linear Time-Invariant Continuous-Time Case

Tt is well known that a very large class of linear time-invariant
operators can be represented as convolution operators [30]. We shall be
concerned with two classes of convolution kernels. First, we define the
convolution algebra CZ.[Z]: f belongs to (jziff, for t < 0, f£(t) =0,

[+ ]
= - c €
and for t > 0, £(t) = £ (t) + E) £; 8(t-t.) where £, €L (R}, f; € R

for all i, 3, |£,] <, 0=t , 0 <t  fori>1, and §(-) is the Dirac
i=0 i o i -

delta "function." An n-vector v, (nxn matrix A), is said to be inA",
«flnxn, resp.), iff all its elements are in A. Let ) denote Laplace
transforms; Ci denotes the commutative algebra (with pointwise product)
of the %'s where f € CZ. We note that (i) f belongs to the convolution
algebra A iff f belongs to the algebra Ci (with pointwise product);

~ nx
(11) £ € A is invertible in AL iff inf |E(s)| > 0; (ii1) A €A™
Re s>0

is invertible in A™™ iff inf |det[A(s)1| > 0 [37,2]. LA™, is
Re s>0

a commutative (noncommutative, resp.) algebra over the field R [31].
A linear time-invariant distributed system with input u and output y is
said to be.éz—stable iff its transfer function H(s) : a y is a matrix

with all its elements in A . 1t is well known that if a system is



(l-stable then (i) for any p € [1,x], it takes an Lp—input into an
Lp—output and (ii) it takes continuous and bounded inputs (periodic

inputs, almost-periodic inputs, resp.) into outputs belonging to the

same classes, resp. [2,38]. For linear time-invariant lumped systems,

we introduce the algebra R (s) of rational functions with real coefficients.

An nxr rational function ﬁ(s) is said to be exponentially stable iff

(i) all its elements are in R (s) and are proper (i.e. bounded at
infinity) and (ii) ﬁ(s) has all its poles in the open left-half plane.
It is easy to see that Bie(s), the class of all scalar exponentially

stable transfer functions is an algebra over R, in fact a subalgebra of

~

a.

The following well-established identities will .be used repeatedly
throughout this paper. Let M, N be matrices of appropriate sizes with

elements in a commutative ring, say CZ, R (s), we have

det (I-NM) = det (I-MN) (50)
M- T = (T-Mm) M ' (51)
I+ M(I—M)—l = (I-M)'l (52)

Let M be a square matrix partitioned into four submatrices M

i,j = 1,2 where Mll is square and nonsingular, then

11 12
de M M = det(Mll) x det (MZZ) (53)
MZl M22

and



Mll MlZ (Mll)—l + (Mll)—lMlz(ﬁzz)-lel(Mll)-l _(Mll)—lMlZ(ﬁzz)—l
M21 M22 _ (ﬁzz)—lMZI(Mll)-l (ﬁ22)-l
(54)
where #22 8 M?2 _ y?lofly-1yl2 (55)

We denote by (&,%) the linear time-invariant feedback system

described by

I -F(s) | | es) u(s)

n . (56)
-G(s) I n(s) v(s)
where (u,Vv), (E,ﬁ) are the Laplace-transformed input and output,
respectively. It is the same system shown in Fig. 3 except that the
operators G, F are now replaced by the transfer function é(s), ﬁ(s)
respectively.
Direct calculation [4] shows that the transfer function ﬁe of the

linear time-invariant feedback system (é,%) is given by

(1 e
~ - S
B(s) 2
€ -G(s) I
—
(-7 L) F(1-68)"L(s) -
eIt L) -6 L(s)

By definition, the linear time-invariant feedback system (G,F) is

said to be exp. stable (resp. {{-stable) iff every one of the four

submatrices in (57) is exp. stable (resp. A -stable).
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In the following, we list a set of known stability results for
the linear time-invariant feedback system (&,ﬁ). Throughout this
section, we use L and D to indicate Facts and Theorems associated with
lumped and distributed systems, respectively. The similarity between
these two cases is noteworthy. We first list three facts whose proofs
except for Fact ID, are availablein the literature [5,32]. For

completeness, we include the proof of Fact ID in the Appendix AIII.

Fact IL
1f é(s), F(s) are exp. stable, then the feedback system (G,F) is

exp. stable if and only if det(I—%&)(s) #0 ¥s € E+ "

Fact ID
If é(s), F(s) are (! -stable, then the feedback system G,F) is

(A -stable if and only if inf |det(I-FG)(s)| > O. n
s€C
+

Fact IIL (resp. Fact IID)
If %(s) is exp. stable (resp. Cz-stable), then the feedback
system (&,%) is exp. stable (resp. (] -stable) if and only if &(1-§éy1(s)

is exp. stable (resp.CZ'—stable). o)

Fact ITIL
If f}(s) and ﬁ‘(s) have no common E-l_—pole, then the feedback system
(G,F) is exp. stable if and only if G(I-Fé)_l(s) and %(I—éﬁfl(s) are

exp. stable. H

Fact IIID below requires the concept of pseudo-right-coprime

factorization (abbreviated p.r.c.f.). Given an mxr transfer function G(s).
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~

the ordered pair QJV;JSD is said to be a p.r.c.f. of G iff (i) G =¢Aﬁ£7’1,
~ ~ ~ a ~ ~ A~ A

1) N € A™T and LJ€ AT (111) there is some U €A™, U e AT
andw e AT such that

UN V0 =W
and det b/ks) # 0 for all s € C+, finally (iv) for all sequences (Si);
- ¢, with lsi| -+ o, lim inf|detaCj(si)| > 0. The important fact is that
if @(s) = R(s) + Gb(s) where R(s) is a proper rational matrix with poles

in C+ and Gb(s) €A™ then there is an algorithm which gives a p.r.c.f.

of G [2]. The concept of pseudo-left-coprime factorization is defined

similarly except for interchange of factors.

FACT IIID
Suppose that &(s), F(s) have no common ¢+fpole. Suppose that G
has p.%.c.f. and % has p.r.c.f. or G has p.r.c.f. and F has p-L.c.f.
(o] . ~ ~
Suppose that ¥ sequences (Si)i=l C ¢+ and Isil > o, 1i?+inf |det[I-F(si)G(si)]|

> 0. Under these conditions, the feedback system (&,ﬁ) is U -stable if

and only if &(I-%&)—l(s) and ﬁ(I—éf)—l(s) are A -stable. R
For the linear time-invariant case, Eqs. (27), (28) translated
into the frequency domain become

I #¢s)|| eS(s) 3¢(s)
= (60)

6%(s) I 7 (s) ¥ (s)

In other words, SCS s€ is simply the linear time-invariant feedback
system (&C,ﬁc). In terms of decomposition quantities, we have frequency

domain version of Egs. (30)-(33),
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I 0 -#1(e) -?lz(s)-1 el(s) ﬁl(s;1

0 1 #2ley —#2(e)| | &3(s) a2 (s)

~1 1 st (61)
-G7(s) O I 0 n (s) v (s)
K 82(s) o T _RZ(SZJ __GZ(S{J

To find the transfer function ﬁg(s) of SCS SC, which is the inverse

of the matrix in (60) and (61), we first perform the block Gaussian

elimination as follows: (i) add él times row 1 to row 3, (ii) add @2

times row 2 to row 4 and (iii) add 62§21(I—élﬁll)_l times row 3 to row 4.

We now have

— , O\ r —1 — .

I o _ﬁll _§12 1 Gl

o 1 - -F22 o2 a2

0 0 (I-élﬁll) _al§12 ﬁl élﬁl+ﬁl

0 0 0 (1_62§22) 82 62ﬁ21(1-é1§11)‘1(6151+§1)+6232+62
. - - - . —J

(62)

where 522 4 §22 + ﬁ2161(1-ﬁ1161)‘1 ﬁlz (63)

By back substitution in (62), we obtain the transfer function ﬁ:(s).

Using (57), four submatrices of ﬁ:(s) can be described as follows:

r(I_ﬁllél)-l(I+§12é2ﬁ21é1) ﬁlZaZ )

(1-7%6% 71 = (64)
21al (1-52232y"1
F(I_élﬁ,ll)—l(I_'_élﬁlZéZﬁZl) élﬁlZ "1

1-&F9) 7! = X (65)
_ éZﬁZl (I_&2§22)-i
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E S ot el Wy e

AC acac,—1

G (I-FG)) = (66)
aZﬂZl&l é2(1_§2262)-1
- -
[ a1747 21 AT11 ~1949A R a
(I—FllGl) 1(F11+F12G2M21) M12
FO(I-¢SFy T = (67)
ﬁZl %ZZ(I_éZFZZ)-l
. —
where ﬁlz 4 (I—ﬁllél)_1ﬁ12(1—é2?22)_1 (68)
and ﬂZl é (I_izzéz)_1%21(1_§1§11)'1 (69)

Obviously, Eqs. (64)-(67) can also be obtained by direct calculation
using (54) .

We shall now present a number of theorems on the stability of the
linear time-invariant SCS S® which make use of the structure obtained
in decomposition. The first two theorems give necessary and sufficient

conditions for stability.

Theorem IV L

Consider a linear time-invariant lumped SCS s¢ described by (60).

1f G(s), F®(s) are exp. stable, then s¢ is exp. stable if and only if
- . 1 A A £22-2
¥s €EC, ¥i €V, det (I-F,.G.) (s) # 0 and det (I-F"°G") (s) # O.
B

Theorem IV D

Consider a linear time-invariant distributed SCS Sc described by
(60). If éc(s), ﬁc(s) are ({-stable, then s¢ is {-stable if and only
A oA 22242
if vi € v}, inf |det(1-F;6,) ()| > 0 and inf |det(I-F°C7) (s)] > 0.

S€E+ s€¢+ o
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Comments (i) Theorems IV L and IV D have the following meaning: In

case Sc is formed by an interconnection of stable subsystems, the SCS Sc
is stable if and only if every (local) feedback system (ai’ﬁii) (where
i€ V2 the minimum essential set) is stable and also the overall feedback
system (&z,ﬁzz) formed on the one hand by the subsystems associated with
the minimum essential set and on the other hand, by the subsystems not
associated with the minimum essential set. Note that the feedback systems
(é&,fii)ievl correspond to self-loops associated with the vertices of

G ah.

(11) The two theorems above, namely, IV L and IV D, are a good
illustration of the benefits that follows from the exploitation of the
structure of the SCS s¢. 1If we applied Fact IL and ID, we would have to
cons{ider det(I—fc&c), the determinant of a matrix of dimension (ni+n§).

Thanks to the decomposition we need only check det(I—?iiéi), ¥i € V1

and det(I—izzaz). Furthermore in case of instability these new conditions
will pinpoint the location of the instability and, hence, help in the
stabilization.

We now consider sufficient stability conditions:

Theorem V I (resp, Theorem V D)

Consider a linear time-invariant lumped (resp. distributed) SCS s¢

described by (60). If (a) the feedback subsystem (él,ﬁll

) is exp. stable
] a2 222

(resp.(ﬁz—stable), (b) the feedback subsystem (G™,F°") is exp. stable

(resp.(ﬁz—stable) and (c) ?12(5) and %21(3) are exp. stable (resp.

({-stable) then the SCS s€ is exp. stable (resp.(jz—stable).' H

Comments (i) Facts IL, IIL and IIIL give three sets of conditions under

which conditions (a), (or (b)) of Theorem V L will hold. Hence using
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these together with Theorem VL we would derive 3x3 = 9 corollaries. A
similar comment holds for Theorem V D. (ii) In view of the four (2,2)
position submatrices in Eq. (64)-(67), it is obvious that assumption (b)
of Theorem V is also a necessary condition. (iii) Theorem V has a form

similar to that of Theorem II.

Theorem VI L (resp. Theorem VI D)

Consider a linear time-invariant lumped (resp. distributed) SCS s¢
described by (60). If (a) ﬁc(s) is exp. stable (resp. A -stable) and

~ AlA R ~ ~ -
(b) Gl(I—F 1Gl)l(s) and GZ(I—FZZGZ)](S) are exp. stable (resp.tcz-stable),

then the SCS Sc is exp. stable (resp. A -stable) . H

Comments: (i) Theorem VI L can be viewed as a specialization of
Theorem III by using the linearity of all the subsystems and taking the
space¢1fto be L:(]1+). This is, however, not the case for Theorem VI D
because a convolution operator is L:—stable if and only if its kernel
is a bounded measure and A is a subalgebra of the convolution algebra
of bounded measures. The formulation of Theorem VI emphasizes the
analog} between the lumped and the distributed case as well as the
essentially algebraic nature (i.e. closure) of the result. (ii) The
comments (i), (iii) and (iv) of Theorem III also apply to Theorem VI.
(iii) Condition (a) and (b) of Theorem VI imply by (63) that %22 is

exp. stable ﬁz-stable)

J. Characteristic Polynomial

In this section we first show that the structure of the matrices
F¢ and &€ leads to simplification in the computation of the characteristic

polynomial provided the computations are carried out selectively. For
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simplicity of exposition, we detail the procedure for the lumped case.
It is clear that for the distributed case a similar computation can

be carried out using pseudo-coprime factorizations [4]. Next we develop
some interpretations of the Theorems IV L, V L and VI L which illuminate
the effect of the structural decomposition on the statements of these

theorems.

J.1. Obtaining the Characteristic Polynomial

Let ﬁ(s) € ﬂl(s)nxm be proper (bounded at infinity), let (A,B,C,E)
be any minimal state space realization of f(s), then det(sI-A) is called
the characteristic polynomial of the transfer function ﬁ(s). The transfer

function ﬁ(s) € ]R(s)nxm can be written as a matrix fraction
H - - _ -1
H(s) = Dy, () Ny, (8) = Ny (8D (s)

D are polynomial matrices;

where the four matrices DHQ’ NHQ’ NHr’ Hr

furthermore D, , and NH are left coprime i.e. their only left common

H2 2

factor which is a polynomial matrix is a unimodular matrix (nonsingular

with constant determinant); similarly D

Hr and NHr are right-coprime.
For algorithms for calculating such factorizations see [33,34,2]. It is
well known [4] that the characteristic polynomial X(s) of the transfer

function of the feedback system (é,%) is given by

X (s) = det[DFzDGr - NFQNGr](s) (80)
= dEt[DG&DFr - NGQNFr](S) (81)
o = -1 = -1 o= -1 = -1
where G = Do Noo = No Dg» F = DpyNpp= Np Dpp

are left-coprime and right-coprime factorizations of G and F respectively.
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All the "numerators" N and "denominators" D in the formulas above are
assumed to be multiplied by a nonzero constant factor so that the
polynomials (80) and (81) afe monic. . We now use (80) to obtain the
characteristic polynomial of the feedback system (éc,ﬁc), equivalently
the SCS Sc, by taking advantage of its structural decomposition.

First, we find a left-coprime factorization (D, ,N_ ) of F€ as

FL’ Fe
follows:
-
~11 ~12
e F"'7(s) F 7 (s)
Fe) =l 01 o a2 (82)

-F (s) F 7(s)

[ -1
) Dl(s) 0 Nll(s) le(s) 83)
L0 Dz(s) NZl(S) N22(s)

where for i = 1,2 D,;(s) is a diagonal matrix and its jth diagonal element
is the least common multiple of the denominators of the elements in jth
~il 212 . ~11 . . .
row of F (s) and F “(s). Since F (s) is a block lower triangular matrix
due to the structural decomposition, so is Nll(s)' To find the greatest
common left divisor of the two polynomial matrices in (83), we perform

elementary column operation on the polynomial matrix [33,34,2]

Nll(s) le(s) Dl(s) 0

NZl(S) N22(s) 0 D2(s)

and obtain a lower triangular polynomial matrix

Rll(s) 0 0 0

RZl(S) R22(s) 0 0
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The square matrix Rll(s) 0 is a greatest common left divisor

Ry1(s) Ryp(s)
of the two matrices in (83), hence a left coprime factorization of F¢

is given by
F(s) = Dyy (8) Ny (8) (84)

where (dropping the dependence on s)

-1 -1

5 _ Rll 0 D1 0 B RllDl 0
FL -
R21 R22 0 D2 X X
and
-1 -1
N = Ry © M1 M2 R111‘111 X
FL
Ryr Ry Nyp Npof X X

where X denotes the appropriate submatrix. Note that by construction,

-1

N and DF are polynomial matrices. Observe that R11 1 is block lower

FL L

triangular with the same block partition as ?11 and that R;iDl is lower

triangular.

Second, we find a right coprime factorization (DGr’NGr) of G¢. For

each subsystem i of Sc, i.e. for all i € Vl L’VZ, let éi = NG nglr be a
~ (3 i i

right coprime factorization of G,. For j = 1,2 let N 2 diag. (N, ) .

. i Gr Gir =

A

and let D3 a diag.(D,. ) .. Since e
Gr G.r" . ]
. i i€V

diag.(é ) , obviously
1 evtw?

(diag.(DG r) diag. (N a right coprime factorization
i

H ) ) is
Ly Gir” seyluy?

i€v

of éc. In other words,
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D 0 N 0
| Gr _| 6r
Dgy . 2 and N, = . (85)
Gr Gr
~C _ -1
and G” = N, Do (86)
By (80), we have the characteristic polynomial of SCS Sc,
-1..1 -1 1
R.D.D. -R.N..N X
X (s) = det< 11"1°G6Gr 1111 Gr (s) (87)
X X
Since R;iDl is lower triangular and Dér is block diagonal wifh size
. . , -1 .1
of ith diagonal block being D, XM, RllDlDGr is block lower triangular

. . . . . -1 .
with size of ith diagonal block being nianii. Similarly, RllN11 is

block lower triangular with size of ith diagonal block being n, ng g and

Nér is block diagonal with size of ith diagonal block being n, X0 thus

RIiNllNér is block lower triangular with size of ith diagonal block being
R—l 1 -1 1

ng .. Therefore ( 11DIDGr-RllNllNGr) is block lower triangular with size of

70y Hence using (53) to evaluate the

ii 4i°
. . -1 1 -1 1 .
determinant in (87), we find that det(Rlllecr-RllNllNGr) is the product

of determinants of nianii matrices for all i € Vl.

ith diagonal block being n

Remark: At first sight one might think that one could save computations

by using (8l1). However this will not work because when we post-multiply

- -1 -1
Ni1 N9 oo either Ry O - Rip Ryp
N,. N v e R,, R °tlo R

21 722 21 22 22

, the block

lower triangular form of N.. will be destroyed.

11

J.2. Interpretation of Theorem IV L, VL and VI L

In theorems IV, V, and VI we saw that the stability of the feedback

system (&z(s),fzz(s)) played a key role in the stability of the SCS s€.
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We now exhibit the relationship between yx (s), the characteristic polynomial
of Sc, and XZ(S)’ the characteristic polynomial of (éz(s),ﬁzz(s)).

Start with Eq. (61) rewritten in a different order so that the
variables associated with (@2,522) are written last; furthermore we use

factorizations (84) and (86); inserting superscripts (i,j) for the

partitioned matrices of the factorization, we obtain successively:

— — _1(“ =
~11 212 ] ~11 W 11 12
o F™ 0 F Dpy Ngs Npg
. et o o o I Nt
i = - Gr )
~21 222 21 22 21 2
0 F 0 F DFI DFE NFQ NF%
o 0o & o I N2
Gr
— — L_, — . -
N -
r‘Dl 1
Gr
I
. 2 (91)
DGr
I
which is of the form

= -1.-1
H= D1 ND2 (92)

with (Dl,N) left coprime and (N,Dz) right coprime. From (91), we can

calculate the transfer function of s

o A1 Al A2 A2 Al A1 A2 ~2
(I-H) : (u,v,u",v) > (e",n" e ,n") : (93)

where

(I—fl)'l = Dz(DlDZ-N)—l D (94)

1°

In view of the coprime properties of the polynomial matrices the
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characteristic polynomial of S® is given by [35]

x(s) = det[DlDz-N] (s)- (95)

Let D; denote the last two block-rows of D2 and D{ denote the last two

block-columns of Dl’

then (91)-(94) it follows that

1] -1 "
DJ(D;D,-N) "D} (96)

is a representation of the input-output transfer function of (éz,ﬁzz),

namely, that which maps (82,32)1—;(§2,ﬁz). The three polynomial matrices

appearing in (96) no longer have the pairwise coprimeness. So let

ne>

- 1"
Rz(s) g.-2.c.d. of (DlD2 N) and D

1

ne>

g.r.c.d. of R-l(D1D2-N) and D!

Rr(s) L 2

then, it is well known that [35]
det[RID.D.-MRL] (s) = x.(s). (97)
2 12 T 2
Hence using the product of determinants rule, we conclude that

x(s) = xz(s) * det Rz(s) + det Rr(s) . (98)

Now the zeros of the polynomial det RQ(S) are the input decoupling zeros
[36] of s€ when only the inputs u2 and v2 are operative, i.e. they

2
correspond to all modes of s that are uncontrollable by (u2,v );

because of the order of our factorizations, the zeros of the polynomial
det Rr(s) are the output decoupling zeros of s¢ (when only the outputs

e2 and n2 are observed) and which are not input decoupling zeros; i.e.

~22-



the zeros of det Rl(s) correspond to modes of Sc that are controllable

(from (u2,v2)) but unobservable at (ez,nz). In the light of this

interpretation it becomes clear why the stability condition specified
by theorems IV, V and VI require two sets of conditions: one that
guarantees the stability of the feedback system (é2’§22) and the other
guarantees the stability of the other modes.

An alternate way of looking at this question is to start by
considering a minimal realization of Sc, then restrict the inputs to
(uz,vz) and restrict the outputs to (ez,nz). This gives a realization
of the "minimum essential subsystem' 522 but the realization thus obtained
is not necessarily minimal. If it were minimal, then s¢ is stable if
and only if §22 is stable and x(s) = XZ(S)’ If it is not minimal then
the stability of s¢ cannot be decided by only studying §22 because,
roughly speaking, s€ contains modes that are not in §22. The factors

det Rﬁ(s) and det Rr(s) in (98) serve to check on the stability of these

modes.

K. Linear Time-invariant Discrete-time Case

The results in Sections I and J above are stated for the continuous-
time case. A study of the proofs would easily show that they extend

easily to the discrete-time case. The required changes are listed in

the Table I: B(0,1) and B(O,l)C denote the open unit ball centered on 0
in € and its complement, resp.; 21 denotes the convolution algebra of
absolutely convergent sequences: 21 = {(zi): C ¢ 2: |zi| < o}, (for

o

details see [2]).
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Table 1

Continuous—-time Discrete—time
Laplace transform > Z~transform
A > N
nxn
CZ > nxn
o 21
C_ > B(0,1)
C
(!:+ > B(0,1)
S > ® -> Z > ©
X
R (S)n n N R (z)an

L. Example

Consider the interconnection s¢ of linear time-invariant lumped
'multivariable subsystems shown in Fig. 8(a). Using the labelling of
'Fig. 8(a), we obtain the interconnection digraph C:of s€ and its
associated adjacency matrix which are shown in Fig. 8(b) and (c)
.respectively. Due to the circuit (3,1,4,5,2), every pair of vertices
in the intercdnnection digraph are mutually reachable aﬁd hence the
system s€ is a strongly connected subsystem (SCS).

Recalling that we disregard the self-loops in finding a minimum
essential set of C:, we can easily check that the vertex 2 is contained
in every circuit of Ci. Hence {2} is a minimum essential set of Ci and
for this particular digraph, it is the only minimum essential set. The
acyclic section digraph C:({l,B,é,S}) is shown in Fig. 8(d). Applying

the topological sort on this section digraph, we obtain the new labeling

given in Fig. 8(e). The adjacency matrix with respect to the new labeling

is given in Fig. 8(f). Note that it is a bordered lower triangular matrix.
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From now on, we will use the new labeling throughout.

~

Suppose that the transfer function matrices Gc, %c of the subsystems
and the interconnection subsystems are specified by Eqs. (101) 'and (102)
below.

Note that both éc, FC are proper but not exp. stable. Hence

Theorems IVL and VI L cannot be applied to this system. To show that

SCS Sc is exp. stable, we use Theorem V L: first we note that %12, %21

are exp. stable, next we have to show that the feedback subsystems (él,ﬁll)

and (&z,fzz) are both exp. stable.

al

~l
Since neither G nor F 1 are exp. stable, no simplifying theorems

on stability condition applies to the feedback system (él,ﬁll). So the

most convenient procedure is to compute its characteristic polynomial

X1 and to check that it has no ¢+—zero. First by finding a right coprime

factorization (DG r,N ) of &i for each i = 1,2,3,4, we obtain a right-

i i

coprime factorization (D 1 >N 1 ) of &1; next we obtain a left-coprime
Gr Gr

G.r

factorization (D 11 ,N 11 ) of ?11; these are shown in (103)-(106).

FF7e F 2
It can be checked that for this particular example, the ith diagomal

A

blocks of D and N also form a left-coprime factorization of F...
Fllz Fllz ii

In general this is not always true. For convenience, we denote the ith

N 11 2s DF,.Z’ NF..Q respectively. Since
F 2 ii ii

D , N s, D , N are block lower triangular, so is (D D 1

' ¢'r Pl B il clr

diagonal blocks of D ,
Flll

- N N 1 ). Hence the characteristic polynomial of the feedback system

Flll Gr

1P NNy (e

xl(s) = det (D
FLGr F2Grx
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4
I det(D D, -
i=1 Fii* 6T

N.

F..lNG r) (s)
ii i

= (s%426+2) (25249541) (s24s+2) 6(s+1) (s42) (s+3) (s+1) (s2+s+8)

(107)

Since x, has no C,-zero, the feedback system (G ,fll) is exp. stable.
1 + ~

To determine the stability of the feedback system (&Z,fzz) we first

322 A 322 | §21a1 o 21141,-1212

note that éz is exp. stable. We compute + FG (I-FG)

and obtain

o 25524675425

(s+1)%(s42)2 | 29524685456 (108)

522(8) -

Since §22 is also exp, stable, by Fact IL, the feedback system
a9 2 2 -
(GZ,FZZ) is exp.stable if and only if det(I—Fzzaz) has no ¢+fzero.
det (I-F28%) (s) = det(1-62F2%) (e)

1-8%F%2y (s)

]

(4s™+248341525241875+38) /4 (e+1) 2 (s+2) 2 (109)

It can be checked by the Liénard-Chipart Test that the numerator

polynomial in (109) has no €,-zero and since the rational function in

+
(109) is bounded away from zero as |s| > m,det(I—ﬁzzéz) has no E+-zero.

Therefore (éz,fzz) is exp stable.

Hence by Theorem VL, the SCS Sc is exp stable.
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s-1

s+2
22
s
1
-1 s+2
1 1
s+l s+l
S |
s+3 0

s-2

3(s+l)
s-2

s+l -1
s+2 4(s+2{_J

(101)
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s+1 1
(s-1) (s-1) 0
26247543 s2+45 (26249s41) (s> +s+2)
(s-1) (s-2) (s-1) (s-2) (s+1)2(s+2)2
1
-3s -(s +73) s+l 242
(s-1) (s-1) (s-1) (s+1) (s+2)
2 19 _
_18s%422s13 S~ ST -s+7 0 0 0 -1
(s-1) (s-2) (s-1) (s-2) (s-1) s+1
2 2
-5 -39s+32 -3s"-5s+4 _ =12
(s-1) (s=2) (s-1) (s-2) 2 () () () s+12
I\C _
Fi(s) = 0 0 282-14s+16 s 1 s+3 1 -(s+2)
D2 | 21 D 2y | D (P 0
1 s+l s+3 3 s
O 0] O s+2 st2 st stl (g41)? =)
| 1 s+3 s+l s
S 0] O 0 porcy 1 +2 st2  3(st2) b(s)
4.1 3.1 2
PR s(19s7'-1 7 57-55 5 $™H712s4D) 43y (4sh46957-5357+768-124)
(s+2)2 (s+1)3 (s+2) 2 (s+1) 2 (s+2)"
4.1 3.1 2
by = = (st s(19s'-1  87-55 5 ST+7242) 43y (45%46957-53s24765-124)
(s+1)2 (s+1)2 (s+2)3 ~(s+1)3 (s42)>

(102)



s+l s+2

O

S

s=3  6(s+l)

2s+3  6(s+2)

0

=S
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| 3(s+ll_
[s1 0 ]
s s-1 (:)
s
s+3 0
2s(s+2) 6(s+1) (s+2)
(:) s-2
B s+l 1 ]
s+2 s (:)
4 3/2 s+l
s s+3 -4 0 O 0
15 1/2 |s-1j0 0 O
-(19s+33) -(4s+18) 2 |s stl s+3|stl -(s+2)

(103)

(104)

(105)



D (s) =
F112

-30-

s=-1 0
-(s+5) s-2 (:).
s-7 s-2 §s~-1
-8 s-1]|-3 1 0
stl. s |s=1} 0 1
s-5 s-2| s |s-2 s-2 sz—l

(106)

e
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M. Conclugion

Part II has treated the stability of a strongly gonnected subsystem
for various types of dynamics. The paper shows how the SCS can be
partitioned using the concept of minimum essential set. Simplified

stability conditions and computational advantage obtained from this

.structural decomposition are presented,
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APPENDIX AIII: Proofs of the Theorems in Part II

Proof of Theorem III. From (31),

Fu'r]l = Fu(vl+Glel) .

- 1
"
By assumption (a), ¥ v‘1 e o{e , ¥ T € J
191, < YD x vt
From (Al3) and (Al4),

Fhl = Pllel + 51 .

~ o~

Substituting (Al6) into (30), we obtain
(I—g‘ugl)el =ul +¥ + E’lznz .

Solving for el and spbstituting the result into (31), we have
o=+ gl(I—gugl)"l(ul+Gl+lj12n2) .

Define

ot +3 A ¢t (I-F”Gl)-l (ol +v! + 1:,12”2) - ¢t (I—]jugl)-lglznz .

N
By assumption (c), ¥ ul, v} € ie , ¥TE J

1+, < vEeta-FEh™hid +3h

T T
1 1
i

n’; n
By (A15),Vul€5£e,stv1€ie°,v'r€ J

-34-

(A13)

(A14)

(A15)

(A16)

(A17)

(A18)



L

= = - = 1
lal+vl+v [|ul+v1[lT + vl

yeta-reh™) ault +7@h v + vl

A

IA

(Y6 @-F6H ™) xmax(1, ¥ (FY) + 11t 1, + IvH )

Ay, (bl + v, (A19)

From (Al7) and (Al8),

1. gl(I-f}%gj 1F12n2 + ul + vl + vl . (A20)
Therefore

g21nl _ E g Fl%}. 1212n2 + ﬁl + Gl (A21)
where

13 < FEY xoy x Qi+ v (422)

Substituting (A21) into (32), we obtain
—[F +F G(Ip'”cl)l12 2o+, (A23)

By (34)

~22 é 2 21 1(I EJGI) l 12 .

By assumptions (a) and (c), ?(?22) < o, Define

2 AT ~22( 2 2 2) 22 2 2 . (A24)

~

n
Thus, ¥ v> € :feo, vre J

~22

ll?zzll < YEHIV I, (A25)

From (33),
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22 - 7222 4 D)

- 722 2e2 + v2 . (A26)

Substituting (A26) into (A23), we obtain

(I—f‘zsz)e2 = u2 + v2 + dl + v1 .

Solve for e2 and substitute the result into (33), we have

2 ~ -
n = v2 + GZ(I—FZZGZ) 1( 2-+v24- 1 1) . (A27)

In view of (A27), assumption (b), (A25) and (A22), we conclude that the

l,uz,vz) — n2 is 5ZLstable. In view of (A20), assumptions (b),

(a) and (Al19), we conclude that the map (ul,vl,uz, ) — nl is éf -stable.

l,u2’v2) e1

map (ul;v

Furthermore, from (30) and (32), it follows that the maps (ul,v

and (ul l,uz,vz) F—*-ez are also¢26—stab1e. Hence S€ 1is 5[;stable. //

Proof of Fact ID.

A A

G, F are ([-stable implies (1-&?), (I—ﬁa) are ({-stable. It is well
A ~-1
known that if H is Cz-stable, then He is ({-stable if and only if

inf|det H (s)| >0 [37,2]. Hence (I—ﬁf)—l, (I—ﬁé)—l are ({-stable if and
SGE

only if inf |det(I—§§)(s)| = inf |det(I-FG)(s)| > 0. By the closure property
s€t s€¢

2~ nX ~ AA - A AN -
of Cln n, the Cz—stability of G, (I-FG) 1, F and (I-GF) 1 implies that of

8(1-76)"Y and F1-88)"L.

Proof of Theorem IV L,

By Fact IL applied to (6°,§°), s€ 1is exp. stable if and only if ¥ s € E+,

det (I-F°C%) (s) # 0. Now

ACAC
det (I-F G ) (s) T A ~rong 12(8)
#lgl 2%

-flgl 122
det(

det (I- fucl)(s)><det(I—F22 62

-36-

) (s) (by 53 ).



~11 ~
By construction, F is a block lower triangular matrix and G 1is a
conforming block diagonal matrix, hence (1-?36]) is also a block lower

triangular matrix with (1-%1161), i €V on the diagonal. Thus

det (I-F8Y () = ieﬂvldet(l-?iiﬁi)(s) i

Hence the result follows. //

Proof of Theorem IV D.

Follows in the same manner as proof of Theorem IVL by using Fact ID. //

Proof of Theorems VL and V D.

By the closure properties of the algebrasime(s) and é?, it is easily
checked that all sixteen submatrices in Eq. (64)-(67) are stable under the

assumptions of the theorem. //

Proof of Theorem VI L and VI D.

Using Fact 2 on (ac,ﬁc), we have S¢ is stable if and only if éc(I—ﬁcac)-l
is stable. By the closure property of the algebras]Re(s) and Cz, it can
easily be checked that all four submatrices in Eq. (66) are stable under

the assumptions of the theorem. //
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Fig. 6.
Fig. 7.

Fig. 8.

FIGURE CAPTIONS

Flow graph associated with Eq. (30)-(33).
Flow graph interpretation of EZZ

(a) shows the interconnection s8¢ of linear time-invariant
lumped muitivariable subsystems used in the example. (b)
Interconnection digraph & of s©. (¢) Adjacency matrix of

& using the original labeling shown in (a) and (b). (d) The
acyclic section digraph &({1,3,4,5}). (e) Table relating the

old labeling to the new labeling. (f) Adjacency matrix of

CZafter relabeling.









U3 V3 U| V| Ug V4 U5 Vg
ezl A N
F33 Fy
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'/:\ 13
32 A
¥ 1 Fi2
1
V2
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4 || 5
4 5 | 4
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| 2 - I
2 5 21| | I |
3 I 31 | I [
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