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Abstract

A circuit element is nonenergic, if the instantaneous power flow into it
is always zero. Well-known examples include the ideal diode, transformer,
gyrator, and circulator. Most of the interesting nonenergic elements are
nonlinear N-ports with N > 2, and many of their properties are quite counter-
intuitive. For example, there exists a surprisingly large class of nonenergic
multiport capacitors and inductors, all of which, it turns out, are nonlinear
and reciprocal. Nonenergic linear N-ports, on the other hand, are necessarily
resistive and antireciprocal.

In this paper we present a rigorous fundamental theory of nonenergic
N-ports which results in a general canonical representation. Special canonical
forms are developed for nonenergic resistors, capacitors, and inductors, and

numerous examples are given.

Research sponsored by National Science Foundation Grant ENG74-15218
and National Science Foundation Grant ENG72-03783.
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1 Introduction

An N-port‘Yl is said to be nonenergic [Duinker, 1959 and 1962] iff the

instantaneous power flow into it is always zero, i.e.
N
p(t) = 2. v ()i, (t) =0 (1-1)
k=1

for all admissible pairs (v(:),1i(+)) and for all t.

A nonenergic N-port can be viewed as a device which simply transfers
power from one port to another without loss or gain. This point of view is
particularly evident, for example, in the scattering matrix representation
of a circulator.

Many of the results in this paper are quite counterintuitive, e.g. the
existence of nontrivial nonenergic capacitors and inductors. The roles
played by reciprocity and linearity considerations are likewise unexpected:
it turns out that nonenergic N-port capacitors and inductors must be nonlinear
and reciprocal while nonenergic linear N-ports are all resistive and anti-
reciprocal. In addition, the choice of representation is far more crucial
than the authors had anticipated. Hybrid representations are essential,
since continuous voltage-or current-controlled representations of nonenergic
reciprocal resistors and continuous voltage- or charge-controlled representa-
tions of nonenergic capacitors and inductors are impossible, except in trivial
cases.

Perhaps the results are counterintuitive because our intuition is highly
aeveloped only for linear N-ports and nonlinear l-ports, while all the
interesting nonenergic N-ports are nonlinear with N > 2. The others are
special and particularly simple in one sense or another. For example,
linear, time-invariant, nonenergic devices can all be realized simply by
interconnecting ideal gyrators. And the most gemeral sort of nonenergic
l1-port will obviously look like either an open circuit or a short, depending
perhaps on the operating point and the time as in the case of an ideal diode
or a time-varying switch. Yet there are nonlinear multiport resistors,
capacitors, and inductors which are nonenergic without being pathological,
i.e. that are time-invariant, smooth, reciprocal, and defined on all of
R™. see examples 4-4 and 5-6.



We now give a brief synopsis of the content of the following sectionms.

In section II it is shown that every linear, time-invariant, nonenergic
N-port is resistive and antireciprocal, and that any such device can be
synthesized from ideal gyrators.

Section III gives two conditions on the state space representation of
72, each of which separately is necessary and sufficient for T to be non-
energic. The first is a condition on the state equations alone; the second
involves the stored energy and the dissipation rate. An example is given of
a nonlinear nonenergic R-C network, which serves as an introduction to the
considerations of sections IV and V.

Section IV gives a general theory of nonenergic resistive N-ports, both
linear and nonlinear. Necessary and sufficient conditions for nonenergicness
are derived in terms of the potential functions content, co-content, and
hybrid content in the reciprocal case.

Section V establishes that a nonenergic multiport capacitor must be
reciprocal. Then necessary and sufficient conditions for nonenergicness
are developed in terms of the co-energy and hybrid energy potential functions.
An interesting parallel between nonenergic voltage-controlled capacitors
and classical thermodynamics is noted.

Section VI extends the results in [Duinker, 1959] by displaying a

class of nonenergic Lagrangian N-ports which are not traditors.

Section VII is substantially more abstract than the rest. In parts A
and B no assumption is made that N is time-invariant, lumped, causal, or
continuous or that its admissible pairs are measurable functionms.
Theorem 7-1 provides a canonical form for nonenergic N-ports. Theorem
7-2 builds on theorem 7-1 to show that if a nonenergic N-port is linear, it
must be resistive. In part C we drop the "global coordinate assumption,"
i.e. the assumption that'71 is globally voltage-controlled, current-controlled,
hybrid, etc. Resistive and capacitive N-ports are viewed as N-dimensional
differentiable manifolds in HQZN, and the properties of nonenergicness and

reciprocity are presented purely in terms of local coordinates.

Sections II through VI deal only with the time-invariant case.

II Linear Time-Invariant N-Ports




A. Definitions and Assumptions

Definition 2-1 Suppose the 2N port voltagesand currents of an N-port
N
‘71 are partitioned into two vectors, u € ERN and yE R ,in such a way that

= = = = (= se e .
either w o= v and Yy ik or u. ik and Ve = Vi for each k € {1,2,---N}
Then u and y are a hybrid pair.

It follows immediately from the definition that the instantaneous net
power flow luto‘yl can be given simply in terms of u and y as
N

p(t) = 2. v (B)4, () = Cu(t),y(t) ) (2-1)
k=1

if u and y are a hybrid pair, where (-5- ) denotes the standard inmer product

operation on [RN.
Although the definitions of reciprocity and antireciprocity are commonly
stated in the frequency domain [Penfield, Spence and Duinker], we will require

the following equivalent time-domain statement.

Definition 2-2 A linear N-port 7Q.is said to be reciprocal iff Y'(-)*Q"(-)=
v'"(+)%i'(+) and antireciprocal iff v'(:)*i"(:) = - v"(:)#i'(:), whenever
(Y'(-),g'(-)) and ‘Y"(’)’in(')) are admissible pairsl;

We let U C R™ denote the set of admissible values an input waveform
u(-) is allowed to take. We denote by’ctlthe class of all admissible input
waveforms. It may be helpful to note that an admissible waveform u(-) is in 2,

whereas at any particular time t, the vector y(t) is in U.

We require throughout the remainder of section II that Z‘ satisfy the
technical assumptions listed in part B of section VII. As explained there,
this will occur automatically in every case of practical interest. In
addition we require that:i) ZZ'be restricted sufficiently so that there
exists a unique output waveform y(:) for each input waveform u(-) e‘Ll, and

ii) u and y form a hybrid pairz.

1If x(+) and y(-) are two “%N—valued time functions, then their convolution
is given by

N ©

[x(-)4y()1,y 2 3 x, (1), (t-7)dt

(t) =1 Ze k k
2The existence of a representation satisfying condition ii) is a very weak
assumption for linear N-ports. It is equivalent to the existence of a
scattering matrix representation, which is in turn equivalent to the existence
of at least one representation of the form A(s) V(s) = B(s) I(s) [Anderson,
Newcomb and Zuidweg]. N N N

-3~



B. Every Nonenergic Linear N-Port is Antireciprocal and Resistive

Theorem 2-1 Suppose n is a linear N-port characterized by the state

equations

tHde
]
5
+
g

y = Cx + Du ' (2-2)

or the convolution operator y(t) = [G(:)#u(-)](t), where y and y form a

hybrid pair. Then the following three conditions are equivalent:
i) Tl is nonenergic.
ii) 71 is characterized by y = Hu,
RNXN
where He is an antisymmetric constant matrix.
iii) n is an antireciprocal resistor.
Proof
i) = ii) This is a consequence of theorems 7-1 and 7-2, applied in
the time~invariant case.
ii) = 4ii)
(Y'(‘)*i'"(.)) + (Yn(.)*!_'(.))
= [(zremm @)zt - [y'(-)*g'<-)] [eeomre)] e
Since 7'], is linear, each of the three terms on the right hand side of
equation (2-3) is the convolution of an admissible voltage waveform with its

corresponding current waveform. In order to show that each such term is zero,

we first renumber the ports if necessary so that either u = v and y = 1 or

-— =4 T - T T T = s e s T ~
Ea [11’ e Vi YN] - [11’1’11] and y = [Vl”""k’iku’ iN]

“



T
T T
[YI’iII] s for some integer k, 1 < k < N. We show in part A of the Appendix
that such renumbering preserves the antisymmetry of H. Then if (Y('),}(-))

is any admissible pair,

v()xi(:) = (YI(-)*;I(.)) + (YII(°)*1‘II(')) =

(vpCo%17 () + (1 CImr () = [yI(-)T,gH<->T]T*[;‘I°(->,y;(-)]T

. N N
g()xu() = (BuC))ru) = jz=:1 by [ui(')*uj(°)] =0,

by the antisymmetry of H. The calculation is similar if u = v and y = 1.
Therefore the right hand side of equation (2-3) is zero and the conclusion

follows.

iii) =i) 1If we let v'(:) = y"(+) and i'(:) = i"(-), then it follows directly
from the definition of antireciprocity that [v(-)xi(-)] = 0 if (y(‘),i(')) is an
admissible pair and 72 is antireciprocal. Let (§,§) be a dc admissible pair
for 7. Then (Q,0) is also an admissible pair since 7\ is linear. Define the
admissible pair of waveforms (§(’)’i(')) by:

~

V(t) = {g,oitf_l and i (t) = {@,of_til

0, otherwise 0, otherwise .

1 o -
(¢,1) = f (v,i’dt = J (¥ (0,1 -1 ddr = [y ()i ()1(t=1) =0
0 £

where the first equality follows because ir and i. are constant vectors, and
the second equality follows becasue ¥(t) and i(t) are constant vectors for

all 0 < t < 1.
a

Example 7-5 will show that the conclusion that‘71 must be antireciprocal

holds only in the time-invariant case.



Example 2-1 Ideal Transformer

v n 0 i (2-4)

(2-5)
Corollary. Let-7q.be a nonenergic N-port described by the state
equations (2-2). Then D is antisymmetric. Furthermore, if 71,15 completely

controllable (definition 3-2), it is completely unobservable, i.e. C = 0.

C. Nonenergic Linear N-Ports Which are Both Reciprocal and Antireciprocal.

Transformer-Only Synthesis,

The ideal transformer is nonenergic, linear, reciprocal,and antireciprocal
[Penfield, Spence,and Duinker], as a simple computation will verify. Theorem

2-2 gives a canonical form for such devices.

Definition 2-3 Suppose u € W%N and y € W%N are a hybrid pair, but

u$ vand u+ i. Then u and y are a mixed hybrid pair.

Example 2-3 Consider the following four choices of independent and

dependent variables for a 3-port resistor:

i) vy il ii) vy 12
u = 12 » Y =V, u = il s Yy =LV
L?%‘ i Lv%J i
— ) ollie
iii) vy :i.1 vy il
u=|lvylsy= 12 iv) u=[v,l¥= 12
k_'v:L 13 L"i:L vyl -



Choices i), iii) and iv) are all hybrid pairs, but only choices i) and iv) are
mixed hybrid pairs.

Theorem 2-2 Suppose’YL is a linear N-port which is both nonenergic and
If’rl is c¢haracterized by

y =t Be B

reciprocal.

(2-6)

where u and y form a hybrid pair, then exactly one of the following three

cases must hold.

i) The input u =y, y =i, H= 20 and‘71,is an N-port open circuit.
ii) The input u=1i, y=v, H = 0 and'71.is an N-port short circuit.

iii) The input u

the ports, if necessary, so that u =

and output y form a mixed hybrid pair. After renumbering
z T

T T T T T
(EI’ YII) and y = (YI’%II) , then H has

the form given in the following elaboration of equation (2-6):

NO)

|
v I B i
~I 1= ~1
—|= | , (2-7)
i) {8T ) 0@ | Vi
where B ¢ ka(N-k) is arbitrary.

Proof It is well known that a linear N-port given by an impedance or

admittance matrix H is reciprocal iff H is symmetric and antireciprocal iff
H is antisymmetric. If H is both symmetric and antisymmetric, then hij = h

0.

~

ji

and hij = - hji’ so H = This proves the conclusion in cases i) and ii).

In case iii), after suitable renumbering, we have

~

|
i A | B i
T < 2] *1
[ o DN S § I (2-8)
) T -
11 BT | C Y11



where the appearance of -§T follows from the antisymmetry of H required
by theorem 2-1. It follows from definition 2-2 that since-)q,is both

reciprocal and antireciprocal,
v'(-)#i"(*) = 0, for all admissible v'(+) and 1"(.). (2-9)

Substituting equation (2-8) into equation (2-9) and dropping terms which

cancel yields
(41)) 45 + vl Ox(eyac) = o,

which is possible for all admissible gi(-), g;(-), YiI(-),and y¥1(~) iff
é = 0 and 9 = 0. l'

Using theorem 2-2, it is easy to synthesize every nonenergic linear
reciprocal resistive N-port from ideal transformers. The canomical synthesis
is given in Fig. 1, where turns—-ratios are expressed in terms of the entries

of B in equation (2-7).

D. Scattering Representation

Definition 2-4 A square matrix M of real or complex numbers is orthogonal

iff M is nonsingular and y: = M_l.

Theorem 2-3 Let Y\ be a linear N-port given by the scattering matrix
S(s) with respect to real positive port normalization numbers, where S(s) is
defined for all s in the open right half plane. Then V1 is nonenergic ¥ S(s)

is real, orthogonal, and independent of s.

Proof (¥) Since S(s) is orthogonal,‘7l is antireciprocal [Penfield,
Spence,and Duinker]. Since Yl has a scattering matrix representation,'YL has
a hybrid matrix representation [Anderson, Newcomb, and Zuidweg]. And since
S(s) is real and independent of s,fyl is resistive. The conclusion follows

from theorem 2-1.



(®) Since N\ has a scattering matrix representation in the open right half
plane,’?l has a hybrid matrix representation [Anderson et.al.]. Then it
follows from theorem 2-1 that )1 is antireciprocal and resistive. Since

’rlis antireciprocal, S(s) is orthogonal [Penfield et.al.], and since’71.is

Example 2-4 It is well-known that every real orthogonal 2x2 matrix can

resistive, S§(s) is real and independent of s.

be written in one of the following two forms [Hoffman and Kunze]:
cos 6 sin © (2-10)
sin 6 -cos ©

cos 6 -sin 6 (2-11)
sin 6 cos 6

It is not hard to verify that equation (2-10) is the scattering matrix with

or

respect to 1 Q port normalization numbers of an ideal transformer, where

tan 6 = —235. Similarly, equation (2~11) is the scattering matrix with
1-n
respect to 1 @ port normalization numbers of an ideal gyrator, where tan O
= 28 _
1-g2

E. Gyrator-Only Synthesis of General Nonenergic Linear N-Ports

It is clear that any N-port constructed only from ideal gyrators will
be linear and nonenergic. The remarkable fact is that the converse is also
true. An algorithm is given in section 5.9 of [Carlin and Giordano] for
the synthesis of any nonenergic linear N-port with a scattering representation
from ideal gyrators and transformers. Since an ideal transformer can be con-
structed by connecting two ideal gyrators in cascade, this amounts to a gyrator-

only synthesis.

I11. State Variable Representation




A. Definitions and Assumptions

Definition 3-1 Suppose the N-port 72 is characterized by the state

equations

X = £(x,u)
Y = 8(x,u). (3-1)

Ifue RN and y € RN form a hybrid pair (definition 2-1), then equations
(3-1) are called the hybrid dynamical system representation for 7.

Throughout section III we will require that U be an open set in [RN and
that ?,( be the class of all piecewise continuous waveforms: [R+ + U, where
uand U are as defined in part A of section II. We denote the state space
of n by Z, and Z will be an open set in R™.

Definition 3-2 If for each choice of states xj, X, € Y., there exists
a time t. > 0 and an admissible input u(*) € U that steers YL from state X

1
at t =0 tox, at t = tl’ thenX\. is said to be completely controllable.

1

B. The Output Map y = g(x,u)

Theorem 3-1 Suppose that n is described by the hybrid dynamical system
representation (3-1), that g(-,+) is continuous and that 'n, is completely
controllable. Then Tl is nonenergic ¢ g(x,u) can be written in the form

g(x,u) = H(x,u)u, for all u e U and all x ¢ Z s (3-2)

where H(x,u) is a function assigning to each point (x,u) € z x U an anti-

symmetric real NxN matrix, i.e. H(x,u) = - EIT(:E,Q).
Proof ()
p(t) = (u(®),y(6) » = ¢"(&) H(x(v),ue))u(®) = 0,
since I}(g,g) is antisymmetric.

-10-



(=) 1If g(x,u) and u are orthogonal for all (x,u) € 2: x U, then the conclusion
follows from theorem 7-1 whenever u # 0 and from the continuity of g when u

= 0. It remains to show that g(§,9) and u must always be orthogonal. Suppose
the contrary, i.e. that there exist u* ¢ U and g* € 2: such that (g*,g(g*,g*)) =
c # 0. Then for any initial state xj at t = 0, there exist a t; >0 and a
control @(.) € Ql.that transfers 7L from go at t = 0 to g* at t = tl. 1f

Q(tl) = g*, we are done. Otherwise, let the control @(t) be given by

Q(t) = @(t) when 0 < t j_tl and Q(t) = g* when t > tl. Now x(-) is

continuous since it satisfies equation (3-1), and g(-,+) is also continuous.

Therefore . .
tim (p(0) = 1m 30, g(x(0),5(0))) =
+
t+tl t+tl
lim (g*,g(x(t),u*)) = <9*,g(x*,u*)> =c% 0, (3-3)
+ ~ ~ ~ -
t-)'tl
contrary to the assumption thatJTL is nonenergic. ll

See the note which follows the proof of theorem 7-1.
It is not difficult to show that the above theorem remains true if we

require that u(t) be continuous, provided U is a connected set in W?N.

Corollary. Every non-energic n-port satisfying the hypotheses of Theorem 3-1

is a memristive n-port [Chua and Kang].

C. Stored Energy and Dissipation Rate

Nonenergicness implies a relation between the state equations, the
stored energy, and the dissipation rate of 71. Intuitively, the requirement
is that power dissipated in the resistors of-71,must come from active elements
and storage elements inside 71,, since none of it can come in through the
ports.

Supposen consists of:i) (multiport) reciprocal capacitors and inductors,

ii) nonenergic (multiport) resistors, e.g. ideal diodes, transformers and

-11-



gyrators, iiil) dissipative resistors, e.g. linear 2-terminal resistors,
transistors, zener diodes, independent sources, and iv) dependent sources.

Then all the (positive or negative) power dissipation occurs in the elements
listed under iii) and iv), and all the energy storage takes place in elements
listed under i). Letlrl be characterized by the dynamical system representation
(3-1) in which the components of the state vector x are capacitor voltages and/or
charges and inductor fluxes and/or currents. Let the components of u and y

be port voltages and/or currents; we don't require that u and Y form a hybrid
pair. We must require that the capacitors and inductors be reciprocal so that
there will be a stored energy function E(x) defined to within an additive
constant [Willems]. If 71.is a well-posed networkl, then x and u uniquely
determine all the voltages and currents at all the ports of all the

dissipative resistors and dependent sources, so we can write a function

d(g,g) which gives the total power dissipated inside 77.as a function of

the input and state.

Theorem 3-2 Suppose N is a well-posed network, the above conditions
hold, E(x) is Cl, f(x,u) and d(g,g) are continuous, and )) is completely

controllable. Then JL is nonenergic
<Y§ x), £ (g,g)> + d(x,u) = 0, for all x ¢ E: and all u e U (3-4)

Proof
~ (® By Tellegen's theorem (or by conservation of energy) we have
that p(t) =‘%E E(g(t)) + d{g(t),u(t)), and by the chain rule we have that
d
a_ = )
s E(x(®) = CE (x(8), £(x(0),u0))) .

(®) Since N is completely controllable, the conclusion follows by a

continuity argument similar to that leading up to equation (3-3).

lIt is possible, though quite lengthy, to derive sufficient conditions for well-
posedness of general networks in terms of topological matrices and element
constitutive relations. It is generally easier to verify well-posedness by

ad hoc techniques in particular cases of interest.

-12-



D. Examples

Example 3-1 The network in Fig. 2 is a simple example which illustrates
the ideas in theorems 3-1 and 3-2.

Let the state be q, the input be i, the output be v, and U = R. The

normal form hybrid state equations and the functions E and d become:

Mo
1l

f(x,u) > q =1 - gof(q)

= g(x,u) > v = f(q)q

B > @ = [, fahad’
d(x,u) - d(q,1) = £(q)«[gof(q) ],

i~
!

where "°" denotes the "composition'" operation.

Theorems 3-1 and 3-2 allow us to conclude immediately that if such a
network is nonenergic and completely controllable, it is trivial. The
requirements of theorem 3-1 can only be met if f(q) = 0 for all q € 2: , SO
that H(x,u) is "the only antisymmetric 1x1 matrix"; namely, zero. Likewise,
according to theorem 3-2,)71 is nonenergic iff f(q)+[i - gef(q)] + £(q)[gef(q)]

[}

0, or i*f(q) = 0 for all(i, q)e [Rx Z , or £(q) = 0, for all q ¢ Z Hence,

in either case, we conclude that the one-port must be a short-circuit.

Example 3-2 Let the network in Fig. 3 be represented by a hybrid dynamical
system representation with input u = (il,iz)T, output y = (vl,vz)T and state
X = (ql,qz)T. We do not need to include q3in the state, since q3 is uniquely
determined by q and 4,0 dq = f3(v3) = f3(vl—v2 = f3(fl(q1) - fz(qz)).

If we define

R Y (N CAE NI LR IR Y (N CHE N CRYEICH

- £3 (e, () -55(ap) £ o) 1+ £3(8;(a))~F5(a,) ) £5(a,)

then the hybrid dynamical system representation for this circuit is given by:

-13-
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_qZ_J 12— 82°f2(q2)
Vil £,4q,)

— —

if g(g) is invertible, as a straightforward calculation will verify. 1If the
network is completely controllable and if M(q) is invertible at each point
qe 2:, then it follows easily from theorem 3-1 that’rl.is nonenergic iff ’
fl(ql) = f2(q2) = 0, for all (ql,qz)T € 2:, i.e. the network must be trivial.

The surprising fact, however, is that there are nontrivial choices of

element constitutive relations for the network of figure 3 which cause it

to be nonenergic. Of course, M(q) is singular in these cases. One such

choice is given in Fig. 4, where the network has been separated into resistive
and capacitive two—ports,fz, and,CE, connected in parallel. The following
calculation shows that Fl and € are individually nonenergic.

1. ﬁZ is non-energic:

310vpv,) = 1/vy
jz(vl’vz) = - 1/V2

P(t) = Vljlwzjz =0 (3-5)
2, tz is non-energic:

Ql(vl’vz) =-fav, + 2n(vl-v2)
QZ(VI’VZ) =4n v, - zn(vl—vz)
> - . 1 . s
QG = (Gf) it (vl-v2>(vl'vz)
. ' . 1 .«
B (%;) V2 T (vl-vz)(Y1‘vz)

p(t) = vlél + v2Q2 =0 (3-6)

L
3]
|

14—



Both Q and C are somewhat singular networks. Q, is well defined only
if vy and v, are nonzero; t? only if vy > v, > 0. This may be due in part
to the naive synthesis procedure adopted here or to some fundamental limitation
on all syntheses using two-terminal elements and no dependent sources.

However, the authors have discovered certain restrictions which are
independent of the synthesis procedure. For example, every nontrivial,
nonenergic voltage-controlled capacitor must be discontinuous at the origin,

v = Q. Similarly, every nontrivial, nonenergic, reciprocal, voltage- or
current~ controlled resistor must blow up at the origin, v =0 or i = 0.
These conclusions will emerge as consequences of the theory developed in

sections IV and V.

IV. Multiport Resistors

We require throughout section IV that U, the set of admissible input

values, be an open set in ERN.

A. General Theory

Theorem 4-1 If Il is a resistive N-port characterized by
y = £(w, for all u e U, (4-1)

where u and y are a hybrid pair (definition 2-1) and f is continuous, then

7\ is nonenergic e'f(g) can be written in the form g(u) = H(u)u, where H(-)
RV,

assigns to each point of U an antisymmetric matrix in
T.T
Proof (¥ (vy,i) ={y,u) =u"H (uu = 0, since H(y) is antisymmetric.
*(®) Since u and f(u) must be orthogonal for all u s‘t(, the
conclusion follows from theorem 7-1 for nonzero u. Extension to the case

where u = 0 follows from the continuity of f. @ﬂ

See the note which follows the proof of theorem 7-1.

Example 4-1 The ideal transformer and gyrator, equations (2-4) and
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Example 4-2 The type II conjunctor [Duinker, 1962], characterized by

vy 0 -Bv3 0 il
v2 = By3 0 0 12
13 0 0 0 v3

Example 4-3 The 2-port FZ of Fig. 4 and equation (3-5) can be
characterized by

il =] 0 1/(vlv2) il vy +0 . (4-2)
12 -l/(vlv2 0 v, v, + 0
Examgle b4=4
vl 0 0 —12v3 il
v =10 0 ~i v || 1 for all (i,,i.,v.) € E?3
2 1°3) "2 |° 1°72°73
13 12v3 11v3 0 v3 (4-3)

It is easy to verify that this one is reciprocal (definition 4-2).
In the statement of theorem 4-1, the phrase ''can be written as" is
used advisedly, since such a representation of f(g) is by no means unique.

Equation (4-2) above could also be written as

_ 2
i, 1= l/v1 0 vils vy # 0 (4-4)
. 2
i, 0 -l/v2 v, v, ¥ 0
and equation (4-3) as
— — (— - —
2
vy 0 -v3 0 F.il 9
2
v, = [ -v3 0 0 i2 (4-5)
i 0 2i.v, O v
u 3_‘ _ 13 JL 3H
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Definition 4-1 Suppose 71 satisfies the conditions of theorem 4-1 and

f is Cl. Thenﬂrl is said to be locally strictly passive or incrementally

strictly passive at a point u € U iff the Jacobian of f is positive definite
at that point.

Theorem 4-2 Assume that‘71,satisfies the conditions of theorem 4-1 and
f is Cl. If'71 is nonenergic, then'71,is not locally strictly passive at any
point of U.

Proof First choose u # Q. Then for all fu such that u + Gu e U,0 =
(£(urew ,ursp) - £ (W,u) = ( (£ )| 8u u)+ (E(u),8u) + O(HGu" ), 50
{~TI;(£(E)) + f (u) Su = O(NQBH ). Therefore g? q(g(g)) + f (u) = 0, and

ollows that BT[~(£29)X]9 + fT(g)g = 0. Since - is nonenergic, we know
that fT(g)g = 0. Combining this with the previous equation proves that the
Jacobian of f is not positive definite at u. The conclusion can be extended

to the point u = 0 as well, since f is Cl.

B. Reciprocity, Antireciprocity, Content, and Co-Content

Definition 4-2 for reciprocity and antireciprocity of nonlinear N-ports
is modelled after definition 2-2 for the linear case. The meaning of the
term "operating point" is deliberately left somewhat vague here; in the case

of resistors, capacitors and inductors there will be no ambiguity.

Definition 4-2 Trl is said to be reciprocal iff

6y ()41 (+) = 8y"()*83' () (4-6)
and antirec;précal iff
6v' (1)x81"(+) = - &y"(-)*81" (+) (4-1)

whenever (Gv'(-),dé'(')) and (Gv"(o),6fto)) are small-~signal variations
N ~n ~n

admissible to the linear approximation tolrl about the same operating point.
In the case that‘71,is resistive, i.e. memoryless, definition 4-2

takes on the following form.
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l .
Theorem 4-3 A C™ resistive N-port 71.13 reciprocal (definition 4-2) ¢

<§\Y"6,\:'i‘" Y = <§c’"’6,\,i' ) (4_8)

and antireciprocal iff

(5,3',%") = - (6’\\’/",6’\1" ) (4-9)
whenever (Gv Gi ) and (6v" Gi") are small signall variations admissible
to the llnear approx1mation to 71,about the same operating point (v,i).

The proof is given in part B of the Appendix.

Definition 4-3 If a current-controlled resistive N-port 71;13 characterized
by the gradient of a scalar function, i.e. v = £(1) = V6({), for all i e U, then
G is called the content function of 71.

The co-content G(v) is defined similarly in the voltage-controlled

case.

Theorem 4-4 Let 7Q,be a current-controlled resistive N-port characterized
by v = £(i), for all i € U, where f is Cl. Then i) = ii) and 1i) <« iii), where
statements i), ii) and iii) are:

2 R

i) 171 has a C” content function G(g) defined on U.
ii) The Jacobian of f is symmetric at each point of U.
iii) Tlis reciprocal.

Moreover, if U is simply connected, then i) ® 1i) <« iii).

The proof is given in part B of the Appendix. Equivalent conditions

hold for the co-content in the voltage-controlled case.

1See [Chua and Lam]. Their footnote #7 assigns a mathematically exact
meaning from differential geometry to the expression 'small signal variationse--
same operating point, (v,i)".
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C. Homogeneous Functions

Definition 4-4 A set S C P\n is called a cone iff x ¢ fRn =
ax e R, for all x > 0.

. N
Notation: Throughout part IV,UC denotes an open cone in R
Of course RN itself is an open cone. The domains in examples 4-5

through 4-8, 5-1, 5-2 and 6-1 are open cones which are proper subsets

of ﬂ?z.

Definition 4~5 @&: Uc c R™ 5 IR is k-order homogeneous iff

®(Ax) = )\kd>()~c), for all A > 0, % 0 (4-10)
x2 2
Example 4-5 °xY) =

is third order homogeneous on U, = {(x,y) |x +y 4% O0}.

Lemma 4-1 Suppose ¢: Uc - Rn + R is differentiable at all nonzero
X € Uc' Then ¢ is k-order homogeneous ¢

<\~7<I>(}~<),1~<> = k&(x), for all x ¢ Uc’ x § 0. (4-11)
Lemma 4-1 is a standard theorem of analysis [Courant and Hilbert].

Lemma 4-2 If &: UC C [Rn + R is differentiable at all nonzero X € Uc

and k-order homogeneous, then %%_ (x) is k-1 order homogeneous, j = 1,2.--N.

J

Proof Differentiating equation (4-10) w.r.t. xj yields

D0 (p) = xk(nj @) (x) .
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D. The Reciprocal Case when )1 is Current-controlled or Voltage-Controlled

Theorem 4-5 Let 71, be characterized by y(i) = VG(i), for all i ¢ Uc c IRN.

Then 71 is nonenergic iff G is O-order homogeneous.

Proof (:};y(@) = <§’YG(§:)>

The conclusion follows from lemma 4-1. .
Corollary Under the assumptions of theorem 4-5, if n is nonenergic,

then each component of y(i) is - 1 order homogeneous.

Proof. Follows from lemma 4-2. .

It follows from the corollary above that if 7’L is a reciprocal current-
controlled nonenergic resistor, then 7’1 either blows up at the origin or
else is an N-port short-circuit. For this reason nontrivial, nonenergic,
reciprocal, current-controlled resistors will probably not be encountered
in practice.

Everything said here applies equally to E(y) and g.(y) in the voltage-

controlled case.

Example 4-6 i
1
G(i) =\/—-——
2 .2
il + 12
2
v =236 _ 1
1 i, .2 2,3/2
1 (il + 12)
-i.1i
oG 172
V., = = » (4 »1 ) E 3 (0,0).
2 312 (112. + i‘2‘2)3/2 1°72

The interest of the next example lies in the fact that it can be synthesized

using only 2-terminal nonlinear elements without dependent sources.
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Example 4-7 The 2-port resistor ﬁz of equation (3-5) and Fig. 4 is

characterized by the content function G(g) = %n Il- ¥ 0, 12 + 0.

2 ’ il
One might suspect that if N is reciprocal and the components of v(i)
are -1 order homogeneous, then 71,15 nonenergic. This would be the converse
to the corollary to theorem 4-5. The next example shows, however, that this
is not the case.
Example 4-8 v, = _Eil——f s V2 = __32__5

. . L2
1l + 12 11 + i2

(vii? =1, (i},1,) # (0,0)

2, .2

1t 12)
2

n(d
G() =

E. Reciprocity and Hybrid Content

Suppose we have a resistive N-port characterized by equation (4-1). If
u and y are a mixed hybrid pair (definitionm 2-3), then, after renumbering

the ports if necessary, we can write

e
]

i oooi V. .oy T= iTvT ]T
1’ k’> k+1’ N ~I°~1I1

1
?
=3
-
i
-
~
—
L]
]
H
A
-
A
0
[t}
~~
T
}—l
N
N’

— e o0 s e 0 T—'
1= [Vl’ Vi byt iN]

We adopt the following notation: i - 11; the simple function

[Q*T,y%I]T; and the function

K- %
> e

into i*
% ~I

carrying u” into u is written u(u¥).

. . . . Lk,
carrying i is written gI(}I); u

Definition 4-6 Suppose Tl is characterized by equation (4-1). A

differentiable scalar function &(y*) is called a hybrid content function
for Il iff y = £(u) = g(g(g*)) = Y¢(g*), for all g* such that g(g*) e U.

Theorem 4-6 Let 71 be a resistive N-port characterized by equation
(4-1). Let f be Cl, let u and y be a mixed hybrid pair, and let the ports
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be renumbered if necessary so that u and y appear as in equation (4-12).

Then i) = ii) and ii) ¢ iii), where statements i), ii) and iii) are:
'71 2 . *
i) has a C” hybrid content function, e(u®).

ii) At each point of U the Jacobian of f is of the form

where A ¢ quxk and C ¢ EK(N-k)X(N_k) are symmetric.
iii) 71 is reciprocal.

Moreover, if U is simply connected then i) ® ii) ® iii).

The prbof is in part B of the Appendix.

F. Reciprocal, Nonenergic, Hybrid Resistors

Example 4-9 A direct computation will verify that the resistive 3-port

of equations (4-3) and (4-5) has the hybrid content function Q(Q*) = Q(;*

*. * 2
1t2V 3°

¥ =

0(11,12,v3) = 1i7]i
-1
Notice that in the above example, ¢ has the property that &(u g;,uyll) =

Q(i 'V )
~I°~1I
out to be necessary and sufficient forirl to be nonenergic.

for all y > 0, Far from being accidental this condition on ¢ turns

1
Theorem 4-7 Let 71 be a resistive N~port characterized by a C hybrid
content function @’iI,v ) defined on all of W%N Then 71 is _nonenergic <
* - £*T T ] N
ou i .uvII) @(iI,vII) for all p > 0 and for all [ 1Yzl € R".

Proof 7/L is nonenergic iff

k 2¢ % al 2%
(vyid = Y i, = ({iv )+ X v (1%,v.) =
v,1 : LoV ~1° Y11
j=1 13 ai; R /R vy
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k N
-3 i’f—a—*+ 2 v,%=0. (4-13)
j=1 3 CEE L J 9y
d x * 09 ¢
® (u Ti,pyo.) = - YAl S—+ ¥ =—=0
du =1 I II j=1 J 54 joRl j ov
N S
(®) Define a vector field on R" as follows:T to each point [g; ’YII] e R
PEL )~ L N G R O S
assign the vector w([ iy ,VII] = [ 11 ’YII] [iI’VI£F: 1f /lis nonenergic,

then the vector field V@ is everywhere orthogonal to the vector field w, and
therefore ¢ is constant along the integral curves of w. A straightforward
solution of N first order, linear, uncoupled differential equations

FXT T
shows that the integral curve of w passing through a point [i VIt

“A.4T AT A ~1 °-1
is given by | e ; e Vv II] . Substituting u for e yields the theorem.

Corollary Let 71 be a reciprocal linear N-port resistor characterized
by y = Hu, for all u ¢ W{ » Where u and y are a mixed hybrid pair and He EQNXN.
Then 71 is nonenergic‘“ 72.has a hybrid content of the form ¢(i* ’YII) =

By + o, Be RO,
The proof is a direct computation using theorem 2-2 and equation 2-7,

G. The Antireciprocal Case

Theorem 4-8 Let 71 be an antireciprocal resistive N-port charactérized

by equation (4-1), where U = WR“, f is Cl, and u and y form a hybrid pair.

Then 77.13 nonenergic © 7113 linear.

Proof (¥) Follows from theorem 2-1.
(®) Every antireciprocal C1 resistive N-port is affine [Chua and Lam], i.e.
Yy=Hu+c, He WRNXN. Since 1 is nonenergic, (y,u ) = (Hu + c,u) =0,

for all u e EZ s which is possible oanly if c=0. 8
g

V. Multiport Capacitors and Inductors
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For simplicity of language, all results in this section are stated in
terms of capacitive N-ports and the variables v and q, but they apply to
inductive N-ports as well if i is substituted }or v and ¢ for g. We will
require throughout section V that U, the set of admissible input values, be

an open set in qu.

A. Reciprocity and Coenergy

Theorem 5-1 A C1 capacitive N—por{Y\.is reciprocal (definition 4~2) <

(63" §\c’1"> = (%r",%{' ) (5-1)

whenever (QX',qs') and (QX",Qs") are small signal variations admissible to
the linear approximation to 7\ about the same operating point, (v,q).
The proof is in part C of the Appendix.

Definition 5-1 If a voltage-controlled capacitive N-port, 7rl, is

characterized by the gradient of a differentiable scalar function W(y), i.e.

if g(v) = Yﬁ(y) for all v € U, then ﬁ is called the electric coenergy function

for 71.

Theorem 5-2 Let 71 be a voltage-controlled capacitive N-port characterized
by

q = q(v) for allv e U, (5-2)

where q(-) is Cl. Then i) = ii) and ii) ¢ iii), where statements i), ii)

and iii) are:

jyl 2 . A
i) has a C” electric coenergy function W(Y) defined on y.
ii) 7fL is reciprocal.

iii) The Jacobian of q(v) is symmetric at each point of U.

Moreover, if U is simply connected, then i) ® ii) < iii).

The proof is outlined in part C of the Appendix.
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B. Charge-Controlled and Voltage-Controlled Capacitors

Theorem 5-3 Suppose n is a charge-controlled capacitor characterized
by v = Y(S) for all q € U. Thenh is nonenergic ¥ v(q) = 0 for all q e U.

Proof (¥) Obvious.
(=) Suppose there exists a point a = [211’“"'?11\1]T e U where
y({l) £ 0. Then let q(t-O) q and i(t) = 1 cos 27 t, t >0. Then g(t=l) = é,
i(t=1) = 1. and p(t=1) = <Y(3)’E‘: ). We can choose i so that p(t=1) % O,
contradicting the assumption that n is nonenergic. .

Theorem 5-4 Suppose n is a voltage~controlled capacitor characterized
by

= q(v), for all v ¢ Uc" (5-3)
where U is an open cone in R (definition 4-4) and q(y) is ct.
Then ’n,is nonenergic ® n is reciprocal and q:i (Y) is O-order homogeneous,

j"—'l, LI N.

Proof ()
3(a0) "y = 3 (aw)] v (5-4)

The j-th component of [g (q(v) ] v is
]

N q.
Z:l Vi g,i (v). (5-5)

But by lemma 4-1, expression (5-5) is zero for each value of j e {1,+°°N},

since each component of q(v) is O-order homogeneous.
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(®) We first establish by contradiction that Il1is reciprocal. Suppose,

on the contrary, that there is a point § € Uc where the Jacobian of g(g) is
not symmetric. Then there is a Cl closed curve C in a neighborhood of § such
that‘? g(y)-dy ¥ 0. But since C is closed, g~dx~r +éy-dg = A <g(Y),Y> = 0,

C
so@y-dg, which represents the total energy absorbed byn over the closed
C

Path, is nonzero. This contradicts the assumption that 7/113 nonenergic.
Therefore 7q.is reciprocal and equation (5-4) still holds. Since at a given
instant we can specify v and ¥V independently, as in the second part of the

proof of theorem 5-3, it follows that

1 (3w)]v =10 (5-6)

for all v ¢ Uc. Expanding equation (5-6) as in expression (5-5) and using
lemma 4-1 proves that each component of q(v) is O-order homogeneous. Il
It is easy to see that the only continuous zero-order homogeneous
functions defined on all of ERN are the constant functions. (Think about
continuity at the origin.) But if we allow g(y) to be defined only on

RN - {0}, we can exhibit nontrivial nonenergic capacitors as in the following

example.
V1
Example 5-1 q = ———
sz + v2
1 2
v
2
qz I (vl’vz) * (0,0) (5-7)
2 2
v1 + v2

The next example, while it is only defined on a portion of E?N - {Q},

is of interest because it can be synthesized from 2-terminal nonlinear

capacitors without using dependent sources.

Example 5-2 The capacitive 2-port Z: of Fig. 4 and equations (3-6)

is characterized by
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_ 1 2
Ql = fn v,
v, '
Q2 = 4n v V17V 0 (5-8)
1 2

If the constitutive relations of the individual capacitors in ti are extended

as follows:

C;: q; = - fav,|
C2: 9, Rnlvzl
Cqt g = £n|v3| (5-9)
Then equations (5-8) can be extended to become
V.=V
_ 1 2
Q1 n v,
V2
Q2 = 4n Y, s V1 £ 0, v, $ 0, V1 * v, (5-10)

Example 5-3 The type II traditor [Duinker, 1959] can be written as a

capacitive 3-port as follows:

-2

9 Av,
.1

q2 Av3
vlv

V3

Corollary Suppose 7Q,satisfies the conditions of theorem 5-4.
Then N is nonenergic ﬁ'ﬁ(y) exists and is, to within an additive

2 _.
constant, a C first order homogeneous function.
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Proof (¥ Then g(g) is C1 and reciprocal and it follows from lemma
4-2 that each component is O-order homogeneous. The conclusion then follows

from theorem 5-4.
(®) From theorem 5-4, q(v) is reciprocal. The coenergy is given by
W) =<{v,qv) ), (5-12)

since 7 (v,q(v) ) = q(v) + [2 (901))] =g+ [J(sw))] v = g(v), where the
last equality follows from lemma 4-1 and the fact that each component of

q(v) is O-order homogeneous. Since each component of q(v) is O-order homogeneous,

Examples 5-4 For examples 5-1, 5-2 (equation (5-8)), and 5-3,ﬁ(y) is

W(v) as given by equation (5-12) is first order homogeneous.

given respectively by:

5-1) W) ‘Jv:zL + vé, (vy5v,) # (0,0)

5-2) W) = v, v, - v, dnv, + (vl-vz)zn(vl-vz), v, > v, >0

V.V
~ 12
~ -(Av3 » V3 + 0.

\'Jl
W
~
=
~
<
~
n

C. Parallel to Classical Thermodynamics

There is an interesting relationship between our voltage-controlled
nonenergic capacitors and classical thermodynamics. The Euler relation
[Callen], w = TS - PV + uN, can be thought of as a relation between the stored
energy W, the "port voltages" T, P, and u, and the "port charges" S, V and N
of a reciprocal, 3-port, charge-controlled capacitor [Oster and Perelson].

It is a fundamental axiom of classical thermodynamics that W(S,V,N) is
first-order homogeneous, at least for homogeneous fluid systems. It follows
from the dual of the preceding corollary that the energy W(g) of a reciprocal
charge-controlled capacitor is first order homogeneous to within an additive

constant ¢ the capacitor is '"non-coenergic,”" i.e. the rate of change of
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coenergy, (g,ﬁ), is always zero. In this sense we can say that classical

thermodynamics is the study of "non-coenergic' 3-port capacitors.

D. Reciprocity and the Hybrid Energy Function

Definition 5~2 1If an N-port capacitor is characterized by

Y= f(B) for all u e U, (5-13)

where u4 q and u 4 v but for each j e {1,2:--N} either u, = q:j and yj =
vj or uj = vj and yj = qj, then by analogy with definition 2-3 we say that

u and y are a mixed q-v hybrid pair.

Suppose‘?l is an N-port capacitor characterized by equation (5-13), where

u and y are a mixed q-v hybrid pair. Then, after renumbering the ports if

~

necessary, we can write

T T 11T
EE SRR 04 22 A | IR b5 54 &
T_ [T T]T
Y= [Vt Ve Qo tYy) = (Ve dpp) o 1 Sk N1 (5-14)

We define g; by qf = 9y the simple function carrying 91 into g; as g;(gl),

4
g* by g* = [g;T,Ygl]T, and the function carrying g* into u by u(u*).

Definition 5-3 Suppose 71 is characterized by equation (5-13) and u and

y are a mixed gq-v hybrid pair. If there exists a differentiable scalar function
¢(g*) such that y = g(g(g*)) = Y@(g*) for all g* such that g(g*) € U, then ¢
is called a hybrid energy function for 71.

Theorem 5-5 Suppose 7}_13 characterized by equation (5-13), u and y are
a mixed g-v hybrid pair, and f is c2. Then i) = ii) and ii) ¢ iii), where
statements i), ii) and iii) are:

i) ‘71 has.a C2 hybrid energy function ¢.

ii) 7/Lis reciprocal.
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iii) At every point u ¢ U, the Jacobian of f(u) has the form

where A ¢ W?kxk and C e E%(N_k)x(N-k) are symmetric. Moreover, if U is
simply connected, then i) ® ii) * iii).
The proof is outlined in part C of the Appendix.

Theorem 5-6 Let 'Yl, u, y and f satisfy the conditions of theorem 5-5

and U be an open cone in E?N; Then 7[ is nonenergic ¥ f is of the form
c

o8 T
b4 S 3q; (gI’YII)] Y11

411 = 8(9p-vyp)
where g: UC -+ W?N_k is any Cl function such that

g .
i) [—ngi(gl,ylii] is symmetric at each point of U,.and

~

ii) each component of g(gI’YII) is O-order homogeneous in vII
for every value of 9z

Proof Suppose‘77.is characterized by
vp = Blgpygp)

411 = 8(9psYyp)>

~

where for the moment we make no assumptions about h and g except that they are

-~

| | )
1 o .oy _[.T T .
' Then p ={yp,d4r? +Cyppady ) = {9 (9pvyp) + Vpg [aqI (gI’YII)]}.gI *

~

g
T . s . . .
{'YII {3;;; (SI’YIIi]} Ve Since we can specify 9 and Vit independently from
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each other, from Voo and from 9rp> @8 in the second part of the proof of
theorem 5-3, 7 is nonenergic iff the two expressions enclosed by {°}
are always zero. The first expression yields h in terms of g. The

product of the second expression and Q is the net power flow into the

IT
N-k port voltage-controlled capacitor obtained by open circuiting the

first k ports of V. 1t follows from theorem 5-4 that conditions i) and
ii) of theorem 5-6 are necessary and sufficient for this N-k port to be

nonenergic.

Example 5-5 Since the zero function is the only linear zero-order

homogeneous function, all the linear examples can be generated by requiring

_ _ oI kx (N-k)
that g(gI,YII) =-B q5s Be R . Then
vy = BVyg
T
91 =~ 8 9 (5-15)

We recognize equation (5-15) as a restatement of equation (2-7) in terms of
charge rather than current. Equation (5-15) represents a multiport ideal
transformer, as predicted by Theorems 2-1 and 2-2. A realization is given
in Fig. 1.

Example 5-6 A simple class of examples arises if we require §(SI’YII) to

be independent of v but otherwise arbitrary. Then we have

~11°

T
v = - [4(3(91»] vig

47 = 895 (5-16)

~

where g is any C1 function: E?k > W%N-k.. The type II traditor of equation
(5-11), for example, can be written as a hybrid capacitor with g(gl) = Aqlqz, or

M PAL
vy ="Aq) V4
13 7 A9, | (5-17)
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v, = = va + v§

= v 2 + 2
9?9 2/:V2 V3
= 2 2
a3 qlV3AV3 + v3, (VZ’VB) + (0,0).

Corollary 1 Under the conditions of theorem 5-6, n is nonenergic © ’n
has a hybrid energy function of the form

* - ¥ -
o(gt,vip) = (gC-ahv)vyg) + o (5-18)

. N-k . . s e i
where g: y » R is any Cl function which satisfies conditions i)
and ii) of theorem 5-6, and ¢ is an arbitrary constant.

Proof (¥
og T
* - _ * N Y] -
v (s vyy) Yq*d’ _{[8( %) ('SI’YH)] ['l ]} Vire (5-19)
-1 i
tore 1(K)
where 1 denotes a kxk identity matrix, and
% % og *
= = - - . -20
91l9p ¥ = Yy ¢ = 8Cap vy +.[3Y11 ( SI’YIIﬂ Yyp- (5-20)

The last term on the right hand side of equation (5-20) is zero because of

assumptions i) and ii) on g and lemma 4~1. Equations (5-19) and (5-20) become

9g
* = o = [_q* =
Y1(31(91)’1'11) B { % ( S1(91)’1’11)] Y11
3(=qp) T
og

- [55; (SI’YII)J Y11 (5-21)
* = g(-q* = 5-22
311(31(91)’Y11) §( 91(31)’Y11) g(ap>vrp)» (5-22)

which guarantees nonenergicness by theorem 5-6.
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=) 1If 71 is nonenergic, then by theorem 5-6-rl is characterized by equations
(5-21) and (5-22). The hybrid energy function is produced by use of the inner
product as in equation (5-18).

Examples 5-8 The hybrid energy functions for examples 5-5; 5-6, equation
(5-16); 5-6, equation (5~17); and 5-7 are, respectively:

(5-5): @(apvyp) = <§TS;’Y11> - qf By

(5-6), equation (5-16); ¢(g¥ ’YII) = <§(—g¥),YII>

(5-6), equation (5-17): Q(S;,YII) = <A(—q’{) (-q;) ,v3> = Aqiq"z‘v3
(5-7): elgpsvyy) = <_:£_; (vpav3) ("2"’3)> - - apVvy + v

3
2
2 + v

v 3

Corollary 2 Under the conditions of theorem 5-6, if 7? is nonenergic
then 71 is reciprocal.

Proof It follows from corollary 1 and theorem 5-5.

VI. Lagrangian N-Ports

We call’77 a Lagrangian N-port [Duinker, 1959] if 71 is characterized by

Lagrange's equations,

d 31‘({‘31:{) 3L(§,13)
= = : - > k =1,2,-°°N, (6-1)

y
k dt Bxk axk

where g and y form a hybrid pair (definition (2-1)). 71 is called a traditor
[Duinker, 1959] if the Lagrangian is of the form L = aijf(§), j e {1,++°N},
where f is arbitrary.

It is easy to show that every traditor is nonenergic, but Duinker's
theorem that every nonenergic Lagrangian N-port is a traditor gepegds on the

a
particular assumption that the Lagrangian is of the form L = ill i22°.--kNNf(§),
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where the a's are nonnegative integers. The following theorem shows
that if this assumption is relaxed, we can discover new sorts of nonenergic

Lagrangian N-ports.
Theorem 6-1 Suppose‘yl is a Lagrangian N-port. If L is independent
of x, L(g) is defined on an open cone (definition 4-4), and L(x) is C2

and first-order homogeneous, then'71 is nonenergic.

Proof Expanding equation (6-1) yields in this case

! [322];5: (:;} =
1773
and therefore
_ T, T| 9L .
P=Y %=X |55 ®] .
j i
32L
The i-th entry of {5§T§§T (xi]x is
j i
N 5 (LX)
2 % 5 ( ox ) ) (6-2)
371 i

Since L(g) is first order homogeneous, %%— is O-order homogeneous by lemma 4-2.

Therefore expression (6-2) is identically zero by lemma 4-1.

The following example is a 2-port which satisfies the assumptions of the

above theorem. One can easily verify by direct calculation that it is nonenergic.

Example 6-1 L(x,%x) = Vi + iz

s (il,iz) + (0,0) (6-3)
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We can choose to let (xl,xz) represent the port charges (ql,qz). Then
in the above example Y1 and y, are port voltages, which depend in equation
(6-3) on the port currents and their derivatives.

The following theorem shows how to generate more complex nonenergic

Lagrangian N-ports from those introduced in theorem 6-1 and from traditors.

Theorem 6-2 If Ll(’f’i{)’ RN Lk(i"’:{) are Lagrangians of nonenergic
N-ports, then any linear combination of Ll through Lk is the Lagrangian of
a nonenergic N-port.

The proof is immediate.

VII. Fundamental Theory

Notation In part VII we will Tuse superscripts to indicate vector
components, i.e. v = [vl,vz,"'vN] , etc.
The restriction to the time-invariant case is dropped throughout part

VII.

A. Operator Theory of Nonenergic N-Ports. A Canonical Form.

Definition 7-1 Suppose u € [RN and y € RY form a hybrid pair (definition
2-1). Let Y be the class of all admissible input waveforms, 9(-), for n . If

1) there exists an operator —# assigning to each input waveform u( ) e U a
unique output waveform y(-), i.e. Z(') = %( u(), y(t) = (f#u( )) (t), and

2) every admissible pair (v( ), i( )) of n can be represented, after perhaps
a suitable reordering of components, as (H*u( ) u( )) for some u(-) € u, then
we call y a hybrid operator for n .

If nhas a hybrid operator H , then n is nonenergic iff

p(t) = <g(t),z(t)> = <g(t),(a~>;9(-))(t)> = 0, for all u(:) e u
and for all t (7-1)
Notice that we cannot discuss the ideal diode in this framework. Its
v~1i relation is such that there is no representation in which either v or i

can be chosen globally as the independent variable.
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Definition 7-2 Let \/n be any class of functions: R+ R Let szn
be the set of all antisymmetric nxn real matrices. Let An be the class of all

X
functions: K + R: ", We will demote by @ an operator: \/n > A .

If u(-) € \/n’ then Q,g(.) is an antisymmetric-matrix-valued time
function A(+), i.e. for each value of t, ACt) € [Ran' Thus we write Q,g(-) =
ACe) € A to indicate that the time function A(-) is the image under Q«of the
time function u(-). And we write 0—\1( ))t £) = A(t) € szn to indicate that
the image under Q—— of the waveform g( .), when evaluated at the time t, is a

certain nxn antisymmetric matrix A(t).

Example 7-1 Let \/2 be the class of all Cl functions: R RZ. Then

one operator 61 on \é is given by

0 2L ()= (t+1)
(@:5(-)) (r) ~ ’

sty °

T
for all x(-) = (xl(-), xz(-)) € \/2 and for all t.

In the special case n = 1, the intended interpretation is that the scalar
0 e R is the only antisymmetric 1x1 matrix. And an operator carrying \/l
into Ay just assigns the zero function, 0(t) = O for all t, to each

waveform in vl .

Lemma 7-1 Let x and y be any two vectors in R™ such that (x,y? =0 and
x ¥ 0. Then there exists a matrix A € [R:xn such that y = Ax.

The proof is in part E of the Appendix.

Suppose that g(-) € \/n and Q.g(-) = {\(-). Then we let (Q,g(-))(t)g(t) =
A(t)u(t) represent the vector in R® obtained by operating on g(t), a vector in
Rn, with the nxn antisymmetric matrix (@.g(-))(t) = A(t). See example 7-2.

Theorem 7-1 Let Tl be an N-port characterized by a vhybr:l.d operator l"l’
defined on a class u of admissible input waveforms: R - Rn. Then 70 1is
nonenergic ¥ there exists an operator q_ defined on { such that the following

equation holds for every choice of <g(-),t) £ u X R such that g(t) ¥ 0:
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10 = () = (@u) yuo (7-2)

Proof (¥) Choose any waveform u(-) € WU and any time t. If it turns
out that g(t) = 0, then equation (7-2) need not hold, but (g(t),z(t) ) =0
nonetheless. If it turns out that g(t) $+ 0, then equation (7-2) does hold and
(CLQ(-))(t) is some nxn antisymmetric matrix A. Therefore

(ue, (H30)) 1y ) = G, (R ) e ) = (ao,mm ) = o,
and <B(t)’¥(t)> = 0 in this case as well.

(®) Since 71 is nonenergic, equation (7-1) must hold. It follows from lemma 7-1

that for each choice of (g(-),t) € Ql,x R such that u(t) $# 0, there exists a
matrix A € W?ng such that

1 = (Bue)

(t) = huco). (7-3)

There may be more than one such matrix, but for each choice of (g(‘),t) £ ll-x =

such that u(t) + Q we choose one and denote it é(g(°),t). This choice of A
then satisfies equation (7-3). And for each choice of (g(o),t) € 14 X E% such
that g(t) = 0 we (arbitrarily) choose some matrix Ae ﬂ%ng and denote it
Q(g(-),t) as well, even though in this case our choice of A will not satisfy
equation (7-3). This construction has yielded a map Q(g(t),?): 2/(>< R - W%ng
which satisfies equation (7-3) at each point (g(-),t) € 2{ x R such that
u(t) # 0. And this map is oir desired operator Q

Note that the construction used in the second part of the above proof makes
implicit use of the axiom of choice. Notice also that there is no claim that
gl.is unique.

Note The exact statement of theorem 7-1, that there exists an
operator é; such that X(t) =(€l 9('))(t)f(t) whenever u(t) is
nonzero, is paraphrased in theorems 3-1 and 4-1 with words to the effect that
the maps in question in those cases "can be written in the form" ((ng(-) (t)g(t).
The statements of theorems 3-1 and 4-1 take on a particularly simple form,

however, because the maps in question are memoryless and therefore Cl,is required

to be memoryless as well.
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Example 7-2 For the voltage~controlled nonenergic capacitor of example
5-1, let 1( be the class of all C1 voltage waveforms (vl(-),vz(-))T which never
pass through the origin of E?z. Then the 2-port of equation (5-7) can be

represented in terms of an operator QZ as follows:

r sl e r -

il(e) 0 oo - oo | 1.,

/2
= , ( 1 2 9 213
Vl(t)'\}z(t) - \.Il(t)vz(t) [ M (t)) + (V (t)) ]

2 213/2 0
L_[(vlm) v ()]

Theorem 7-1 can be interpreted as providing the following canonical

v2(t)| (7-4)

JL _J

iz(t)

representation for nonenergic N-ports characterized by a hybrid operator ?E¢=

(glg(°))(t)g(t), for all t such that u(t) # 0
y(t) = (93/9(-))&) - (7-5)
(i?g(°)>(t), for all t such that u(t) =0

where Eis an arbitrary operator: u -+ {the class of all functions: R + RN}.
Examples 2-1, 2-2, 4-2, 4-3, 4-4, 7-2, 7-3, 7-4, and 7-5 are all given in this
canonical form, but ?i is the zero operator in all but examples 7-3 and 7-4.
Since any expression of the form ((?.9(-))(t)g(t) is zero whenever u(t) is zero,
no explicit mention of E& was needed except in examples 7-3 and 7-4. This
canonical representation is of course not the only possible representation, as
comparison of equations (4-2) and (4-4), equations (4-3) and (4-5), or equations

(5-7) and (7-4) will demonstrate.

Example 7-3 This one is nonlinear, time-varying, anticipative, and

discontinuous.
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r r 1 1 s

0 t[e R () i7(v)

(t) , for all t such
2

- t[e-(') *il(-)](t) 0 iz(t) that 1) # ¢
1 L -
v (t) <
, 1t (e-1)
v (t) » for all t such that i(e) = 0

12(t+1)

LL..

The assumptions behind theorem 7-1 were very weak. In particular we have
not required that 71 be linear, time-invariant, lumped, causal or continuous

or that its inputs be continuous or even measurable functions of time.

B. Proof That Every Nonenergic Linear N-Port is Resistive

We assume throughout part B that 21 s the class of admissible input waveforms:
R - W% s 1s closed under addition and scalar multiplication, so that linearity
will make sense. In additionlll must satisfy any one of the following three

(mutually exclusive) conditions.

Standing Assumptions Either

i) N is arbitrary, but ll contains only the zero waveform 0(t), or

il) N=1, i.e.’rl.is a l-port, and if ul(-) is any waveform inﬁzl and t' is
is any time such that ul(t') = 0, then there exists some other waveform uz(-) £

such that u2(t') $ 0, or

iii) N > 2, i.e. 77.18 a multiport, and in addition‘ll satisfies a), b), and
c) below:

a) Let gl(') and 92(-) be any two waveforms in‘?/(and let t' be any time
such that the .vectors gl(t') and gz(t') € E%N are linearly dependent but neither
is zero. Then there is some other waveform 133(-) € u such that the vectors

gl(t') and gB(t') are linearly independent.
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b) 1If 91(~) is any waveform in ll and t' is any time such that gl(t') = 0,
then there exists some other waveform u2(-) € TJlSUCh that gz(t') + 0.

c) 1If u(-) = (ul(-),uz(-),---uN(-)j € 11, then the waveforms (ul(-),0,°°°0),
(O,uz(-),O,---O) and (0,0,---uN(-)) are also 1h‘zi.

Note that the converse of condition iii-c¢) is guaranteed by our previous
assumption that 11 is closed under addition.

The standing assumption is given in such detailed and explicit form in
order to make clear exactly what is necessary to prove theorem 7-2. It is
extremely weak, and every case of interest will satisfy it. For any fixed
value of N, for example, the following classes of functions: R -~ WQN will
all satisfy it: 1) all functions, 2) all measurable functions, 3) all piecewise
continuous functions, 4) all Ck functions, k = 0, 1, 2,¢*+ or k = », 5) all LP
functions, p =1, 2, *** or p = ©®, 6) the intersection or the span of any
two of the above. Condition i) is included for the sole purpose of allowing

the (multiport) nullator, which is linear and nonenergic, to fit our schenme.

Theorem 7-2 Suppose that 7flis a nonenergic N-port characterized by a
hybrid operator }fl and that Qi satisfies the standing assumption. If-Yl is

linear, that is, if

B (au, () + by, () = abbu () + by, (), for all u (),u,(*) e U  g-e
and all a, b € K.
then'71.is resistive, i.e. memoryless.
We are now in a position to show the necessity of the provision of
condition ii) of the standing assumption which also appears as part b) of
condition iii). The following example shows that when this condition is

violated, theorem 7-2 no longer holds.

Example 7-4 Let 77,be a l-port with input i(*), output v(:), and
admissible input class 14 consisting of all waveforms i(-) that pass through

the origin at t = 1. If‘Tl is characterized by

0 ,»t#1
o1 m v v = (Hi(-))(t) ={
i(e-1), t =1,

thenA)l is linear and nonenergic, but not memoryless.
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Proof of Theorem 7-2 U. satisfies either condition i), condition ii), or

condition iii) of the standing assumption.

Case 1) ‘21 contains only the zero waveform, 0(-).
By equation (7-5),%9(-) = %I-(Q(.) + Q(')) = qil—g(.) +Qp~l-g(.), S0 4:/9(.) =

0(+) and }# is the zero operator, which represents a memoryless N-port.
Case ii) 71 is a l-port and 21 satisfies condition ii) of the standing assumption.

It follows from theorem 7-1 that y(t) = (;Eiu(-))(t) = ((l u(’))(t)u(t) =0
for all (u(-),t) e 7} X E? such that u(t) $ 0, since (},u(-) (t) is the only
1x1 antisymmetric matrix, namely zero. It turns out that y(t) is also zero for
all values of t such u(t) = 0, and the proof is exactly parallel that to be
given for the vector-valued case in equations (7-12) and (7-13), so ﬁe won't

repeat it here. Therefore qﬁL is again the zero operator, which is memoryless.
Case iii) N > 2 and ?j satisfies condition iii) of the standing assumption.

We deal first with the case N = 2. 1In this case we can write the operator
Cl in terms of its component operators CBSj: ZJ + {the class of all functions:
R + R} as follows:

0 (alzg(')) (t)
(Qur),, = | (7-7)
§ (&129(')) w ° .

T T
See example 7-1. Let gl(-) = [ui(-),ui(')] and~92(°) = [u;(-),ué(-)] be any

two waveforms in'11, and let t be any time such that gl(t) and gz(t) are

linearly independent vectors in Eiz. Then from equations (7-5) and (7-6) we

have

(@e1) 0 ® +(Z10) (20 = [Ar r1,0)] (5 (12 O+ 0)
(7-8)
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Let the matrix S be given by

0 1

N
1]
.

-1 0

Then using equation (7-7) we can rewrite equation (7-8) as

$(Ay281)) (ey21(® + 8(Cyp9,() ()22 (®

= 8{Qy(3,0,() oy (1 D41, ). (7-9)
Since S is nonsingular, equation (7-9) implies that

(Guz210)) (21 ® + (122:09) ()2,

i} {dlZ (‘31(')*92('))}&) (gl(tm’z(t))'

Since we have assumed that gl(t) and gz(t) are linearly independent, it

follows that () u; () ¢, = {alz<91(-)+92(-))}(t) and (1,8, )
= {Czlz(gl(.)+gz(.)) )" Therefore

(a1291(')) t) - (611292(')) ()" (7-10)

Now let t' be any time such that gl(t') and gz(t') are linearly dependent,
but neither is zero. Then by condition iii-a) of the standing assumption there
exists a waveform u3(-) € 21 such that gl(t') and 93(t') are linearly independent.

It follows that gz(t') and g3(t') are also linearly independent. Therefore the

pairs (gl(.),g3(-)) and (92(-),g3(-)) are linearly independent at t = t'.
Substituting these pairs into equatibn (7-8) and repeating the reasoning
leading up to equation E;-IO) shows that ((nggl(-)git.) = <671293(.»(t')
and (alzgz(‘))(tl) = ( 121_.}3(')) (t')c Therefore ( 1291(‘))(12')

= C11292(°) (t" and equation (7-10) holds at t = t' as well. The previous

two results together show that equation (7-10) holds for every value of t
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such that gl(t) and gz(t) are both nonzero.

We can, if we like, think of the component operator a12= u > {the class
of all functions: R - R} instead as a map:{u X R}* R, i.e. alZ: (g(.),t) ¢
012(9(°),t) € R Then since equation (7-10) holds for arbitrary gl(-) and
92(°) € u and for each value of t such that gl(t) and gz(t) are both nonzero,
it follows that if we fix t, then alz(g('),t) is independent of its first
argument so long as its first argument is not a waveform which passes through the
origin at t. Referring back to theorem 7-1 and the canonical representation it

prescribes, we see that we can write the operator %L in the following form:

(
0 3RS ul(t)
, for all t such that B(t) + 9

-0, o u?(t)
(%I“_}(')) (t)=4 (7-11)

(Bg(-)) (t)’ 'for all t such that u(t) = 0,

\

for all u(-) € u We have no information about :B .as yet. The component
operators of Q are written as * 012(1;) to show that they are independent of
u(+), but could conceivably vary with t.

We need to show finally that (13'9(.))(t) is zero whenever u(t) is zero.
We will show that this follows from equation (7-5). Let gl(') be any waveform
in U that passes through the origin and let t be any time such that 131(?:) = 0.
Then by condition iii-b) of the standing assumption there exists another waveform
92(-) £ USuch that 92(?:) + 0. Then

[H(e,rra,0)] gy =[O (a¢04,0)] gy (3, By (BY) =

A, Lirrid|= Q@) ud (7-12)
~ul (£)-up (B ~uy ()
and
[93}(91(')*'92('))](%) - [yi‘l(')](?;) * [%192(')] ® °
(Bu,0) gy + Q| w®| - (7-13)
—uy (t)
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Comparing the last term in equation (7-12) with the last term in equation (7-13)
shows that (18 91(.))(2) = 0. Thus we have shown that (1@Lg(-))(e) is zero for
any choice of (u(.),t) etll x F% such that g(t) = 0. Since any. expression of

the form ((2_9(-»(t)g(t) is zero whenever u(t) is zero, equation (7-11) simplifies
to

0 & [ i
y(t) = (?441('))(t) = 12 , for all u(*) € 1L( (7-14)

-ézlz(t) 0 uz(t) and for all t.

But equation (7-14) represents a memoryless system. This proves the theorem
when N=2,

We can reduce the case N > 3 to the case N=2. Linearity of 71_and condition
iii-c) of the standing assumption allow us to break up ff* into its component
operators ti representing signal transfer from port k to port j. And we can
then represent the response y(-) to any input u(-) ¢ U in terms of the responses
of the operators’§>§k to the component waveforms uk(-) of u(-).

Let j € {1,2,-++N} be arbitrary and let u(-) be any waveform in lju The

decomposition goes as follows:

P = (B} - [, ]}
(HW,0,-4,00 + @uF(d,e0,0) 400t 0,0, ")) -
{%L (u1(°)’0"“90)}j + {%L(O’uz(')”"’o)}j Foeot {3.#'(0:09"':111‘](')}:.' =

ZHJ.lul(-) + 3Pljzuz(-) Foe ot Q%NuN(-). (7-15)

Equation (7-15) can be viewed as a rigorous definition of the component operators
aijk' We next show that the theorem holds for each component operator separately.
Let ?H%k be any component operator. If j=k then we investigate t%éj by d?iving
port j alone, i.e. by considering only inputs of the form u(:) = 0,---,uq('),'°',0}
Then we have effectively a l-port, and we have already shown that the hybrid
operator of a nonenergic linear l-port must be the zero operator. If jik then

we 1nvestigate‘aqgk by driving only ports j and k, i.e. by considering only

inputs of the form u(-) = (0,-'-,uj(-),---,uk(-),'-°0). The proof given for

the case N=2 shows that
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39)5:] ij uj(.)-—l 0 Oijk(t)T u (v)

HoOH || o w0 ] W

for all u(-) = (0,"’,uq(-),-'-,uk(-),°-0) € ‘21 and for all t. Therefore the

operator 3>§k does nothing more than multiply uk(t) by (]gk(t)’ a memoryless
operation. Since j, k and N > 3 were arbitrary, and since the input-output
behavior of 71 is completely characterized by the set of operators {‘%ék} as
shown in equation (7-15), this completes the proof. .

Perhaps the proof of theorem 7-2 is so long because the assumptions were
so weak.ly], was not required to be time-invariant, lumped or causal and its
inputs were not required to be continuous or even measurable functions of time.

Statement iii) of theorem 2-1 claims that a nonenergic linear N-port is
not only resistive, but antireciprocal as well. The following example shows

that the second part of this claim is true only in the time-invariant case.

Example 7-5 Let’yz be the linear, time-varying nonenergic 2-port for which
equation (7-14) takes on the following form:

vi(e) 0 sin t] [ 1l(e)

vz(t) - sin t 0 iz(t) .

Let i'(+) and i"(-) be two input waveforms given by

e-tu(t) 0
i'(t) = s 1"(t) = ,» for all t,
0 1

where u(t) equals 0 for t < 0 and 1 otherwise. Then the corresponding output
waveforms v'(:) and v"(-) are given by

0 sin t
v'(t) = » Vv''(t) = , for all t.

~

—e“t sin t u(t) 0
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Then
[y ()%i"C) 1y

I <y'(r),i."(t-—r)>d‘t = - I e ' sin T u(t)dr =

(o]

-f e—T sin tdrt
0

and

-]

== %, for all t,
0

e ' (sin T + cos 1)

]
N

©o

[¥"()%2" ()] = f
-t T

-t t T 1
e LsinTe dT=§e e (sin T - cos 1)

<y"(‘r),§'(t-'r)>d'r =f sin T e-(t—r)u(t-'r)d'r =

=t 1
=3 (sin t - cos t), for all t.

T=—m

Comparison with definition 2-2 shows that 74 is not antireciprocal.

C. Properties of Resistive, Capacitive and Inductive N-Ports as N-Dimensional
. 2N
Manifolds in [R .

Definition 7-3 (Adapted from [Spivak], p. 111.) A subset M of [H)n is

an f-dimensional CK manifold in an iff for each point p € M there exist

an open set U in [Rn with p € U, an open set V C [RR', and a 1-1 CK function
£f:V~> K™ such that :

1) £ =MNU,
2) (Qf) (x) has rank g for each x ¢ V,

-1

3) £ : £(V) - V is continuous.

Such a function f is called a coordinate system around p.

Assumptions and Definitions. In part C we will deal explicitly with

resistive and capacitive N~ports only. Properties of inductive N-ports
can be obtained from those of capacitive N-ports by substituting ¢ for q
and i for v. We call the set of d.c. admissible pairs, (v,i) or (v,q),

of -VZ the graph of 7/2 We assume throughout that the graph of 7/& does form

a manifold in RZN. This is not very restrictive. It amounts to assuming
that the graph of 71 is smooth enough, has no self-intersections (like a
figure 8), and never folds back infinitely close to itself (like a figure 6

made by bending an open interval back on itself). We say that an N-port
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7Q.is regular [Chua and Lam] if its graph is an N-dimensional manifold in
WQZN, i.e. 1f Y1 has "N degrees of freedom," and that'7q is CK if its graph
is a CK manifold in G?ZN.

In order to model the graph of 7? as a manifold in EKZN we will have
to keep track of the types of the 2N quantities involved (voltages, charges,
etc.) and of the port number with which each quantity is associated. For
a resistive N-port we will label the coordinates of W?ZN as
[vl,...,vN,il,...iN]T and for a capacitive N-port the coordinates will be
ordered as [v ”"’vﬁ’ql”"’qN]T° This ordering then provides a
natural way of breaking up any coordinate system £ : U »> W?ZN into two

functions fl and f U - W?N. In the resistive case, fl : x+= v and

-2
£, : x> 1. 1In the capacitive case, fl : X+ v and f2 P xeq.

Lemma 7-2. Suppose 7? is a regular C1 resistive N-port. Then‘7z is
nonenergic ¢ for every local coordinate system f = (fl,fz), <§1(3),§2(g)>
= 0 at each point x in the domain of f£. And 7 is reciprocal ® for every
local coordinate system f = (£1-£,) [§(§2(§))]T [Q(f1(§))] is symmetric
at each point x in the domain of f.

The first proof is immediate; the second is a direct application of
equation (4-8). 1In the current-controlled case (that is, when there
exists an £ = (gl,gz) such that §2 is the identity and the range of f is
the graph of‘72), then the reciprocity condition above reduces to the
familiar requirement that the incremental resistance matrix R(i) be

symmetric at each point i.

Lemma 7-3. Suppose—7izis a regular C1 capacitive N-port. Then 7{ is
nonenergic ® for every local coordinate system £, [g(g2(§))]T £, =10
at each point x in the domain of f. And is reciprocal < for every local
coordinate system f, the matrix [J(gz(g)) T [g<fl(¥))] is symmetric at each
point x in the domain of f.

The first proof is immediate; the second is a direct application of

equation (5-1).

Theorem 7-3. Suppose leis a regular C2 capacitive N-port. If 7Q-is

nonenergic, then 72 is reciprocal.
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Proof Let p be any point in the graph of /1 and 1let f = (gl,fz)
be any coordinate system around p. Since‘71 is nonenergic,
T pl
[g(fz(g))] gl(g) = 0 at each x in the domain of f. Taking the Jacobian

of both sides of this equation yields

2 k

N o f
T k 2 B NN
[(e@)]" [(n@)] + 2 Gwamm; @ -0 RY (7-16)
k=1 i’j]
where fE denotes the k-th component function of gl and fg denotes the

k-th component function of £2' Since at each point x in the domain of

§ the second term on the left hand side of equation (7-16) is a symmetric
NxN matrix, it follows that the first term on the left hand side must be
symmetric as well. Then by Lemma 7-3,’71 is reciprocal.
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Appendix

A. Renumbering the Ports of 71 Preserves the Antisymmetry of H

Lemma A-~1 Let‘yz be a linear, time-invariant resistive N-~port characterized
by y = H u, where He WQNXN is antisymmetric and u and y form a hybrid pair
(definition 2-1). Suppose uj = ij for some j ¢ {1,2,***N}, i.e. u ¢ v. Then
there exists a renumbering of the ports of’rl such that, in the new numbering

system, § = {ils"'ik’vk+ls"°VN}s Yy = {Vl, ’...iN}’ 1 <k <N, and

e > Yk Mkl
y = H u, where H is antisymmetric.

Proof Order the entries of u which are currents as follows: u, = i
=1, , e, u =i, 3 j. <] *** < j,» 1 <k <N, Order the remain%ng
i, Jk 1 2 < k
en%rles of u, Whlcg are voltages, as follows: u. = v, > U, = v, "

Sle1 dier’ k2 2
J ’Jk+1 Jk+2 < see < JN Now renumber the ports of “7 so that
N

port # j becomes port # m, for allm ¢ {1,2,--*N}. Since um = uj and ym =y, ,

V.

it follows that Q, the matrix for change of coordinates, given by
N N
= 5= - . ( )
u E 90, and Y E oYy, has its m-th row given by eJ Since (e, , €,

6£m’ it follows that Q is orthogonal. Therefore H = QHQ -1 QHQ , and H = (QQQT)

Q@TQT = Q(—Q)QT = - @, so ﬁ is antisymmetric.

. . 4T T
Example. Let u = (v1,12,v3,14) sy = (1 ,v2,13,v4) , and

— -

0 a b c
H=1]-a 0 d e

-b -d 0 f
-c -e -f 0

s ~—

Then jl = 2, j2 = 4a'j3 =1, j4 = 3,

r-0 1 0 0j
Q= o o0 1
0 0 0
L 0 1 0
and
~— -
0 e -a d
fi=quQt = [-e 0 - -f
ol S -50-
a ¢ 0 b >
-d f -b 0
-~

2=1 2=1 m JJL I ¢
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B. Reciprocity. Proofs of Theorems 4-3, 4-4, 4-6, 5-1, 5-2, and 5-5

Proof of Theorem 4-3 (®) Let (v,i) be any operating point of the resistive
N-port 71 » and let (6v 61') and (Gv" (Si") be d.c. small signal variations
admissible to the 11near approximation to n about (v,i). Let (Gv (t), 61'(!:))
equal (év', 61 ) for 0 < t < 1 and be zero otherwise. Similarly, let (Gv"(t) Gi"(t))
equal (6'\\7'" Gi") for 0 < t < 1 and be zero otherwise. Since n is reciprocal
(by definition 4-2),

<6,¥I"6r%") = J: <6’8'(t),(§€_"(l-t)>d'[‘= [Gx'(‘)*a%"(')](t=l) =

[ag"(-)*@\;'(-)] (t=1) = (sv",8i" ). (B-1)

[AVEREEAV)

(®) Let (v,i) be any operating point. Let (.6\"1'0),&\1"(-)) and (d\y"(-),k"(-))
be any two almost everywhere continuous small signal variations about (Y,}) such
that the convolutions in equation (4-6) are finite for all values of t. Then

using equation (4-8) and the definition of the Riemann integral we have

[‘5\‘5'(-)*5@;"(-)]“) = J:: <6‘Y'(T),G’%"(t—1)>dT=ij:l Jj: <<§.},I'(T),6‘i,"(t—r) > dt =
1_?: lim %Eé:l <5¥.(_L + ZL_(kI-I_l_/zl) 51" (t +1 - 2L(k; 1/2) )>=

lim lim %i<6"\’,"<t + L~ M), Q{L,'(—L + _Z_Iik"_l_/l)_»
k=1

Lo poeo n n
[:(ag"(t-r),ag'(r)>dr - [a\y"b)*&é'(-)](t)- (8-2)

The proof for antireciprocity is similar.

Proof of Theorem 4-4

1y = 11) 8Vj ] 82<I> } 82¢ ) avk
Bik alkaij aljaik' aij
ii) = iii) At any operating point i we have G,g' = J f(i) ]ng. and
sy" = [J(f(i))]de". Then (§y',64" ) = & T[ (f(i) qy' = " f(i) =

(Gv", i' ), which proves n is reciprocal as in theorem 4-3,
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iid) = ii) (§y',8i" ) - ("8’ =0= ag'T [g(g(g))JT - [J(ﬁ(i))]}&&".

Since §i' and {i" are arbitrary, the term in brackets must be zero.

ii) = i) if U is simply connected. This is a standard theorem of analysis

[Protter and Morrey].

Proof of Theorem 4-6

i) = ii) Adopting the notation g(g*) = f(g(g*)) = Y@(g*), we have by the chain
rule
3(ewh) - [3(swem)] - [3(eeh)]; 8-

@) - [2(8)] - [1(ee™)] oL (B-4)

Write the Jacobian of g(i.e. the Hessian of ¢) at any point g* as

or

]é s (B'S)

where -A € Wakxk and C € WQ(N-k)x(N-k)are symmetric since the Jacobian of g

is. The Jacobian of g(g*) (defined in part E of section IV) at any point g*
is given by
1
\ -1 : (B-6)
J(u(u )) = . i =
ol el b 0 { 1(N k)

~ ~

Combining equations (B-4) through (B-6) yields the resulf.
ii) = i), if U is simply connected. It follows from equations (B-4) through
(B-6) that the Jacobian of g is symmetric. The remainder is a standard

theorem of analysis [Protter and Morrey].

iii) = ii) About any operating point u we have gy = [g(f(g)X]Gg, or

e

N1

ﬁyII

'

]

i

|

|
—-——r—-——
=]

where 1} € [kak, etc.
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QRu'sai" ? = (aup.adf ) + SRy &) =

| (8-7)
@™ AT @ + Gy BTEED + Gyp T e + Gygp” DYy

CRy"s8g' ) = (o) + oyt )

™ AT @gp " B e + T e + g pGygp

(B-8)

Since 6‘1,]':, ‘S\j;'I” 6\Y]'LI’ and 6\\;21 are independent, it follows from equation (4-6)
and a term by term comparison of equations (B-7) and (B-8) that

A=4',c=-B, D=D. (8-9)

ii) = iii) This follows immediately upon substituting equation (B-9) into
equations (B-7) and (B-8).

Proof of Theorem 5-1 (®) In definition 4-2, let (v,q) be an operating
point and let (§y'(-),8i'(*)) and (6\\;"(-),6&'"(-) be small signal varia!éions
about the operating point such that ||<$\y'(t)||, "(S\y"(t)“, “dg'(t) =1 L Q'(T)d@“,

t
and ||6g"(t) =1 j‘ tS\i,."(T)d\‘,t" are small for all t. For any two such small-
signal variations, reciprocity implies that j' <6\\,r'('r),d$"(t—'r)>dt =

I <6\‘,’"(T),5é'(t"l')>d‘r. Therefore

Jm <§\y'(r),§\§1"(t—r)>dr = ft ) <6,Q,r'('r),6%"(t'-'r)> dtdt' =

-00

t o
L J: <%r"(r),<§3'(t'—r)>drdt' = L <6,\\;"(T),6,3'(t-t)> dr, (B-10)

for any choice of t.

Now let (8y',4g') and (§y",4g") be any two d.c. small-signal variations
about the operating point. Let the waveform (dg'(t),dg'(t)) equal (63',63') for
0 < t <1 and be zero otherwise. Similarly, let (dg"(t),dg"(t)) equal (Gg",éa")
for 0 < t < 1 and be zero otherwise. Since these waveforms are discontinuous
and we shall require Cl waveforms, let {(Qy&(t),&aﬂ(t)) be a sequence of C1
waveforms converging in the Ll sense to (&g'(t),d&'(t» and let {(dg;(t),dgﬁ(t))}

be a sequence of Cl waveforms converging in the L™ sense to (§y"(t),&i"(t)).
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Then ( &y',8g" ) = I (8" (v, ég"(l-'r)>d'r = Lin J. (g0, 4gp1-1) ) dr =
l:Lm j‘ d\\;"('r) ¢3k(1-‘l') ddt = r <($\I"(T) &g’ (1-‘1’)>d‘l’ (&y", ég’ ), where

the third equality follows from equation (B-10).

() Equation (5-1) implies that
L <§Q,7'(T),§3"(t"f) > dt = Jd <6\\;"(T),dq'(t-r) >dT, (B-11)

as can be shown by writing each integral as the limit of a sum as in equation
(B-2). 1In order that definition 4-2 make sense, we require that dg'(-) and
ﬁg“(~) be differentiable. The proof then follows by differentiating equation
(B-11) with respect to t. l

Theorems 5-2 and 5-5 The proof of theorem 4-4, though given for the

current-controlled case, remain practically the same if the roles of v and i
are interchanged. After this interchange a further substitution of q for i,
justified by theorem 5-1, provides a proof of theorem 5-2. Effecting this

same substitution of q for } in the proof of theorem 4-6 provides a proof of

theorem 5-5.

C. Proof of Lemma 7-1

If n
I1f y

]

1, theny = 0, A = 0, and we are done.

|

9, let Q be the zero matrix and we are done, If y # 0, then x and y
are nonzero orthogonal vectors and therefore linearly independent. Since any
orthonormal set of vectors can be extended to an orthonormal basis, we can form
an ordered orthonormal basis for R™ of the following sort {x/"x",y/"y“, q,,'°°,gn}.
With respect to this basis we have that X = ("g",0,~°-0) and y = (0,"2",0,"’0)T.
And in this new basis the following antisymmetric matrix carries X into y:

— -

0 - lyll /0l 0

~

>

1O
1O
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Let Ej represent the j-th vector in the standard ordered basis of ﬂgn,
1<j<n. To find Q,the representation of the matrix R in the standard basis,

we willrpeed the matrix g whose element Pki is defined implicitly by

g1 7 Z; Prik> T 7 oliia
k=1 T T
£1 1

T
2 H (c-1)
(n) 2 T 2 T
} = L) = P . = ? A

ET GT
~N ~n

. - - J

where o = §/"§" and o, = X/"Z" and equation (C-1) defines A. Since {gl,°",an}

forms a basis, A is nonsingular; and since the rows of A and orthonormal, A is

an orthogonal matrix (definition 2-4). Therefore PT = A-1 = A:, so P = A,
_l ~ ~ ~'\T - T ~" N
Furthermore A = P © A p is antisymmetric, since QT = gT AP o QT(—Q)E =

2 tip=-

-~ ~

Figure Captions

1. Canonical synthesis of linear reciprocal nonenergic N-port from ideal
transformers.
2. Figure 2. See example 3-1.

3. Figure 3. See example 3-2.

4, The 2-port network of figure 3 drawn as the parallel connection of a

resistive 2-port Fl and a capacitive 2-port C . With the element
constitutive relations indicated, £2 and c are individually nonenergic
(see equations (3-5) and (3-6)). Therefore the combined network is

nonenergic as well,
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