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Abstract

For a one-parameter process of the form

t t
Xt = XO +-S ¢deS + S wsds-

0 0
whereWis a Wiener process and.[¢dw is a stochastic integral, a twice
continuously differentiable function f(Xt) is agaiﬁ expressible as
the sum of a stochastic integral and an ordinary integral via the
Ito differentiation formula. In this paper we present a generalization
for the stochastic integrals associated with two-parameter Wienerv
process. |

Let {W_,z € Ri} be a Wiener process with a two-dimensional

parameter. Erstwhile, we have defined stochastic integrals |¢dW and
j@deW, as well as mixed integrals jhdzdw and Jédez. Now, let Xz be
a two;parameter process defined by the sum of these four integrals and
an ordinary Lebesgue integral. The objective of this paper is to
represent a suitably differentiable function f(xz) as such a sum once

again. In the process we will derive the (basically one-dimensional)

2

differentiation formulas of f(Xz) on increasing paths in Rt'
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1. Introduction.

Let Rf_ denote the positive quadrant of the plane. For two points
2
a= (al,az), b = (bl’bZ) in R+ we denote a L b if a; < bl at%d a, < b2.
A family of o-fields {JZ, z € Ri } is said to be increasing if a< b =
R 2, .
‘}a C '}b' A two-parameter stochastic process {Xz, ‘}z’ z € R+} is said

to be a martingale if

(1.1 E(x'blja) = Xa almost surely whenever b 7 a.

One of the simplest examples of 2-parameter martingales is the
Wiener process. We say {Wz, z € R_lz_} is a Wiener process if it is Gaussian,

zero-mean, with

_ 2
(1.2) ‘ Ewawb = min(al,bl) min(az,bz) ¥a, b € R+

Consider any increasing family of o-fields {?z, z € Ri} such that, (1)
W is .}’-measurable for every z, and (2) for b> a AW =W, - W -
z z b (81’b2)

W + W is J-independent. It is easy to verify that
(bl’aZ) a a
2
{Wz, Jz’ z € R+} is a martingale.
In view of the close connection between martingales and stochastic

integrals in the one-parameter case, the possibility of defining stochastic

integrals of the form



1. =
(1.3) ZZ J;{z¢§ dwC

as martingales suggests itself readily. This was done by Wong [.3],
and by Cairoli [ 1] who used it to study a class of stochastic differential
equations. Wong and Zakai [ 4] noted that stochastic integrals of the
form (3) were clearly incomplete for any reasonable calculus. In particular,
unlike the one~parameter case, not every martingale defined on the sample
space of a Wiener process can be represented in the form of (3). For
such representatiéns a -second stochastic integral is needed and was intro-
duced in [ 4]. In the process, a differentiation formula was derived
for those transformations f(Wz,'z) which are themselves martingales. While
this formula has already found some applications [ 5], it is inadequate
for a general calculus.

The natural question is the following: Let Xz be defined as thg sum
of a Lebesgﬁe integral and stochastic integrals of the first and second
types, i.e.,

(1.4) x'=f edc+J~ ¢_dw +f. v, dWw._dw_,
2 e B o Je B g, BEORE

Let f(x,2z) be a suitably differentiable function. ‘Can f(Xz,z) again be
~expressed as a sum of three integrals as in (4)? The answer, interestingly,
is nd. For a complete generalization of the Ito lemma, we need the mixed
area integrals introduced in [ 6]. The purpose of this paper is to

derive the general differentiation formula and some related results.



2. Notations and Preliminaries.

Let a = (al, az) and b = (bl, b2) be two points in the positive

) 2
quadrant R+. We denote a< b if a; < bl and a, _<_‘b2, al=< b if a, < bl

and a, <b2, aAb if alib1 and a2_>_b2, a#b if a; <bl and a, > b2.

Furthermore, we shall adopt the notations:
a®b = (a;,b,)

aAb

(min(al,bl), min(az,bz))

a Vb = (max(aj,b;), max(a,,b,))

Note that if a Ab then a®@b =aA b, if bA a then a®b = a V b.
Note also that a®b ®c = a ® c. |

For a fixed point a € R2, Ra will denote the rectangle {z: z € Ri,
z A a}. Let (@, ;,P) be a probability space, and let { Szz, z € Ra} .

be a family of o-subfields such that:

F|) z4z' implies ';z C ]z'

F2) JO contains all null sets of F (O denotes the origin)
F.) For every z, ; = N F,
3 Z gty g 2
1 2 = F
F4) For each z, —;z = 32®a and Jz a@z are

conditionally independent given jz.

The first three conditions are natural ones, and the fourth one was

introduced in [ 2].



Definition: A stochastic process {Mz, z € Ra} is a martingale if:
(1) for each z Mz is \‘fz—measurable, (2) for each =z EIMZI <o, (3) z <2z
implies E(Mz,l -¥z) = Mz almost surely.

Let z' >>z. Then (z, z'] will denote the rectangle {{: ¢ ‘> z and

t
t< 2"}, If {Xz, z € Ra} is a stochastic process then we will denote

! = - — .
X(Z, V4 ] XZ' Xz®z, ZZ'®Z + XZ

Several martingale related concepts were defined by Cairoli and Walsh [2]
in terms of X(z, z']. These were slightly modified in [6]. In the
following definitions X = {Xz, z € Ra} is assumed to be }z-—adapted and

integrable for each z, and the defining condition is to hold for all

z LS 2"

Definitions: (a) X is a weak martingale if E[X(z, 2'] | }z] =0

(b) X is a strong martingale if it vanishes at the axis and

E[X(z, 2'] I]i’ \/}:] = 0.

(c) X is an i-martingale (i = 1, 2) if E[X(z, z'] | ; i’] =0

and Xz ®0 (X0®z) is a one-parameter

martingale for 1 = 1 (1 = 2).

With these definitions, a strong martingale is also a martingale, .a
process is a martingale if and only if it is both a l-martingale and a

2-martingale (see [2]), and either a l-martingale or a 2-martingale is

also a weak martingale.



3. Stochastic Integrals.

Let M be a continuous square integrable strong martingale. Then,

four types of stochastic integrals have been defined: ([ 6])

dM_ dg'
ﬁ’c,c' 4

In this paper we shall consider only the special case whereM = W is
a two-parameter Wiener process, which can be defined as a continuous strong
martingale such that Xz = wi - Area (Rz) is a martingale. Next, we shall

summarize the principal properties of stochastic integrals with respect

to W.

Let'{wz, \};, z € Ra} be a Wiener process. Let {¢z, z € R;} be a

process such that:

(3.1) (a) ¢ 1s bimeasurable function of (w,z).

of ..
R, E¢€ dg <

" and for each z

either (co) ¢z is ~}z-measurable

1
or (cl) ¢z is j}z-measurable



or (cz) ¢z is }i—measurable

Let )-fi denote the space of ¢ satisfying (a), (b) and (ci). For ¢ € )f,

i=0, 1, 2, the stochastic integral i[¢c dWC is well-defined. If we

define a

. ° = f = f (<
3.2 4 oW, J 0, AW, y I ¢, ¢ M, z€R
Z

a

then the process ¢ o W is a strong martingale if ¢ € ?f;, a l-martingale

if ¢ € )'r and a 2-martingale if ¢ € . Furthermore, define
1 2

(3.3) X, = (4 oW, (hoW, - 1[ b, ¥, dt
Z

Then X is a martingale if ¢, y € }ﬁ)’ a l-martingale if ¢, ¥ € 3{,
and a 2-martingale if ¢, § € 'a'g In all cases continuous versions can

be chosen.

Proposition 3.1. Let {Xz, z € Ra} be a process defined by

= +f
xz x0 J f(z, z) dwg
A

where XO is Erfo-measurable and f satisfies the conditions

(3.4) (a) £(z,7) 0 unless 7 £ 2z

(b) £(z,%) f(z ®z,0)
((b") £(z, ) = £(z ® z,2))
(c) For each z € Ra’ f(z, *) € }Fl

(e £z, ) € AH)

-6-



Then, Xz is a l-martingale (respectively, a 2-martingale).

proof: Consider the first case. Let z'» z. Then

1 '
E(X_, | F ») =IR £(z',0)dW_ + Xy
z2®z'

=IR f(c®z',c)dwc + 2,

A Therefore,
E{X(z,z']] }i} =KX, - X g X0, * le\'}i}
= - EHXg, - lei}i}
c T {xz®z'®z - leai}
= 0
The proof is identical for the 2-martingale case. R

Remark: Except for notational differences and an explicit display of
the dependence of the integrand on limit of integration, proposition
3.1 is a restatement of proposition 2.3 of Cairoli and Walsh [2].

Next, consider functions y(w,Z,z'), ¢, z' € R_> such that

(3.5) (a) ¢ is a measurable process and for each (z, ') wc !



is 3‘:; vc,-measurable.

(b) By

dzdg' < =
R XR z,t'
a a

(¢) ¥__, =0 unless z AZ'
"Csl

Consider a function satisfying (3.5) and of the form

(3.6) ¥

.z vV forz€ Aand ' €B
2

0 otherwise

where A and B are rectangles. We define

[ e @ @ s v V@ i@
a a

j " ‘pc r! dg dW;- = 3 Area(A) W(B)
R x ?
a a

Y. v dW_dz' = ¢ W(A) Area(B)
R XR C); z;
a a
For ¢ which is a sum of such functions, the integrals are defined by
linearity. For a general y satisfying (3.5) the integrals are defined by
approximations and passage to quadratic-mean limit. Finally, for ¢
satisfying conditions (a) and (b) of (3.5) but not (c) we define the

CY
where I(ZAZ') = 1 or O according as ¢ A ;' or not. We shall denote

integrals as being the same as those with wC replaced by I(t;.z(.;')tpc’c
?

by M the space of functions satisfying (3.5) (a) and (b).



Proposition 3.2. Let y € Y and define

(3.7) X =f ¥ dW_dw
) z sz Rz C’C' C C'

Y = J' 1} dedw ,
1z Jp xr 5% z
4 2z

Y =I P dw_dg,
22z Jo g Gt E
Z 2

Then, X, Yl’ Y2 are respectively a martingale, a l-martingale, and a
2-martingale for which almost surely sample continuous versions can be
chosen. Furthermore, let

(3'8) fl(z’ Q') =I

R
z

1
I(z ¢ )lpc’cv dwC

= '
£,(z,7) IR L(EAL )Y, 0 AW,

4

' =
g,(z, ¢") IR L&), v dT

Z

8,(z, T) =I L(zAL")y, o 4z’

R
z

Then,

(3.9) | X =L fl(z,C,) dwcl



(3.10) Y, =L g, (z, g")awW, ,

“J' £,(z, g)dg
R 2

(3.11) Y, =) g,(z, W

g')dg

]
Hh
=
~
N
A J

Proof: Let }f denote the space of all functions ¢ which are sums
of functions satisfying both (3.5) and (3.6). The conclusions of the

propositions are obvious for ¢ € Bf . For Y satisfying }f let {wn}

~

be a sequence in 2% such that

ly -ul2=\ g - 2 4rde' —s 0
q)n lp La (wn, C’;' "pc’cl) C § n%

and define fin and 8in by using wn in (3.8). Then

: 2 2
fRz BLEy, (206201 " do <y - yl1? —0

and

‘ 2 ' 2 '
J.R E[g; (2,0)-g,(2,5)]" dg < Area(R ) ll.pn -yl ;:o .
z

dW _dW_, , then

Hence, if we denote Xhz = J. wnc,C' e

R xR
z Z

2 2 2
E[X - I £.(z,2")dW_,]° < 2 E(X_ - X )+ 20y - ypl® — 0
z R, 1 gt - z nz n n

-10-



Similarly,

2 2 2
E[Y,, - J. £,(2,80d2)" < 2 B(Y;, - Y, )" + 2 Area(R )y - ¢

Rz
—>0

n-reo
These two cases are prototypical of all the others.
The martipgale-properties can be proved using approximations, buf they
also follow directly from the iterated integrals by using proposition 3.1.
Continuity is proved by showing that a subsequence of {¢n} can be so chosen
that the resulting approximations of X and Yi converge uniformly almost

surely. H

Remark: Proposition 3.2 might be viewed as stochastic Fubini's theorems.
As in thé one-dimensional parameter case, we would like to extend
the stochastic integrals to integrands which are square-integrable almost
surely. This can be done and will be given in a forthcoming paper, but
we have no proof that the resulting processes defined by the four types
of stochastic integrals are then sample continuous. For the derivation
of the differentiation formulas, we shall extend the stochastic integrals

as follows: Instead of conditions (3.1b) and (3.5b), assume
J

(3.1b"') sup |¢ | <« almost sdrely
r€ER_©
a
(3.5b") sup [v ] <= almost surely

C, g' e Ra C’ C

For stochastic integrals of the first type, choose an increasing

sequence Kn such that
@ (suplo_|>K ) < 1/n?
¢ &7

-11-



and

ng 4
Kn if ¢C > Kn
-Kn if ¢C < -Kn
2
Note that J. E¢ _ dg < = and
R ¢
a

P sup sup)| ) dw —I ¢ dw | > 0)

< (P(supltbncl >K) < 1/n®
T

Therefore, Borel-Cantilli lemma implies that the sequence

o dw
fR ng ¢
Z

converges uniformly with probability 1. We now define é ¢;dc as the
1imit, which being the uniform limit of sample-continuouszprocess is
itself sample continuous. |

Stochastic integrals of the second type and mixed integrals can
be defined under condition (3.5b') in a similar way; énd the resulting
processes are again sample continuous. In all these cases martingales
properties must be replaced by the corresponding "local' martingale

properties in a way similar to the one-dimensional parameter case.

4. Formulas on Partial Differentiation

In [ 6 ] we have shown that under suitable differentiability

-12-



conditions, every weak martingale can be represented as the sum of

stochastic integrals of the four types. If we call processes of the

form XZ = (weak martingale) +.[ ucdc weak semi-martingales, then our

R
z

principal result (section 5) will be a representation of sufficiently
smooth functions F(Xz) as weak semi-martingales once again, via a

differentiation formula.

Suppose that {Xz, z € Ra} is a process of the form

(4.1) X, = X_ +f £(z, %) dW, +J[; u(z,z) dg

Rz 2

where f satisfies the conditions of proposition of 3.1 to make the stochastic

integral J. f(z,;)dwc a l-martingale and u satisfies u(z, Z) = u(z®z,7).
Rz
Let z = (s,t) and £ = (6,7). Then ®z = (¢,t) and by setting

£((o,t),(0,7)) = £(t;0,7) and u((©,t),(©,1)) = u(t;o,t), we can

reexpress Xz as

(4.2) X =X + f(t,z)aw_ + a(t,z) dg
s 0 R ¢ Jy
s, t s, t

X8 N 18 a one-parameter semimartingale in s for each t. Rewriting it
’

as

S t
(4.3) x =% +M +[ [ ace,0,1) dr] do
s, t 0 s 0 0

we get the one-parameter formula

S . t t - ]
(4.4) F(X, ) = F(X) +f0 F'(X, Dl + fo i(t,0,7) dr] do}

l s " t t
+2f0 PO ) d O, wE)

-13-



for any twice continously differentiable F. Equation (4.4) can be rewritten

as
) s Lt .
FX, ) = F(X) +f0f0 P (X, ) E(es0,T) i
+ u(t;0,1) dodr}
1 S ¢ ] ~2 .
+Efofo ¥y e) £(Es0,m) dode
or
(4.5) F(Xz) = F(XO) + f Fl(x;®z){f(c®x,c)dwc + u(z®z,0)dc}

R
z

1 y 2
+ E-j; F (ch)z)f (z®z,g)de

A

1‘"(XCC,DZ){f(z,C)éH‘JC + u(z,z)dz}

z

n +
0 R

1

. 2
+3 f F'(X, @) (2D

R
z

Proposition 4.1l. Let xkz, z € Ra’ k=1, 2, ***, n, be processes defined
by
(4.6) sz = xko + fR fk(z’C)dwz; +f uk(z,z;)dc.

R
z Z

Suppose that for each k f satisfies the conditions of proposition 3.1 to
make the stochastic integral a l-martingale and uk(z,c) = uk(CGDz,C).
Let X = (Xl, Xz, N Xn) and F(X) be a function with continuous partials

up to the second order. Then,

-14-



(4.7) F(X,) = F(X)) +;ka(X§®z)[fk(z,;)dwC +u (2,0)dg]
R

4

1 § .
"z k, & I Fro K@) fi (2500 (2, 0)dL
’ R )

z

where Fk and sz denote partial derivatives. Alternatively, if fk

satisfy the conditions of proposition 3.1 to make the stochastic integral

a 2-martingale and uk(z,;) = uk(z()c,;) then

(4.7") F(X) = F(XO) +4§ IRFk(xz ®;)[fk(z,C)dWc + u (2,5)dc]
4

1 .
’ z

An important special case of a process X which is of the form (4.6)
is given by

(4.8) ‘ x=j. 9 d;+I ¢ _dw +I v, dW_dw_,
z ¢ R 5 & R xR & T %

+ J‘ g dgdw +f h, _,dW dg'
R xR 5ot [ e 71 S -
zZ z z 2z

which can be written in the form of (4.6) in two ways, with either

= ' '
£(z,C) ¢; +_L I(c' A1) [‘pC'CdWC' + gct’cdg ]
Z

(4.9)

aw_,

= +j‘ U
u(z,t) ec I(g' 4 ”)ht;',z; .

R
z

=15~



or

£(2,0) = ¢, +f Iz A gD, @, +hy de']
R ’ s

2

(4.10)

u(z,8) = 6, +IR Iz azh) _gc,c'dwc'
z
It is easy to verify that in the first case because of the term I(z' 41 T),
f(z, ) = £(c®z,z) and u(z,z) = u(g®z,z) and for the second case.
f(z,z) = £(z®t,z) and u(z,z) = u(z®z,z). (See illustration.) |
We note that for a fixed g, £(z,r) and u(z,g) as given by (4.9)

and (4.10) are 1 and 2 semi-martingales, and differentiation rules apply

once again.

S. The Tto Lemma for Stochastic Integrals in the Plane.

Let Zkz’ z € Ra’ k =1,2,...,m, be processes defined by

. = + + + dw_d
(5.1) Xz Zko IR ekgdc IR ¢deWC J-R " ‘llk,,;,; ' L Wz;v
V4 4 z 2

+f f vdzdw , +I g ydw_dz!
R XR k)C’C C R XR k’;’c C
z2 2 z b4

If we set

(5.2) W (2,8") = b +IR IEAT Wy oo dH, +IR TRALDE £ 09

k4 z

and

"y — '
(5.3) v (2,8") = 0y, +fR Iz gy 1,
¥4

-16-



then (5.1) can be rewritten as

(5.4) X, %ot IR “k(z’;')dw;' +IR vk(z,c')dc'
2

Z

which is of the same form as (4.6), and v and Vi satisfy the conditions-

for (4.7). Therefore, we have

(5.5) F(XZ) = F(Zo) + 2; .[; Fk(xc'C)z)[uk(z’C')dwg' + vk(z,c')dg']

j' ka'(z;v@z) uk(zsc')uz(zﬂ;') dC'

.
k,2 "R
4

Now, (5.1) can also be reexpressed as

(5-6) X, = %o +f

. [ﬁk(z,c)dwc + v, (2,2)dz]
Z

given by

with ﬁk and Gk

(5.7 u,(z,z) = +I Ac! '
U (2:2) = ¢y . Dy i + g o adE

z

. v, (z,L) = + '
(5.8) v (z,0) =8, IR L@ATDE oW
4

Observe that because of the term I(z4z') in the integrals ﬁk(z,c)

= ﬁk(zébc,c) and Gk(z,;) = vk(zébc,c). Therefore, for any fixed point

C'
(-9 K@z ™ Bt = IR x [ka(c'@c;«:)dwc + v, (£'®z,)dz]
C'@Z cl
=J‘ I(uc')[Gk(c'(@c.c)dwc + v, (¢'®r,1)d)

~-17-



The three equations (5.2), (5.3) and (5.9) are all of the same

form, viz.,

dz]

(5.10) Y(z,g') = ac.-!-IR I(zAz )[Bc,c'dwc +v

z,z'
A

which is a 2—semimartingale for each fixed r'. Therefore, we can reexpfess

the integrands of (5.5) using (4.7), the differentiation formula for

2-semimartingales, e.g.,

Fk(x?._',' ®z) ‘uk(z,;') = Fk(xc')¢k;'

)

R
z

T(ziz')F o+ E o d
DB X @) Wi, g, @ + Fi g o192

+I I(zaz")u, (2'®z,z'") F (X ,o,)[u,(g'®z,c)dw
R k z,,; ke '@

+ v, (z' ®t,z)dg]

+ IR I(c,«;')[Z;, Fo @ Vi, ¢, U8 ©5,0)1dz

2

| 1 (] ' 1 ~ ~ []
+3 IR I(zAz")u, (% ®z,t )[uz{n ka(xc.@c)uz(c'®c,c)um(c ®z,z)ldg

z

If this tedious but straightforward procedure is applied to every term

of the integrand in (5.5), we get the following:

Proposition 5.1. Let sz, z € Ra’ k=1,2,...,n, be process defingd by

(5.1), where the integrands are almost surely bounded. Let F(x), x € R",
be a function with continuous mixed partials through the fourth order.

Then,

-18-



(1) RGx) =¥ + [ R &)1 0 + o )

R
4

1
+ 2 j; sz(xg)¢k;¢2cdc

z
+IRZxRZ[Fk"(XWC')ukﬁ"' + Fk(ch,)wk]dwcdwc.

+J‘R xR [Fk(xCVC ) fk + Fkg, (XCVC v) (kalzﬂ)kﬁm)
z2 2z

L1

> Fklm(XCv€')uku2um]dCdWC'

Z Z
+3F (X, _Di,u,u ]dw, dzc’
2 “kem“ oyt Yk Um M
' > ~ 1
+IR . I(ve ){Fkg(xcvc,)(vkv2+gku2+fku2+ 5 Weby)
V4 YA

. 1 L1
* Py ) (vt 5 v 8,8 + 5 Huu)

_]._ ~ & L}
+ 4 Fklmp(xcvt')ukulumup}dcd;

when u and v have arguments (zyz',z'), @ and ¥ have arguments (zvZ',z),
p, £ and g have arguments (Z.Z') and all repeated indices are summed
from 1 to n. Observe that we have made use of the relationship

o' = '®c¢ if tAg'.

~19-



Because of its complexity, the final expression for the differentiation
formula may not be as useful as the parﬁial differentiation formulas
which give rise to it. Specifically, wé are referring to (5.5) and the
three Egs. (5.2), (5.3) and (5.9). Note that (5.5) is a representation
of F(Xz) as a l-semimartingale, and (5.2), (5.3) and (5.9) provide-a
representation of the integrands as 2-semimartingales. An alternative
form with the roles of 1 and 2 semimartingales reversed also exists. It

is useful to summarize these results as follows.

(5.12) F(X,) = F(X) +IR R (X1 ,) [0 (2,8 )W, + v (2,21)de"]

1 ' ' '
+'§'j;.sz(xc'GDz)uk(zsc )Ug(z,c )dC

b4

= F(XO) +I Fk(xz®c)[ﬁk(z,c)dwc + frk(z,c)dc]

R
z

1 o "
+3 IR Ekz(Xz®c)uk(z,c)u2(z,C)dc .
. :

(5.13) Xk?;'@z = ka' +I

LAz ") [y (2" @z, 0)dW, + ¥, ('®F,r)dz]
R .
z

K@z = X +IR L(eA") [u (2" ®c,z")dW,, + v, (£'®C,z")dz’]
’ zZ

4

Rz z

(5.14) Uk(z9§') = ¢kC' + j. I(CA;')wk’c’c,dW +.[; I(CXC')fk’C’Cde

~ = . ' . [] ]
uk(z,r.) "’kc +J‘R 1(rAz )"'k.c.c'dwc' +va T(TAL )gk,r.,c""'

Z Z
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"y = '
(5.15) v, (2,8") = 6, , +IR LU )g, oW,

2

+ '
ekc IR I(zAz )fk,c,c'dwc'

2

ﬁk(z,c)

As an application consider the problem of characterizing a positive
square-integrable martingale Mz on the sample space of a Wiener process.

From [4] we know that M has a representation of the form

(5.16) M_=M_ + | ¢ aw +I v _,dW_dW_,
z 0 chc RZXch,c A 4

without less of generality we can assume M0 = 1. Now, suppose ¢ and y

are almost surely bounded. Then, write

(5.17) M =1 +‘. u(z,z")dw_,
2 g
“R
z
=1 +J‘ u(z,z)dw
R 4
z
where

1 ' dw
(g AT )‘l’csr,'

2

(5.18) u(z,z') = Oyt "'I r

R

(z,g) = 6, + IR LA Y, 0¥
4

Eciuation (5.12) now yields

—_ [ ] ,l_ ] 2 1
(5.19) en M, ~IR [u(z,¢ )/Mc'®z]dwc' - ZIR [u(z,z )/Mc'®z] dg
z z
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The second equation in (5.17) yields

(5.20) M@z = M +fR ;(w;')ﬁ(c @c,z;)dwC

The first equation in (5.18) can now be used with (5.20) to yield

h(z,z') = [“(Z’C')/Mc'@)z]
= O +IR BC.C'[dWC -h(zVe',z)dz]
2 ‘
where ac, = (¢C'/MC')
ﬁ(z’c) = ﬁ(Z,C)/Mz®c
and
Brot = [(“’c,c'/Mcvc') - h(cv;',c')h(cvc',c)ll(c\/;')

We now have the following alternative representations for Mz:

M_ = exp h(z,z')dw_, - 1 hz(z,c')dc'}
z R  2)y
A Z

=
i

- 1 ~2
. exp{[ h(z,;)dwc - E-j. h (z,c)dg}
R R .
z z
M = exp{f o_dw +.[ B (AW _dW ;}

S
R R xR 2°%
z z z

- j' B _[h(uvg',zt)dw d' + ﬁ(cv;',c)dcdwvc'
R XR ’C : C
Z 2

- h(zve',z"h(gve',)dgde')
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M=1+IaMdW+ .8
R

M ' " '
i tLe IR xr VT thlove',eHhlove ', o) 1w dw
2 2z

g,z' C'

The function h, h are related to a and B by the equations

h(z,z') = ac, +J-

W - h '
Rec,c'[ . h(zyz',z)dz]
Z

l; . - + - V’ ' '
(z,7) o, IR BC,C'{dWC' h(zve',z')dg']

z

The application of these results to transformation of probability

measures will be considered in a separate paper.

6. Integration with Respect to Paths

The formulas on partial differentiation given in section 4 can be
interpreted as formulas on horizontal and vertical paths, relating path
integrals to stochastic (area) integrals. So interpreted, they are
not unlike the Green's formulas of Cairoli and Walsh [2].

Let T be an increasing path (I : {z(t), 0 <t <1; t > s = z2(t)> z(s)})
connecting points zq and zg (zf>zo). Let D1 be the area below I', and
‘DZ the area to the left of T. It is clear that Dg and Dg intersect only
on I' and their union is Rz —Rz . Let ¢ be a measurable process such

£ 70
that

(6.1) J. ¢2d; < almost surely
R -R_©
ze 2z

For each point ¢ in Rz -Rz let CF denote the smallest point on I' such
£f ‘0
that cr>c. We say ¢ 1is T-adapted if ¢C is~9; measurable for each
r

t € R_-R_. For such a ¢ define
¢ %0
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6. if T €D

0 otherwise

Then q{ is adapted to Fi and

r o_ T
(6.3) Miz = j; ¢iC daw

4
z

defines a local i-martingale, which is a one—parameter continuous local

martingale for z € I', with

. ( '= r T
(6.4) MP,M?Z IR b3 byt 5 ZET
Z

Hence,

(6.5) M =1 + M

is a continuous local martingale on I' and

(6.6) (.MP,MP) =I ¢2dc, z €T
“ Jr R ¢
: 0
' T r
If zg is the origin then ¢1C + ¢2; = ¢C for all ¢ ip Rz . Hence,

f
it is tempting to write

r ‘ T
. W, = aw_ + W
6.7) j; ¢Cd g J; ¢l§ g R ¢2C d 4
VA Z z

and use the right hand side to define the stochastic integral ¢oW.
However, for this to be justified we would have to show that the right
hand side is independent of T'. Specifically, we need to show the

following:

-24—



Lemma Let I and T' be two increasing paths, both starting from the

origin and passing through z, such that ¢ is adapted to both T and T'.

Then,
(6.8) fR ¢1ch +I ¢2de§ I ¢1ch«: +I ¢2c r
Z

proof: with no loss of generality we can assume that both I and T'"'
1 | 1
end at z. Then ¢i and ¢r differ only on the sets (Dirbg ) and (Dgrbg ).

Observe that for every point r in these sets ;I./\cP = g. Since ¢ is
1 2
adapted to both paths, for every ¢ in these sets ¢C is measurable with

respect to Q?; = \32 F\Ji . Hence,

T TN
by W oF aw b dw
D,ND
173 Dy J D" %3

for i#j. This completes the proof. L

Let T be an increasing path starting from the origin and let ¢ be

I' adapted. Let M be a continuous martingale on I' defined by

= €
(6.9) Mz IR ¢deC , 2z €T
z
Let f be a process defined on T', adapted to'{i?z.z €T} , and satisfying

g2 42

Rz P

for each z € T. Then, the path integral foaMT is well-defined as a

continuous local martingale on T, and 1s equal Lo
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T .
. ° = dw ’ er
(6.11) (fooM )z J; f§P¢§ r z

with

z€T

(6.12) (floaMr,f2°aMr)z=I f

2 .
£or $,40
R e, 2 "g”

For a point z let H and V, denote the horizontal and vertical
lines connecting z to the axes. Note that for T = Hz Zp is t®z and

for T = Vz, Zp is z®¢. Hence,

]
e~}

(6.13) (f°8Mr)z =I c®z¢ a, for T
R

I}
<

= £ aw £
IR 2@, or I =V,

b4

We can now generalize proposition 4.1 as follows:

Proposition 6.1l. Let I' be an increasing path starting from the origin.

Let sz, z€r, k=1,2,...,n, be continuous local semimartingales

defined by

(6.14) X =X, +I b1, +f uk;dc
R
z

where ¢k are I' adapted. Let X denote (Xl xz,...,xn) and let F(X) be a
’

function with continuous mixed partial derivative up to second order.

(6.15) F(X)) = F(X,) +I Fk(xc ”"’kcdwc + ukcdc]

Rz r

1

3 (S

+ > j‘ (XCP) ¢k€ %z dr z €T
z
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where Fk and Fk denote partial derivatives, and summation over all
repeated indices is implied.
We note that a stochastic integral of the second type

(6.16) M_= aw_aw_,

¥ '

IR xR C,C C C
zZ 2z

can be reexpressed in the form

(6.17) M = J; ¢C dWC
z

in a multitude of ways. Take any increasing path I' from the origin

to z and define

: =( aw_, + I aw
(6.18) o, "- T Teug Yor,p Y I r oAz’ Yo Mo
CVC'GD1 cv;'GDZ

Then, ¢ is I' adapted and

(6.19) I ¢_ dw -—-I Y., dW_dw_,
R & ¢ R xR °°% [ 4
Z Z Z

It follows that on any increasing path

2
r | ]

1 ]
zZ VL EDl LV, 4 €®2

Cairoli and Walsh [2] considered path integrals of the form
(foaM)r where f has certain stochastic partial derivatives and obtained
a Green's formula. Our development of the path integral as a stochastic

(area) integral makes the nature of the Green's formula, (at least in

-27-



the special case and modified form which we treat) rather transparent.

Let Mz be a strong martingale of the form

(6.21) Mz = . ¢;dW; z € Ra
z

we shall write sz for ¢deZ. Let fz be a function which has a

representation

(6.22) fZ fZ@O +IR [uz®;nd + Vz®;dl;]
Z

£ + ? +v_ o dz] €
0@z j; [UCC)Znd vC®z gl ¥z Ra
z

Observe that (6.22) implies f can be represented as a path integral
with respect to 3M and 3s (= path length) on V, and H,.
Next, we consider.[faM on horizontal and vertical paths. Omn a

horizontal path we have

(6.23) (f°8M)Hz = IR £y Moo

.Using the first equation of (6.22), we can write

(] - f =
(6.26) f..5, " fp @ M * V@]

RC'®Z-RC'

For any ¢' € Rz, the set RC'()Z - RC' is identical to the set

{t : £ €R,, zaz'}. . Hence
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(6.25) f§,®z - fc, = IR I(C/{C')[uc.®CdM§ +,vc.®cdc]

Z

aM_ + v_, dz]

= '
L LA ) [upy A, + v

Z

and (6.23) becomes

M dM_, + dzdM_,

(6.26) (£°3M) =I £ aM +f u I v
H RpR, V8 g BT

2 R & ¢
V4

Similarly, the corresponding expression for (f°aM)v is given by
z

z R

(6.27) (fo3M) =I £ _dM +I u ,deM,+I v ., ,dM dZ’
v . (A R XR, tve' Tt R <R, (4Y/ S 4

If we define for a decreasing path T

(£eaM) |, = - (£o3M)s

where T denotes T' in the opposite direction, then (6.26) and (6.27)

suffice to show that for a rectangle D

(6.28) (foaM)aD=I (u '°ﬁcvc') dMCdMC,

+I v ,dz;dM,—I v_ _, dM dz'
pxp  &VE 4 pxp V&' &

where D is taken in the clockwise direction. Finally, for a region
D whose boundary is piecewise pure (i.e., a parametric representation

of the boundary z(t) = (x(t),y(t)), 0 < t < 1, has piecewise monotonic
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components), (6.28) follows by approximating 9D by stepped paths as
is done in [2]. Equation (6.28) is the Green's theorem of Cairoli and

Walsh.
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