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Abstract
This paper considers distributed multivariable convolution feedback

systems characterized by y, = G, x e;, ¥, = G, x e,oe; = u; -y, and

2 =Yy + y1 where the subsystem transfer functions él and &2 both admit

a pseudo-coprime factorization in the subalgebra of absolutely summable

e

distributions of order zero. The most general result, Theorem 1, gives
necessary and sufficient conditions for stability of the system. This
condition is specialized to the lumped case in Theorem 1lL. Finally for
distributed systems which have a finite number of open-loop unstable

poles Theorem 1D gives an algorithmic test for stability. The graphical
interpretation of both Theorem 1 and 1D is given in detail, and illustrated

by examples.
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I. Introduction

This paper gives necessary and sufficient conditions for the
stability of distributed n-input n-output convolution feedback systems
that are open-loop unstable. An example of a system which this new

theory can handle is described by (see Fig. 1 for notations)

o 2 a
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Note that the matrix transfer functions &1 and @2 are unstable and

contain multiple poles in the closed right half-plane; they include

also delay terms and transcendental functions. In fact the new theory

presented below can handle any combination of polynomials in s and delay

terms encountered in practice in transfer functions provided these

contain a finite number of unstable poles.

The stability of distributed n-input n-output convolution feedback
systems that are open-loop unstable has been discussed in [2,4,5,6,14].
In [6] and [4,5] the case of constant nonsingular feedback, respectively,
stable feedback was considered. In these two cases the stability of
the closed loop system was guaranteed by requiring that the transfer
functions from uy to e, and to ¥ be stable (only‘ul was considered as
input) and it can be shown that the presence of output disturbances
represented by the "input" u, cannot cause instability. This is no
longer the case when we allow both the feedforward and the feedback to
be unstable, as considered in this paper and [14]: suppose that the
transfer functions from u; to e, and to y, are stable, then stability

is guaranteed only when inputs are applied at Uy, however output
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disturbances u, could excite unstable modes of &2 and cause closed
loop instability! For this reason, as opposed to [14], we consider
two_inputs uy and u, and consequently two errors ey and e, and two
outputs y; and y,; therefore we have eight matrix transfer functions
from u

i
this paper that a) for stability considerations it is sufficient to

to ej and yj for i,j = 1,2. It is shown in Section III of

consider the four matrix transfer functions from uy to ej for i,j = 1,2
and that b) these can be aggregated to form the input-—error transfer
matrix of a unity feedback system giving insight to the problem. The
necessity of considering each one of these four matrix transfer functions has
been shown in a subsequent contribution [20]; any three of them may be
stable while the fourth is unstable!

In [14],simple open-loop unstable poles were considered and the key
tool was the decomposition lemma. Unfortunately that technique does not
allow poles on the jw—axis and is cumbersome when multiple unstable poles
are present. In the present paper él and &2 may have multiple unstable
poles in the closed right half plane. To tackle this most general
distributed case elegantly we use in section IV the recently developed
pseudo-coprime factorization technique [4,5] and develop a "characteristic
polynomial''~—generalizing the characteristic polynomial familiar from the
lumped case-—to obtain the necessary and sufficient conditions for
stability. These conditions are shown to be testable graphically.

In section V the specialization to the lumped case is easily
carried out. Section VI considers in detail the practically important
situation of distributed subsystems with a finite number of unstable poles;
it deseribes two algorithms for testing stability and it includes two examples.

Section II collects once and for all useful definition and facts.

All proofs are collected in the Appendix.
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II. Useful Definitions and Facts.

Throughout the paper we shall use the convolution algebra CQ.[l 2]:
recall that f belongs to CL iff, for t < 0 ,£(t) = 0, and,for t > 0 ,E(t) =
£ (t)-+ 2: b3 G(t t ) where f ( ) belongs to L [0,), f € € (the field
of complex numbers) for all i, 2: If I <o, 0= t R ti >0 for 1 > 1, and
§(-) is the Dirac delta "functiong. Thus £ is a complex-valued distribu-
tion of order zero with support on ﬂ?;. An n-vector v,(nxn matrix A), is
said to be in Q", gre resp.), 1ff all its elements are in (L. Let f
denote the Laplace transform of f: f belongs to the convolution algebra
A if and only if £ belongs to the algebra (i, (with pointwise product).
An element f of (0. is invertible in A iff inf If(s)l >0, [3] p. 150;
an element A of (" is invertible in O™ §e1§f> 0:I.nf |det A(s)| > o0,

Re 8 > 0

nxn(s) will denote respectively

[5] Appendix D.3.3. In the sequel € s 6+, C
the closed right-half of the complex plane, the open right-half of the
complex plane and tﬁe noncommutative ring of nxn matrices whose entries
are rational functions in s with complex coefficients, (if n = 1 we
simply write €(s)). An element of ann(s) is said to be (strictly)
Proper if it is (zero) bounded at infinity. We shall be concerned with
nxn matrix-valued Laplace transformable distributions (L.t.d.) G with
support on 52+ whose Laplace transforms G admit so-called pseudo-coprime

factorizations, [4], [5] Sec. IV.4. In order to alleviate the notation,

elements in Q™" will also be denoted by script letters.



Definition 1 [4,5]: A pair of elements (n’r, og.r) where ﬂr’ ,B'r belong

to Q™™ g said to be pseudo-right-coprime (p.r.c.) in QO V™ iff there

exist elements U, 1 W in O™ guch that (1) det W(s) # 0 whenever

s € 02+, and (ii)
Us)re _(s) +U(s) R (s) = W(s) for all s € c,. (1)
If in the above inf |det Z‘}l(s)l > 0, then the pair mr’ Br) is said
Re s >0

to be right-coprime (r.c.) in a.mm

Definition 2 [4,5]: Given a L.t.d. G with support on R_'_, the ordered

pair (‘rfr, Br) is said to be a pseudo-right-coprime factorization (p.r.c.f.)

of & in A ™™ j¢f

1) &) =Tl (s) B ()" for all s € ¢, 2)#
(ii) the pair (‘Hr, Br) is p.r.c. in dnxn,

(iii) whenever (si)w is a sequence in G_I_ with Isi| »> o, we have
i=1l
lim inf |det £ (s,)| > O.
ri

i > o .
The definition of a pseudo-left-coprime (p.%.c.) pair ('r\ez, b9 2.)’ a left-
coprime (L.c.) pair (T{z, 92), and a pseudo-left-~coprime factorization
(p.2.c.£.) (e, , BJL) of G in an"“ is completely similar: replace the
subscript r by the subscript % in the above definitions and interchange

the order of the factors in (1) and (2). 1In our later work we will need

a slightly more involved factorization, hence the definition:

#The factorization (2) can always be performed algorithmically for the cases
of section V and VI. The factorization (2) leads to formulae very close to
the familiar ones encountered in the case of single-input single-output
lumped systems.
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Definition 3: Given a L.t.d. G with support on / P the ordered triple
(91,7"6, 52), where Bl’ T ang 3'2 are elements in O.nxn, is said to

be a bseudo-left-right-coprime factorization (p.%.r.c.f.) of ¢ in Q™"

iff

1) G(s) = ﬁl(s)—lw(s) Bz(s)-l for all s € ¢+, (3)

(11) the pair (B, T() 1s p.2.c. and the pair (T¢, ﬁz) is p.r.c.

(iii) whenever (s i)m is a sequence in €+ with Is 1| + o, we have

i=1
lim inf |det ¥, (s,)]| > 0 for j = 1, 2.
1+ it

Comment: If a given Laplace transform G admits a pseudo-coprime factoriza-
tion, then G is meromorphic in ¢ + and all f +-s.ingu1arities of G are contained
in a bounded subset of ¢+s Thus G can only have poles as singularities in
(i_l_ and the jw axis may contain singularities, which, however s cannot be

poles.

Fact 1: Let G be a L.t.d. with support on R+ and let G admit a p.r.c.f.

(TC, ) and p.2.c.f. (T, ) in A™". Let s € ¢ and let 8(5 )
r r 2 L o + o

denote any sufficiently small disk centered on 8, in €. Under these

conditions

G is unbounded in B(so) N c, (4)

if and only if any one of the following equivalent conditions hold
either det Br(so) =0, (5)

or det ﬁz(so) = 0, (6)



The proof is in the Appendix. We are now ready to start our system

description.

ITI. System Description and Definition of Stability.

We consider the feedback system S shown on Fig. 1; u;s u, are inputs;

2

el, e2 are errors; Yqs y, are outputs. The u,, e for i = 1, 2 are

i° 73
functions from E§+, (defined as [0,»)), into ¢n, (the complex n-vectors).+
Both subsystems denoted by Gl* and GZ* are causal, possibly unstable,

convolution subsystems. Thus we have the basic equations

e =u; -y, (7)
ey, =u, +y, (8)
¥p =G * e 9
Yy = G2 % e, (10)

where Gl’ G2 are the complex-valued nxn matrix impulse responses of the

subsystems. We assume that, for i = 1, 2,

(1) G, is a L.t.d. with support on F§+,§ (11)

i

+In certain manipulations (expressing cosines in exponential form) and
in certain models (as a result of band-pass to low-pass transformations),
the expressions become complex-valued. So for simplicity, we allow them
to be complex valued throughout. Also to simplify the description of the
results we assume that the u,'s, e 's, y.'s, (1 = 1, 2), have n-components.
If that is not the case one may insert appropriate modifications or simply
add to the matrices G, and the vectors u,, y,, e, elements that are

i i i
identically zero or one, at appropriate places.

§
If for some c € €, exp(-ct)G(t) is a distribution of slow growth, then,

for Re 8 > c, the Laplace transform of G is well defined and is an
analytic function of s, [22,p.310, 23,p.213].
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(11) G, is such that the G admit a p.r.c.f.

i i
(12)
(Tfir, fﬁir) and a p.%.c.f. (71;2, fTiz).
To avoid trivial singular cases, we assume that
det[I + Gz(s) Gl(s)] = det [I + Cl(s) @2(8)] £ 0 in c,. (13)
Y1
This ensures us that the system S viewed as a map from into both
u
e; y 2
and | is specified by a well-defined matrix transfer function.
e y
2 2
Observe that (7)-(10) can be rewritten in the form
I Gz(s) el(s) ul(s)
= for all s € Q+
- Gl(s) I ez(s) uz(s)
Y €1
1.e. considering the input-error system: - , the input-error
5 Y2 2
He satisfies
I 62(3)
o -1
H (8) ~ = for all s in @,. (14)
e ~ +
- Gl(s) I
! 71
Furthermore considering the input-output system: g
A u y
the input-output transfer function Hy satisfies 2 2
Gl(s) 0
~ - S 1
Hy(s) . H (s) for all s in C (15)
0 Gz(s)

Introducing the symplectic matrix J, [17],



74 (15a)

the relation between He and Hy becomes

H =1-JH . (16)
e y
or . R ,
H =-J + JH » a7
y e
where we used 71 ;.
Hence
ﬁy € aanZn o ﬁe e a2nx2n. (18)

Definition 4 (definition of stability): The system S described by (7)-(10)

is said to be a-stable iff

i € 2 (19)
y
and

ﬁe € dZnXZn. (20)

Comments: (1) a—stability implies that, for any p € [1,~], the system

u e

S viewed as taking the input 1 into the error 1 and the output
u e
2 2
71
is LP-stable » [2]. Furthermore S takes continuous and bounded
Y2

inputs (almost periodic inputs, periodic inputs, resp.) into outputs and

errors belonging to the same classes, resp. [18].

(1i) Because of (18) for a-stability to hold it is necessary
and sufficient that (20) holds. Let us relate the system under considera-

tion with systems with unity feedback [19]. Simple calculations eéstablish



the following.

Fact 2. Consider the system S described by (7-11) and (13); let

T T T
T T
u=(u, u) , e= (ei, e'lz") > Y = (yc'l:, yg) 3 let
. 0 €,(s)
G(s) =| (21)
-Gl(s) 0

then the system S (see Fig. 2) is described by

e=u-G*%*e (22)
-1

y=J G * e (23)

det[I + G(s)] # 0 for s €¢C,. (24)

Comment. Such unity feedback systems have been studied in detail in
[4], [5], [6]. However direct application of these results does not
take advantage of the fact that G defined in (21) has a very special
form. Thus one of the thrusts of this paper is to take full advantage
of this special structure and obtain the corresponding physical

interpretations.

IV. Main Result.
The main result is Theorem I below. To clarify the mathematical

structure of Theorem I we state a preliminary lemma.

Lemma 1. Consider the system S described by (7)-(11) and (13); let @,

defined by (21), have p.%.r.c.f. (fjl,’rf, ﬁ32). Under these conditions,

s 18 (-stable (25)
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if and only if

inf |det[® () R, () +TE(s)1] > o. (26)
Re s > 0

Proof: see Appendix.
Lemma 1 is an extension to distributed systems of the theorem in [21].
Remarks. (i) If (7?;, ﬁa;) is a p.r.c.f. of G, then (I,'Tté, fa;) is a

p.%.r.c.f. of G; similarly, if (7};’, Sz)isa p.L.c.f. of G then (Bz,m , I)
is a p.f.r.c.f. of G. The corresponding necessary and sufficient conditions

for Clrstability become, respectively,

inf det[k)r(s) +T8.()1] >0, (27)
Res >0

inf |det[,(s) + T (a)1] > 0 . (28)
Re s >0

(1i) The proof of Lemma 1 actually shows that if the determinant
in (26) is zero at some 5, € &+, then G has a pole at 8, (Compare with
Fact 1).

Fact 2 has connected the given system to a unity feedback system
characterized by G (see (21) to (23)). Lemma 1 above, gives stability
conditions in terms of factorization of G. It remains to exploit the
particular structure of G to obtain the required factorizations of & in

and G..

terms of those of the subsystems él 2

Lemma 2: Let G be as in (21) and let the &1 for i = 1, 2 admit pseudo-

coprime factorizations as in (12).
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Under these conditions

1) 2r s r is a p.r.c.f. of G, (29)

(i1) 24 , % is a p.%.c.f. of G, (30)

0 0 0
(iii) {Fg’ ] oy -qu' , r :]}is a p.l.r.c.f. (31)
0 I - 1 0 (0] I
r . A
of G,

I O 0 Tf

(iv) | vy 2x R is a p.f.r.c.f. (32)

o &

12 12 O

o]
o

o

2r of G.

The proof is in the Appendix.
We are now in a position to apply directly the mathematical results
of Lemmas 1 and 2 to the problem at hand. The result of the substitutions

is immediate, therefore the steps of the proof are left to the reader.

Theorem 1. Consider the system S described by (7)-(13). Under these
conditions, the system S is ( -stable if and only if any one of the four

following equivalent conditions is satisfied:

P YE
(i) inf

det >0, (33)
Re s > 0 -Twir(s) FaZr(S)

-12-~



144

Ezz(s) : 25,(8)
(ii) inf det >0, (34)
Re s > 0 SV e R
(iii) Rei:fi . det[ﬁu(s) ﬁlr(s) + 7‘(2£(s) ’er(s)] >0, (35)
(1v) Re:u!;fi . dec[ﬁm(s) D, (s) + YT (s) 7‘£r(s)] > 0. (36)

Comments. (i) The four expressions (33)-(36) give necessary and sufficient
conditions for Cl—stability in terms of the factorizations (12) of the two'
subsystems. In a very rough way, we may think of them as ''characteristic
polynomials" (valid for the closed right-half plane only) of the closed
loop system S. This interpretation will be made precise and rigorous in
the discussion of the lumped case below. In view of Fact 1 and Lemma 1,
we see that if any one of these expressions goes to zero in Q+, 8o must
the other three.

(ii) The conditions above require the éi's to be factorized.
This is easily done in the lumped case, (éi is a proper element of Cnxn(s)))
[7,9,10]; also in the distributed case when éi has a finite number of

unstable poles [4,5].

Remark. It is important to note that the Cl-stability conditions (33)-(36)

are closely related to the return difference; more precisely.

B @ T,
= det(I + G, (s)G,(s)) det 2 (s) det [Z_(s),
_Nl @ B (e e( 2806 ) t i - Moy
g (37)

det
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ISHOMLNS
det = det(I + & (s)6 (s)) det K (s) det KT (s) (38)
_ :T€£(s) ﬁZz(S) 2 1 12 22 ’

4etlD)y () B1.(8) + T5,() 74, ()] = det(1 + &,(5) &, ()

det K7 (s) det 192*2(53), (39)

det[%u(s) fazr(s) + Y%,(s) V7, ()] = det(I + 8,(s) él(s))

det P (s) det ?92;(5-). (40)

In the distributed case, the expressions in the left-hand side of
(33)-(36) are transcendental functions and there is no general algorithm
for testing analytically these conditions. They can, however, be tested
graphically by using Theorem 2 of [13]. For simplicity we shall state
the result for (33) only. Let

gair 7n;2r A

A(s) é'det: , Aap(s) = almost periodic part of A (41)

—Tzi£ ﬁa2r

The meaning of Aap is clear: A € (1, hence Aap is the sum of all the
-st

terns of A of the form o e 1 as |s] + = in ¢, A(s) + Aap(s)-

Theorem 1'. Consider the system S defined by (7)-(13). Let s = ¢ + juw
and define A and Aap as in (41). Under these conditions, S is Cz—stable

if and only if

(1) lim  A(o) # 0, | (42)
o>+

14—



(i1) inf__ |AQGw)]| > O, (43)
w€ R

(iii) the mean angular velocity of w » Aap(jw) is zero, (44)

(iv) the Nyquist curve w v A(jw)/Aap(jw), with w increasing from - =«

to =, does not encircle the origin of the complex plane. (45)
An example is given below.

V. The lumped system case.

In the lumped case, the transfer functions éi are proper (bounded
at infinity) elements of mnxn(s), the noncommutative ring of nxn matrices
whose elements are rational functions with coefficients in €. Let ann[s]
be the ring of nxn polynomial matrices with coefficients in €. There
exist well known procedures to factor any proper éi(s) € wnxn(s) as a

ratio of polynomial matrices
& (s) =N, (s) D, () =0, ()t N,,(s) (46)
i ir ir i i

where (N ) are right coprime and (N ) are left coprime;

ir’Dir iz’Diz

Furthermore Dir’ (Diﬂ,) , can be made column proper, (row proper), and the

polynomials det Diz(s) and det Diz(s) can be made monic. [7,8,9,10].

The lumped system case is covered by Theorem 1 by the following device:

nxn

it is easy to find polynomial matrices Mire c [s] such that, [4,5],

€ Q™ anap, M18 P €™ (462)

-1
N, My, = 7?4 ir ir ir

o

and G, = TZ

i E};i is a p.r.c.f.. The recipe is as follows:

ir
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Choose

-61 -62 -6

M, (s) = diag[(s+l) ~, (s¥1) ©, ..., (stl) "] (46b)

where Gk is the highest power of s in the kth-column of D r? k=1, 2, ...,

i
n. The same procedure can be applied to the left factorizations. Conse-
quently, for the lumped case, we have procedures to obtain the factoriza-

tion postulated in (12). If we apply Theorem 1 to these factorizationms,

we obtain after a few manipulations the following result:

Theorem 1lL. Consider the system S described by (7) to (10), and where
the éi(s) € ann(s), are proper and satisfy (13). Let the éi be factored
as in (46). Under these conditions, the lumped system S is Cl-stable if
and only if any one of the four polynomials below satisfy the stated

conditions:

D1 (8) Ny (s)
(1) det # 0 for all s € Q+ , (47)
- N (8) D, (s)
-
M
Dpp(e) Ny (s)
(i1i) det # 0 for all s € c, > (48)
- le(s) Dlz(s)

-

(iii) det[Dzz(s) Dlr(s) + sz(s) Nlr(s)] # 0 for all s € c, > (49)
(iv) det[D  (s) D, (s) + N, (s) N, (s)] # 0 foralls €C, . (50)

Remarks. (i) The four polynomial conditions can of course be expressed

also in terms of the return difference as in (37)~(40).
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(i1) Under the assumptions of Theorem 1L, we may think of the

lumped subsystems Si in terms of one of their minimal representations

[Ai’ Bi» Cy» Di]' Call x,; and x, the corresponding states. With these
data, one may calculate for the feedback system S a representation
T 1.7 .17
[A, B, C, D] with input u = (ul,uz) » output y = (yl,yz) and state
T

X = (xi,xg) s [12]. For such a choice of state, input and output, the
representation [A, B, C, D] is completely observable and completely
controllable, hence minimal. The polynomials in (47)-(50) are, modulo

a non-zero constant factor, equal to the characteristic polynomial of

the matrix A.

A

(iidi) It should be stressed that neither él nor G2 is assumed to
be stable, hence by [20] we know that any of the four submatrices in
He may be unstable while the other three submatrices are stable.

Therefore the coprime factorization and characteristic polynomial

approach developed here may be more efficient than the calculation of
the four submatrices of ﬁe and testing each one of them for stability.
The reader should keep in mind that the multiplication and inversion

of matrices of rational functions is a very costly operation: indeed

when two rational functions are added one has to find the least common
multiple of the denominators in order to obtain the result as a ratio
of coprime polynomials; similarly when two rational functions n1/d1

and n2/d2 are multiplied one has to cancel all common factors between

ny and d2, and n, and d In contrast manipulations with matrices with

l.
polynomial elements are quite easy: each polynomial is stored and
manipulated as the ordered sequence of its coefficients: addition of

polynomials corresponds to term by term addition of the sequences, and

-17-



multiplication corresponds to the convolution of the sequences.

VI. The Distributed Case with a finite number of open-loop unstable poles.

An important case to consider is that where each subsystem éi has a
finite number of unstable poles, more precisely, poles in G+. For this
case, the general conditions of Theorem 1 above, can be made explicit
and the tests be performed graphically.

Consider the system S described by (7)-(13) and assume that for

i=1, 2

éi(s) = R(i)(s) + ééi)(s) for all s in ¢+ (51)

where, for 1 = 1, 2,

a) the R(i) are strictly proper elements of ann(s); (52) .

. e ,
b) {pik}ki-]_ is the family of pairwise-distinct poles of R(i); (53)

c) Re Py 20 fork =1, 2, ..., %3 (54)
d) ééi) belong to CL™®, (55)
In section V, it was shown how to construct a p.r.c.f. (TZir, ir)

and a p.R.c.f. (7512, ﬁaiz) for the R(i), i =1, 2. Then it is easy to

see that 1f we define

ATZ (1) _

7%,, ¢ mﬂ. + B;z G, (56)
A A (1)

ﬂrbir B 17ir + Gp ﬁalr S

-18-



the pairs (7%%2, E?;z) and (7Zir, E}ir) are a p.%.c.f., resp. a p.r.c.f.,
of the éi' ([4], [5], sec. IV.4). We are now in a position to apply Theorem 1

to the system described above. The conclusion is stated as

Theorem 1D. Consider the system S described by (7)-(11), (51)-(55) and

satisfying (13). Let (Nir’ Dir) and (N Diz) be any right-coprime, and

ig?
left-coprime, resp., polynomial matrix factorizations of the unstable
parts R(i) of the transfer functions éi’ i=1, 2.
Under these . conditions

S is Q. -stable
if and only if

1)  inf  [det[I + &,y(e) € (1| >0 (58)

Re s >0
ii) any one of the four equivalent conditions is satisfied: for

k=1, 2, ..., Ei, and 1 = 1, 2

2 (2)

Dy (g ANy (Ryy) + 67 (py) Dy (Pyy)
det : E £0 >

_ _ a(l) ]

Ny (Pyp) = 6,77 (Pyy) Dy (Pyy)) Dy (Pyy) (59)

2 (2)
D2y (Pyi) | Nog Ry + Dy Py 657 (pyp)

det Jl #0, (60)

N, (p..) - Dy (p..) €. ) D

12 ‘Pik 10 Pyg) €5 Ryt Dy (Pyy)

detlD,, (b, ) Dy (pyy) + (o (py) + Doy (o) ég” (g0
(61)

My ey + 6P ) Dy (o1 £ 0
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det[Dlz(Pik) DZr(pik) + (Nu("ik) + Du(l)ik) éél) (pik))'

~(2) ' (62)

The Proof is in the Appendix.

Remarks. (i) The conditions (59) to (62) have a very natural interpretation:

they prevent ﬁe (and, hence, ﬁy) becoming unbounded in a small neighborhood

of the pik's. This is clear from (46 a-b) and the necessity proof of Lemma 1.
(ii) For the subsystems considered in Theorem 1D, we have

proposed a specific method for obtéining the required pseudo coprime

factorizations; this leads to the question: what is the effect on the

four equivalent expressions (33) to (36) when we choose other pseudo

coprime factorizations? Some simple manipulations based on the fact

below establish that as one goes from one factorization to the other,

each of these expressions is multiplied by a factor k(s) analytic in ﬁ+,

bounded in m+ and bounded away from zero in ¢+. The fact in question is

Fact 3. Let G be an nxn matrix-valued L.t.d. with support on E?+. Let
(77&, 252), ((TZr, ﬁﬂ?), resp.), be any p.%.c.f., (p.r.c.f., resp.) of

G. Let G have a finite number of poles in ¢+. Then
det I (s) = k(s) det ®,(s) for alls €¢,

where k(*) is analytic in &+, bounded on Q+ and bounded away from zero

on $+.‘
The proof of Fact 3 is in the appendix. The necessary and sufficient

conditions of Theorem 1D can be tested graphically. Again the basic

tool is Theorem 2 of [13] and we use the concepts of [13]. To simplify

notations, let
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r(s) 4 det[I + éz(s)&l(S)], rap(s) 4 Jimost periodic part of r(s). (63)

Let

o
np 4 number of C+~zeros of det(Dlr D2r)’ counting multiplicities. (64)

Let

jwi, i=1, 2, ..., m, denote the jw-axis poles of G, and of 62.

1

The reason for treating the jw-axis poles separately is that, in the
distributed case, it is not in general possible to continue analytically
the transfer functions él and 62 into the open left half plame. Con-
sequently, in tracing the Nyquist contour we are forced to perform
indentations on the right at each jw-axis pole of él and 62. With these
notations, we can state the following '

Theorem 1D'. Consider the system S described in Theorem 1D and use the

notation defined above. Under these conditions, S is (1 -stable if and

only if
(1) lim (o) # 0; (65)
T st
(ii) inf_|r(Gw)| > 0; ' (66)
w€R
(1ii) the mean angular velocity of w b rap(jw) is zero; (67)
(iv) the Nyquist curve of w v r(jw)/rap(jw) as s moves up along (68)

the jw-axis from - = to + =, (with right indentations at each
jw-axis pole), encircles the origin of the complex plane np-

times in the counterclockwise sense;
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(v)

D, (u,) Ny Gy + &2 Gup by Guy)

det

# 0
(69)

1
|
o |
Ny, Gu)6.7 (Ju) D) Gt D, (ju;)
fori=1, 2, ..., m.

The proof is given in the Appendix.

Since in most cases graphical tests have major computational
advantages over analytic tests, we give below abbreviated versions of

algorithms for stability tests.

Algorithm I.
Step 1: Obtain the subsystem transfer matrices &i in the form given

by (51).

Step 2: Obtain (Nir’Dir)’ a right coprime factorization of the unstable

parts R(i)

of the éi’ by the procedure described in [7, chapter 1] or
[5, p. 64-65].
Step 3: Determine n, as given by (64).

Step 4: Calculate r(s) and rap(s) as given by (63). .

Step 5: Apply the graphical test as given by Theorem 1D'.

Comments: i) step 1 can be achieved for transfer funetions of lumped differ-

ential delay systems withAarfip;te number of delays by multiple applications

of the decomposition lemma of [l4]; ii) in most cases one knows the
© -st
A i - .
time~lags ty of rap(s) = EE% Bie ,0 = t) <t i>0: rap(s) can
then be identified by inspection or if need be by Fourier

analysis of the almost periodic asymptote of w » r(jw), [24, pp. 23

et seq.]; iii) (67) can be tested by looking at the map w > arg rap(jw):
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given (66), (67) is satisfied iff this map is bounded, [13]; iv) if there
are many jw-axis poles, checking (69) might in some cases be very

tedious: in that case one can make use of the graphical test of Theorem

1'.

Algorithm II.

Step 1: Obtain the subsystem transfer matrices éi in the form given
by (51).

Step 2: Obtain (inr’ijir)’ a pseudo right coprime factorization of
the éi’ as described in the introduction of section VI.

Step 3: Determine A(s) and Aap(s) as given by (41).

Step 4: Apply the graphical test as given by Theorem 1°'.

Example I. Consider the system described as follows:

5/(s+3) i e 0 i 0 5/(s+3) E e ®
G, (s) = F = | —4-—-|+ g
- | I - |
e i 1/s 0] 1/s e i o0
Nlr(s) = diag(0, 1), Dlr(s) = diag(l, s)
0} 0 0 i 0 0! o
a [}
Gy(s) = F = --r------- + ---}----
0} 10(s+l)/(s-1) 0} 20/(s-1) 0| 10

N2r(s) = diag(0, 20), D2r = diag(l, s-1)

~23-

(70)

(71)

(72)

(73)



There is one simple ﬁ;-zero of det(D1r D2r)’ namely, + 1 and one

jw-axis pole of él and 62 at 0. Hence np = 1. Now

I (2)
D ! Nor * Gp Dor
det % = (s+10) (s-1) + 20 (74)
_ _a(L) i
Nlr Gp Dlr} D2r )

We apply Theorem 1D'. Using (74), condition (69) is obviously satisfied.
~ ~ 2 —1 "l
r(s) = det[I + Gz(s) Gl(s)] = (s +9s + 10) (s-1) " s (75)

Hence conditions (65) and (66) are satisfied. The Nyquist diagram
required by condition (68) is shown on Fig. 3. Clearly (68) is satisfied.
Since rap(s) = 1 for this case, (67) is satisfied. Therefore the closed

loop system S is (l-stable.

Example II. Consider the same system as above but apply the graphical
test of Theorem 1'. We use the same factorization (46 a-b), (56) and

(57):

B, = dlag, s/(s+1)); ¥b,, = diag(0, 1/(s+1));
— -

5/(s+3) se °/(s+l)

T, -

r

et

-8
e

1/(s+1) J

N

mh = diag[l, (s-1)/(s+l) ];772r = diag[0, 20/(s+1)]; 71’2r = diag[0, 10]

In the present case (see (41))

A(s) = (s + 9s + 10) (s+1)2, B,p(8) = 1.

-24-



Immediately, conditions (42), (43) and (44) are satisfied. To check
(45), the Nyquist diagram w » A(jw)/Aap(jm) is plotted on Fig. 4: it

shows that condition (45) holds. In conclusion the system S is Cl-stable.

Conclusions

This paper derived necessary and sufficient conditions for the
Cl—stability of a distributed continuous-time, multivariable, linear,
time-invariant feedback system made of unstable subsystems. In the
most general theorem, (Theorem 1), the only data required was the pseudo
coprime factorization of the subsystems Gl and G2. Theorem 1' showed
how these conditions could be tested graphically. Next it was shown how
Theorem 1 specialized for lumped systems: the conditions were given in
Theorem 1L. Next, for systems whose transfer functions have only a
finite number of unstable poles, an algorithm for oBtaining the pseudo
coprime factorization was described and used to derive the stability
conditions: see Theorem 1D. Theorem 1D' showed how these conditions
can be tested graphically. Finally, examples illustrated the techniques.

It should be stressed that, for ease of exposition, we assumed that
the transfer functions él and 62 were square. If él and 62 are rectangular,
all the formulae given are still valid, the only change required is the

dimensions of the matrices involved.
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Appendix

Proof of Fact 1.

“. By assumption, (5) holds. For a proof by contradiction, suppose that

(4) is false, i.e. G is bounded in (B(so) Ne,. Now by (1) and (2)
Us) Gy + Vsy =W ey Dr(s)‘l ¥s €¢,. (a.1)

Consider any sequence (si)w in € with sy * s, Since (4) is false, the
1

left hand side of (A.1) is bounded on the sequence, while the right hand

side is unbounded because det Z‘}’(si) #0 fori=0,1, 2, ... and (5).

Consequently (5) implies (4).

=. By assumption, (4) holds. Hence é(si) = 7/Zi(si) . W(si)/det[ﬁr(si)],

where m(si) is the matrix of cofactors of B;(Si)J is unbounded as s; > s,

Since mr(s) and??%(s.) are bounded on ¢+, this requires that (5) be true./

Proof of Lemma 1.

<, We have G =‘ﬁ11 n B ;l and (26). From Fact 2,

~ _ ~ _l _ -l

i, =@+&™ = 92(}()19; TP, ca2)
By (26), (91 92 +2’Z)-l € CLZnXZn, [2,5]. Hence ﬁe € dZnXZn as a

product of three elements in the algebra.

. By assumption (25) holds, equivalently ﬁe € QanZn. Since ( B’l,'}"[, %’2)
is a p.f.r.c.f. of G, it is easy to show that (k\l, @18’2 +7’$) and
(91%’2 +Té, {)2) are p.L.c. and p.r.c. respectively. Hence, for i = 1, 2,

there exist elements 7[1, Ui’ 1(/1 in QZnXZn with det lULi(s) # 0 in (I.+
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such that

(918’2 +T5)2{1 + Bil/’l =“p,/'l (A3)
U, R By +78) + V5 B = (a)

For the purpose of a proof by contradiction assume that (26) is false.
Therefore, either

there is a sequence (si)w in € with Isil + » such that
1

lin |det [, (s,) B (s,) +7‘Z<si)] =0 (A5)

i-> o
or

there is an s, € G:+ such that det[Bl(SO)BZ(SO) +.JZ(S°)] = 0. (A6)

We show first that (A5) leads to a contradiction. From (A2)

det ﬁe(si) = det ei(si) det B;(si)/det[B;_(si)%'z(si) +ﬂ(si)]
(A7)

By definition 3 , the first two factors are bounded away from zero
on the tail of the sequence; by (AS5), the denominator goes to zero.
Hence (A7) implies that i v ﬁe(s i) is an unbounded sequence. This
contradicts the assumption that ﬁe belongs to the algebra d 2nx2n‘
Hence (A5) is false. Next we show that (A6) leads to a contradiction.

From (A3) and (A4) we obtain
-1 -1
Uy + B0, + 10 o Vi = (R +TH T W (48)

Recalling that for i = 1, 2, det 74/;(30) # 0, (A6) implies that the right

hand side of (A8) becomes unbounded as s + 5,° Hence (9}_92' +7Z)'1 %1
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becomes unbounded. Now use (A2) to write (A4) as follows
A -1
U,0 + ’2/;_ H, = 7‘}2'(91 R, +T6™ By (49)

Again the right hand side becomes unbounded hence ﬁe also becomes

unbounded as s - 8, This contradiction implies that (A6) is false.

Proof of Lemma 2.

To prove the lemma, requirements (i), (ii) and (iii) of the Definition 2
(or 3, as réquired) need be established. In all cases, (1) follows by
calculation fromv(Zl) and the definition of pseudo-coprime factorization;
(iii) follows from the requirements on the Eair's and ﬁ;gk's. We now

prove (ii) for the pair (29); more precisely, we prove that the pair

0 .réé ﬁa?lr 0

T
’ is p.r.c. in c2'2nXZn . (A10)

B 7711- 0 0 '92r

By condition (ii) of Definition 2 , for i = 1, 2, there are elements

‘Z(i’ 1j;,‘Ld; in CLan with det 20;(5) # 0 in €, such that

ﬂb(if72&r + 1): ﬁa&r =‘Ld: :

Hence

V’lo@’o 0-1{10722'?4/'0

r 1
+ = (Al1l)

0 YV lo g U, o -'}’ero 0

2 2r 2

N

from which (A10) follows. The proof of the left coprimeness of (30)
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is entirely similar. To prove (31l), we must prove that

o 7, [R. o

1r -
. is p.r.c. in 62‘2nx2n. (Al12)

'}er 0] 0 I

the pair

Since (72&r, E%J) constitute a p.r.c. factorization there are elements

U, v; 2/1' in O™ with det ’U/l'(s) # 0 in €, such that

Y Vi * 17‘/91; = M; T (A3

hence
v o B’lr 0 o -0 Téu ‘ZJ’I 0

+ - (A14)
0 I 0 I 0 0 -7Z 0 0 I

1r

hence (Al1l2) is established. The other pseudo coprime factorizations in

(31) and (32) are established in the same way.//

Proof of Theorem 1D.

Without loss of generality, we may assume that the Dir’ (Diz’ resp.), are
column-proper, (row-proper, resp.) and that the polynomial det Dir(s)’

(det Diz(s), resp.) is monic. Consequently det 9%&r(s) and det ﬁjiz(s)

tend to 1 as 8 > », Since we have the pseudo—coprime factorizations of the &1'8,
we may apply Theorem 1. For the a stability of S it is necessary and
sufficient that (33)-(36) hold, or better still, that the right-hand sides

of (37)-(40) be bounded away from zero in C,. Now by construction,

det‘[jgz(s) # 0 and det lj&r(s) # 0 for all s € C, except at the pik's,

where they are both zero, for k =1, 2, ..., Li, and 1 =1, 2. Therefore

S is d -stable if and only if (58) holds as well as one of the four

equivalent conditions that follow:
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for k=1, 2, ..., zi, and 1 = 1, 2

r-.E}lx:(pik) —rZZr(pik)
det #0 , : (A15)
- Tl ) Rty |
-
Pty 76,6,
det $#0 , (Ale)
o 7212 by P, ()
det 1R, (0,0 ®, (0,0 + 14,00 Y4 (201 # 0 (a17)
det[ I, 0,0 B, (o) + T4, (0,0 V (201 # 0. (a18)

Now in each of these determinantal expressions we can factor out the

"multiplier" matrices Mir and Miz (see (46a)) and since det Mir(s) and
det Mim(s) are bounded away from zero in C+, the four conditions (59)-(62)

are equivalent to the four conditions above.//

Proof of Theorem 1D'

Theorem 1' gives a graphical test for guaranteeing that A(s), the left
hand side of (37), is bounded away from zero on C+. Now from (37) and

(63) we have

a(s) = x(s) detl (s).0, ()15 (A19a)

furthermore, r(s) is meromorphic in &+ since by (12), A(s) and
det[Jj&r(s)l:ér(s)] area) analytic in %+, b) bounded and continuous in

q+, and detLZ:&I(s)l:ér(s)] is bounded away from zero as |s| + ». It
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follows also that a) for some 2, r(jw) is continuous and bounded on
(-»,-R] and [2,2); b) on [-2,8], r(jw) is continuous and bounded except
in some intervals centered on the jwi's, which are jw-singularities of
r(s), where r(s) is unbounded, and which, by (A19a), occur necessarily
at zeros of detL[jlrJCEr].

Therefore A(s) is bounded away from zero in C+ if and only if
a) r(s) is bounded away from zero in C_ and b) each €, ~zero of
detC[jirdﬁér) is cancelled by an unbounded singularity of r(s) so that

their product is different from zero. (1f the zero is in ¢,, then the

+
singularity of r(s) has to be a pole of the same order). Now, by

(A19a) and (64), the numbe¥ of é+ -poles of r(s) is at most np, (counting
multiplicities). Consequently, A(s) is bounded away from zero in C+

if and only if (i) exact (unbounded singularity)-zero cancellation occurs
on the ju-axis, i.e. (69) holds; (ii) r(s) is bounded away from zero in
Q+ and each of its §+ -poles is cancelled by a ﬁ+ -zero of det(ijirl:ar)'

Condition (ii) is tested graphically by (65), (66), (67) and (68),

([13], Theorem 2):~‘

B
e

Proof of Fact 3.

Assertion I: If soe(:+ is a zero of order % of det Qr(s), (ﬁlf"(s), resp.)
then % is the maximal order of s, as a pole of any minor of G(s).

Since (77&, ﬁaé)vis a p.r.c.f. of G(s),

BI(S) ,
rank =n for all s € ¢+ (A19)

UAS

e e =
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A ~1
Let us express any minor of order p of G =.77% ﬁﬁ; in terms of minors of

order p of 72' and minors of order n-p of ﬁer. By well known methods

e

and notations [15, P. 21-22], we consider the minor of G made of the inter-

section of rows i,, i,, ..., ip and columns k,, k,, ..., kp, denoted by
~ 11 12 I §
G » and we obtain
k k LN ] k
1 2
i i .OOi e o0 ...1
172 P . P P
é - X Izr 13: )
klkz“'kp 1izl<9.2<...<2,p_<_n 9,12.2... e By

P
. 1 ] t
L _ iy e i g JHE, k) kz...kn_p
- % e 8
1<% b = I 21 %5 n-p

deté%t:

(A.20)
- ] ) 1]
where 21 < 22 < 4o < zp and 21 < 22 < vee < zn_p, kl < k2 < see < kp
and ki < ki < te. < k;_p form a complete system of indices 1, 2, ..., n.

Observe that the numerator of the above expression is proportiomal to
the Laplace expansion, [16] Exercise 7.23, of the minor of order n of

g

r

'T; obtained by adjoining rows i
r

1° 12’ cees ip of ;Q; to rows k!,

ké, cees n p? of ﬁ? For all s in Q+, (A.19) implies that at least
one such minor of order n is nonzero, hence there exists at least one minor
of some order p of ¢ whose numerator, as given by (A.20), is nonzero.

Hence the assertion I follows. The proof for G = Zfa"ljﬂfz is entirely

similar.

IT. Consider

k(s) = det [J_(s)/det ﬁz(s) ) (A21)
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A

By assumption det [3;(5) and det lj&(s) € 62, hence k is analytic in

é+ except, maybe, at zeros of det [7;(3). By assumption ¢ has a finite
number of € -poles, hence by Fact 1, det 13, and det ffﬁ can have zeros
only at these poles. Furthermore at each pole, say Py det ff and det
If have zeros of the same order because that order is equal, by assetion
I, to the max1mal order of P, as a pole of all minors of G. Hence by
(A21), in any sufficiently small neighborhood of P,» k(s) is bounded

and bounded away from zero. Hence k(s) is boundéd and bounded away from
zero on compact subsets of C The same holds at infinity, because
along any sequence (si) C d: with Is l + o, det 6 (s ) and det D/(s
are both bounded, (because they belong U:CzJ and both bounded away from

zero because of the pseudo coprime factorizations.
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Footnote

*In certain manipulations (expressing cosines in exponential form) and

in certain models (as a result of band-pass to low-pass transformations),
the expressions become complex-valued. So for simplicity, we allow them
to be complex valued throughout. Also to simplify the description of the
results we assume that the ui's, ei's, yi's (i=1, 2), have n-
components. If that is not the case one may insert appropriate modifi-
cations or simply add to the matrices Gi and the vectors U Yoo ei

elements that are identically zero or'one, at appropriate places.

§If for some c € €, exp(-ct)G(t) is a distribution of slow growth, then,

for Re s > ¢, the Laplace transform of G is well defined and is an

analytic function of s, [22,p.310, 23,p.213].

#The factorization (2) can always be performed algorithmically for the
cases of section V and VI. The factorization (2) leads to formulas
very close to the familiar one encountered in the case of single-input

single-output lumpgdﬂsygggms.
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Figure Captions

The System S.
The Convolution Feedback System S.
Nyquist plot for example 1.

Nyquist plot for example 2.
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