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CORRECTNESS OF PROGRAMS MANIPULATING DATA STRUCTURES

Tomasz Kowaltowski

Abstract

A technique for proving correctness of programs manipulating
data structures is proposed. The three major components of the
technique are: (i) an abstract representation for data structures,
called FSD (for Free State Description); (ii) a set of propositions
which allow transformations of such FSD's; and (iii) semantics
of assignment statements in terms of FSD transformations.

The technique provides a framework for rigorous proofs about
programs manipulating data structures with arbitrary sharing‘of
pointers and circularities. Several examples of application are
exhibited, including the Deutsch-Schorr-Waite marking algorithm
and the Fischer-Galler equivalence relation algorithm.

A graphic interpretation of several proofs is given in order
to illustrate the intuitive concepts hidden behind the proposed
method. It becomes apparent that these graphical proofs, based
on rigorous propositions, are often sufficiently convincing
so that analytical proof can be omitted.

The proposed method is compared with other techniques
described in the literature, and among them the one proposed by
Burstai] from which this work borrows many ideas. Finally, the
applicability of this method is discussed, showing its scope and

limitations.
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CHAPTER 1
INTRODUCTION AND PRELIMINARIES

1.1 Introduction

Since Floyd published his original paper in 1967 there has
been considerable interest in the area of proving assertions
about programs, and the related area of semantics of programming
Tanguages (cf. London [1970a & b]). Floyd's original ideas were
presented .more formally, extended and applied in various subse-
quent works, among them Manna [1969] and Hoare [1969 & 1971].

In principle, Floyd's technique of inductive assertions,
which dealt with simple variables only, can be easily extended
in order to handle arrays, lists and similar structured values.
The case of arrays has been treated by McCarthy and Painter [1967],
King [1969], Good [1970] and others. A common approach is to
treat an array like a function whose value is modified by assign-
ment statements. Thus if A stands for an array, and the
statement A[E] « F 1is performed, then the new value A' of the

array is given (in A-calculus notation) by:
A' & (Aj. if j=E then F else A[j])

It is easy to see that after a few assignment statements, with
possibly complicated expressions E and F, the resulting
description of an array value may become complex and unmanageable.
In practice, this complex build-up of descriptive expressions may
not occur'if the arrays are used in a "reasonable" way. By

“reasonable" we mean here that the array represents an ordered



sequence of some atomic values which is directly related to the
problem being solved. In such a case the assignments to array
components are usually performed. in an orderly fashion, resulting
in simplification of the expressions describing the value of the
array. The situation becomes different if we use arrays for other
purposes, such as representing trees, recursion stacks, etc.
Several programning languages, such as LISP, SNOBOL, PL/I
and ALGOL68 provide facilities for definition and manipulation
of more complex structured values, to which we shall refer as
data structures. In dealing with this kind of objects, a simple
approach, similar to that for arrays, would be to use the concept
of contents function (or functions) to describe the state of
computation. In the case of LISP we could think of two functions
car and cdr, describing the state of computer memory. If an
assignment statement of the form CAR(X) « E (or more properly
(RPLACA X E)) 1is performed, then the new state is described by

functions car' and cdr' given by:

P

car' & (\y. if y=X then E else car(y))

ne

cdr' = cdr

and similarly in case of CDﬁ(X) « E (for a more complete dis-
cussion see Morris [1972]). This approach is perfectly adequate
to describe precisely the semantics of an assignment statement to
a language implementor. However, if we try this approach for the
purpose of proving properties of programs, we run immediately into
difficulties analogous to those mentioned in connection with

arrays. The descriptive expressions become very complex and
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difficult to follow, and the proofs turn out to be very tedious

and overcrowded with details extraneous to the problem in question.
The main reason for these difficulties lies clearly in the fact
that we are using a very low level language to describe complex
concepts. Most of the efforts in this area have gone into devising
more convenient ways of representing the state of computation,
involving simple concepts and bringing the description of the data
structure closer to its intended meaning. In analogy with Floyd's
verification conditions, we will have to know the transformations
of such representations corresponding to assignment statements.

In addition, we will usually have to know some hroperties of such
representations in order to draw conclusions about the state of
computation, or to be able to apply the transformations mentioned
above.

Some techniques have been proposed and described in the
Titerature, and among them we mention the concept of restricted
descendant functions in Morris [1972], covering functions in
Poupon and Wegbreit [1972] and the distinct non-repetitive list
and tree systems in Burstall [1972]. In this dissertation we
propose the concept of free state descripfions, closely related
to that described by Burstall from whom we borrow heavily. The
technique we propose can be used to provide rigorous proofs of
correctness of programs manipulating complex data structures
involving arbitrary circularities and sharing patterns. On the
other hand, we also show how to use this technique to justify
very intuitive and simple proofs through graphical interpretation.

Although we do not formalize this idea of graphical proofs, and



actually we do not know how to do it, we consider it an important
aspect of this work.

Since our main interest here is in data structures, we do
not treat other aspects of program proofs such as simple variables,
arrays, procedure calls, in a very rigorous way. For the sake of
clarity, we try to be precise in our basic definitions and formu-
lation of propositions. However we shall be réther sketchy in
their proofs since most of them are very intuitive and obvious.

In our examples, we shall exhibit a varying degree of rigor.

The plan of this dissertation is as follows:

We complete this Chapter 1 with notations and conventions to
be used. In Chapter 2 we define precisely the machine model we
have in mind in order to use it as a reference for later develop-
ment. In Chapter 3 we introduce the definitions of abstract free
trees, which are used in Chapter 4 to describe our basic concept
of free state descriptions. In Chapter 5 we study some of the
properties of these free state descriptions, and in Chapter 6 we
provide the transformations corresponding to the assignment state-
ments. Chapter 7 contains some examples of application of this
technique, and we follow with final conclusions in Chapter 8, where

we also point out how our technique is related to others.

1.2 Notations and Conventions

We use standard mathematical notation, introducing some
convenient extensions and additions.
Symbols A (conjunction), v (disjunction), ~ (negation),

= (implication), 3 (existential quantifier) and V (universal



quantifier) will be used in Togical expressions. In addition we
shall use 35 and v for multiple conjunctions and disjunc-
tions. The1;gbreviat;;; "iff" stands for "if and only if".
Symbols € (membership), N (intersection), U (union),
~ (difference), C (inclusion) and @ (empty set) will be used
in dealing with sets. .g and .5 denote multiple intersection
and union. If S is a1;lt, IS]I-;111 denote its cardinality,
and 2S the power set of S.
We shall extend the set-theoretic notation to sequences,
which will be usually denoted by underlined letters. If

u= (up...5u) forsome n>0, and S is a set then:

lul =n
ucs iff {up,...,u}cCs

zeu iff z-= u, for some i =1,...,n .

If u-= (u],...,un) and v = (v],...,vm) then (u,v)
shall denote the sequence (u],...,un,v],...,vm). In the case
of unitary sets or sequences we shall identify them with their
only components; thus u.= {u} = (u).

For notational convenience we shall use two different tuple
building functions: <.-.> will denote tuples Qhose components
are selected by integers 0,1,2,..., and ¢---}3 will denote
tuples whose components are selected by 1,2,... . The selection

is denoted by the "," operator in either case. Thus

L1}
o

<a,b,c>.1

<a,b,c>.0

n
[« 1}



ta,b,ct.1
fa,b,ct.3

n
7]

[{]
(2]

Also, if x = KgaXysenesX > and y = *y],yz,...,ym$ then
x| =n and |y| =m.

The notation “E, = E," stands for "E]‘ is defined to

be EZ".

X ,...,X
[E] 1 n

E]""’En

tution of the expressions E],...,En for the variables XyseeesX

represents the result of simultaneous substi-

n
in the expression E.

A sequence of expressions Em,...,Ek may be abbreviated by
k
[Ei]i=m’
When we state an assertion about a program statement (or a
sequence of statements) we shall use the notation introduced by

Hoare [1969]; thus
P{T}Q

means that if the property P was true before T was executed,

then the property Q will be true after the execution of T.

Some additional notations will be defined within the text.

: 1ee)



CHAPTER 2
MACHINE MODEL AND SEMANTICS OF ASSIGNMENT STATEMENTS

In this chapter we shall define the machine model we have in
mind, andlthe meaning of assignment statements for the model. We
chose to use the contents function as the basic concept in our
definition because of its simplicity and intuitive appeal. A
number of different definitions could have been chosen, and among
them one which starts directly with the concept of free state
descriptibn as presented in Chapter 4. All later results will be
proved with relation to the model presented here.

We shall assume in our model that the memory is a finite set
of locations, each one of them capable of holding a tuple over
the set of location names (references or pointers) and some
unspecified objects called atoms. The tuple contained in each
location will be determined by the contents function. The follow-

ing definitions formalize these intuitive concepts.

2.1 Definition. Let M be a finite set of (currently used)

memory references, and let A be a set of objects (atoms) such

that MNA = 0. Let D = MUA be the set of primitive objects.

The elements of D will be usually denoted by the letters

U, Vs Ws t, Z, with or without subscripts and superscripts.
2.2 Definition. Let the set G of tuples over D be defined by:
G = {#u],...,up#l {u],...,up} cD,p>1}

Any function c: M+ G will be called a contents function.




In order to simplify further the notation, whenever only one
contents fUnction ¢ 1is mentioned in some context, x+ will
stand for c(x).

The following definitions make precise some of the intuitive

notions used in dealing with data structures.

2.3 Definition. Given a contents function ¢, 1let EC: D~ ZM
be defined by*:

lut|
if ueA then @ else [{u}V U E_(ut.i)]

P i=

Ec(u) =

Intuitively, E_(u) is the set of all references which can
be reached from u in zero or more applications of c. We shall
extend the definition of Ec to sequences over D in a natural

way; if u = (u],...,um), u; €D, then
a m
(W) ¢ U E(u)

2.4 Definition. Given a contents function c, let the predicate
FREE, on D be defined by:

us
~FREEc(u) 2 {[ueA]l v {/\I[FREEC(U+.i) AU ¢ Ec(u+.i)
j= :

[ut|
A A (Ec(u+.1)F\Ec(u+.j) = 0)1} .
j=1
i#d
Intuitively, FREEC(u) means that for any z € Ec(u), there
is exactly one path from u to lz. In other words, the data

structure rooted at u and defined by ¢ has neither circularities

nor sharing of pointers.

*This recursive definition may have more than one fixed point; our

jntenged meaning is the unique least fixed point (cf. Manna et al.
TN . :

[

.
w o)



2.5 Definition. Given a contents function ¢, . let the predicate

et NONCIRCc on D be defined by:

ut
NONCIRCC(u) 2 {[u € A] vI/\l[u ¢ Ec(u+.i) A NONCIRCC(u+.i)]} .
/ i=]

Thus, 'NONCIRCC(u) means that there are no circularities in
the data structure, but there may be sharing.

The set M of currently used memory references and the
contents function c¢ give a static description of the state of the
machine. In what follows we shall show the state transformations
under assignment statements. First we shall define the concept
of program expression which will model expressions appearing in
different programming languages. We shall assume that V and C
are the sets of variables and constants, respectively, and we

shall not specify them precisely.

2.6 Definition. Let the set P of program expressions be
defined by:
(i) vuccre
(ii) if Ee P and i is an integer then (E.i) e P
(iii) if E],...,Ep eP and 0 is a p;ary operator symbo}
then e(E],...,Ep) eP .

(iv) P is the smallest set satisfying (i), (ii) and (ii{).

Thus P 1is the set of expressions built up from variables
¥ and constants, using the seléctor operator "." and some unspeci-
fied operator symbols. Next we define the value to which a pro-

gram expression is bound through a contents function c.
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2.7 Definition. Let .E be a program expression, and let ¢ be
a contents function; then VALC(E) is defined by: -
E if E s a variable R
or constant

VALC(E) = G(VALC(E]),...,VALC(EP)) if E= 6(E1,...,Ep)
(c(VALc(E]))).i if E= (E].i)

Notice that this definition implies that we do not treat
variables as references. We assume that they are bound to some
values inhour universe of discourse D; this binding may be
changed by assignment statements to variables. Another implica-
tion of this definition is that we adopted a convention similar
to that of SNOBOL and ALGOL68, where an automatic coercion
(contents function application) takes place befdre component
selection is done.

We can proceed now with the definitions of semantics of

assignment statements.

2.8 Definition. Let €' Mo > Go be a contents function, and

. let E] and E2 be two program expressions. Let Vi = VALC (E])
. (]

and Vy = VAquEz). Then the semantics of the (component) assign-

ment statement is defined by:

(c=cO A M=Mo){E1.1' « Ez}(c=c] A M=M°) K

where

L
w

c](x) 2 i_f_x=v1 then y e]sevco(x)
with

y 2 {co(x).l,...,cq(x).i-l,v2,co(x).i+1,..;,co(x).ICO(X)I%



In other words the current set of memory references remains
the same, and the contents function S is replaced by Cys

which agrees with c_ for all arguments except vy. Notice that

()
this definition assumes that v, e M, and |co(v])| < i; other-

wise the effect of this assignment is undefined.

2.9 Definition. Let €' Mo > G0 be a contents function, let

I be a program variable and let E],...,Ep be program expressions
(p>1). Let v, = VALgéEi)’ i=1,...5p. Then the semantics

of the assignment statement I <« TUPLE(E],...,Ep) is defined by:

(3z)(c=c] A I¢M(') A M=M6U{I})
where
. I
Mo - [Mo]z

and

| v 3L iF x =1

C](X) : E:v:;)]l’vp*]z if x#I,xeM

(] z )

Thus the current set of memory references is extended by a

new one (bound to the variable 1), and < is an extension of
[ asvdefined above. TUPLE 1is the operator corresponding to
cons in LISP, but accepting a variable number of arguments. The
substitution of z for I 1s necessary in case I was bound to a
value and appeared in the expressions for ¢, or Mo‘

The semantics of more complicated assignment statements,

“involving several TUPLE operators or simultaneous assignments

11
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could be easily described in a similar way. We will not do it

formally since such statements can be always replaced by an equiva- =,

lent sequence of simp]é assignments. However we shall frequently 3

use such.statements in our examples. -
Since simple assignment statements are very frequently used,

we shall give the corresponding rule:

2.10 Definition. Let Co Mo > Go be a contents function, let

I be a program variable and let E be a program expression. Let
v = VALC(E). Then the semantics of the assignment statement

()
I « E 1is defined by:

PAL « EN32)[P]] A T=v
where P is any predicate describing the state of computation.

Thus a simple assignment merely changes the binding of a

variable. The contents function and the set of current references

remain the same, since P might have included c=c, A M=M0.



CHAPTER 3
FREE TREES
In this chapter we shall define the concept of abstract free
trees which constitute the basic element in our state representation

described in the next chapter.

3.1 Definition. Let X &2 {Xy5...5x}s n >0 denote the set of

n distinct variables such that D N Xn = f@. For each n, let

T, be the set of trees generated by X, YA and defined by:
(i) Xy, UACT,

(ii) if TyseeesTp € Tp, p>1 and u e M then

<U,T],...,T>6Tn ;

p
(i) Tn is the smallest set satisfying (i) and (ii).

Tn is the set of symbolic expressions built up from Xn UA,
using the operation symbol <...> with a variable number of argu-

ments, where the first argument is always a memory reference.

3.2 Definition. Let X 2 {x1sX55...} be the set of variables,
and let the set T of trees be defined by:

e |

e
& C8

—

The elements of T will be usually denoted by the Greek

letters T, o, Z.

The following are examples of elements of T assuming

M= {u],uz,u3} and A = {a,b}:



b
X2
<u1,<u2,x],a>,<u3,b,x2>>

<u2,<u],<u2,x],a>,x2,b,x3>,x1>

In what follows we shall define several functions and predicates
on the set T. Since this set, together with the operation <--.>
constitutes an absolutely free structure, any.recursive definition
based on X UA and extended to tuples in terms of its components

will yield a well defined function on the whole set T.

3.3 Definition. Let the predicates atom, var and elem on T
be defined by:
(t e A)

o>

atom(t)

var(t) 2 (1 e X)

elem(t) = (1 e AUX)

These definitions are extended to sequences over T; thus if

T=(Tpee0ty)s 15 €T, then:

atom(t) = }{ atom(z.)

i=1
n
var(t) & A\ var(t.)
=1
n .
elem(t) 2 A e]em(Ti)
i=1

3.4 Definition. Let the predicate order on {1,2,...}xT be
defined by:

n
order(n,t) 2 ~elem(t) = [|t]=n A /\]order(n,T.i)]
. 1=



In other words, order(n,t) means that all tuples within =t

have n+1 components (a memory reference and n subtrees).

3.5 Definition. Let the function NX: XxT » {0,1,2,...} be

defined by:

NX(Xi,T) = if elem(t) then [if.T’=X1 then 1 else 0]

Tl
else _Z]NX(xi,T.j)
J:

NX(xi,r) denotes the number of occurrences of the variable

Xs in the tree T.

3.6 Definition. Let the function NM: MxT - {0,1,2,...} be
defined by;

NM(u,t) = if elem(t) then O else

T
{[if 1.0 =u then 1 else 0] + .Z1NM(UaT-j)}
J:

NM(u,t) denotes the numbef of occurrences of the reference

u as the first component of a tuple in .

3.7 Definition. Let the function V: T -+ ZX

be defined by:
V(t) = {xil NX(xi,r) > 1}
Thus V(t) is the set of all variables X occurring in T.

3.8 Definition. Let the function S: T 2 be defined by:

S(t) & {u| NM(u,Tt) > 1}

15
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Thus S(t) 1s the set of all memory references occurring in t.

3.9 Definition. We extend the functions defined in 3.5-3.8 to

sequences over T; thus if T = (T1,...,Tn), T; €T, then:

n
NX(x;>1) & ] NK(x;51,)
=1 A
n
NM(u,t) = } NM(u,t.)
F
n
V() & UV(x,)
=1
n
S(z) = US(r,)
=1

Notations

(1) (xye1) 2 (x; € V(D)

(i1) (uet) =2ues(n)

(iii) (X,i €t) 2 NX(Xi’I) = ]

3.10 Definition. Let the partial operation of composition on T
(denoted by "o") be defined by:
If Tj € Tn’ j=1,....m and dk eT, k=1,...,n for

'some m, n >0, then:

a

(T]’...,Tm)o(o]’.."on) = (C'lsoo-QCm)

where

XqseeesX
'I,‘ ] n .

, 8 . = 1,0..5Mm
Ty = [TJ] J

O]"oo,qn

Thus each cj is obtained by substituting’simultaneously

TyseeesO for all occurrences of X130eesX in T,. It is easy

n n J

X

.
" v
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to prove that this operation is associative, and that for any

n>0, (x],...,xn) is the right ideﬁtity element.
3.11 Definition. Let the predicate free be defined by:
free(t) = (Yu)[NM(u,T) < 1]

Thus free(t) means that any reference u occurs at most
once in some tree of the sequence T.

Notice that the predicate free 1is not related to the predi-
cate FREEc defined in 2.4. As a matter of fact we shall use

free trees to describe data structures which are not FREE.

3.12 Definition. Let

-n
o

{t] T € T, A free(t)}

and

Thus F s the set of all free trees.

3.13 Proposition. Let Tt € Tn’ and ¢ = (o],...,on), g; € T
for some n > 0. Assume that

(i) fgggj(T,o],...,on)) and

(i) ~glgmjoi) = NX(xi,r).i 1 for i=1,...,n

Then free(tog).
Proof. A simple induction on T € T. a

This proposition guarantees that the freedom property is

preserved whenever in a composition operation, only variables



which occur at most once in the tree are substituted for by non-
elementary terms. Otherwise the memory references occurring in

the sUbstituting term would be multiplied by the number of occur-

rences of the corresponding variable.

18

3.‘



CHAPTER 4

- > : FREE STATE DESCRIPTIONS
S In this chapter we show how the abstract trees defined in
- Chapter 3 can be used to represent arbitrary data structures.

The adequacy of this representation is shown by exhibiting its

relationship to the concepts defined in Chapter 2.

4.1 Definition. Let c: M+ G be a contents’function, ueD,
teF and y=(v...,v)), v, eD forsome n>0. Then the

triple (u,T,v) is said to be compatible with ¢ (notation:

u -Iez v) if and only if:

either (i) atom(t) A atom(u) A u=1;

or (1) var(t) AT =X; A U=V, for someI ?;
. T .
or (i) ~elem(t) A 1.0=u A |t|=|ut| A A (ut.] —Iéleh v) .
j=1

Conceptually, we shall say that the tree T connects u

(root) to v (endpoints). Graphically, we shall represent this
fact by: -

u u
| | ///////:\\\\\\\ ) ///////:\\\\\\\
‘ v Ve ' Vp

-

>

Notice that even though the memory references occurring in T

are all distinct (since free(t)), Vis-+-sV, are not necessarily

n



in T, - and they may be repeated.

The following example should clarify these concepts.

4.2 Example. Let M= {u],uz,u3,u4,u5}, A = {a,b,d}, and assume

that the contents function c describes the following data

structure:
“1/ N
u
2l N\ a us e

The following are some of the re]ations_which hold:

a _
a = (u],uz,u3,u4,u5)

a —=, (u],b,a,uz,d)
% . <
Uy —% (u],uz,u3,u4,u5) i=1,2,3,4,5

<Uq 5Xq 9X,>
Ut

<Unp9Xq 92>
29 'I’
—_—
up c Ya

20
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<Un s X9 Xo>
2°71°727
Uy c (u4,a)

<u5,x],d>
u5 c u2

<Uq 9<U,s<U, s <ULy X4 50>, b> 8> ,<U,, X, X,>>
yy e 12 (4 0,)

<U]sX2,<U3,X],<U4,<u5,<u2,x3,a>,d>,b>>>

U] >C (u4,u2,u4)

<u4,<u5,<u2,x],a>,d>,b>\
u > u
4 c 4

The concept of compatibility can be extended to sequences

over D and F in a natural way:

4.

u

v

3

Definition. Let c¢: M-+ G be a contents function,

(u],...,um), u; €D, T = (T],...,Tm), T, € F, and

(Vys...5v,)s v; €D, forsome m>1 and n > 0. Then the

T
triple (u,7,v) 1is compatible with ¢ (notation: u —— v)

c

if and pn]y if

T.

(i) u.i 1;(:!’ 'i=],...,m

and (ii) free(t) .

Notice that free(t) implies free(ri) ‘for each i (but

not the converse), and S(Ti)f\S(Tj) =@ for i# j. In case of

the example 4.2 the following holds:

(<U 3<Ujp 3<UR X7 ,d>,b>, 8>, <Uq, X0 s X0>)
2° "4 70 2730287
(uy,us3) > (ugsuy)




Remarks
(i) Whenever no ambiguity is possible, the subscript ¢ on

—% will be dropped.
(i1) Notation: (u SN y-jiag

(() s the empty sequence).

4.4 Definition. Let = (T],...,Tm), T, €F, V= (v],...,vn),
v €D, for some m>1 and n >0, such that free(t) holds,

and let z e S(t). Then R(z,T,v) fis defined by

R(z,T,v) 2 R](z,rk,y) if z e'S(Tk)
where

Ry(z50,v) 2 if 0.0=2 then tRy(0.1,¥)5...5Ry(0. [0 ],¥)}
R

and

Ro(o,v) = if atom(o) then o else

[if var(o) A o =x, then vy else ¢.0] .

The definition of R is rather complicated, but its intuitive
meaning is very simple. Namely R "reconstructs" the function

¢ as shown by the following:

T
4.5 Proposition. If u -3V and' z € S(1) then R(z,T,v)

c(z).

Proof. Can be carried out easily by induction on T e T, and
noting the following fact about R,: if t —94E w then

Rz(ot‘f) = t. O



4.6 Definition. Let K = (A],...,Am) for some m > 0, where

each Ai is a triple of the form:
Ao (gsTeyy)

Then K is a free state description (FSD) compatible with ¢

T T
s -1 -m . ce.
(notation: * K or #* (4 —>Vqs...o¥y —>V,)) if and only if:
. 14 .
(1) u —ba v; s §=Toeeosm

~and (ii) fgggﬁ(:l,...,gm))

Remarks
(i) Whenever no ambiguity is possible, the subscript c¢ on

* will be dropped.

(i1) *c( ) holds for any c.
(iii) Notation:

T T T

=1 s
*elty =gty

m
A [US(r) =L].
i=1
An FSD is thus a sequence of compatible triples in which no
reference occurs more than once. Notice however the remark about
the endpoints after Definition 4.1.

Graphically, we shall represent an FSD

B 'm
*(up —>vyseu ——>y ) by:

-m =1 -
=) 2 (U T ety )

23
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The fact that the triangles representing TyseesTy do not
overlap emphasizes the property of the sets S(ri) being pairwise
disjoint.

4.7 Examples. Let c be the contents function from Example 4.2.
Then the following hold:
Xy
*(u --—e'u])ﬂ

X9 X2 X1
*(u1 —> Uy, U, -——>(u],u2), ug --—->u5)¢

<U"QX'| ,X2> (<uZ,X],a>,<U3,X] 9X'l>) R

*(u'l —> (u29u3)’ (U2,u3) - u4’
<U,sXq5b> <UpyXq9Xn>
47 52%12%2”
Ug Us> Ys ’(u2’d)){u1,u2,u3,u4,u5}
<u ,<u ’<u ,<U oX ,d>,b>,a>’<u ,X ,X >> -
*(u] 1° 7722 7742 77527 372727 (u2’u4))
{uq5up,u3,uy,ug}

Notice that the first two examples hold for any contents

function c.

24
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4.8 Definition. An FSD K = ((u;>1y5¥q)sees(u,T v )) is said

to be closed (notation: HCK) if and only if:
(i) *cKL

and (1) [ Uy, CLUA].
i=1

The same remarks following Definition 4.6 apply here.

A closed FSD is one in which all endpoints are either atoms
or occur somewhere in a descriptive tree. The last two examples
in 4.7 are closed FSD's. Intuitively such a closed FSD contains
all the information necessary to describe a data structure rooted

at Uys...Hu This concept is formalized by the following:

n*
I] Im
4.9 Proposition. If uc(g]—ey],...,gm——e\_/m)l_ then:

m

(1) UEly) =L

m
and (i) A (Vu)[u e 5(z;) = R(u,755v5) = c(u)] .

i=1 «
Proof. Claim (i) can be proved éasﬂy by showing first (by induc-
tion) two lemmas:

T
(a) If u-—=>v then S(1) CE(u) .
T .
(b) If u—>v and z e S(1) then z+.i ¢ [S(t)UAUY]

for i=1,...,]2¢] (i.e. all direct descendants of z
which are not atoms, are also either in S(t) orin v).

Claim (ii) is a direct consequence of Proposition 4.5. O

This last proposition shows that a closed FSD is an accurate



description of a data structure (or several data structures). The
following proposition shows that every data structure can be

described in such a way.

4,10 Proposition. Let ¢: M+ G be a contents function, and
ueD. Then there exists n>0, tTeF and v=(vi...ov),

v; € M, such that:
nc(u X !)

A rigorous proof of this fact is not too difficult but rather
tedious, and we will not carry it out. The main idea of the proof
would be to define two functions which "build" 1 and v for a
given contents function ¢ and u e D. Then we would prove by
induction that these t and v satisfy the relation above. In
order to illustrate this procedure we will exhibit the functions
for the case of binary trees. Thus let c: M > G be a contents
function such that for all z e M, [c(z)] = 2. Then the func-

tions 6 and w are defined by:

e(z,(v],...,v ),E) = if atom(z) then z else

n
[ifze (v],...,vn) A Z=V then X else

[if z e E then x ., else

<z,e(z+.1,(v1,...,vn),EL&),e(z+.2,w(z+.l,(vq,...,vn),BJz),
§(z4.1,802))>]]

n(z,(v1,...,vn),E) = if atom(z) then (v],...,vh) else

[if z € (vq5...5v,) then (y],...,vn) else
[if z e E then (v],...,vn,z) else

n(z+.2,n(z+.1,(v],...,vn),BJz),6(2+.1,BJz))]]

26
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where

8(z,E) 2 if atom(z) then E else

[if z € E then E else &6(z+.2,8(z+.1,EUz))]

Finally, we put:

6(u,(),0)
= ﬂ(ua()sﬂ)

~
L}

and

<
|

Notice that 6&(u,.E) = ELJEc(u).

Let us consider the contents function c¢ from Example 4.2

and compute the corresponding T and v.

~
|

= e(ul,(),ﬂ)
= W(U],()’ﬂ)

<
|

Applying the definitions we get:

T = <u],<u2,<u4,<u5,x],d>,b>,a>,<u3,x2,x2>>

v = (uz,u4)

(cf. 1as£ example in 4.7).

Notice that T built as above has a special form in which a
memory reference v; € v appears always "to the left" or "above"
the variable Xs in the tree t. This comes from the fact that
the function 6 "visits" the data structure in what Knuth [1968]

calls pre-order traversal.

In general, however, 7 and v satisfying nc(u —I—>y) are

not unique. Intuitively, t and v can be obtained by “cutting"
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all but one link pointing to a shared node and replacing them by
variable names. Some of the possible cases for the Example 4.2

are (broken lines represent 1links which were "cut"):

11, \

=

= <u],<u2,<u4,<u5,x],d>,b>,a>,<u3,x2,x2>>

~
1

I<

= (uy,u,)

-t



/

r

\
o

| T = <u],<u2,x],a>,<u3,<u4,<u5,x2,d>,b>,x3>>

vV = (u4,u2,u4)

4.11 Proposition. Let c¢: M+ G be a contents function, and
ueD such that FREEc(u) holds. Then there exists T € Fo

such that:
ﬂc(u ¥ 1)
(i.e., nc(u <5 ())).

Again, we will not prove this proposition, but it is easy to
see in the preceding discussion that FREEc(u) implies
m(u,().8) = (). Also, no "cutting" of links would be necessary

since there is no sharing of pointers.

29
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4.12 Definition. Let K = ((u ,g],y]),...,(gm,gm,ym)) be an FSD,

and let z ¢ S('_gi) for some 1i. Then we define RK(z) by:
RK(Z) = R(Z’Ii’!i)

4.13 Proposition. If K = ((uys795¥9) s e e ea (YT ))  and

*cKL holds, then:
(Vu)[uel= RK(u) =c(u)]
Proof. Immediate consequence of 4.9. 0

RK(u) "reconstructs” the value of c(u) as determined by

the FSD K.

. !



CHAPTER 5
SOME _PROPERTIES OF FREE STATE DESCRIPTIONS

In carrying out proofs of program correctness, we will fre-
quently use certain properties of FSD's in order to draw conclu-
sions about the state of computation or to be able to apply trans-
formations described in the next chapter. This situation is
analogous, for instance, to applying algebraic laws when dealing
with programs manipulating numbers.

In this chapter we shall see a series of propositions concern-
ing FSD's. Our aim is to provide enough propositions, so that
proofs can be carried out without resorting to the definitions
of an FSD. It would be interesting to know if there exists a
finite set of such propositions, but we will not pursue this
subject here. Most of the propositions shown in this chapter are
actually used in our examples in Chapter 7.

Whenever a property holds for both = and =, we shall use

*d  jnstead.

5.1 Relations — and *_

T
u—== v iff * (u-—>v)
- c- C- -
Proof. Trivial, using definitions. , O

5.2 Relations * and 2. If nKL then *KL.

Proof. Trivial, using definitions. , (]

5.3 Permutation. If *H(A],-..,An)L then *ﬂ(xi],...,xin)L

where (i],...,in) is a permutation of (1,...,n).

31
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Proof. Obvious. o

In practice we shall apply this property without mentioning it.
5.4 Deletion
T
(a) If *(g ﬁ!’k],-oo,ln)l— then *(A1"°"AH)L~S(I).

T
(b) If ﬂ(g‘-==>y,A],...,An)L and elem(t) then _H(A],...,An)L.

Proof. Trivial, using definitions; notice that elem(t) implies

(t) = 0. O

(7]

5.5 Merging. If *H(A],...,Am)L and *ﬂ(u],...,un)N and
LNAN = @ then *ﬂ(A],...,Am,u],...,un)LLJN.

Proof. Trivial, using definitions. g

This proposition can be used when the program execution
provides somehow the information LNN = @. The references in L
and N might have been produced by independent sections of the

program or they might have been declared as being of different

type.

5.6 Expansion
(a) If *()\],...,An)L then *(u,A],...,An)L.

(b) If n(A'[,o.a,An) and (U'l’..o,um) SLUA then n(u:}\],...,An)L
seersXs )
1

= m_. .
where y = (ui],...,uim) > (u],...,um) and

ije{l,..m, §s= Ty...,m.

Proof. Using the definitions and propositions 5.1 and 5.5. Notice

that S((xi],...,xi )) = @.
m



(¢) If *(A],...,An)L and atom(u) then
(WIx(u Lo ydgeeeo )]
(d) If u(xl,...,xn) and atom(u) then
(W)(v CLUA) = 5(u =55 vodyseneshy) ]
Proof. As parts (a) and (b), noticing that S(u) = 0. O

This property allows the extension of an FSD by a trivial

compatible triple (i.e., one not involving any references). It
will be used mainly in adjusting an FSD to the initial conditions

of a loop, so that an induction can be carried out.

5.7 Tupling and Untupling

T Tm
*n(u-] '_é!,ooo,um .——»!’)\]’”"AH)L
iff
T
. -
* (l_‘! _>!9)\-ls-o-9)\n)|_
where u = (up,...,u ) and T = (TyseeesTy)-
Proof. Obvious by using definitions. ]

5.8 Distinctness. If *3(u ==V, U —=>W,Aps...5) ) then

either elem(t) or elem(o)

Proof. Otherwise u e S(t) and u € S(c), and S(t)NS(c) # P,

which is a contradiction by definition of an FSD. 0O
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5.9 Atoms. If #m(u —1L>(v],...,vm),Al,...,An) and atom(u),
then elem(t) and either T=u, or t = x; and u= v; for

some 1 <i<m,

Proof. Trivial, by applying the definition of a compatible

triple to u —— (v1,...,vm). g

5.10 Non-atoms. If #=(y —t> (v],...,vm),kl,...,kn) and
~atom(u) then

either (i) elem(t) and T = xj Au=v,., for some J;

J
or (i) ~elem(t) and there exists a p > 1 and
T],...,Tp € Fm such that 1 = <U,T1,...,Tp>.
Proof. Simple app]fcation of definitions. a

This proposition will be used very frequently as a result of
a test of the form "atom(u)?". In case (ii) we shall decompose
the tree 1t into its components. This fact will be iﬁterpreted

graphically by:

u .
u ]I ° e
~atom(u) A ~elem(t)
T | .
A A A
v v v v
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5.11 Composition

(a) If =(u —§—>(v],...,vm)

)

(o],...,om

>w,A],...,An)L and

~elem(o,) = NX(x,,7) <1 for i=1,....m then

and NCL.

)

(01,...,0m

)

~elem(o;) = x; e for i=1T,...,m then

T
(b) If #2(u —=>(vqs...,v >W;A75..05A0)  and

m

To(07se0.50_)
=] g TR Iy

*A(u

Proof. Straightforward by induction on T e T. Notice that in
part (b) we require NX(xi,I) = 1; otherwise some of the trees
oy might "disappear" in the process of composition, and the set L
would not be preserved anymore. | O

This proposition will be used mainly to put together "pieces"
of data structure which have been processed already, and we are
not interested anymore in their exact shape. It will turn out
that in general the values ViseeesV, are not bound anymore to
any of the program variables (unless they appear also elsewhere).

Graphically, this proposition may be interpreted by:
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5.12 Decomposition

Tog ‘
(a) (i) If #(u —'-—'->v_v,}\],...,>\n)|_ then there exists v such

| T o
that *(u —=>v =>W,A15..001), .
: Tog
(i) If =(yu —=—>W,A{»...5))  then there exists v CLUA

T g
such that =(u == v —>W,Ap..0))) .
Proof. Again by a straightforward induction on T e T.

(b) If w#=(u —'r—é(v],...,vm),l],...,kn)l_ and z € S(t) then

there exist T1s To such that:

Y -
*"(u — (V]Q..ngvaZ), 7z — (v1’o¢u’vm)gk‘l,oooglm)L

with © = T-IO(X],...,Xm,TZ), ~e1em(r2) and x4 € 7.
Proof. By inductionon T e T. a

Part (a) of this proposition is a converse of Proposition 5.17,
and its graphical interpretation may be obtained by reveréing_ that
of 5.11. It will be applied frequently ih conjunction with
Proposition 5.10. Part (b) will be used in order to "split" a
‘tree T into two parts for further processing. Graphically we

shall interpret it by:

Viva' ' m

r
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5.13 Containment. If =K and *(z —>y), and z el then

NCL.

Proof. By induction on T € T. Intuitively since K is a closed

FSD, and z € L, all descendants of z must be in L. 0.

5.14 Conservation. If *HCK and (Yu)[u e L =c'(u) =c(u)]

L

then *uc.KL.

Proof. Each triple in K 1is compatible with ¢ and thus also

compatible with c¢' (easy by induction on T). 0O

In Chapter 8 we advocate a separate approach for linear lists
because of the different way in which they are used. However,
since we wish to exhibit a correctness proof of the Fischer-Galler
algorithm, we shall introduce a restricted concept of linear lists

into our general definitions.
5.15 Linearity. Let the predicate linear be defined by:

T
linear(t) 2 [var(t) A t=x;]v [linear(r.1) A _/\Zatom('t.j)]
J:
Intuitively, in a linear list the first field denotes a pointer
to the next 1list element, and other fields contain arbitrary infor-

mation. Now the linearity property can be expressed as:

If #(u -lév,A],...,An)L/\ *(u i>w,u],...,;.xm)N A linear(t)

A linear(c) then



(3g){linear(&) A ([*(u > v —g—>w,u],--.,um)N A 0= ToE]

v*(u Zsw —E->v,>\1,...,)\n),_ A T=00E])}

A{t=0 =v=y}

Essentially, this property means that if there is a linear
path from u to v, and from u to w, then either v is an
ancestor of w, or vice-versa, or v = w.

The proof is trivial by induction on 1 (or g), and using

the definition of linear. O

It is easy to show (using Proposition 4.13) that in all
transformations of FSD's proved in this chapter the function RK
is preserved (cf. Definition 4.12), i.e. if the transformation is

*, into *Kl'_. (L' € L) then the following holds:

(Vu)[u € L' = Ry (u) =Ry (u)]

38
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CHAPTER 6
TRANSFORMATION OF FREE STATE DESCRIPTIONS UNDER ASSIGNMENT STATEMENTS

In previous chapters we have shown that FSD's can be adequately
used for static representation of data structures. In this chapter
we shall see the transformation of FSD's when assignment statements
are performed.

In the first place we shall define the concept of the value
to which an expression is bound through an FSD, consistent with

the definition of VALc (cf. Definition 2.7).

6.1 Definition. Let E be a program expression, and assume *KL'

Then va1K(E) is defined by:

E if E 1is a variable or

. ) a constant
va]K(E) 2 e(valK(E1),...,va1K(Ep)) if E = e(E],...,Ep)
Vi if E = E].i and *KL==>
UsXqsenesX >
valK(E]) P_, (v],...,vp)

for some p, u, v],...,vp

Notice that in the last case, the value of valy(E) s
defined only if valK(E]) is defined and belongs to L. The
existencelof such p, u, v],...,vp is guaranteed by 5.12(b) and
5.10.

The following proposition shows that the definition of va]K

is consistent with that of VALC:

6.2 Proposition. If *cKL and E 1is a program expression, then
either va]K(E) is undefined or va]K(E) = VALC(E).



Proof. By induction on E:
If E 4s a variable or constant, then valK(E) = VALC(E)
holds trivially.

If E ='e(E],...,Ep), then by inductive hypothesis, either
Va]K(Ei) = VALc(Ei)’ i=1,....p, and thus va]K(E) = VALC(E),
or some va]K(Ei) is undefined or not in. L, and then valK(E)
is undefined.

Finally, if E = E].i, then by inductive hypothesis, either
valK(E1) is undefined or not in L, and then va]K(E) is unde-
fined, or va]K(E]) = VALC(E]). Let u = valK(E1). Since uel,
by 5.12(b), 5.10 and 5.12(a) we can write:

)

(T],...,T
p” .
(v],...,vp) > W

<u,x1 Se .o’xp>

U >
c

for some p, v],...,vp, T],...,Tp and w.

Finally by Proposition 4.5,

p
= #Rz(x],(v1,...,vp)),...,Rz(xp,(v],...,vp))#

= #v],...,vp#

c(u) = R(u,<u,x],...,x >,(v1,...,vp))

and thus

VALC(E) = (c(VALC(E]))).i = (c(u)).i = vi oo O

Notice that VALC(E) e L does not necessari]y imply that
valK(E) is defined, since for some subexpressioﬁ of E the value
of VALC might not be in L, leavingv valK undefined.

The next two propositions will show how FSD's are transformed

under assignment statement:

40



41

6.3 Proposition. Let Co' Mo > G0 be a contents function, and

let *c KL. Let E] and E2 be two program expressions and let
0

Vi = VALco(EI) and v, = VALCO(EZ)' Then the following hold:

<V~‘,X-|,...

s Xp>
(a) If K= (v, P:(w],...,wp),x],...,x) (and thus

n
Vi € L), then:
‘ <V],X],...,X>

(1) *KL{E].i « EZ}*(VI

(ii) l=‘KL ANy € (LLJA){E].i « Ez}ﬂ(v] >ry',A],...;An)L

Where w' = (w],...,wi_],vz,wi+],...,Wp).

<V1’T]’ooo

3T 2
(b) If K= (v P >Wshyse..nhy)  (thus vye L),

and v, €A, then:

(1) *K {E;.1 « E,}*(v, *%W’*]’-"’*n’bs(ﬂ.)
(1) =K A elem(t,){E; 1 « E,3o(vy <> wohpsed))
where o = VPoTyseeesTy 1aVpsTippsee sty

(c) If 2 ¢ L but vq € My, then
*ﬂKL{E].i « Ez}*ﬂKL
(d) If *KL{E].i « EZ}*Ki‘ as in parts (a), (b) and (c), then:

(Vu)[u e (L' ~ vq) = Ry(u) =Rys(u)]
Avp el =[(V))(1 <] < IRK(V])I AJEI =
Re(vy).i= RK.(V])oJ')] A [Ryi(vy)i=v,1}

Proof.

(a) According to the Definition 2.8, we have to prove:



]’ I""’ p
i w 9‘\'"00,;\n)l

*c](vl
where
cy(x) & if x=vy then y else c (x)
and

y 2 fco(x).l,...,co(x).i-l,vz,co(x).i+1,...,co(x).p#

Thus C; agrees with Ch for all arguments, except Vy-

Consequently A1,...,An are compatible with g since i
cannot occur in any Ay (it occurs already in <v],x],...,xp>).

VpsXqsaeasX >
Also, it is easy to see that Vi P >w' s compatible

with Cye The reference set associated with each triple did not
change, and thus the set L remains‘the same. As for part (ii),

all the endpoints in A],...,A are in LUA, and so are

n

WiseoosW by hypothesis Vo € LUA and thus w' CLUA. Conse-

p;
quently, the FSD remains closed.

(b) Comes as an easy consequence of part (a), by using composition
and decomposition (cf. 5.11 and 5.12). Notice that <v],r],...,rp>
= <V-| ,X],...5Xp>o('f-|,...,'l'p).

(c) Follows directly from Proposition 5.14.

(d) In case of part (a), if u = 2F then the result follows
trivially by definition of Ry - If ue (L'~v]), then, since
L' €L, u must belong to the reference set associated with some
Ai’
itself (cf. Definitions 4.12 and 4.4). Case of part (b) follows

and the value RK.(u) = RK(u), since it depends only on A

from part (a) and the remarks at the end of Chapter 5. Finally

case (c) is trivial. O
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Notice that in formulating this last proposition, we use the

function VALc and not valK as one might expect. In practice,

however, we shall always use the function va]K in applying parts

(a) and (b), and the Proposition 6.2 allows us to do so. In

case (c),

valK(E]) would be obviously undefined; usually in such

a case we would be working with more than one FSD describing the

state of computation, and the value of VALC(E]) might be given

by one of them.

6.4 Examples. (Assume that I 1is a program variable and atom(a).)

(i)

(1)

(i11)

<I,x],x > <I,x],x2>
*(] ———t— (u,v)){I}{I.Z « a}*(I —————"—-?(Uaa)){l}

<st]ax2> <I,X],X2>
tI(I _— (131)){1}{1.] < a}u(I _— (a’I)){I}

<I,x],x2> <u,x],x2> <v,x],a>
(] ———=— (u,v), u ——=—(z,a), v ——m>12,
<ZyXq,a> <tyXq s Xn>
Z 1 > t 1°72

> (u’a)){l,u,v,z,t}
o {(1.1).2 « (1.2).1}

<I,x ,x2> <u,x],x2> <v,x],a>
ﬂ(I-———————-——é(u,v), U ——5—(z,2), v —m 2,

<Z,X-l »a>

<t yXq s Xn>
. st 1272

> (Wad) iy vz, 1)

43



44

We can interpret Proposition 6.3 graphically by:

Vilgleeelyleee]n] 'MZKCES ".AZZfEX
A \ |
i wp

I
W W
”{E].i « £}

6.5 Proposition. Let coz M0 > Go be a contents function, and

let *C KL. Let I be a program variable, and let El""’Ep be
()

program expressions (p > 1). Llet vy = (v],...,vp), where

v; = VALco(Ei)’ i=1,...,p, and assume K = (A],...,)\n). Then

the following. hold:

(a) (i) *KL{I_*— TUPLE(E.‘,...,Ep)}

' <I,x],...,x >
. (32)[*(1 P >V' A5 e s

I"I)L'UI]

(i1) HKL AV C(LURAI « TUPLE(E],...,Ep)}

<I,X],...;Xp> .
>V

. (32)[“(1 ’Ai"'°.’>\l:l)l.'UI]

(141) K {1 « TUPLE(Eq, ..o Q) R(OM e ahl) s
(iv) *K AT ¢ L{T < TUPLE(E},. .. E ) bouk,



A%

(b) If %K {I <« TUPLE(E,,...,E )}*K as in part (a), then:
L 1 p! L

(Vu)lu e L = i ()= [R(TT A T € Ly = Re (D)= g ovit]

where
v% = [Vi]i i=T1,...5p
v' = (vi,...,vé)
A= Al i=1,...,n
L' = L]
Proof.

(a) For part (i), we have to prove, according to the Definition 2.9,

that *COKL implies:

. * <I,X],.. ,Xp> . . .
(3z)[ c](I >V A An) gy ]
where
I . '
[dvyseeasv 3]0 = v if x =1
cylx) = L . I
[co(x)]Z if x#1, xe€ [Mo]z

Since all references associated with Ai are in Mo’ any
reference x in A; is in [Mo]i, and c](x) agrees with
[co(x)]i. Thus A% is compatible with cy. Clearly

<I,x],...,

X_>
NV compatible with cy- Also, the set of

I
references in Ai,...,Aﬁ is L', and thus the result follows.

As for part (ii), we have v C (LUA), and thus v' C (L'UA).
Clearly, all the endpoints of Ai are in LUA and those in A%

are in L'UA. Consequently the resulting FSD is closed.
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Part (iii) is trivial since as shown above, all endpoints of
A% are in L'UA, and part (iv) is a consequence of (iii), since

no substitution takes place: L' =1L and A% = Ai, i=1,...,n.

(b) For each u el, u must be in a reference set associated

with some Ai, and the result follows trivially from definition

of RK‘ . ' O

6.6 Examples. (Assume that I 1is a program variable, and
atom((a,b,d)).)

<I,x],x2,x3> ’

(i) true{I +« TUPLE(a,b,d)}=n(I > (a,b,d))

{I}
<I,x],x2>
(1)  *(] ———— (u,w))m{l « TUPLE(a,1)}

<I,x],x2> <z,x],x2>
(32)[M(I ———5— (a,2), z ———2> (uw)) ;)]

Notice that we used again the function VALC to compute vi‘s,
but in actual applications valK will be used. The usual appli-
cations of Proposition 6.5 will be based on part (a)(ii), consist-
ing simply of renaming the occurrences of I in K, and adding

the new triple.



Graphically, we shall interpret Proposition 6.5 by:
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CHAPTER 7
EXAMPLES OF APPLICATION

In this chapter we shall see some examples of application of
the technique proposed in previous chapters. The purpose of these
examples is two-fold. In the first place we hope that they will
show the usefulness of the proposed technique, its relative simpli-
city and the intui;ive reasoning hidden behind it. In the second
place, the examples should illustrate the application of proposi-
tions proved in Chapters 4, 5 and 6 in different situations. We
also show via examples how to handle procedure calls.

We chose Example 7.2 to carry out a more detailed proof,
mentioning all the propositions being applied. In the subsequent
examples we are more sketchy, skipping the obvious applications of
some properties. We also drop the explicit use of existential quan-
tifiers, but it should be clear from the context where they should

be placed.

7.1 A Tree Reversing Algorithm. In developing our technique we

had in mind applications to data structures with arbitrary sharing.
However, in order.to show that the price paid in apb]ying our
technique to free data structures is insignificént as compared
with the method proposed.in Burstall [1972], we start with one of
his examples, slightly modified. '

The purpose of the algorithm is to reverse a binary tree.
We shall assume that for all trees <t in this proof order(2,7)
holds. The algorithm is presented as a recursive procedure in the

following flow chart:"



"

REVERSE (u)

-y - - — -

REVERSE(u.1)
........... ,Qz
REVERSE(u.2)
""""""" Q.
t<«u.l
_________ Q
u.l <« u.2
_________ Q
u2«t

§-om-- 0
RETURN
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Let REV be an auxiliary function defined by:

REV(t) 2 if elem(t) then T else <1.0,REV(7.2),REV(T.1)>

The inductive assertions are:

O
ne

n(u’l”r,l],- .o ’An)L

<U,X-| ,X2>
Q] = “(u ——— (ZQW), (Z’W)+(0-| 902),}\1’..o,>\n)l‘ FaY T= <U,O-| ,02>

3 <UsXqsXp>
Qz = (U ——— (Z,W), Z*"g-l ,w+029>\~|,--.,.)\n)l-

A T=<U,00500> A Eg= REV(ol)

a <UsXqsXo>
Q3 = l:l(u "'—"—9(2,\”)9 24'5.'] swquzs}\]au-skn)L

A T =<U,01505> A £1=AREV(01) A £2=.REV(02)

Q4 £ 03 At=2z
<U,X],X2>
Qg 2 B(u ———==> (w,W)5 T WHEnuAs . sd))

A T=<U00500> A Eq= REV(o]) AEy= REV(O’Z)

QG = "(u+£,)\],...,)\n)l_ A E=REV(T)

We shall now verify the above assertions by simple application

of the propositions given in Chapters 5 and 6:

1. Since thé proéédure is recursive, we shall adopt the following

inductive hypothesis:
(Vu,T,A],...,An)[QO{REVERSE(u)}Qsl

and prove that QO{S}Q6 holds, where S 1is the body of the
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procedure. For a more detailed treatment of such proofs see

Hoare [1971] and Morris [1971b].

Qp A atom(u) = Qg: trivial, since by Proposition 5.9 t=u

and REV(T) = T.

Q, A ~atom(u) = Q: by 5.10 and 5.12.

01{REVERSE(u.])}QZ: follows by inductive hypothesis.

QZ{REVERSE(u.Z)}Q3: by inductive hypothesis.

03{t - u.l}Q4: trivial.

Q4{u;] + u.2}Qg: by Proposition 6.3(a).

Qg{u.2 « t}Qg: By Proposition 6.3(a) we have after the

assignment:

<u ,X-l ,X2>
n(u —_— (W,t) st’”';] ,W+€2 9A'| R ’>‘n)L

A T=<U,0750p> A &g = REV(o]) N Eys REV(oz)

By 5.7 (tupling), 5.11(b) (composition) and using the defini-
tion of REV:

ﬂ(u+£,l1,...,kn)L A g==REV(T)
which is 06.
This concludes the verifications, and we can state thus:

(Vu,r)[ﬂ(u¢T)L{REVERSE(u)}ﬂ(u+REV(T))L]
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which proves the correctness of the procedure.
Notice that our assertions are analogous to those in Burstall's
example. Our proof seems slightly more complicated because we
treat procedure calls in a more rigorous way. Notice also, that
we prove a fact which cannot be expressed in Burstall's notation,

namely that the set L of relevant references remains the same.

7.2 A Marking Algorithm With a Stack. We shall assume that all

memory locations hold tuples composed of three fields, and thus
for all trees 1 in this proof, order(3,t) holds. The first
component is always an atom (initially 0), and the other two are
either atoms or pointers. There are no restrictions about circu-
larities or sharing. The purpose of the algorithm is to mark all
the nodes reachable from a given location p, i.e., to change the
first field from 0 to 1.

Since it is clear from the algorithm that assignmgnts are
made only to the mark fields, we shall not prove that the two
pointer fie]dsAremain the same. It would be trivial however, by
showing that RK(u).Z and RK(u).3 remain the same throughout
the algorithm fér all the relevant references u.

The stack will be represented by a potentially infinite array
Z (starting with index 1). In this example we shall try to be
very careful in using propositions proved in Chapters 5 and 6, meﬁ-
tioning explicitly each application (with the exception of Propo-
sition 5.3 involving permutation of triples).

We follow the proof by a more informal graphical interpretation.

The flow chart below represents the marking procedure MARK. We



shall use letters as symbolic selectors: m=1, s =2, r = 3.
Qo’ Q]. 02,.Q3 and 04 are the inductive assertions defined

later:

q.m,q,2[k] « 1,q9.5.9.r

Qak < Z[k],k-]

RETURN
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We shall define two auxiliary predicates:

M(t) 2 ~elem(t) = [T.m=1 A M(1.5) A M(T.1)]

A

U(t) & ~elem(t) = [t.m=0 A U(T.s) A U(T.r)]

Thus M(t) and U(t) mean that for all references in T,
the mark field is 1 and 0, respectively. Notice that
elem(t) = M(t) A U(t). Graphically, we shall represent marked and
unmarked trees by hatched and unhatched triangles, respectively.

We shall define now the inductive assertions:

.QO z (H‘E,V_\I)[“(p ';r—)‘ﬁ’)N A U(T)]
Q = (BT],TZ,G],...,Uk,\!,!,Y],...,!k)
" T2 9 K
{):l(p —_—> (\f_‘sz]s--oazst)a q _>\_/, {Z_l —_— !'i]'l=])N

k
/\M(T]) A U(TZ) A -/\][U(Ui) A (XIWI‘”' € -r])] A (XIWI*'k” € T])}
. 'l: - -

A k>0

O
N
1

= (3195735 T4507 500 50 sMUsts VsV s e eV )

! T <q,0,X 1 Xp> : ('[' T )
{n(p '—'l'> (V_!’z":---azks(:]), q 1’72 > (U,t) ——3-—-4——9 Vv,

k
ﬁ\M(T]) A U(T3) A U(T4) A /\I[U(oi) A (x|w|+i € T])]
'l-_- -

A k>0



Q3 = (HT] 9T3:T430"| Seee sck_] ,V_J,U,t,!,!] e ’!k_])

T <q50,X7 5Xy> (T s T )
{a(p —> (WsZys.00s2)_159)s @ 1727, (u,t) ——3——4—>!,

[z —> v, KDy
k-1 i
/\M(T]) A U(r3) A U(T4) A {A}[U(oi) A (x|w|+i € T])]
1: -

A(XIw|+k é T])}

ANk

Q4 : (3T],0]9-..,0k’w,YI,o..,!k)

aln 1 k
{(p_'>(‘f92'|: ’zk) [Z —4\/] ])N

k
A M(T]) A {2}[U(°i) A (X|YI+1 € T])]} A k>0

05 = (Bcsw)[u(p "'G—)V_V)N A M(o)]

In all these assertions Zys...52) stand for Z[1],...,Z[K].

We shall proceed now with the verifications imposed by the

control paths of the algorithm:

1. Qo is guaranteed by Proposition 4.10 and the initial assump-

tion that all nodes are unmarked.

2. Qo{q;k “ p,0}01: By 5.6 we have:

X
0, = =0 —sp, p Tow)y

o

and after the assignment, with p = q:
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X
a(p —>q, q >y

<

2‘:!.

and consequently we get Q; with k=0, w=(),

3. [Q] A ~atom(q) A q.m#1] = Qy: Let us define Q to be iden-

tical to Q but including in addition the term ~e1em(12).

Claim 1: [Q; A ~atom(q) A q.m#1] = Qj
Since -~atom(q), thus q € N (either e1em(12) and qevCN

or ~e_1_qm(12) and q € S(Tz) C N). Thus:
Case 1: q e S(T]) = q.m =1 = contradiction
Case 2: q e S(t,) =>§(12) 70 = ~elem(t,) = Q;
Case 3: q € S(oj) for some 1< j < k.
Consequently q ¢ S(rz), and thus elem(t,). By 5.4(b) we can

T g.

delete gq —2—>\_/ from the FSD. By 5.12(b), Z —aL>\_/J. can be

replaced by:
ol o
Zj _L>(Yj9q)9 q ——‘L"_/J

with ~e1em(oj) and oy = Ujo(xl’“"xl\_ljl’oj)'
Clearly, U(oj) =>U(cj) A U(o:]!). Thus we can take 05, o:]!,

.,a), !j as the new values of Uj’ Ty \_/J., v, and Q]' follows.

(v,

Claim 2: Q]' =02

Trivial, since Q; A q.m#1= ~elem(t,) =
Ty = <0,T3,74> = <0,x],x2>o(13,r4)

for some T4 and Tg-



L3

Also, U(t2)== U(t,) A U(T4). By applying 5.12(a) we get Q.

3)

4, Qz{k « k+1}Q3: Trivial; by substituting k-1 for k in Q2

we get Q3.

5. Q3{q.m,q,2[k]<-1,q.s,q.r}Q]: By 6.3(b)'we get after the assign-

ment is performed:

T <y,'I,X],x2>
l:!(p — (V_J’Z]""’Zk-] ’y)’ y

>(a,2,),
T 0' T
q"$vs [Z ——'>V ]k =1 Zk-—-q’éV)N
k=1 i
A M(Tq) A U(ty) A Uty) A (A}[U(oi) A (x|W|+1 € 1q)]
":
A(Xle_'_kET])

We shall show now that the two triples

T <y,1,x1,x2>
p— (‘fszl’--uzk_] Y)s ¥ > (Qazk)

can be replaced by a triple

P —59'(4,21,...,zk,q)

k+1
where M(z) and /\(xlwl+1 € z).

Intuitively, this fact is very clear since we shall compose T
and <y,1,xi,x2> in a convenient way to get z. By Proposition

5.6(b), we can extend the FSD by adding the triple:

(x],...,xm,xm+2,xm+])

(y,z],...,zk_],q,zk) > (Ws2q5...52,,9)

where m = |w|+k-1,
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Then by 5.7 (tupling and untupling) we can decompose the last

triple into:

(x1,...,xlwt)

W >(w,z],...,zk,q)

(wa|+1”"’xm)

(Z-l,...,Zk_-l) >(w921900'92k’q)

: (X ypsX 0 1)
(a>2,) 2 mt ] > (Wszq5...12,59)

By 5.11(b) (composition), we can replace

<Y ToXpaX,> (X 40X t1)
y 2 (a,2,), (9,2) — 25 (42,2 00)

by:

<YolsX 1nsX 1>
y m+2” ] ‘>(w,z],...,zk,q)

Now by 5.7 we can tuple this triple with those remaining above

to get

(x'l 9s e sxm9<.y9] ’xm_',z’xm.'.'l))

(y,z1,...,zk_],y) >'(w,z],...,zk,q)

T
and finally we compose this triple with p N (y,z],...,zk_],y)

to get
p 5> (w,z1,...,zk,q)

where ¢ = rlo(x],...;xm,<y,1,xm+2,xm+]>).
We can do this since 03 =’Xlwl+k = X471 € Tq-
Clearly M(T]) = M(z).

Also, since X |y +i € 7y for i=1,...,k, easily
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XIWI‘”' ez for i=1,...,kt1. Consequently, Q] follows.

6. QA (atom(q) v q.m=1) = Q4:

Claim: . e]em(tz)

Case 1: atom(q) ='e1em(12) by 5.9
Case 2: ~atom(q) A q.m=1

If ~e1em(12) then q € S(Tz) and U(rz) = q.m=0; conse-
quently we must have elem(Tz).

: T
Now, e]em(rz) means that we can delete q —2, v from the

FSD by virtue of the Proposition 5.4(b).

We shall rearrange the FSD now in order to get the form
corresponding to that in 04. In the first place we expand (5.6(b))
the FSD by:

(X],.-.,XIWI ,Xm+-|,xlw|+-l',...,xm)

(VLI,Z-I,...,Zk,Q) > (w’q,z'l3--oszk)

where m = |w| +Kk.
T
Combining this triple with p —1 (g,z],...,zk,q) we get by

5.11(b):

p-JL>(g,q,z],...,zk)

or
P -ﬁé(w',z],...,zk)
where’
w' = (w,q)
and

C = T.'O(X],...,thl,Xm+-l,X|v!I+],...,Xm)



Clearly M(t;) =M(z) and S ez for i=1,...,k, and we

finally get Q4.

7. Q4Ak=o¥>Q5: trivial

8. Q4 A k#0{q,k « Z[k],k-]}Q]: Trivial by a simple change of

names;  z, becomes q and k-1 1is the new value of k.

This concludes the verification of inductive assertions. It
was rather lengthy and tedious since we wanted to exhibit one
detailed proof. Clearly 05 shows the desired property of the
algorithm. We shall give now the graphical interpretation of this
proof. In the first place we show the inductive assertions

(z stands for (z],...,zk) and z' for (z],...,zk_])):

]
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Ve proceed now with the verifications:

2. Qufa.k « p,0}0;:

A
|50

A

P q
é‘ ﬂ
q W

Q; (with k =0)

62



[Q; A ~atom(q) A q.m#1] = Q,:

r
q
] 1 01\ *** /% =q.m=1 o
WsZ,g v, v (contradiction)
5.4
var(t,) = 4
p z Z. z
1 j q
¥»2,9 N Y3 Yk

u5.12(b)

..,\_/_a_r_(rz) =




4,

Qz{k « k+1}Q3: trivial.

Q3{q.m,q,2[k] « 1,9.5,q.r}Q;:

ﬂ 1q.m,q,ZLk] < 1,q.5,q.7)

b d]p:‘Jq

u t T

3AK\A

v Yi-1

!

q Z'I Zk
v Y1 Yk

us.s

HS.G, 5.7, 5.11
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“ 5.6, 5.7, 5.11

2 2y
1 Yk

r *!9.':“2) =

~atom(q) 1

2 2
q ] k

&
Y Yk

U

q.m=0

(contradiction)

P Z 2y
T [ ] o @
w,2,q 1 Yk

u_s.s, 5.11
P Z S
T ° . .
w',z Y'I !k
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7. Qak=0=0: trivial.

8. Q4 A k#0{q,k « Z[k],k-.]'}Q1:

P Z'l Z
T
W,z Y1 Yk

u {q,k « Z[k],k-1}

P =2y o I
Oy o\ ve /)
WsZ',q Yk Y V-1

Q] (for k-1). O

This concludes our graphical interpretation of the proof.

An interesting aspect of this proof is that it does not depend
on the particﬁ]gr choice of initial values of T and w in Qg
(according to Proposition 4.10 they are not unidue). However the
final tree o in Q5 will be a pre-order traversal tree (cf. Knuth
[1968]) imposed by the algorithm itself. ‘The necessary adjustments
of the initial tree are due to the application of Proposition 5512(b)
in step 3 of the proof. In particular, if the initial tree Tt .were
already a pre-order tree, we would be able to prove that the applica-

tion of this proposition would not be necessary.
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7.3 A Recursive Marking Algorithm

The purpose of this algorithm is the same as that of the previous
example, and we shall assume the same definitions for m, s, r, U(t)
and M(t). The main difference between the two algorithms is that
in this one we shall use explicit recursion, and our proof will
account for this fact. Many details of the proof are similar to
that of Example 7.2. Consequently we shall give only sketchy

verifications.

MARK(q)

MARK(q.s)

[~

MARK(q.r)

RETURN
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The inductive assertions are:

QO = (HT] aTzswsyaU] Seee ’.Uk’y]’“ . ,!k)
T T

O'
{2(p —L> (1,2 Zyse+052)54)5 q 5y, [2; —>v, ]1 19N

A M(T]) A,U(Tz) A [“}[U(oi) A (xlwl+i € T])] A (xlwl+k+1 € T]}}
. i= A W

Q'I = (HT‘I ’T35T4’v-l’!’0'] } OIS ,ok’!1 [ OIS ,!k)

T] <Q:0:X]9X2>' ) (T3:T4)
{u(P B (V_!sz-ls---3zkaq)s q > (U,t) ———$!a

A (XIY_’I+k+] € T-l)}

QZ ; (HT-I ,T3,T4,\g,\_/,0’-‘ LI I ,ok,!] 9 e ,!k)

R T3 04
{n(p —_— (&!,Z-l,. .’Zk,t u), u -—}v . [Z ——-).v ]1 _"

K
AMTy) A Ulrg) A AATUGE) A Xy pag & 1T A Xy gy & )
"= - -

A(Xlw]+k+2 € 'r]) Au=q.s A t=q.r}

Qg 2 (3TqsTgsWs¥s075 000 a0 Vst s Yy )
’ T-l T4 ’ O'
{n(p —_— (W Z], aszt) t —— V: [Z —s V. ]1 ])N

AM(Ty) A U(Ty) A /\[U (05) A (Xlwf‘” € 'r])] A (xlwi+k+1 & 1y)

At=q.r}
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T Os
s , RO 1
04 = (31‘]’!"0]’.‘0’Ok’!],o--,!k){n(p .I (w,z‘l,.-o,Zk), [z,i !1]1'='I)N

k -
A M(T-l) A Q[U(Gi) A (XIY!I,H € ‘I.'-l)]}

Intuitively, the assertions describe the state of computation
during a recursive call MARK(q); p is the root of initial tree
and we can think of Zysees2) @S the values stored on the stack
in the usual implementation of recursion. Notice that PsAsZy5...52,
are constants in each recursive call of MARK, and thus in the
assertions QO - 04.

Since the procedure MARK is recursive, we shall use the follow-

ing inductive hypothesis for the recursive calls:

(¥p.q,2,...,2,)[Q {MARK(q)1}Q,]
We proceed now with the verification of assertions:

1. [Qo/\ ~atom(q) A q.m# 1] =Qq: As in step 3 of Example 7.2,

we prove that QO can be replaced by Qé where ~e1em(T2), and

then Q] follows easily.

2. Q]{q.m « 1}02: By Proposition 6.3(b), we can replace

<q ,O’X] ,X2>

<Qy 14Xy sX0n>
q >(u,t) in Q; by q 12

> (u,t) after
the assignment is performed.
Then we can repface

T <q,],x],x2>

p 1 (y,z],...,zk,q), q > (u,t)

by
p _£L>(y,z],...,zk,t,u)



with

z = T]o(x],...,xm,fq,l,xm+2,xm+1>)

(cf. stup 5 in Example 7.2). Thus M(z) and xlw]+i € ¢z for
i=1,...,k+2, and Q2 follows.

3. QZ{MARK(q.s)}Q3: Q, has the form of Q,» with u for q,

z],...,zk, t for ZyseeesZpsZpyg - By inductive hypothesis we get

Q-

4, Q3{MARK(q.r)}Q4: By inductive hypothesis, as. above.

5. QO ~ [atom(g) v q.m=1] = Qy As in step 6 of Example 7.2, we
T,
show that e1em(12) holds, and then replace p -—le-(y,z],...,zk,q)

by p —5L>(y',z1,...,zk) with w' = (w,q).

This concludes the verifications. By Proposition 4.10 and the

initial assumption we have:

a(p > w)y A ()
or,
X
5(p —1>q, g <S> w)y A Mx;) A U(T) A p=g

1]

As a result of the proof above, we can write (for k = 0):

. |
5(p —L> q, @ <S> W)y A M(xy) A U(T) (MARK(q)}

: T
(3, [=(p —1> w)y A M(x;)]

which shows the correctness of the algorithm.

We shall give now the graphical interpretation of this proof

(Z = (214""’2'()):
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We proceed now to graphicai verification:

[Q, ~ ~atom(q) A q.m#1] = Q;:

-

5.4
var(rz) = {

~var(t,) =

Lé/ /\ A == contradiction

WaZ2 (q.m=1)

p Z] Z. z
0_' . [} .
Ws2Z,Q Y1 Y5 Yk

U (Renami hg)

ANN-A

WsZ,Qq v
“ 5.12(a)
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Q]{q.m + 1}Q2:

p . 2 z
q .
T
] e o o
é N
W,Z,q T3 T !] !k
v v

u
” 5.6, 5.7, 5.11
u=q.s t=q.r
W.Z,t

73



Q,{MARK(q.s)}Q5:
A u=q.s N._ N_A t=q.r
. T
Q: 1 T3 a\ " /% 4
Ktmuﬁo: v v <_n, .
_ (inductive
MARK(9.5)} oo othesis)
p t=q.r 23 | 2k
Q
Q3: Tq 9 o
meod v K._ -
Q3 {MARK(q.1r)}Q,:
p .ﬁun_.«. N._ N_A
o1
Q3: Ta AN
Wzt v Y X
(inductive
{MARK(q.r)} hypothesis)
P 2 ok
Qp: A o
W,z Y "
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q Z-I Zk
q
] T2 ' U-l e o
q v A4 Yk

ﬂ

g.m=0

(contradiction)

5. Q A [atom(q) v q.m=1] = Q¢
p

r"!@:.('fg) =

W,2,
~atom(q) ¢
5.4
L var(rz) ==
5.4

atom(q) m‘g

pu

p Z4 Z,
A /N
9
229 Y K

U 5.6, 5.11

A

Ws0q,2

z, z
Yi Yk

!

Q
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7.4 A "heap" Forming Algorithm

We shall assume here that all nodes have three fields, i.e.,
order(3,t) holds for all trees 7 appearing in the proof. The
first field is always a number and the other fields are either
pointers or atoms (nil). A "heap" is a tree in which the number
at any node is not smaller than the numbers at its descendants.
The procedure  HEAP transforms a given arbitrary tree rooted at
u into a "heap“ by moving the numbers appearing as first fields
of the nodes. For a discusgion about "heaps" see Knuth []973],

p. 149,

The procedure HEAP is recursive, and it uses another proée-
dure SINK, which is also recufsive. SINK(u,q) assumes that q
is a number and u 1s the root of the "heap". The value returned
by SINK is the maximum among q and the numbers in the heap.
The number q 1is "sunk" into the heap.

Since the only assignments are to the first fields, we shall
not prove that the pointers remain the same.

We use symbolic selectors: n=1, s=2, r= 3,

We shall also assume that whenever the second field (s) of a

node is nil, so is the third field (r).



v

y

f <« SINK(u.s,u.n)

f « SINK(u.r,u.n)

RETURN
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g+«q

S

SINK(u,q)

Yes

f « SINK(u.s,q)

- Sz

g <« u.n

L.___.._S
y

3

u.n « f

----S

4
(' RETURN g )
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We shall use the following auxiliary definitions:

C(t) = if =nil then 9 else {t.n} U C(t.s) -V C(t.r)

t#nil = (Vx)[x e C(t) = t.n>x] A H(T.5) ~ H(T.T)

iy

H(t)

Thus C(t) denotes the set of values (numbers) appearing in
7. However, in order to take care of possible repetition of values,
we shall think of C(t) as a "bag" of values in which repetitions
are allowed. The operations U and € are redefined conveniently.
Consequently, in this context {a}U{a} = {a,a}7 {a}.

H(t) means that T represents a heap.

The inductive assertions are (we drop the existential quantifiers

which should be clear from the context):

Hy 2 ﬂ(uw,}\],...,}\n) A u#nil A A=C(1)

<UsPyXqaXo>
9 2(u > (z,t), z+T],t+12,A],...,An)

X
ne

A A={p}UC(T])UC(‘rZ) A H(T]) A z#nil

<U,P s Xq 9Xp>
3 n(y 1°72 > (z,t), z+rl,t+r3,xl,..1,xn)

x
e

A R={p}UC(T))UC(Ty) A H(ty) A H(tg) A 2#nil At#nil

<u,p,x1 »X5>

pe =4
ne

ﬂ(u

> (z,t), z+'r4,t+T5,A.| sene ,An)
A A={f}UC(T4)UC(T5) A H('r4) A H('rs)

A (Vx)[x e C(T4)UC(T5) = f>x]

e o4
(3,
e

ﬂ(.u+c,A],...,An) A A=C(o) A H(o)
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w
—
e

ﬂ(uw,)\.-l,...,ln) A A=C(t)V{q} A H(';;) A u;‘n_ﬂ_

<usp9x1ax2>

w
>

2 &

> (Z,t), Z+T]st4'T29>\]s--'9}\ )

/\H(T]) A H(Tz)‘/\ A= C(T1) UC(Tz) U{p,f} A p>f

n

A(Yx)[x e C(r1)UC(T2) = f>x]

‘SzAg=p

w
w
ne 1}

g = MWasdys. ) A A=C(o) ULg} A H(o) A (Vx)[x € C(o) = g>x]

We shall verify now the inductive assertions given above:

1. Inductive hypotheses:

H1 {HEAP(u) }H5
and

S, {d + SINK(u,q)}[s4]g

2. HyA u.s#g_ﬂ{HEAP(u.s)}HZ:

Hy A u.s#nil =

SUsPsXqsXp>
" 2 ~> (Z’t)b Z‘LU] ’t"'o'z,}\],.o.,).\n)

m(y
Az=u.s Az#nilAA= {p}UC(o])U C(TZ) A B= c(o])
By inductive hypothesis, after HEAP(u.s), we have:

<U,PsXq9Xy>
a(y 1°%2

> (th), Z+T] ,t"’Tz,}\],-..,}\n) A B=C(T~|) A H(T])

Since A = {p}UC(1,)UC(oy) = {pruc(r,)UB = {p}UC(ty)VC(T,),
H2 follows.



"

3. H Au.rfﬁl{HEAP(u.r)}H:s:

2

l'l2 Aurg¢nil =

<UyPsXqy s X,> .
n(u _.____]__2__> (Z,t), Z+T'l ’t+T2,)\]’...’}\n) A Z #m

AtFnil Au.r=t A A={p}UG(T])UC(12) A H(-r]) AD= C(tz)
As before, by inductive hypothesis, after HEAP(u.r):

<UyPsXqysXn>
n(y 7275 (2,1), 24Tyt g5Ag 5o a)) A D= C{T5) A H(ty)

Since A = {p}UC(r])UD = {P}UC(T])UC(T3), and H; follows.

4. Hy, Aur=nil{f « SINK(u.s,u.n)}H4:

Hy A u.r=nil =

<U5PsXqsXy>

. ﬂ(u > (Z,t), Z+T~I ’t‘l'Ts,}\] 9000 p)\ )

n

/\A=‘[p}UC(T]) ATo=nil A H(ty) A z#nil Aun=p Aus=z
By inductive hypothesis, after SINK(u.s,u.n):

<U,PsXqsXo>
1 (y 1°%2

> (z,t), z+r4,§+gjlgx1,...,xn)

AA={f}UC(r4) A H('r4) A (Vx)[x € C(r4) = f>x]

and H, follows, since C(nil) =@ and H(nil) holds.
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5. Hy A [(u.s).n> (u.r).n]{f « SINK(u.s,u.n)}H4:

Hy A (u.s).n > (u.r).n=

<u,p,X],x2>

> (z,t), z+’r],t+T3,)\],...,>\n) A zZ#nil

H(u
A t#gj_]_/\ A= {P}UC(T])U C(1:3) A H(T]) A H(.'r3)
AT N2Tan A B={P}UC(T]) AU.S=Z AUu.n=p

By inductive hypothesis, after SINK(u.s,u.n):

<u,p,x] ,X2>

)

n(u

> (z,t), z+r4,t+r3,A] seesh

A B=C(T4) U{f} A H(T4) A (Vx)[x € C(T45 = f>x]

Since A = C(T3)UB =A={f}U C(T4)UC(T3).

Also, Ty 2 Taon = (Vx)[x € C('r3) =>11.n_>_XJ. Since
T,.n € B = f_>_T].n = (Vx)[x € C(T3) = f >x]. Thus finally:
(Vx)[x € C(T4)UC(T3) = f>x], and H4 follows (with T = 13).

6. H3 A [(u.s).n < (u.r).n]{f « SINK(u.r,u.n)}H4: :Proof analogous

to that in 5, using t and T3 instead of 2z and -

7. H4{u.n + f}H5: After u.n <« f, we have:

<u,f,x],x2>

1y > (z,t), z+r4,t+15,}\],...,)\ )

n
AA={fIUC(T,) UC(T5) AH(Ty) A H(g)
A (Yx)[x e C(T4)UC(TS) = f>x]

and consequently:

ﬂ(um,}\],...,)\n) A A=C(c) A H(o)



83

with o= <u,f,'r4,15>.

8. [H] Au.s=n_1'_1J=>H5:

<UsPsXqsXp>
[H] N U.S':n_'iJ]:’“(u ;'(Z,t)g Z+T] ,t"’TZ,A],oo.’)\n)

A Ty=nil AT,=nil AA={p}
and He follows trivially, with o = <u,p,nil,nil>.

9. S~ u.n<qf{g « q}S4: After the assignment g « q:

SyAu.n<gAg=q = A=C(t) U{g} A H(T)

Also, H(T) = (Vx)[x € C(1) = T.ﬁgx] = (Vx)[x e C(t) = g>x] (since

u.n = t.n), and S4 follows with o = T.

10. S, Au.n>q Au.s=nil{f «qls,:

S] AU.N>q AU.S=nil =

<U,PsXq9X,>
n(u ’ ] 2 > (z,t), Z+T]’t+T2,A]’.'.’}\n)

AT =nil ATy,=nil A A={p,q} Ap>q

After the assignment we have f = q and 52 follows easily since

C(ry) = C(t,) = D

1. Sy Aun>qg Aus#nil Aur=nil{f « SINK(u.s,q)1S,:

Sy~ u.n>q Au.sEnilAau.r=nil =

<U,P Xy 1Xp>
-> (Z,t), Z“'U-I’t‘I'O'z’}\'l,...,An) N Zfﬂ_ﬂ_

a(u
~ g, =nil A A={P,q}UC(0]) A H(Tl) ~ (¥x)[x e Cloy) = p2>x]
A B={q}UC(o]) AP>qAuUS=2Z



84

By inductive hypothesis after SINK(u.s,q):

<UsP,X]sX2>

a(y - (z,t), zH],N_n_jl,}\],...,An)

AB= C('c])U{f} A H(T-') A (Yx)[x e C(T1) = > x]

Since A = {pl}UB=A = {p,f}UC(7;). Also, since feB=p>f,

and S, follows (with 7, = nil).

12. Sy ~u.n>qg Au.s#nil Aur#nil A (u.s).n>(u.r).n

{f « SINK(u.s,q)}SZ:

Sy Au.n>q Aus#nil Aur#nil A(u.s).n>(u.r).n =

<u,p,x] ,X2>

2(u - > (2,t), 2¥0,,t40,,0,,.00,0 ) A z#0il
At#nil AA= (p,q}UC(o)) UC(o,) A H(oy) A H(o))
A (V)X € Cloq)UC(o,) = p>x] A B={q}UC(o;) A p2g

AU.S=Z AGy.N20,.N
By inductive hypothesis, after SINK(u.s,q):

<U,P,Xp5Xy>

)

2(u > (z,t), 247158409, A15 .0 05 A

n

AB=C(1y) U{f} A H(7y) A (¥x)[x e C(ty) = f>x]

Since A = {p}U C(GZ)UB =A = {p,f}u C(T])UC(UZ).' Also,

feB=p>f and
op.neB=f>g.n=f>0,.n=(Vx)[x e C(o,) =f>x]

since H(oz). Thus S, follows, with T2;°2‘



13. Sy Aun>q Auss#nil Au.rgnil A (u.s).n<(u.r).n

{f « SINK(u.r,q)}S,: The proof is analogous to that in 12,

using t and Ops instead of 2z and 0y~

14, Sz{g « u.n}SB: trivial.

15, Ss{u.n + f}S4: After the assignment:

<u,f,x],x2>

m(y > (z,t), Z+T],t+rz,A],...,An) A H(t1) A H(Tz)
AA= C('r1)UC(12) U{g,fl A g>f A (¥x)[x € C('r]) UC(TZ) = f>x]
= B{utg,Aps. 000 ) A A=C(0)U {g} A H(o) A (¥x)[x € C(o) = g>x]
=> S4 L]

This concludes the verification of inductive assertions. The

final conclusion is:

2(ubt) A A=C(T) A u# nil{HEAP(u)n(uvo) A A=C(o) A H(o)
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7.5 The Deutsch-Waite-Schorr Marking Algorithm

The purpose of this algorithm is again to mark all the nodes
accessible from a given location p. The algorithm is complicated
by the fact that a stack is kept in the data structure itself and
several pointers are temporarily modified during the execution.

We shall assume that each node is composed of four fié]ds, and
therefore order(4,t) holds for all trees T in this proof. The
first two fields, referred to by symbolic selectors m= 1 (marker),
and a =2 (auxiliary flag) are always 0 or 1. The other two
fields s =3 (left son) and r = 4 (right son) are atoms or
pointers to other locations. For a more detailed description of

this algorithm see Knuth [1968], p. 417.

Since the algorithm involves modi fication of pointer fields,
our correctness condition will have to involve also an assertion
showing that the final pointers are the same as those at the
beginning of execution. The proof will be followed by a graphical

interpretation.
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As before, we shall use two auxiliary predicates:

M(T)
U(T)

~elem(t) = [t.m=1 A M(t.s) A M(T.7)]

L

~elem(t) = [t.m=0 A U(t.s) A U(T.r)]

ne

We shall define an auxiliary assertion P by:

P:P]/\Pz/\P3

where

<z.,1,d; X5, (0;,7;)
iM% > (vomy) ——ts 1k ),

0
i

{r(q —=> u,[z;

Akzo /\(Zk_'_]:q) A (Zk=t) AN (Zo=ﬂ_1:|_)}

o

P, (Vx)[x e (N -{21,...,zk})==> (RJ(x).s= RK(x).s A RJ(x).r= RK(x).r)]

Py 2

1

k
R R i

{ldj =1 Avy=2; 1 Avar(o;) A U(ty) A Ry(z,).s= 24,
ARJ(z].).r=w1.]

v [d1'=0 AW =Z, 1A E_'L(Ti) N M(ci) A RJ(zi)'.s=v1.

ARJ(Zi).Y'= Z’i'*']]}

where K 1is the FSD appearing in 'P1, and J is the one appear-
ing in Qo below (initial state).

P seems rather complex, and we sha]]-try to explain its
intuitive meaning. The references z .,z ;,...,z; form the stack
for this a1gorithm. The connections between these elements are
determined by the auxiliary flags di as shown in P3. A1l pointers,
except those in. Zys...52, are the same as original, as described
by Pz. P3 describes also the original values of the pointers

for z],...,zk.
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The inductive assertions are:

=)
o>

(=(p > )y A U(E)}

P A U(E)

O
—
lie

2 P ANM(E)

O
nN
ne

{r(q EAN L_I)N A ME) A (YX)[x €N =>'(RJ(x).s= RL(x).s
ARJ(X).Y'=RL(X).Y‘)]}

o
w
flo

where L denotes the FSD appearing in 03. Notice that we omit
the existential quantifiers which should precede each Qi’ and
which should be clear from the context. We shall outline now the

verification of these assertions:

1. Qo is guaranteed by Proposition 4.10 and the initial assump-

tion that all nodes are unmarked.

2, Qo{q,t « p,nil}Q;:  trivial with p =q, t=nil and k= 0.

3. Q] A [atom(q) v qm=1] = Qp:

Case 1: atom(q) = elem(g) = M(£) = Q,

Case 2: -~atom(q) = q.m=1
2a: ~elem(&) = £&.m=q.m=0 = contradiction

2:  elen(g) = M(g) = Q,

4, [QzAt=gi_]]=*Q3: trivial, since t=nil = k=0

5. Q, At#nil A t.a=0{t.r,q,t « 9,t,t.r}Q,: It follows easily

that k> 0 and d¢ = 0. Thus the FSD can be rewritten (since z, = t):
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<t,1,0,%,,X,> o
n(q __‘E_>y’ t 172 (Vk’zk-l)’ Vk -L)l."
<Zsy1,d; 3 Xq5X0> (0:57,)
i R AN i’ k-1
[z > (viay) ———uliy)y
and after the assignment:
<q,1,0,X,,%,> o
n(q"ﬁé!’ q ] 27\(Vk’q'):'vk__—k'>l."
<Z.,7,d;,%,X,3 (0,,1,) _
[Zi i LA RN (Vi’wi) S R RN 9]:=})N

Notice that the values of pointers at z =q are restored

to its original values, and 02 follows for k-1.

6. Q, A t#nil aAt.a=1{qg,t.a,t.s,t.r« t.r,0,q,t.s}Q;: It follows

that k > 0 and d¢ = 1. Thus the FSD can be rewritten:

<ty 1,1,Xq X, (o,s7,)
r'l(q —é}yﬁ t L ] 2 >(Vkswk) __k—'s”%u,

<Z,i ,A] ,d,i ,X-[ ,X2>

[zi — (v

After the assignment:

<t,1,0,%X75%X,>

>(a"5v, )5 v —>u, ¢ —>u,

<Z.,1,d. X 0X0> (04571s)
i i*71°72 >(Vi’wi) —1 5 78

[z.

1

By a convenient renaming we get Q] (with the same value of k).

7. Q ~ ~atom(q) A q.m=0{g.m,q.2,q.5,q,t « 1,1,t,9.5,q}Q;:

Claim: Qy can be rewritten so that ~elem(£) holds:

Case 1: q e S(&) = S(&)#0 = ~elem(&);
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Case 2: q ¢ S(&) = S(£) = = elem()
and thus q —§+~g can be deleted from the FSD.
2a: q = Zi for some i; then q.m=1= contradiction;
2b: qe S(oi) for some 1i; then M(oi) =q.m=1 = contradiction;

m

s
S(t;) for some i; then W —L>u can be replaced
1 n

by w; ——>(u,q), g —1>u where T = tgo(x],...,xlgl,rg),

" and ~e1em(t¥). Easily U(ri)_=-U(r%) A U(T?). Thus we

2c: q

can take r%, i as the new values of T, and £. Also,
it is easy to prove that u can be replaced by u' = (u,q)

throughout the FSD.

Thus we proved the claim, and ~e1em(g) holds. Consequently,

the FSD can be rewritten as:

: <q,0,d,X;,X,> (auh) (&15€,)
a(q > (g, —>u,
<Z.,1,d, sX,5X,> (0:,7;)
[z, —L V2 () ulk )y

and after the assignment:

<t.1,1,x],x2> £2

a(t —> (Zk:h)s q ‘_19 u, h — u,

<Z.31,d; 3 X s X0> (0:575)
i i2T1e i k
[Z'i > (Vi ’w'i) _‘——99]1=])N

It is easy to show now that Q.I holds for k+1, with

el T 0 Viwl T Ze O T X|ylers Wiey T he T = 6
£ =g n

This concludes the verifications. We shall give now a
graphical interpretation of this proof. We shall adopt the conven-

tion that all pointers not shown explicitly are the same as in the
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original structure. Additional broken lines indicate the original
pointers whenever they differ from the current ones. As indicated
by P3, we have two possibilities for each Zss depending on the

value of d1:

CTERMT

Zi+] Yi T2

or

We shall represent these two poséibi]ities by:

e z

i+ i-1



We represent now the assertions Qo’ Q], 02 and Q3 by:

P

/\

q t= Zk
* o * -
Z Z
m k-1 2

q t= zk
—.g ~§\\\\
é 21 Z;
u
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We proceed now with the verification:

2. Qylast « p,nil}Qy:

Q] (for k=0)
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3. 0 ~ [atom(q) v q.m=1] =Q,:

atom(q) = elem(s) =

~atom(q) A J

ry_a_r:(E) =

| ~var(g) =

-

2o gooa .i
k-1 % UL
u .
t= z, Z)
o000 g.-- >
21 % nil
q.m=0

(contradiction)
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02 At=_n_1'__'|_=>Q3:

—n——

trivial

Q2 At#nil A t.a=0{t.r,q,t « q,t,t.r}QZ:

nil
t=Zk_~' Z'l
e o o [ o2 .
Z, nil
2]
159
Z9 nil

Q2 (for k-1)
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Q2 At#nil At.a=1{q,t.a,t.s,t.r « t.r,O,q,t.s}Q]:

Q; (with d, =0)
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Q] A ~atom(q) A q.m=0{q.m,q.2,9.5,9,t + 1,1,t,q.5,q}Q]:

var(g) =

t=z, 2. 2,
of-= a0 e o ¢ o Moo -
TN/ Ea 5\ /L

? = q.m=1

(contra-
diction)

nil

[{]



r -

t= zk z]
q ---~‘~\
~var(g) = ‘g N -
: = 2y 2 nil

|

N
N
3
purt
—

Q (for k+1 and dk+]=l)
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7.6 A List Moving Algorithm

This algorithm is a slight adaptation of that described by
Reingold [1973]. 1Its purpose is to produce a new copy of a given
data structure rooted at p. The original data structure is
destroyed by the algorithm. Such an algorithm can be used for
compacting purposes. We shall assume that all nodes have three
components (thus order(3,t) for all 7T 1in this broofl The first
field is 0 for all nodes belonging to the originé] data structure
and 1 for all nodes in the new copy (in actual implementation
this one bit field can be avoided, as it is shown in the paper
mentioned above). Our final correctness condition will assert
that every node in the old structure has a corresponding node in
the new structure, and that this correspondence carries over to
the original components of the old nodes and the final components
of the new nodes. We shall use the symbolic selectors: a = 1,

s=2, r=3,

"



y « TUPLE(1,q.5,9.1)

=

q.5,9.r,t « y,t,q

}““‘03

atomy S)A

qg+y.s [atom ys) s)v
({y.s).s)

—— —— — Q4

~atom(y.r) A

q<y.r Satom((y.r).s)v
((y.r).s).a=0

y.s < (y.s).s

y'r < (yor)os

1

RETURN
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We shall define some auxiliary assertions:

k
P 2 /\{[(v.=z1.+] A m(oi) A S(Ti) CN A RJ(21)=+'0,V1. ,wi:f)
v (w; =24 A var(t;) A elem(o;) A T(Ry(z;).s) =v‘1.

ARJ(zi).r=w1.)] A T(zi)=z1!}

ne

m
'i/r-'\'l{T(ci): C% A T(RJ(Ci)‘S)=d1 A T(RJ(Ci)’r) =e1'}

0
ue

3 (Yu){u e (No ~ {z],...,zk,c-l,...,cm}) = RJ(u)= RK(u)}

e

Py & (Vu){[u e N, =R (u).a=0] A [ueN=Ry(u).a=1]}

k
P5 = {N= {z-l, ,zl'(,ci,...,cn']} A L={z],...,zk,c], -sCo }u 1\_J]S(T )
A zo=g__]_}
and
5
= /\P'i
i=1
The inductive assertions are:
Q = {=(p —5-->u)'N A ~atom(p)}
° o
<q,0,Xq5X,,>
Q, & {n(q 12 (g,n) SLELs y,
<c 50 Xq 9 X 5> <c 1,X ,x
[ci 12, (C b )s C 1 \’(d ’e. )]1 =1°
<Z.304Xq9X,>
i 1°72 .
[Z,i (Z'i 321_] ),
<2},1,X75Xp> (0,sTs)
z! 1 2*>(v o ) -———1—-—-—>u]

)N UN
0

AP AZE1Ea AL =t A Rd(q)= $0,9,ht A LUS(r)US(o)Lqs= N,

{3



O
)
e

m
[ci...]'i:] ’ [z,i o--]-i=])NOUN Uy

APAZL1=aAZ =t A Ry(q) = $0,9,h} A LUS(1) US(0) Ug= Ny}

<q,0,X],X2> <y,1,x] ,X2>

{7(q

O
w
o

>(y>2))s y
m k

LegeeJiaps 250+ unuy

AP AZELL=A Az =t AR(a)=40,9,h%

A QULUS(g) Us(t)= N, » T(q) = y}

O
FY
|

- (gsh)

<q50,X75X,> <Yl sXysXn>
{n(q ———2%—5(g,h), y 1275 (g,n) S221)sy,

§09T2; U,

2 03 ~ elem(c) A [atom(g) v g € {z],....zk,c],...,cm}]

Qs = 04 A elem(t) A [atom(h) v h € {z],...,zk,c],...,cm}]

<q,0,Xq5X,> <Y1 sXq sX0>
'l 9 9 9 .
QG : {"(q 2 (.V:Zk)s y 1 27\ (g'sh)a
m k
[C_i...]1o=-'; [Z,i...]_i=-|)NOUNUy

AP A 2 159N Zp =t A RJ(q)=4f0,g,h# AT(q)=y AT(g)=g'

AQUL=N_ A [atom(h) v h € {z],...,zk,cT,...,cm}]}

<q,0sX 1 Xs> <y 1 Xa o XA>
a " 2 9 9 ]
Q = {=(q —> (y,zk), y 17z, (g',h'),
' m k
Lege e dies [21’"‘]1'=1)N0U NUy

AP Az =9t ARY(Q)=10,9,h A qUL=N A T(q) =y

AT(g)=g' AT(h)=h"}

O
o
ne

m k
{ﬂ([c.i...].i=-|, [Z.i...].ig-l)NOUN AP A L:No A zk=q =t}
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a m
Qg = {n([ci"']i=1)N0lJN ”‘{Cl""’qn}= N,

m
A 1,/=\]ET(C,-) =ci AT(Ry(c;).s)=di A T(R(c;)r) =, T}

Intuitively, c],...,cm are old references whose copies are
ci,...,c& respectively, and the contents of c], },c' reflects
already the changes as indicated by P2. z],...,zk constitute a
stack of old references, whose copies are z], . ,z;. Either one
(1eft) or none of the components of z% are changed as shown by
Py Finally {z],...,zk,c],...,cm} are the only references whose
copies {given by T) have been established. If X ‘is a reference
in the old data structure, T(x) denotes its new image x' (if
defined) and then x+.s = T(x) = x'. K stands for the FSD
appearing in the Qi's itself; J dis the FSD appéaring in Qo.

We will not carry out the complete proof for this example,
which is straightforward and similar to those exhibited before.
Its graphical interpretation can also be easily sketched by adopt-

ing some convent1ons similar to those in 7.5.



7.7 The Fischer-Galler Algorithm

For a detailed discussion of this algorithm see Knuth [1968],
p. 354. Morris [1972] gives a similar proof using his descendant
functions.

We shall assume that {ul,...,un} is a set of n> 1 dis-
tinct references. The algorithm, presented here as a two-argument
procedure FG, will check whether a given pair of references in
{u],...,un} was declared previously as being equivalent; if not,
this new equivalence is recorded. We shall assume order(1,T)
and linear(t) for all the trees t in this proof. Also, before

the algorithm is performed for the first time, we shall assume

U Xp>
ut = <nil>, 1d.e. ﬂ(ui ————nil) for i =1,...,n.

In the first place we prove a relationship between the initial

and final states of the data structure. Then this result is

translated in terms of the equivalence relation we want to represent.
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RETURN
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The inductive assertions are:

Q f‘_-/\[“(u- - Z. ‘u'_l_)l_i]/\u=uk/\v=um

01 02 <Zk,X]> ])
Q 2 Q, A =(u >s —=>2 >nil), A 0y00,=1
1= % k > % L, " 91°%27
o <S4 Xq> o <Z, sXq>
A ? 3. k>*17 .
Qz=QoAn(uk ]>S 1 > P 7Zk I‘I'l])Lk
A opelss,xpeag) = 7y
Q3 = Qo_A 5=
13 3 <Z 4Xq>
Q 205~ =y, =t —Foz s nil) 4 gpog, e
m
£ <t,x,> 3 <2 Xy>
.I\ ] > 3\ m’ .l -~ :
Qg = Q3 ~=(u >t >q z, — 11)Lm
AEpo(<t,xy>08g) =T
QﬁéQoAs=zkAt=zm
Q7 s 06 /\t#S
T. KZ. oXq>
a b 1’ 'l -
Qg = 1.{\,{[21' Pz ARy —> 2 >nil), ]
Ts <Zy s Xq> <Z_ 4 Xq>
= i, k*"1” m=17
v[z=z nnluy — g >z, >0 Y
Qg : Q

We shall verify now the inductive assertions given above:

1. Q

Ty T Xps zy =uy for i=1,...,n) orby Qg. u and u, are

the values of actual parameters (1 < kym <n).

o is guaranteed either by the initial assumption (just take



2. Qy{s « ulQq: trivial (s=ui op=x;, 0,=1,)

— e ——————

3. Q A s.]#gj_]_=>02: Since z, .1 =nil, we have z, #s. By

Proposition 5.10, we get ~e1em(02) and Op = <8,03> = <5,X;>°05.

Finally by 5.12 we get QZ'

4. Qy As.l=nil= 03: Assume s # z, 3 then by 5.10 and 5.12:

o <§,Xq> (o} <2, 3X9>
l:l(uk ]_>S : 1 \p 3>zk k21 \Dj.]_) A Tk= 0]0((5,)(]}60‘3)

Thus s.1 = p. Clearly -~atom(p); otherwise atom(o,) and

~11’near(rk). But s.1 =nil and atom(nil). Thus by contradiction

S = Zk.

5. 02{5 « s.l}Q]: After the assignment

g <YsXq> Oq - <Zy, 4X9>

N 0]°(<y,x]>°03)= Tk
which implies QT .

6. The. proofs of Q4, QS’ and QG are analogous; Q7 follows

trivially.,

7. Q7{s.1 + t}Q8: For each i =1,...,n:

Case 1: zi # z,
Claim:  z, ¢ L,

Assume z, e L.; thus u.i—%-zk for some o such that

linear(c). By 5.15 (linearity):
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(z, —§->z1. vz, -g-azk) A linear(&)

Since zk.1 = zi.l = nil, we can prove (as in part 4) that

z, = z;, which is a contradiction. Thus z, ¢ L.

By Proposition 6.3(c), after the assignment (since s = z, ¢ Li):

. <Z. >
T 21,x-‘ .

a(u; —> 2, > nil),

.i

Case 2: 2, =z,
Since z, # z,, we can prove as in Case 1, that z_ ¢ L..

Q7 implies:

T <zk,x]> ] <z 5X1> .
uy —> 2z >l A Ry ———ndl),
By 5.5 (merging; since z ¢ Li):
T, <Zy s Xq> <Z_sXq>
i, K*“17 . m>"1 .
#(u; > Iy >nil, z, -"_—__—-—>911)Lilsz
and after the assignment (since s = zk):
T, <Zy s Xq> <Z_4Xq>
2(uy —> 7 — sz ] >0l vz

8. 08== ng trivial (with z, and T;0<Z5X;>  as the new values

of z; and T; whenever z; = zk).

9. QeAs=t=*Q9: trivial

This concludes the verification of inductive assertions. The
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next step is to prove that the relation = represented by the data
structure is manipulated correctly.

Let = be defined by:

T, <Z, ,X.>
— a 1\ 1’ 1 sniJ
(u_i = Uj) = n(u_i rZ,i __1_]_)
Tj <z.,x]> :
A > (] > i . = 3
l:t(u‘:i ZJ 11) A Z1 ZJ
Let = and = denote the relation and the predicate induced
by Qs and =' and =' those induced by Qg.

We shall prove now:

u; = U (M)
if and only if
=TI 2
[u; =yl v (2)
[u; = unuy =0l (3)
= = 4
Lug = up ~uy =yl (4)
. =1
I. Assume (1): u; =" uy
Thus by definition of =:
T! <z! §9%9> Tj . <zj,x]> ]
ﬂ'(ui .14~z% —nil) A n'(uj > 23 —> nil)
Az]! =zJ'.
A]so, by Q:
. <Z.:oXe> T,
a(y, T“‘Zi L N nil) A n(u.-——'J—;- z —-——-—;L—avn11)
j nit
T »Xq> m ZpeXy”

A n(uk.a,.» zk.__J£~.“~>n11) A n(u —— a"-~-~‘~-— ->nil)



Case 1: z; = zk and zj = zk

Thus 2y = 24 and u, = Uss implying (2).

Case 2: z; =z and zj # z)

Thus u,

Uy Also zj Zj’ by 08 and using the same argu-

ment as in part 4 of the verifications. Similarly z% = z -

and u, = u implying (3).

=2z2! =
Therefore 2z, = z! = z! n? j m®

' =
T TEHT

Case 3: z, # zZ, and zj =z
Similar to case 2, implying (4).

Case 4: z; # 2, and 2, fz

As in case 2, we prove z: =2z. and z! =2z.. Thus z. = z.

i i J j i J

and u; = uss implying (2).
II. (a) Assume (2): u, = uj

Thus

T, <Z;,X <Z.4X>
ﬂ(ui 1:»zi il —>nil) A n(u ——14>z 1 nil) Az, = zj
Case 1: ‘zi =z,

Since z, = zj, by Q8

T! <Z_oX

ﬂ'(u_i 1>zm m*~1 >nil) An'(uj—L)z ——]—>n1])

=1
and thus ui = uj.

Case 2: z; # z,

Thus z\,j # Zp» and by Q8:

Te > o X
m (u, —> 2, G Ll ni1) A= (ug —-—41——1—4> nil1)

m
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Since zi = zj we have ui = u,.

(b) Assume (3): u; = u A U = u

Thus

T4 <Z;s%q> <zk,x]
n(ui >z, —>nil) A u(u z, ———> nil) A z,=z,

<z, T <Z_,Xq>
1 m > .

/\n(uJ—lng__J___)m])/\n(um %zm m ]sm)/\zj_—.zm

By 08:

TS <Z_,X <z
=y —z, ] >nil) A = (uy —9->z —"1—-]——>nﬂ)
and thus u, =' u,.
1 J

(c) Assume (4): u; = uo A uj = uy

Similar to (b).

Thus we proved that =' 1is the desired relation in terms of

=. We did not bother to prove the relation induced by Qgs since

it is trivial (either it is the one induced by Qg, or the same

).

one induced by Qo’ i.e.

i

{4
.
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CHAPTER 8
CONCLUSIONS

In the preceding chapters we have shown how the FSD's can

be helpful in representing arbitrary data structures, and in proving

correctness of programs manipulating such structures.

The technique we proposed can be viewed as an extension of
the method described by Burstall [1972]. An important idea intro-
duced by this method is the idea of partitioning a data structure
into disjoint’parts, whose "meaning" is determined by the program
in question. This disjointness allows a very simple treatment of
assignment statements -- only the part containing the reference
being assigned to is affected. In Burstall's formulation the
abstract expressions used for state.description do not contain
memory references. His system is used mainly for data structures
with no arbitrary sharing of pointers or circularities. We do not
see how his method could be used to handle our examples 7.2, 7.3,
7.5 and 7.6. Our extensions to Burstall's technique include the
explicit use of reference sets, the concept of a closed FSD, and
finally the function RK with which we reconstruct the contents
function. The price to be paid is a somewhat clumsier notation,
but the inconvenience is minimal when the data structure can be
handled by both methods, as shown by Example 7.1.

We did not develop fully the case of linear lists, except for
a restricted definition in Proposition 5.15. 1In general it is
preferable to treat linear lists separately, sfnce they present
some different properties and are used differently from general

trees. It seems that linear cases, even with arbitrary sharing,
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as in Example 7.7, can be handled by Burstall's method with some
extensions, such as the linearity property.

The connection of our work with that done by Morris [1972] is
less apparent. However a closer look at actual proofs exhibits
several parallels. Morris partitions data structures into sets
of references with certain properties by using his restricted
descendant functions. D(E,F) -- where E and F are sets of
references -- is defined to be the set of all references reachable
from the references in E, without passing through those in F
(but possibly including them). Further refinement is given by
restricting the corresponding son functions (i.e., thé set of
allowable difect descendants at each node) depending on some local
conditions such as tags, flags, etc. It turns out that in actual
proofs, the values of D(E;F) used correspond usually to some
S(T),‘ and the property used to restrict the son function is
related to some property we state about 7t. It seems, however,
that our concepts are easier to represent graphically, and conse-
quently should be more intuitive. .

| It is rather difficult to assess how valuable a given tech-
nique is, and we hope that the examples in Chapter 7 show that
the one we propose can be used in a conveniént way. We have found
that the use 6f graphical interpretations is very helpful, and
that once the graphical proof is carried out, the rigorous proof
is straightforward even if it involves complicated assertions such
as in Examples 7.5 and 7.6. As a matter of fact the graphical
proof is usually sufficiently convincing since it is based on

rigorously proved properties.
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In principle, our method is as general as that of using con-
tents functions, since we can use RK instead. It seems, however,
that it works nicely only in cases when the concept of trees can
be naturally associated (or already exists) with the actual
cbjects manipulated by the program. Programs which perform
basically data structure traversal seem to fit this class. We do
not know if our technique would fare equally well (and we suspect
it would not) in other cases, like for instance graph manipulation
or evaluation of X-expressions. A method described by Poupon &
Wegbreit [1972] might prove valuable in this case. There is
another class of data structures for which our technique is certainly
not worthwhile. We are referring to the kind of data structures
described in Knuth [1968], Section 2.3.3, where heavy use of redun-
dant pointers is made in order to represent objects which are
essentially free trees. In such a case the sharing and circularity
patterns are uniquely determined once the free tree is specified.
Some work done by us shows that it is possible to have a system
of predicates to specify redundancies, so that a language processor
can do automatically pointer updating for such e1ementary operations
as node insertion or deletion. It would be easy then to adapt
Burstall's technique to handle these cases.

There are several aspects of our technique which we have not
studied, and which might be of interest. As we mentioned in
Chapter 5 it would be interesting to have a finite set of properties
characterizing the FSD's, so they can be used as axioms. They
would be essential if we wanted to implément an automatic proof

verifier imbedding the concept of FSD. A related problem is that



of automatic generation of inductive assertions.

Another interesting problem is the treatment of subroutine
calls. In the examples we circumvented the problem by carrying a
global FSD into the procedure itself. It should bevpossible, at
least in case of free data structures, to get invocation rules
similar to those in Hoare [1971] and Morris [1971b].

An aspect we have not mentioned at all are proofs of termi-
nation of algorithms. They are usually simpler than the other
part of correctness proof. The simplest way seem§ to be by proving
that the cardinality of some set of references (e.g. |S(T1){ in
Example 7.2) is strictly increasing (or decreasing) with the main
loop. Since the set of references is always finite, the algorithm
must eventually terminate.

It is easy to see that our technique can be easily adapted
to most programming languages with data structure facility. The
basic concepts would remain the same, but the relation between
program expressions or statements and FSD's might‘change. It would
be of interest to study how.the application of our technique can
be simplified through convenient language design.

We would like to conclude this report with some remarks about
the activity of proving program correctness itself. We do not
believe that the present state of the art allows us to prove
rigorously and directly the correctness of such large programs as
compilers or operating systems. However, we do believe that certain
programs can and ought to be proved. We are referring mainly to

algorithms which are published for general use. Considering the
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number of potential users of such algorithms, the effort spent
on providing their certification is certainly worthwhile. It is
still a matter of controversy how formal such a certification

should be. We know of published algorithms which were "proved" to

be correct in some informal way, and which turned out not to be so.

We do believe that a certain amount of rigor is essential, however
a less formal proof based on sound and proven concepts will fre-
quently sdffice. As a final argument for proving activity we
would like to point out that it contributes enormously towards the
understanding of the algorithm and makes easier its implementation

and modifications.
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