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ABSTRACT

This paper coﬁsiders a multivariable system with proper rational
matrix transfer functions Go and Gf in the forward gnd feedback branches,
resp. Strictly algebraic procedures lead to polynomials whose zeros
are the poles of the matrix transfer functions from input to output (Hy),

and from input to error (He). The role of the assumption

det[I + Gf(GOGO(«O] # 0 and the relation between the zeros of det [I + Gf GO]

and the poles of Hy and He are indicated. The implications for stability

analysis of continuous-time as well as discrete-time systems are obvious.
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~ F44620-71-C-0087. ‘



I. Introduction

The main result of this paper (see (32) and (33), below) is an
algorithmic method for generating two polynomials whose zeros constitute
a complete list of the poles of the two transfer functions of the feed-
back system under consideration. The methods of the paper apply equally
to continuous-time systems (Laplace transform methods) or to discrete-
time systems (z-transform methods). In our exposition we use s to label
the complex variable.

II. Notation and Preliminaries

Let R, (C), denote the field of real, (complex, resp.) numbers.
Let €= CU {=}, Let R [s], (R(8)), be the set of all polynomials,
(rational functions, resp.), in the complex variable s with real coef~
mxm mxm ,
ficients. Let R[s], (R(s)), be the set of all mxm matrices with
elements in R[s], (R(s), resp.). Let N and D be matrices with elements

in R[s]; a matrix M is said to be a common left divisor of N and D iff

there exist matrices N and D such that N=MN and D=MD where M, N, and D

have elements in R[s]; both N and D are said to be right multiples of M;

a matrix L with elements in R[s] is said to be a greatest common left

divisor (g.c.l.d.) of N and D iff (i) it is a common left divisor of
N and D, and (ii) it is a right multiple of every common left divisor of
N and D. When a g.c.1l.d. L is unimodular (i.e., det L = constant # 0)

then the polynomial matrices N and D are said to be left coprime. We

define similarly a greatest common right divisor (g.c.r.d.) and right
mxm
coprime. Given any G € R(s) it can easily be written as ND-l or D -1 N
mxm
where N,N,D,D € R[s]. By a standard procedure ([1] - [5]) a g.c.r.d.

of Nand D and a g.c.1l.d. of N and D can be extracted so that



-1 -
G = NrDr = DRINQ

mxm
where (a) Nr’Nl’Dr’Dz € R[s]; (b) Nr and Dr are right coprime, (c) Nz

and D2 are left coprime. It is well known ([1]) that Nz and Dz

mxm
are left coprime if and only if there exist P € R[s] such that

22 Q

Nsz + DLQQ =1

For completeness, we prove the well known fact: if
¢ =N,

mXm

where (i) NQ,D € R[s]; (ii) Nl and Dz are left coprime, then

2

pE€ € is a pole of G if and only if p is a zero of det D,

Proof :
< Premultiply (2) by Dzl and use (3) to obtain

-1

GP2 + Qz = Dz

since, by assumption, p € € is a zero of det D, and since det[tgll =

L
1/det Di, P is a pole of the r.h.s. of (5). Since P,»Q, (being polynomial

métrices) are bounded at p, G must have a pole at p.

= Use Cramer's rule in (3) to obtain

G = Nz(Adj Dz)/det D,

: mxm
By assumption, p € € is a pole of G. Since L Adj D, € R[s] (hence have

no finite poles) we must have from (6) that det Dz(p) = 0. Q.E.D.

Notes: (a) Similarly, if

-1
G = NrDr



10

11

mxm
where (i) Nr’Dr € R[s]; (ii) Nr and Dr are right coprime, then

p€C is a pole of G if and only if p is a zero of det Dr'

(b) It can be shown [2] that if R = [A,B,C,D] is any minimal
realization of G, then det[sI-A] = k-det Dr where k is the nonzero constant

such that the polynomial k-.det Dr is monic.

mxm
(¢c) If T, U €ER[s] and are right or left coprime, it does not follow

that the polynomials det T and det U are coprime. .To wit: T(s) = diag

[s-1, s=2], U(s) = diag[s-2, s-1].

III. 'Description of the System

Consider the continuous-time, linear, time-invariant, multivariable

feedback system S described by y = Goe, e =u- ny where u,e,y are the
mxm

input, the error and the output, resp.; also let GO’ G. € R(s) and are:

f
proper (i.e., bounded at infinity). We perform the following factorizations:

o
o = NoPo

mXm

where NO’ D, € R[s] and are right coprime, and det D0 £ 0.

0

-1
Gg = Dg Ng

where Nf, Df GIR?:? and are left coprime, and det Df £ 0.

In case the feedback system is discrete-~time, u, e, and y are interpreted
to be the z-transforms of the input-, error-, and output-sequences and
the matrix-valued rational functions G0 and Gf are the matrix z-transform
functions (see [6]). The mathematical derivation which follows applies
equally well to continuous-time and discrete-time systems.

We assume

det[I + Gf(w)co(w)] # 0.

-3-
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Let the transfer function from u to e be He and that from u to y (the

closed-loop transfer function) be Hy. From the system description

- -1
He—[I+GfG0]
H =G[I+GG]_1
y 0 £70

Comment on assumption (11): It is easy to show that:

Whenever Gy» G € (Rn(l:!; and are proper, then det[I + Gf(w)Go(“')] # 0 if
and only if He and Hy are proper (i.e., bounded at infinity).

By substituting (9) and (10) in (12) and (13) we obtain

-1
He D0 Q Df

where
QA (Df DO + I\If NO).

det @ # 0 because (11) requires that He tend to a nonsingular matrix at
infinity. We will now extract greatest common right-and left-divisors

from the products in (14) and (15). Let L be a g.c.l.d. of Q and Dg,

then

mxm

where L, 2, D_. € R[s].

f

- - . mxm
Since Df and Q are left coprime there exist P, Q € R[s] such that

D, P+QQ=1I

Substituting (17) and (18) in (14) we obtain



e 0 f
Let Re be a g.c.r.d. of D0 and Q, then
DO = D0 Re - mXxm
3 where Re’ Qe, D0 € R[s]
Q=0aR
ee
mxm

Since D0 and Qe are right coprime there exist Pe’ Qe € R[s] such that
Pe D0 + Qe Qe =1

Substituting (22) in (19) we obtain

Df P+Q R Q=1I1I=D_ and 2 are left coprime.
e e e

f

Substituting (21) and (22) in (20) we obtain

H =0, 0 1p

e 0 e °f

We now go through a similar procedure for (15). Substituting (17) and

(18) in (15) we obtain

Hy = No Q Df
Let.Ry be a g.c.r.d. of NO and @, then
N0 = N0 Ry - mxm
' €
) where Ry’ Qy’ No R[s].
Q=0 R
y vy

~ mxm
Since No and Qy are right coprime there exist Py’ Qy € R[s] such that

P N.+ Q =1
y O ny

Substituting (28) in (19) we obtain

~

= =
Df P + ny Ry Q=1 Df and Qy are left coprime.

~5-
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32

33

34

35

36

Substituting (27) and (28) in (26) we obtain

I B
Hy = N0 Qy Df

Now that we have (25) and (31) we can state the
Theorem: For system S, with assumption (11) and the notation above, we
have

P, € ¢ is a pole of H, if and only if P, 18 a zero of det e,
py € ¢ is a pole of Hy if and only if py is a zero of det Qy.

Proof: Since (11) implies that He and Hy are bounded at « , all of their
poles are necessarily finite, so we need only consider finite poles.
Proof of (32):

< Multiply (23) on the right by Q;l and then by Bf to obtain

-1 S R
Q. D +Q, D= Q" D

Pe D0 e

f

ﬁsihg (25), (34) becomes

P H +0Q D=0 D

Now, by assumption det Qe(pe) = 0., Since Df and Qe are left coprime by

(24), the r.h.s. of (35) has a pole at Py by (4); therefore, the l.h.s.
~ mxm

of (35) has a pole at P, Since Pe’ Qe’ Df € R[s] it follows that P,

must be a pole of H,.

= Use Cramer's rule in (25) to obtain

H, = Dy(Adj @) D./det Q.
mxm

By assumption Pe is a pole of He' Since Dys Adj Qe, Df € R[s] (hence
have no finite poles) we must have from (36) that det Qe(pe) = Q, Q.E.D.

The proof of (33) is similar and will not be given.
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38

39

40

Remark: From (12), (25), and (32) we obtain

det Q_ I (s-pgy)
det[I + G_.G.] = - -— =
£0 . I (s-p )] I (s-p )I
det Dj-det D, . o] |3 £5

where (i) P,y are the poles of He’ counting multiplicities; (i1) Poi®
(pfi)’ are the zeros of Dy» (Df, resp.), counting multiplicities. Since
cancellations may occur in (37), some pole of He’ 88y, Pgy» might not be

a zero of det[I'+ G.Gy]. Hence (37) implies that

{zeros of det[I + GfGO]} C {poles of He}.
Similarly by (9), (13), (26), and (28), we obtain
det ¢+ det R

Y - A
det D0 * det D

det[I + GfGO] =

f
Hence (33) and (39) imply that
" {zeros of det[I + GfGO]} C {poles of Hy} U {zeros of det Ry}.

Note that by (27), any zero of det Ry is a zero of det NO’ but not

conversely. By (38) and (40) we have that neither the stability of He

nor that of HY can be determined by only checking the zeros of det(I + GfGo]'

Examples

The examples below are purposefully simple; they illustrate state-
ments (32), (33), (38) and (40), and the fact that the stability of the
feedback system requires consideration of H 'Eﬂg.ne° |

Example 1: He unstable, Hy stable. Let



(2]
n

s~1
s(s+2)
0
s-1
-1 _
NoPo
0
-1
-1
Dg Ng =
0

0
H Gf
s=~2
s+l J
0 s(s+2)
s-2 0
0 1Y =(st2)
s(s-2) 0

- ()

S

det [T + G,G,] = (s-1) (s-2)/s% ; det [I + G (=9)Gy ()] = 1

fa ]
li

=
1

-1 _
[ + GfGO] =

-1
GO[I + GfGO]

8
s-1

s+2

0
s
s-2
1 0
s
0 )

s+1

s(s-2)

0 ~1
s+l
0
=2 (s+1)

s-1 0
0 s-2
s+2 0

0 s+l

)



Example 2 : He stable, Hy unstable. Let

s+2 2(s-1
s(s-1) 0 o+2 0
Go = H Gf =
s+1 - 8=2
0 - 0 - s(sHD)
1
s+2 0 s(s-1) 0
=1
Gp = NoDp =
0 s+l 0 s=2
=1
s+2 0 2(s-1) 0
R § -
Gg = D¢ Ng =
0 s(s+l) 0 . 8=2

det[I + GGyl = (s+1) (s+2) /s> ; det[I + G (=)Gy(=)] = 1

8

P 0 s+2 0
H = [I+ cho]‘l = ;=
0 = 0 s+l
;%I 0 s-1 0
Hy = GylI + cho]’l = ;o9 =
0 = 0 s-2



IV. Conclusion

Since there are well known algorithmic methods, [1] - [5], for

1 and D-'1 Nf, and

writing transfer function matrices in the form NyD, £

for extracting greatest common left-or right-divisors, statements (325
and (33) give an algorithm for listing all the poles of He and Hy.

The reasons why system stability cannot be guaranteed by considering
only the zeros of det[I + GfG0] are exhibited by (38), (40), and the
examples. It should be stressed that if we consider the minimal
realizations of G0 and Gf then provided all the poles of He and I-Iy are
in the open left half plane, (open unit disc for the discrete~time case),
the state trajectories corresponding to any bounded input are bounded.

More precisely, if these states are called X, and Xes TeSP., then the

map from u(-) to (xo(-), xf(-)) is Lp—stable, for 1 <p < =.

-10-



(1]

[2]

[3]

[4]

[5]

(61

References

C. C. MacDuffee, The Theory of Matrices, Chelsea, New York,

1956, p. 35.

S. H. Wang, "Design of Linear Multivariable Systems," Memorandum
No. ERL-M309, College of Engineering, University of Californmia,
Berkeley, California, October 1971, Chap. 1.

W. A. Wolovich, "On the Synthesis of Multivariable Systems,"
Thirteenth Joint Automatic Control Conference of the American
Automatic Control Council, Preprints of Technical Papers, Stanford,
California, August 1972, p. 158, Theorem 1.

W. A. Wolovich, "The Determination of State-Space Representations
for Linear Multivariable Systems," Second IFAC Symposium on Multi-
variable Technical Control Systems, Duesseldorf, Germany, October
1971.

H. H. Rosenbrock, State-Space and Multivariable Theory, Nelson-
Wiley, 1970, pp. 70 - 71, p. 101.

L. A. Zadeh and C. A. Desoer, Linear System Theory: The State-

Space Approach, McGraw Hill, 1963, p. 487, p. 543.

-11-



	Copyright notice 1972
	ERL-346

