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ABSTRACT

This paper considers a nonlinear time-invariant network(,K[(of order

n + h + 2) which contains, in addition to the usual elements, h stray
elements (stray capacitances and lead inductances) and & sluggish elements
(chokes and coupling capacitors). We prove that the asymptotic stability
of any equilibrium point ofg)U is guaranteed once the simplified (i.e.
with stray and sluggish elements neglected) linearized network, and two
other linear networks SH and SL are asymptotically stable. The networks

SH and S, are obtained by both a physically intuitive argument and by a

L
rigorous one. We also prove that if any one of the three linear networks
is exponentially unstable, then the equilibrium point Of(JAIiS unstable,
Thus our theory explains the commonly occurring fact that\JA[is unstable
even though the simplified linearized network is asymptotically stable.
An example illustrates the several possibilities. 1In the proof we obtain
the asymptotic behavior of the natural frequencies of k)U(valid in a
neighborhood of the equilibrium point). In Appendix II, we show how the

natural modes of the three simple networks are related to those of the

given network(J“.
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NETWORKS WITH VERY SMALL AND VERY LARGE PARASITICS: NATURAL

FREQUENCIES AND STABILITY

I. INTRODUCTION

This paper deals, in a circuit theoretic context, with a basic prob-
lem of System Theory. It is usual that in a study of a given physical
system one considers several models depending on the problem considered.
For example, in amplifier design one uses low-frequency, mid~-frequency,
and high-frequency models in the design for sinusoidal-steady state
specifications. For this problem, the relations between the models is
pretty straightforward. When other problems are considered (say, tran-
sient behavior, stability, etc.), it is known that sometimes the simpli-
fied model gives completely erroneous answers. In this paper we focus
our attention on the stability of equilibrium points and we obtain con-
ditions under which the simplified model will give correct (or totally
erroneous) predictions. This paper extends by algebraic methods the

results of [1].

To be specific we consider a lumped network so that we benefit
from the established conceptual framework and terminology of circuit
theory [2]. Let this network consist of nonlinear time-invariant elements

and of no independent sources; therefore, it is usually described by an

autonomous system of differential equations. In addition to the usual
elements, we introduce in the analysis small elements such as stray ca-
_pacitances and lead inductances: we refer to these elements as stray

elements and assume that their values are proportional to a small pos-
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itive number €. This number £ indicates the degree of smallness of the
stray elements. To neglect the stray elements in the analysis amounts
to setting € = 0. We know intuitively that the stray glements affect

" mostly the "high frequency" behavior of the network. At the other end
of the scale, there are elements like chokes and coupling capacitors
that have very large values and affect mostly the "low frequency' be-

havior of the network. We call them the sluggish elements and assume

that their values are proportional to a large positive number Uu. This
number Y determines the degree of bigness of the sluggish elements. To
neglect these elements amounts to setting.u = o, Given any pair of
values for € and Y, we denote the corresponding network bYL)UEM' We call
LJ“Ow the simplified network, i.e. the network obtained by neglecting the
stray and sluggish elements.
In this paper we investigate the relation between the behavior of

v;}ng andg)UO°° about equilibrium points when € << 1 and u >> 1. Ve give
a complete description of the behavior of the natural frequencies of the

small-signal equivalent circuit Seu in terms of those of Soco and of two

auxiliary linear networks SH and SL' In particular, for small ¢ and large
u, we partition the set of natural frequencies of Seu into three sets re-
lated to the sets of natural frequencies of three simpler networks (Sow,
SH’ SL).' We obtain also the asymptotic behavior of the natural fréquencies
of SEu in terms of those of these three networks. .The first result states
that for small € and for large u, Seu is asymptotically stable if all three
simpler networks are asymptotically stable. The second result says that

if any of the three simpler networks is unstable so is the network Seu for



small € and large u. The results are illustrated by a simple example
(see sec. IV) which illustrates the several possibilities. The reader
might find it helpful to use this example to illustrate step by step

the general discussion which follows.
IT. ANALYSIS

We assume that the equations of weu can be written in the form:

X = fl(x, Vs 2)
ey = £,(x, ¥, 2) ¢5)
uz = f3(x, Y, 2)

where x(t) GRn, y(t) € Rh, z(t) € Rg’; € and p are positive numbers,
typically € << 1 and u >> 1. General conditions under which such equa-
tions can be written are given in the literature, see for example the
review paper [3]. We assume that f1’f2’f3 are defined and twice continu-
ously differentiable on an appropriate open set of R™ x IRh x R g,. The
components of x(t) are the state variables associated with the simplified
networkﬂOm, those of y(t) (z(t), resp.) are associated with the stray
(sluggish, resp.) elements.

J’eu may have one or more equilibrium points, let P = (0,0,0)T be
one of them. Then except for critical cases the stability ofJ’eu about

this equilibrium point P can be completely decided on the basis of the

linearized equations [4]
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where, in particular, All’ AHH and ALL are constant square matrices of
dimension n, h and %, respectively. These (linearized) equations repre-
sent the network equations of the small-signal equivalent circuit (about
equilibrium point P) which we denote by Seu' It is a well known fact
that if all natural frequencies of S are in the open left half-plane
then the equilibrium point P OfL)Ueu is asymptotically stable. Further-
more if any one or more of the natural frequencies of Seu is in the open
right half-plane, then the equilibrium point P of eu is unstable [4].
The set of natural frequencies of Seu is precisely the set of zeros of

the polynomial A(A,e,u-l) defined by -

A(A,e,1/p) = det A11 -A1 Ay AlL

Am AT AL (3)
1
EALl EALH EALL-AI

A is a polynomial in A of degree n+h+2 and whose coefficients are poly-
nomials in € and 1/y. In particular, the leading term is (—l)n+h+1 sh An+h+2.
It is well known that as long as the polynomial A has nt+h+f distinct A-roots,

then each root is locally a holomorphic function of ¢ and of 1/u [5,6]. Imn



the general case, when for a fixed € and 1/y, say, €0 and lluo, A has a
k-multiple A-root, say AO then, given any r > 0, there exists an €. > 0
and a y_ < » such that |e - €,| < ¢_ and Il-— l-] < l—-imply that

r 0 r Mo My W
A(A,e,1/u) has k zeros counting multiplicities in the disc Il - Ao| <r.
[9, p. 13-14; also 6, Theor. 9.17.4 and Probl. 4 p. 245].

Consider now the simplified network S, in which both the sluggish

0
and the stray elements are neglected. First, let p > «» in Eq. (3). The
last row of the determinant becomes [0 E 0 E - AI]. Second, as € » 0, h
zeros of A go to infinity, since the degree of the polynomial A drops from

n+h+2 to n+t? [7]. Thus, the set of natural frequencies of SO°° is the set

of zeros of the polynomial AM(X):

AV = lim 1im (-N)7F AQr,e,1/u) = det | AL -AT &
o o 11 1H (4)

A A

This shows in particular that S0°° is a network of order n.

The physical interpretation of this reduction is the following: as
u > «, the magnitude of the natural frequencies associated with the slug-
gish elements get smaller and smaller; in the limit, thé corresponding
modes become constant; hence they do not affect the natural frequencies
of Sew, and, a fortiori, those of Som. As ¢ » 0, the natural frequencies
associated with the strays get larger and larger; if all eigenvalues of

AHH are in the open left half-plane, then, as € + 0, the solution of

€y = Ayy X+ Ay

expressed in terms of x(*), namely,



t

y(t) = [exp A te'l] y(0) + b[ [exp AHHTE:—]'] A x(t-1) e Lt

can easily be shown to tend to -A;é AHl x(t) on (o0,®) [8]. Thus provided
that AHH has all its eigenvalues in the open left half-plane, the re-

lation between y(t) and x(t) is obtained by setting €y to zero in (2.2).
Physically, this means setting to zero all the currents through the stray
capacitors and all the voltages across the stray inductors. Thus we are
again led to the conclusion that X is a natural frequency of SOm if and
only if AM(A) = 0.

The nonlinear time-invariant networkLJUEu (described by (1)) is approxi-
mately represented, about its equilibrium point P, by a linear network Seu (de-
scribed by (2)). Call SH the high-frequency approximation to Seu: phys-
ically it is obvious that it is obtained from Seu by open-circuiting all
inductors éxcept the stray inductors and by short-circuiting all capaci-
tors except the strgy capacitors. SH is a network of order h. Since,
with respect to the short time-constant modes of SH’ the other state
variables (x and z) are essentially constant, the natural frequencies
of SH are completely determined by AHH' This can also be seen mathema-
tically by the following change of variables: t = €T. The T scale is a
stretched-out time-~scale which emphasizes the high frequencies. After
the change of variables we have
4

dx
dt

4g}TL= A% oAt Ay

X + €A

= eAl

h:od 112

dz _ € 3 €
ar Cp i oAy Yy Ape




Now as € - 0, the first and last equation show that, in the limit, x and
z are constants. Therefore, the second equation shows that, in the T-
scale, the natural frequencies of SH are the eigenvalues of AHH'

Call SL the low-frequency approximation to Ssu: physically it is

obvious that it will be obtained from Seu by short-circuiting all in-

ductors except the sluggish inductors and open-circuiting all capacitors

except the sluggish capacitors. Thus SL is a network of order % wﬁosé
equations are obtained by deleting X and y from the equations (2). In-
deed % and ¥ represent the currents (the voltages, resp.) through the non
sluggish capacitors (across the non sluggish inductors, resp). Math-
ematically this can be checked by changing the time scale according to

t = ut': since Y is large, this will emphasize the large time-constants

i.e. the low frequencies. After the change of variables we have

Vg

s =a 1 ]

n1o.

ot
(1}

-

Allx + AlHy + Ale
App* Ayt At
T O Ap* A tAe

=|m
e
i

As U »+ o, we see that the derivatives of x and y drop out and, therefore,

the natural frequencies of SL (in the new time scale) are the zeros of

AL(A) = det All A1H AlL

A Y A (5)
Ap o A A




In summary, we state the following:

SO@’ which can be thought of as the mid frequency approximation to

Seu and which is obtained by neglecting all stray and sluggish elements,

is characterized by

Allx + AlHy

S0 6)

Apx + Ay

o
f

o
]

SH is the high-frequency approximation to Seu’ it is obtained by
neglecting all normal and sluggish energy-storing elements, the equation

of SH is
SH: ey = AHHy (7

SL is the low frequency approximation to ssu; it is obtained by
neglecting all normal and sluggish energy-storing elements; the equations

of SL are

0

| Allx + AlHY + Ale
SL 0 AHlx + AHHy.+ AHLZ (8)
ME = Apgx Ay + Az

III. MAIN RESULTS

It turns out that the asymptotic stability of the equilibrium point

P oﬁvALﬁ can be ascertained by checking the asymptotic stability of SOw’

SH and SL' Also P may be unstable even though S0°° is asymptotically stable!



This is made precise in the following two theorems.

Theorem I.

~ Suppose that the equations ofgvAgn can be put in normal form
valid for a neighborhood of the equilibrium point P, as in (1). If the
three linear networks SOw’ SH and SL (of respective order n, h and %) are
asymptotically stable, then there is an €0 >0 and a Yo > 0 such that the

‘equilibrium point P of the autonomous nonlinear network\,ALu is asympto-

tically stable for any ¢ € [0,30] and any p € [uo,w].

Theorem II.

Suppose that the equations Of‘JAku can be put in normal form valid
for a neighborhood of the equilibrium point P, as in (1). If one or
more of the three linear networks SOw’ SH and SL has one or more natural

frequencies in the open right half-plane then there is an ¢, > 0 and a

0
Hy > 0 such that the equilibrium point P Of(“ALu is unstable for any

¢ € [0,e5] and any u € [ujy,=].

Theorem I says that for small € and large u, the ésymptotic stabil-
ity of seu (which is of order nt+h+2) is guaranteed once it is shown that
SO@’ SH and SL (which are of order n, h, %, respectively) are asymptoti-
cally stable. Theorem II says that if any one of the three is exponentially
unstable so is ssu for small € and large u. The theorems are pro%ed in
Appendix I. The asymptotic behavior of thé natural frequencies of Seu are
given in the proof. In Appendix II, we exhibit the relation between the

natural modes of S S, SH and the corresponding ones of Seu'

0=’ "L



IV. EXAMPLE

Instabilities due to stray elements (high-frequency singing) and

due to sluggish elements (mororboating) are a frequent experience to

circuit designers. Examples of this sort are usually complicated and to
make them intelligible require lots of detailedlexplanations. So, to
avoid burdening the reader with a complicated example we present a very
simple example which illustrates all the features we wish to exhibit.

Let the small-signal equivalent circuit about the equilibrium point P.

be the third order circuit Seushown in Fig. 1(a). The simplified circuit

Sow, the high-frequency approximate circuit S, and the low-frequency

H

approximate circuit S_ are shown in Fig. 1(b), (c) and (d). A little

L

calculation shows that the equations of Seu are

(% —-Ryx -y + L,
R+1 R+1
<7 = x -1y 9
r
A U L,
H RHL R+1

The equations for Sooo are: (see Fig. 1b)

fo R
R+1 v
0= b4 —‘l a0
- y
The equation for SH is (see Fig. 1lc)
° l
ey == (11)
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The equations for SL are: (see Fig. 1d)

R 1
0=~f1* Y * R ®
1
Q0= x -7 (12)
ME = - E “E

Observe that (10), (11), (12) can be obtained directly from (9) by respec-
tively, (a) setting z = 0 and € = 0, (b) setting x = 0 and z = 0, (c)
setting x=0and z = 0. This corresponds precisely to the physical
approximations done in Sec. II above.

The table below exhibits three sets of values of r and R for which
Seu is unstable even though the simplified network Sow is stable in

each case. The instability is due to high frequency instability or to

low frequency instability or to both.

r R Seu So‘°° SH SL
-.5 2 unstable stable unstable stable
-.5 -2 unstable |stable unstable unstable
5 -2 unstable stable stable unstable
CONCLUSION

From a practical point of view, Theorem II is probably more useful

than Theorem I: because once it is determined that either SH or SL is

-11-



exponentially unstable, then no matter how small the parasitics can be
made,;ﬁéﬁ will be unstable; therefore a design change is required. In
some céses SH or SL have purely imaginary natural frequencies, it is
possible that suitable refinements of our theory may lead to some useful

conclusions for the designer. Extensions to the time-varying case are

- possible using Desoer's results [10].
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APPENDIX I
Proof of Theorem I.
It is well known that if all the natural frequencies of Seu are in
the open left half-plane, then the equilibrium point P OfL)Ueu is asymp-
totically stable [4]. To prove that all natural frequencies of Seu are

in the open left half-plane we establish three assertioms.

Assertion I: for € small and y large, n natural frequencies of S y 2re

—

close to those Of—§0w° Let XM be any natural frequency of SOw’ so

ReAM < 0 since S, 1is asymptotically stable. Also AM is a zero of the

O
polynomial AM(X) and of the polynomial A(A,0,0). By the continuity re-

sult feferred to above, if k is the multiplicity of AM as a zero of

A(A,0,0), then for any r > 0 with r < |ReXM|, there exist an €t > 0 and

a w, > 0 such that ¢ € [O,eM] and u € [uM,m] imply that A(A,e,1/p) has

k zeros (counting multiplicities) in the disc centered at AM and of radius

r. Note also that for the allowed values of ¢ and u, all these k natural
frequencies of Ssu are in the open left half plane. By applying successively

this reasoning to all natural frequencies of SOw we prove that Assertion I

is true.

Assertion II: for € small and p large, h natural frequencies of §,ﬁ are

close to A./e, where ). denotes any natural frequency of S, with ¢ set

il

equal to one. More precisely, if AH is any eigenvalue of AHH which is of

multiplicity k as a zero of det [AI - AHH]’ then, for ¢ small and u large

Seu has k natural frequencies (counting multiplicities) close to AH/E.

-13-



Note that ReAH < 0 by asymptotic stability.

Let A = £/¢ in the right hand side of (3) and multiply the first and last .
block of rows by €, then we conclude from (3) that A is a natural fre-

quency of Seu if and only if

P(E,a,ﬁb = det eAll-gl eAlH EAlL =0
A Agyé1 Ay, (A1)

[ €
pA1 Wi 7 At

For ¢ = 0, we have

P(E,0,0) = (-E)™" det (Ag-ED) (ALa)

Any A, is a zero of p(£,0,0); suppose that the AH we consider is of

H
multiplicity k. Since p(£,e,e/u) is a holomorphic function of £, € and
e/u, we apply again the quoted result to assert that for any r > 0 with

r < |RelH|, there exist an ¢, > 0 and by > 0 such that ¢ € [0,€H] and

H
u € [uH,W] imply that p(£,e,e/u) has k zeros (counting multiplicities)
in a disc of radius r centered on A.. Equivalently, A(\,e,1/u) has k
zeros satisfying |x-(AH/e)| < r/e. Considering successively all eigen-
values of AHH’ Assertion II is proved. Note that all these h natural
frequencies are in the open left half-plane, provided € and-% are small,

indeed the asymptotic stability of SH implies that all the AH are in the

open left half-plane.
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Assertion ITI: for € small and p large, % natural frequencies of S " are

close to A /u, where ). is any natural frequency of S. with u set equal
¥ 5] ¥}

to one. More precisely, if AL is any natural frequency of SL’ which is a
zero of mulitplicity k of AL(A), then Seu has k natural frequencies which
are close to AL/u. Note that Red, < 0 by asymptotic stability.

Let n = p) in the right hand side of (3) and multiply the last row
of blocks by u, then from (3) we conclude fhat A is a natural frequency

of S if and only if
€M

le _ 1 '
q("’u’u) =det |A nl Am A -0

€

A A~ w M A (42)
Al Ay A™

From (5) and (A2) we note that the set of AL's is equal to the set of

zeros of q(n,0,0). Consider any specific A, and let k be its multiplicity.

L

Again q is a holomorphic function of n, %—, % . Hence we can assert that
for any given r > 0 with r < |ReAL|, there exist €, > 0 and Wy, 7 0 such

that ¢ € [O,eL] and u € [uL,w] imply that k zeros of q(n,'%

disc centered on AL and of radius r. Equivalently, A(A,e,1/u) has k zeros

satisfying |A—(AL/u)| < r/u. Considering successively all zeros of AL(X),

€
R ;D are in a

Assertion III follows. Note that all these g natural frequencies are in
the open left half-plane provided ¢ is small and y is large, indeed the

assumed asymptotic stability of S_ implies that all the A 's are in the

L L
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open left half-plane.

Now observe that the three assertions describe a partition of the
natural frequencies of seu in three sets of respective size n, h and 2.
For ¢ small and p large, these three sets are disjoint since the first
one is bounded and bounded away from zero, the second one recedes to
infinity and the third one tends to zero. Therefore all n+h+f natural
frequencies of Seu are accounted for and the assumptions on SOm’ SH and
SH imply the asymptotic stability of the equilibrium point P of;)UEu.

Q.E.D.
Proof of Theorem II.

It is well known that if one or more natural frequency of Seu is in
the open right half-plane, then the equilibrium point P of the nonlinear
network\)k[eu is unstable [4]. Theorem II follows from this fact and the

three assertions above.
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APPENDIX II: NATURAL MODES
Intuitively one would expect that the natural modes of SOm’ SH and

SL are closely related to those of Ssu for € small and p large. We pro-

pose to exhibit this relationship for the case where SOm’ SH and SL have,

respectively, n, h and % distinct natural frequencies. In fact we shall

calcﬁlate the leading term of the asymptotic expansion of the modes of

S L]
EY
We say that the (constant) vector (x,y,2) € € nhtd represents a

natural mode of Seu with natural frequency A iff the function
t — (§;§;§)T exp(At) is a solution of eq. (2) (superscript T denotes
"transpose", and ¢ denotes the complex plane). With suitable modifica-

tions, this concept applies to Som’ SH’ SL'

I. Mid-frequency modes. Let XM be any natural frequency of Soco and

let (xM,yM)T be the corresponding natural mode; thus

A AT Mg 1B T O

A Am | |Tm 0

(A3)

Let xﬁ be the zero of A(A,e,1/u) close to XM’ By the implicit function

theorem [9, p. 14; 6, Theor. 10.2.4] we have

Ay = My V(e 1) (A4)

where v is holomorphic in a neighborhood of (0,0), v(0,0) = 0, and

v(e,1/u) = 0(e,1/p). The leading term of the expansion of the natural mode of

-17-~



T
Ssu corresponding to A& is given by (xM,yM,zM) exp (Aﬁ t) where

B = Ay %+ Ay %) (a5)

Note that “zM“ 0(1/u). To check this natural mode substitute it into

(2) and obtain

[ 17 1 T T
Ap . A AL Xy | = 0(e,1/u) + 0(1/u)

A A A Yy €0(e,1/u) + 0(L/n)

A At AppH x1\‘1.1 2y 0(1/w)
L - L . L -

The right hand side consists of terms of first and higher order in ¢ and
) . ,

1/u. Interpretation: when SO°° is changed to Seu’ Ay changes to A

according to (A4), and the motion starts affecting the sluggish elements’

in the order 0(1/u) as specified by (A5).

II. High frequency modes. Let AH be any natural frequency of SH

with ¢ set equal to one; A, is an eigen value of AHH (see (7)); call

H

Yy the corresponding (normalized) eigenvector "of AHH' AH is also a

simple zero of p(£,0,0), and the zero of p(f,e,1/n) close to AH is of

the form (see (Al))

Ay t ¢ (e,e/n)

where ¢ is holomorphic, ¢$(0,0) = 0 and ¢(e,e/u) = 0(e,e/n). Denormalizing

the time (and frequency) scale we have

~18-~



A

r -
AH . + r(e,1/u)

where r(e,1/u) is holomorphic but r(0,0) = 0(1), uniformly for u > 1.
We claim that the leading term of the expansion of the mode of Seu

] T ]
corresponding to AH is given by (xH,yH,zH) exp(AH t) where

w2

A

11 Yn (hence, “xH" = 0(e))

A
Xy =

>

1
2, = EX;'ALH vy (hence, “yH“ = 0(e/u))

By substituting into (2) we observe that

B ] B n [

Apgl Ay Ay x, |=| 0Ce) + 0Ce/w)
A1 Agrergl  Ag Yy 0(e) + 0(e/u)
A1 Am Ap-igtl | zg 0(e) + 0(e/u)

Thus the right hand side -~ 0 as € + 0, uniformly in u for y > 1. 1In
conclusion, when the normal elements and thé sluggish elements are

brought into the analysis, the natural frequency shifts from AH/E to
(xH/e) + r(e,1/u), and the motion affects the normal elements in the

order 0(e) and the sluggish ones in the order 0(c/u).

III. Low frequency modes. Let AL be any natural frequency of SL

with y set equal to one; ), is a zero of AL(A) and call (xL,yL,zL)T the

L

(normalized) solution of the homogeneous equations whose matrix is given

by (5) with A = ) L M is also a zero of q(n,0,0) (see (A2)); so the
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zero of q(n,1/u,e/u) close to A, is of the form
Ay + ¥ (@/u,e/w)

where ¢ is holomorphic, ¥(0,0) = 0 and ¥(1/u,e/u) = 0(1/u,e/u). Denor-

malizing the time (and frequency) scale we have

A
A = L

L=t s(1/u,e/u)

where s is holomorphic but s(1/u,e/u) = 0(1/u2), uniformly for € < 1. We
claim that the leading term of the expansion of the mode of Seu corre-

R T .
sponding to A£ is given by (xL,yL,zL) exp(Ai t). Indeed, direct

substitution into (2) gives

ApMI Ay AL x, | = | 0@/w
A1 Ammehl Ag vy 0(e/u)
Ay Arn AT | |z 0(1/w)
_ JL 4 L B

In this case the leading terms of the components of the mode are not
affected.

As a final comment, it should be stressed that the only advantage
that accrued from the assumption of having distinct natural frequencies
is that the functions v, ¢, J were holomorphic and that typically they
were 0(e) + 0(1/u), i.e. their leading terms are linear in € and 1/u.
In case of multiple natural frequencies these functions have usually
algebraic singularities and tend to zero as € -~ 0 and 1/p + 0. However

the rate at which they do so may be much slower, e.g. they may behave

aS/E_.
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FIGURE CAPTIONS
All elements are in ohms, henrys and farads. Fig. (la). shows the
linear network Seu: the capacitor of € F is the stray capacitor and’the
capacitor U F is the sluggish one. Fig. (1b) shows Sow where both the
stray and sluggish elements have been neglected. Fig. (lc) shows SH

where all but the stray elements have been neglected. Fig. (1d) shows

SL where all but the sluggish elements have been neglected.
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