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ABSTRACT

Part II considers input-output properties of nonlinear time-varying
discrete systems. Slightly generalized forms of the Small Gain and the
Passivity theorem are derived. Some results of Part I and these theorems
are used to derive stability criteria. The memoryless nonlinearities and

the multipliers are not required to be noninteracting.



I. Introduction

In Part I of this paper we have derived the best known results con-
cerning the determinateness and the input-output properties of linear
discrete feedback systems. In this Part II we are concerned mostly with
nonlinear discrete systems. Two fundamental results in stability theory
of feedback systems are the Small Gain theorem and the Passivity theorenm.
They are the two basic principles behind most of the stability criteria.
These two theorems are not new and they have been used either explicitly
or implicitly in many papers. Here we present them in a new, slightly
more general form. The corresponding Section IV is essentially tutorial
in nature. We hope that these two basic theorems will provide a more
unified approach to the stability problem. As applications and illustra-
tions of the power of these two theorems, we present in Section V several
stability criteria for certain classes of nonlinear discrete systems.
Some features of this paper are as follows: 1) We take the advantage of
the simpler analytic properties of the discrete case to obtain simple
derivations. 2) We define the stability of feedback systems in terms of
their input-output properties. 3) In contrast to most previous results
in the multiple-input, multiple-output case we don't require the nonlin-
earities to be of noninteracting type. 4) By the use of the results of
Part I, we are able to include a much broader class of linear subsystems.
5) Using the passivity criterion we obtain a simple derivation of the
Tsypkin criterion under less restrictive conditions. 6) The paper is

essentially self-contained.



II. Notations

We use the same notations as in Part I. Some new terms are defined
below.

The symbol " and ™" denote the spaces of all sequences in R"

and R" respectively; more precisely, I 4 {i : J+'4.mp} and p0 4

{g N >RP"}, If n = 1, we simply write I.

Let x = {£,}. € ™ and let N € J,. The sequence x truncated at N
N i’ 0 + A

is denoted by XN and is defined as

Let [-] denote any norm on I" subject to the condition that for all

x€:" and all Ne J
N +

Izl < 0Ixl -

All lﬁ norms defined in Part I satisfy this condition. The space of all

sequences in £™ that have finite norm is denoted by @3, i.e.

a3 é'{xez“ | 1=l < m}
n n

Let X,y € zi. The scalar product of two real sequences x & {g.1
and y év{ni}:, denoted by (ﬁ,x) is the map of £ x g into]R+ defined

by



= '
P T LEu

where gi denotes the transpose of Ei' Consequently
N

Considering truncations at N, we note that

(ZpY? = (B T (BYy
N
where we define (x,y) N by ZO::%:'L 21 .

If z is a complex number, then z denotes its complex conjugate. If
e is an n-tuple of complex numbers, then s* denotes its conjugate trans-

pose.

III. System'Description

We consider the system model shown in Fig. 1. The sequences uy»
n n n .
Uys €15 853 Xl and ZZ are in I . El’ 52 ¢ I -+ I are operators which

can be linear or/and nonlinear, time-invariant or/and time-varying. As-
sume that the system ,e/:is determinate. From Fig. 1 the system.ﬂgfis
n

described by the following system equations.

AR T £ 1)



g T Bty (2)
1= he (3)
Yo ° He (4)

Comment:

1 2

EZ can also be allowed to be relations [1].

For simplicity, we consider g 1

and E as operators. In fact E and

Definition 1

Let H : " > 5" and let ||| be any norm on £™. The operator H is

said to have finite gain y, if there exists a nonnegative number Y1 and

a constant Bl (both independent of z) such that
n
lod < vzl +8, Vzer, vNeJ, (5)
where (Hx), denotes the sequence Hx truncated at N.
N an

Definition 2

Let E : 2%+ 2. The operator E is said to be passive if there is

a nonnegative function V : " x J+ *“R+‘and a constant a such that

n
(')\'c,'l\l/\’x)N 2 V(¥,N)+a V'}éGE N VN€J+ (6)



In particular, if there is a positive number 8 such that

2 n
Vix,N) 2 5“«’&«"2 Ve, VNe T,
thus

2 n
(%,Hxy o 2 §fx s +a Vzei, VNeJ, (7

then H is said to be strictly passive.

Comments:

1. The definition of gain defined in (5) is more appropriate and more
general than that defined by Zames [1] and used by Sandberg [3]. In fact
(5) does not require that EQ = 2; this is useful, for example, if g re-
presents a relay or a hysteresis. As a special case when Bl = 0 and

"%N" #0, Y, can be taken to be

(Hx) f
Y; 4 sup N
N, [l
x € It

we are then brought back to the definition originally given by Zames [1].

2. The definition of passivity is slightly more general than those used
by Zames [1] and Sandberg [3]. Ours is inspired from circuit theory.

(See Kuh-Rohrer [2].)



IVv. Main Results

In the stability studies of feedback systems in terms of input-
output properties, there are two major results, namely, the Small Gain
theorem and the Passivity theorem. The Small Gain theorem is appli-
cable to any norm on Zn, but with the more restricting condition of re-
quiring that the product of gains of two subsystems be less than 1;
while the Passivity theorem is applicable only to zi-norm. It has the
advantage that, for the linear time-invariant case, the passivity condi-
tion has a frequency domain interpretation. These results have been
developed mostly for the continuous systems and are available explicitly
or implicitly elsewhere [1, 3, 5, 14, 16]. Here we are concerned only with
discrete systems and these two results are generalized and stated in

their most general forms.

Theorem 1 (Small Gain Theorem)

Consider the system.iéf(Fig. 1) described by (1)-(4), where Hl’
n,

52 : 2% > . Let "-ﬂ be any norm on £™ and let there be some nonnega-

tive numbers His Wy and some constants vl, vy such that
v noy
P06 = wlgd + vy xer, YNeJ, (8)
and
n
L@ < gl +v,  Yges Ywey, (®)

Under these conditions, if



U

then, for all N € J+,

1

s L}

<

1

< ——
legd = T2 [“221\1“ gl +vy + I‘1"2]

Furthermore, if u,, 4, € 63, then e1s &5» Xl and XZ are in &3.

Theorem 2 (Passivity Theorem)

Consider the system,f?'(Fig. 1) described by (1)-(4), where E

H, : g > $". Let H

n2 1

satisfy the following conditions:

(i) For some nonnegative number Y1 and some constant Bl

P ay0l, < vqlxgd, + 8

(ii) For some constants 61 and o

¢

2
XY o 2 &gllxdly + oy

1

Let EZ be such that for some constants ¢

2

Vxe:®, VNeJ
n +

vxe ", YNeJ
" +

and az

vze zn, VNeJ

+

l’

(10)

(11)

(12)

(13)

(14)

(15)



2, R 2 =
then 4y Uy € 2n implies that ZZ € ln and consequently %ig {21 = 0.

The same results also hold for %1’ 22 and xl.

Comments:

1. In contrast to the continuous case the two preceding theorems need
no special assumption concerning the possibility of finite escape time.
The assumption of determinateness implies that, for the nonanticipative
case, the equations for the successive components of g and ) have a
unique solution. In the linear case explicit conditions can be given

for this to be the case (see Theorem 1, Part I).

2. Many forms of these theorems have appeared in the literature. The
best recent ones are due to Zames [1l] and to Sandberg [3]. It is inter-
esting to note that our more inclusive definitions do not alter the es-

sential conclusion.

3. With respect to the Passivity theorem, (a) we do not require El to
be passive and Ez to be strictly passive, we need only have 61 + €y > 0.

This fact has already been observed by Stern [15] and Cho-Narendra [14].

(b) If x € 22, then x € % and x
N n N n Al

-+ 2 as i + ». Therefore the conclusion
of the theorem implies that &) €y Xl and XZ € 2: and - 2 as 1 » =,

(c) If u; = 2, the assumption (12) is not required in proving Y22 & € 2§.
In other words, if g, = 2 and if we are only interested in showing XZ’

e, € zi, then we don't need the assumption (12), namely, that El has fi-
nite gain. However, if we want to have same results for Y1 and €ys then

the assumption (12) is essential.

4. The Passivity theorem and its applications (given in the next section)



can be extended in that, instead of considering only inputs with finite

energy, viz.

2 d 2
with |yl = z: |vi| <
=0

one may also consider inputs with finite average power, i.e.

1

N
v = {Xi}o with 1lim sup T Z lv. |

< ©
N0 ™

Under the conditions stated, such finite average power inputs produce
finite average power outputs.

The usefulness of Theorem 2 can be greatly enhanced by modifying
the system.147using the multiplier technique. Let % be a linear map

n n -1 n n
from I onto I and suppose that its inverse, % » maps £ 1into I . The
modified system is denoted bylﬁi; and is shown in Fig. 2. It is easy to
verify that Urs Uys €9, %2’ xl, XZ satisfy the system equations of ﬁf
(i.e. (1) to (4)) if and only if U, By, &5 &, Zl and Zz satisfy the
system equations of—qg;. Furthermore‘1g,is determinate if and only if
/éf is determinate.
wM

Theorem 2M below is obtained by transcribing Theorem 2 to the sys-

= Mu

tem,fg; and using £ ='§32 and 4, = Mu,.

Theorem 2M (Passivity Theorem for the System with Multiplier)

M Zn -> Zn.

Consider the system.«;{M shown in Fig. 2, where 21’ EZ’ M

Let %ﬁl satisfy the following conditions:

-10-



(i) for some nonnegative constant yi and some constant Bi

j * ' n
lemol, < vilxgl, +8; vxel, VNEJ,
(ii) for some constants Gi and ai

t 2 ] n
(%, %15)1‘1 2 61||'§N[]2+a1 VEEE » VNEJ,

Let H

H,, % be such that for some constants € and aé

2
2 n
L ]
(ix, Boxd o 2 el @x)yly oy VExEID, VNEJ,
Under these conditions, if

At 8 6] +ep) > 0

2

then for all u,, u, with u, € 22 and Mu, € 22, we have
12 A2 " n an2 n
~ ~ . 2
(a) 815 &9 xl and XZ in zn.

(b) If, in addition, either (i) El has a finite gain

or (ii) A
n, n n

N

then Xl is also in zn.

(c) In (b), if (ii) holds, then ey is also in Li.

Comment :

2"

(13%)

(14")

(s5")

It is important to note that in Theorem 2M, we don't require the

-11-



multiplier % to be a map of 2i into Zi (a similar comment applies to

the continuous case).

V. Applications

We use the theorems above to obtain several stability criteria for
some classes of nonlinear discrete time-varying systems. Theorem 1A (be-

low) applies to system.4€((Fig. 1): E is linear time-invariant and spe-

1
cified by its z-transfer function %(z); it is assumed (ineq. (18)) that
/ﬁ{ is stable under constant linear feedback with gain 5. Suppose now
that the feedback becomes nonlinear and time-varying; then we use the
Small Gain theorem (see (13) below) to ascertain how far it can deviate
from the linear gain 5 (see (17)). This is essentially a perturbational

result. A little thought will show that if (17) is violated only for a

finite number of values of m, the boundedness conclusions still hold.

Theorem 1A (Application of Small Gain Theorem)

Consider the system f{ (Fig. 1) with E = g being a linear, time-
invariant, nonanticipative subsystem and EZ = st being a time-varying
memoryless nonlinearity. Let the input-output relation of the linear
subsystem g be defined in terms of its impulse response g by the convol-

ution
Y1 = G % e (16)

Let the open-loop z-transfer function of G be of the form
N

-12-



-1

v _ -1 -1
'C‘;'(z)‘ = 5(1 z ) + Egiz

> -1
i=0

5(1 - z‘l) +§, Qs

e

where R is an nxn constant matrix and G é‘{G b = 5-418 (z)} € 21 .
n Y it o Y nxn

2
Let the time-varying memoryless nonlinearity gt be described by a non-

n

linear function *t : X J+ - Zn, which satisfies the condition that for

some constant matrix §, some nonnegative number Uy and some constant 2
n
- <
L?Jt(’c‘s',m) 5&5’| < uzl,‘\’,l + v, Voezr, Vm€J, (17)
Under these conditions, if

(a) inf |det(I + G)K)| > O (18)
ZIZl N N n

and if either % 0 or 55 is nonsingular,

N

(b) lE g, < 1 (19)

were 1 & (105 - 57 + g@p T},

™ i P
then for any fixed p € [1,«] 21’ 22 in 2n implies that 81’ 32, Zl and ZZ

are also in lﬁ.

Corollary 1A

Consider the single-input, single-output system ,6{(Fig. 1) with

H1 = G being a linear time-invariant, nonanticipative subsystem and H2 = @t

-13-



being a time-varying memoryless nonlinearity. Let the input-output re-
lation of the linear subsystem G be defined in terms of its impulse res-

ponse g by the convolution

= '
vy, = gk e (16")

-1 o -1
r(l - z—l) + gl(z) (l6a')

[1)2]
~
N
~
)]

L2
o~
.—l
|
N
|
H
o S
+
1]
He
N
L}
e
>

where r is a constant and g 4 {g.}m = %-1{2 (z)} € 21. Let the time-
2 i’0 L
varying, memoryless nonlinearity be described by a nonlinear function

Y. s L X J+ + I, which satisfies the condition that for some constants k,

t

vé and some nonnegative number ué
|q;t(o,m) - ka| s ué|0| + vé Vo€, Vm€J (a7*)
Under these conditions, if

(a) inf |1+ kg(z)| > 0 (18")
z|>1

and if r = 0 or rk # O,

(b) ol puy < 1 (19

-14-



where h & (h,}° = 271{E(z)/1 + ng(z)}, then for any fixed p € [1,*], u,,

i'o T

. . p
u, € P implies that e;s €5 ¥y and y, are also in L.

Theorem 1B

Consider the system 4§F(Fig. 1) with E = E being a linear, time-

1
invariant, nonanticipative subsystem which is described by (16) and (16a)
and EZ = % being a linear, time-varying gain % which is specified by a

@ .
sequence of nxn matrices {§i}0’ where |§i| <wo Vieg J+. Let the system

,%{ be determinate, i.e. by Theorem 1, Part I,
+ + eJ
det [+ (G, + DK # 0 vied,

Under these conditions, if there is a constant matrix g'such that §i + K

4

as i - « and furthermore

inf |det [I + G(z)X]| > O (18a)
|z]21 vV

then for any fixed p € [1,«], U, Uy in zﬁ implies that €15 89» Zl and
ZZ are also in lﬁ.

Roughly speaking Theorem 1B asserts that if a given linear discrete
system with time-varying gain tends towards a stable (see (18a)) linear
time-invariant system, then the given system is also stable. This result

is sharper than that of C. T. Chen [19] in that we do not require that

Zi: X, =Kl < = .

-15-



Theorem 2A below is an application of the Passivity theorem. It
uses a combination of techniques: some results of Part I of this paper,
the multiplier idea and some inequalities of Willems-Brockett [7]. It
is worth noting that Theorem 2A applies to the multiple-input multiple-
output case and memoryless nonlinearity need not be uncoupled, as was

the case, for example, in Refs. [6], and [11].

Theorem 2A (Application of Passivity Theorem)

Consider the same system.ﬂgras in Theorem 1A, where the linear
time-invariant nonanticipative subsystem g is described by (16) and (16a);
the memoryless, time-varying nonlinearity gt is described by a nonlinear

function it : I x J+ > g" which has the following properties:

N1l. for some constant nxn matrix 5

[\

(:» [%t(«,l’m) "tt Z’m)]

(g1 - g2) 'K(g; - g5)

Vgl, 02 ez, V'm € JI (20)
- —1 —1
N2. %t( o,ng ¢t(g,m) V g ez, Vo e JI (21)

Let % be a multiplier whose z-transfer function is of the form
N bt 1
' _ -i
o - ¥ e @
i=
and satisfies the following conditions:

-16-



1

P S
ML ME M= DT M@ e v

M2. inf |det ﬁ(z)| > 0 (23)
z|21 v

M3. for all i € J+, all elements of % are such that

i
n n
) = 2 i)yl end (g > PIRICHIN IS
B#a a#B

Under these conditions, if

(i) for the constant matrix 5 defined in (20)

inf |det [I + G(z)K]| > O (25)
Z 21 n 4V N

and if R = 0 or RK is nonsingular,
4% N Ny

(ii) for some number § > 0,

N

inf N n -1v AL o _1ﬁ' ”
;T=1 ;\{tg(z)[,{+g(z)§] G(z) + G" (@)L + K'G'(2)] N(E)} 2 6§ > 0 (26)

where A{H} denotes the least eigenvalue of the matrix E, then for all %1,

. 2 2
u, in ln’ e &y» Zl and xz are in zn.

Corollary 2A

Consider the same system ,é(as in Corollary 1A, where the linear,

time-invariant, nonanticipative subsystem G is described by (16') and

-17~



(16a') and the memoryless, time-varying nonlinearity ¢t is described by

a nonlinear function wt HE J+ + ¥ which has the following properties:

N1l. for some constant k
[tpt(ol,m) - wt(cz,m)] (01 - 02) 2 k(ol - 02]2 Vo,, 0, € I, VmeJ, (20")
N2. tpt[—o,m) = -xpt(o,m] Vo€ L, Vm € J+ (21")

Let M be a multiplier whose z-transfer function is of the form
~ _ = -i '
n(z) = Z% m,z (22")

and satisfies the following conditioms:

M. w2 (m)7 - 27 1@} e ol

M2. inf |m@z)| > 0 (23")
IZTZl

M3. m

v

0 ViEJ+ (24")

Under these conditions, if

(i) for the constant k defined in (20')

inf |1 + kg(z)| > 0 (25")
zlzl

-18-



and if r=0or rk # 0

(ii) for some number §' > 0

R {,V §(2) } ' '
inf Re{m(z) —— 2 &' > 0 (26')
lz]=1 1+KE (2)

2, s 2
then u;, u € & implies that e1s €55 ¥y» ¥y € L.

2
Theorem 2A is simply an application of usualPassivity theorem [1,3],
a special case of Theorem 2, in which one subsystem is passive and the
other subsystem is strictly passive and has finite gain. In order to il-
lustrate the application of generalized passivity theorem given in The-

orem 2, we present the following theorem.

Theorem 2B

Consider the single-~input, single-output system /ef(Fig. 1) with

Hy

H2 = ¢ being a time-invariant memoryless nonlinearity. Let the open-loop

G being a linear time-invariant, nonanticipative subsystem and

impulse response sequence of G, g é‘{gi}c(; be in 21 and let the the input-

output relation of the linear subsystem G be defined in terms of g by

¥y 5 8% e 27)
or equivalently
m
Yim © (g * el]m = g{% Bn-1%11 (28)

-19-



Let & be characterized by a nonlinear function y : I > I which satisfies

the following assumptions:

Nl. for some constants kl and kz,

(o)) - vlo,)
0 < kl < o = o, < k2 Vcl, g, € L, oy # 9, (29)

$(g) = 0 if and only if 0 =0

N2. Y(-o0) = -y(0) Vo €I

Let M : £ - I be a multiplier whose z-transfer function is of the

form
oo
n -i
m(z) = Emiz
i=0
© -1, 1
where m = {mi}0 =‘? {m(z)} € 2°. The input-output relation of the mul-

tiplier M is defined by the convolution Mx = m % X.

Under these conditions, if
r» & iof {Re[ﬁ(z)g’(z)]}+ Zo . Liya. > o (30)
HEt ky kR

2 . 2
then Uy, U, € 2° implies that €15 €55 Y15 ¥y are in £ .

Comments:

1. Assumption N1 implies the following facts:

-20-



[}

a. 0 < k 02 < op(o) £ k 02 VoI, o#0 (29a)
b. 0 < = y2@) < ov(o) < %—wz(o) Voez, c#0 (29b)
1

2. The assumptions N1 and N2 above specify an odd monotonically increas-

ing nonlinearity in the sector [k1’k2]‘

3. 1If, in addition to N1 and N2 defined above, we have additional assump-
tion on the slope of the nonlinearity, e.g. |dw(o)/do| < k3, then a Jury-
Lee [10] type of criterion which is in the form of (30) can be obtained
easily as an application of Theorem 2.

To illustrate further the power of Theorem 2, we present below a
stability criterion which is similar to that of Tsypkin [9]. Our result
is more general in that we allow for inputs in 22 and the conditions on

the nonlinearity are slightly less restrictive.

Theorem 2C

Consider the same system,ﬂi)as in Theorem 2B, where the linear,
time-invariant, nonanticipative subsystem G is described by (27) and (28)
and the memoryless, time-invariant nonlinearity ¢ is described by a non-
linear function § : I + I which satisfies the condition that for some

constant k

4(oy) - v(a,)

9 7%

915 Oy €z, oy # oy (31)

Let M be the multiplier whose z-transform is E(z) =1+ q(l - z-l) with

-21-



q 2 0. Under these conditions, if

inf Re{[l + q(l - z-l)] é(z)} + -% > 0 (32)

|z|=1

. .2 2
then for all uy, u, in L, e €y ¥y and y, are also in &°.

-22-



VI. Appendix

Proof of Theorem 1l

From the system equations (1), (2), (3) and the assumptions (8)

and (9), we obtain (using the subscript N to indicate truncation at N),

IA

HEZN“ u}\l,ZN“ + "1“$1N“ + v, VNE J, (33)

and

| + v

1A

lesxl VNEJ, (34)

lay gl + u,l el 9

Now substituting (34) into (33), we obtain after some manipulations

(1 - wpmy)lend = ["k’,znﬂ gl + vy + "1"2] (35)

Since 1 - u 9 4 (1 - u) > 0 by (10), inequality (35) yields

1”
1
lepd 5 T2 [hiaad + walind + 1+ vy, ] (36)

< © <
Now u,, u, € (B, hence for all N € Jos “glN" -.ﬂglﬂ < o and HBZNH < “32"
< ©» and as a consequence of (36), “%2" <=, i.e. e, € (3. From the sys-
tem equations (1)-(4) and the assumptions (8) and (9), we can easily see
that e Xl and zz are also in 3.
Before we prove Theorem 2, we present first a fundamental lemma

which is analogous to Tellegen's Theorem in circuit theory. This lemma

-23-



is an immediate consequence of the system equations (1)-(4) and the lin-
earity of the scalar product.
Lemma A

Let the system 4%7and 4{& (Fig. 1 and Fig. 2) described by (1)-(4)

be determinate. Then for all N € J+, we have for-1{

(eps Hiegd + (egs Hogodyy = (s By )y + (Mg Bo2o) (7
and similarly for«ef{M
(ep» Miie )+ (Mey, Hyeod y = (uy, Mihie))y + (Muy, Hoey)yy  (38)
Proof of Theorem 2
By Lemma A, we have for any N € J+
(grr Hiepdy + (8 Hpgod o = (s Higp) gt (s Bolody (39)

Using the assumptions (12)-(14) and Schwarz's inequality, we obtain from (39)
51H£1Ni|2 +og + e, (Hae,) N“Z a, < Jaeyl Mul, + 1Byl lunl,
(40)

Recalling from the system equations that y2 5232 and %1 = ml-y2’ thus
N

we have for any N € J+,

-24~



lewd, 2 luggl, = Dyonl,  and deply, = Buawl, + 1y,

Using these relations and (12) we obtain from (40)

2
61 (Iaaly = Iyanl,)” * 0y + ealyol) + 2

< [a(lsmd, * lody) + &) b, * Badyliad, G0

A 2 .
Let A = 61 + €y and use the assumptions Ik u, € zn, we obtain, after

some manipulations, from (41)

2
Myl < [Gg + 26080, + 1l | Do,

2
b [l + 1o Dlgl? + eyl - oy - 5y (42)
or
2 n
l[|y2N[|2 < k1||X2N[|2 + k, VNE T, VXZ €L (43)
where
A
o &[G+ 26)Iml, * Tl |
and
A 2
kz = (Yl + |61|)Hglﬂz + Blﬂglﬂz =0y T 0y

are constants independent of and N. Since X > 0 (by assumption), (43)
{2n

-25-



s 2 . _ 2 2
implies that ZZ € ln. Since %1 = ZZ and 8, € zn, we have El € zn.

2

2 -
n Finally e € zn because e, =4 +y

It follows from (12) that Zl (= g+

Proof of Theorem 1A

We shall prove the theorem by applying Theorem 1.

By a standard system transformation, we obtain from the system 43/
(Fig. 1) the new transformed system ﬁéF(Fig. 3), where the linear sub-
system E in the forward path and the nonlinearity E; in the feedback

path become respectively

H = (I+ GK)—]'G (44)
N, N N, n,

and
8 = - K (43)

The variables Y10 & and u, are preserved in the systenm AJ’and the new
al’ ~2 2 N

variables gl, sl and ZZ are related to the old variables gl, El and ZZ by

u, = u, - Ku (46)
.

&1 atkn (47)
Y2 T Y27 RR2 (48)

Since K is a constant matrix, it is clear from the above relations that

P . . = =
21, Yy %l’ 32, Zl and Xz are in Rn if and only if that Ry 22’ ﬁl’ 22, %l
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and zk are in lz. Therefore the original system.ff and the transformed
system 1é;are equivalent as far as stability is concerned.

Now by assumptions (16) and (18), it follows from (44) and Theorem
2 of Part I that

A

B8y = Pl T} ey,

consequently H has a finite norm denoted by [H|,. Therefore for any
N Al

fixed p € [1,«]

— — —_— n
I d, = MELISW, VYE €T, VNed, (49)

This shows that condition (8) of Theorem 1 (Small Gain Theorem) is satis-

fied with u & "Eul and vy = 0. Relation (45) and assumptions (17) and

(19) show that conditions (9) and (10) of Theorem 1 are met. Thus it

follows from Theorem 1 that u,, u
12 a2

N _ . oP
are in 2n and by (46)-(48), s XZ are also in zn.

P ; = =
€ £n implies that €15 89> Zl and ZZ

Proof of Theorem 1B

Perform the system transformation as in the proof of Theorem 1A;

we obtain the system ’,{‘,f with

H = (I+G'IZ)"1G (44a)
N, 4" Ny n,
and
£ - k-X (452)

-27-



From the proof of Theorem 4 in Part I and the fact that the system ﬁsfis
determinate, we see that the system /éfis also determinate. Furthermore
n
because of (18a), "E“l < », Now, by assumption, |5i| <w VieJ, and
Ei +'E as i + «; thus for any ¢ € (0,1) there exists an N(g) € J+ such
that for all i 2 N(e), [H HIK. —‘EI £ 1 - ¢. Therefore the claimed re-
A A A

sult of the theorem follows immediately from Theorem 1 applied to the
system 1€pfor i 2 N(e).

Note that we have actually proved that if |5i| < o Yi, and if for
some N, i > N implies that I%i - §| . ﬂgﬂl < 1 - g, then the conclusion
of Theorem 1B still holds. In other words, it is not necessary for the
51 to tend to'g but only that they eventually get sufficiently close to

% and remain there.

Proof of Theorem 2A

We shall prove the theorem by applying Theorem 2.

First we perform the system transformation as in the proof of The-
orem 1A to obtain the system.ﬁgr(Fig. 3). We have noted that system ’E{
is stable if and only if system.ﬁ?ris stable. Next we introduce the mul-
tiplier M into the system.ﬁérto obtain the system,ﬁé; (gﬁ can be obtained
from Fig. 2 by replacing %l’ %1, X2° Rl and 22 with El’ %1, zé, E and §£
respectively.) Now by assumptions (16) and (18) and the relation (44), it
follows from the same reasoning as in the proof of Theorem 1A that E has

finite gain “H"l as is defined in (49), i.e., VN &€ J

JCANIEN T NENE o)
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By assumption M1 and (50), we obtain

—_— n
| (ot ), < UMl Rl lNII Ve ez, VNEJ, (51)

This shows that condition (12') of Theorem 2M is satisfied with yi 4

fiMl . lHl, and B! = 0. Now by assumption (26) and Parseval's theorem, we
LV R vl | 1

have
%, e L o [Hoh s fon o] e
(e Meydn = or Sm(z)[ﬁ(z)(%“*ﬁ(”g 6(z) | gyy(e) z "dz

1 i N ; -1
-+ ¢ ao{fiogioy o]
* b 1M* -1
+ [c (z)(I + K'6%(2)) " (z)]} e )z dz

— n
8 lN|| > 0 Vg ez, WNeJ, (52)

v

Thus the condition (43') of Theorem 2 is satisfied with ai 4 § > 0 and

ai = 0. It remains to check the conditions of (14') and (15') of Theorem

2. The assumption N1 and the relation (45) give us

(o, - 95) [Et(gl,m) -9, (o z,m)] > 0 Vg,0,€L, Vne I (53)

At

This coupled with assumption N2 implies that %& is an odd, monotonically
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nondecreasing nonlinearity. Since the assumption M3 implies that the

matrices %i's are doubly dominant [7] for all i € J+, it follows that

[Theorem 4 of Willems and Brockett]

TM e, = (Me

(eZ’ At A2° N

Me,, 88,0 y

N
C Do My senrs Telen) )

i=0

n

EF (e21)M'N—1r\..21 2 0 (54)

where we have used the assumptions M1l and M2 to guarantee the existence
of ¥-1 in the above equation. (In fact M1 and M2 imply that g—l € zixn;
see proof of Theorem 2, Part I). (54) shows that condition (14') of

1

2

orem 2 is indeed satisfied because A'

Theorem 2 is satisfied with eé a! = 0. Clearly condition (18') of The-
4 (6' + e') = § > 0. Therefore we
1 2 :

have demonstrated that all conditions of Theorem 2 are satisfied. Now

2 3 3 — ~ 2 _— - ~ -
gl, 52 € ln implies that uy and u, are in zn because %1 = %l 5%2’ 32 =
Muz, where K is an nxn constant matrix and M € lixn' Therefore we con-

~

clude from Theorem 2 that €,, é., y, and ¥, are in 22. From Fig. 4, we
Al’ 22’ g1 w2 n

can easily see that y, and e, are in lz because M and M—l are in kl

Al 2 n n n nxn

which map Qi into 23 respectively. From the system equations (47) and

. 2
(48) we obtain easily that &1 and Y2 are in Qn.

Before we prove Theorem 2B, we first quote a lemma [8, 17, 18] which
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we will use it in our proof later.

Lemma B

Let £ : £ =+ I satisfy the following conditions:

(0 - o)) [Eloy) - £(s))] 2 0 Voo

Then for all j € J+

N

N
<
EO ci__jf(oi) < .EO cif(oi) Voi €z, VNe J+
1: 1=

If, in addition, f(-o) = -f(o), then for all j € J+

N

< Z oif(oi) Voi €L, VNE J+

N
‘Z FIRLICH
i=0 i=0

Proof of Theorem 2B

We prove the theorem by means of Theorem 2.

Since, by assumption, g and m are in 21, we have

foce) = Imsgee)l, = luljlelyleyl, Ve ez vNed,

(55)

This shows that (12') of Theorem 2 is satisfied with Yi 4 ﬂmﬂlﬂgﬂl and

Bi = 0. Now by Parseval theorem, we get
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I
N
dl“

(e MGel) N ng(z) g(z) g(z) glN(z) z-1 dz

- = Relm(z) §(2)] €% (2) €y (2) 21 az

v
(=)
=
[0

2 (56)

where § 4 inf1 {Re[a(z) E(z)]} .
z=

Clearly (56) is in the form of (13') of Theorem 2 with Gi = § and

ai = 0. Before we apply Theorem 2, we need only to check conditions (14')

and (15'). Now consider

N i
(Mey, 0e))y = D <j_0 mjeZ(i—j)) vleyy)

N N /i-1
= Z moe,bleyy) + 2 (2 B89 (14 )) Vleyy) G7)
i=0 3=0

and using the assumption N1, N2 and Lemma B, we obtain successively

n N o N
o 2
(Me), %e,dy 2 k, Z voleyy) - Z |“‘jl Z |82(i-j)‘p(321)I
i=0 j=0 i=1

(cont.)
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m N N
> _9 2
=X Z Vo eyy) = Imly Z ey3¥(eyy)

2 1=0 i=1
. <m ) llmlll> 9

k2 kl 2NY 9
A 2
= elvad, (38)

where we have used (29b) and defined €y by

So (58) is in the form of (14') of Theorem 2. By assumption, clear-
ly condition (15') of Theorem 2 is satisfied. Therefore it follows from

Theorem 2 that e1s €5 ¥y and y, are in 22.

Proof of Theorem 2C

By identical arguments as in the proof of Theorem 2B, we obtain

2

> v

(e), Moe ) o 2 61"e1Nu2 (59)

(] A * : -1 N

where 61 = dinfRe{[l1 + q(1 - z ) 1g(z)}.
z|=1
Next we consider

N

(Mez, <I>e2)N = Z (m % ez)iw(eZi) (60)

i=0



1

Denote a(z) =1+ql~-2z )= (1+gq) - qz"1 4 m +m z—l, then m = 1

+ q and m; = -q. Since

(@ xep); = My + MCy(ia1)
= @+ dey =9854
We obtain from (60)
N . N
(Mez, <I>e2)N = ;0 1+ q)eZiw(eZi) -q iz__-% eZ(i+1)"b(eZi) (61)

Applying Lemma B to (61) and noting that q 2 0

N

N
(Me SRR IENTCRER D DETARIICN
10 =0

de

v

20 %89y

N N
2 (L) ) epuiley) - a ) epyule,)
=0 =0
- 1 & 2 1 2
= ;g% e¥(eyy) 2 % gg; Vileyy) = g lvleyyl,

e

2
E2""’(9‘21)1«"2

Assumption (32) implies that Gi +e, > 0. So we have shown that all con-
ditions of Theorem 2 are satisfied, conseuqently we conclude from Theorem

2, 2
2 that u;, u, € 2~ implies that e1s €95 ¥q and y, are in 27,
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Conclusion

Using some results of Part I and slightly generalized versions of
the Small Gain and of the Passivity theorems we obtain in a unified man-
ner several general stability criteria for multiple-input, multiple-
output discrete systems. We hope further work in this direction will
lead to a unified presentation of stability theory of nonlinear feedback

systems.
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Fig. 1.

Yi

y2 H,

The system ,gg under consideration.
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Y2

Fig. 2.

Yi Y

HZ‘_M-" + M

The system éM which is the system %{with the multiplier '13
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.

e
IQ_I’H Yi

y2 = €2 y+ U2
@t s

Fig. 3. The system which is obtainedvfrom the system.%{by a standard

system transiormation.
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