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ABSTRACT

The problem of finding a stochastic sequential machine with

minimal number of states and homomorphic to a given machine is

studied in various aspects, The methods used for investigating the above

problem are based upon the properties of a certain convex polyhedron

associated with the given machine,
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INTRODUCTION

The problem of reducing the number of states ‘of a given
stochastic-sequential machine has been studied by several authors
[1]-[3]. A full and effective solution to the problem of finding a
machine with minimal number of states in an equivalence class of
machines has been given in the above-mentioned papers, although the
algorithms devised do not lead in general to a unique solution to this
problem. In the previous year it occurs to both the author and to Ott
[5]-[7] that further reduction is possible if the equivalence restriction
is weakened in a certain sense,

The study here has been prompted by the pioneering work of
ott[5],[6], who investigates the above questions very thoroughly, Un-
fortunately the work of Ott is obscured by the introduction of too many
newly-defined entities and theorems of minor importance. Some of the

most important theorems of Ott are reproduced here (Theorems 1 through

4 in Part II and Sec, IV-B), and, as the organiza.tion of our work differs

from the organization of Ott's, new proofs are provided to these theorems.
The content of our work is as follows: The first part, the exposi-
tion, contains most of the known facts and theorems on the basis of which
the consequent parts are developed. The first part also contains an
explanation of the problems to be considered in the consequent parts,

In parts II and III we study some problems introduced by Ott and some



new, related problems, in several aspects. In the last part the unique-
ness of minimal machines is studied in the light of the concepts devel-
oped in the previous parts,
An attempt has been made to simplify matters as much as
possible and to put the whole work under a common geometrical frame.
The work is self contained but familiarity with one of the refer-

ences [2], [6] or [7] is recommended.

I, EXPOSITION
A, The Set KM

Definition 1. A stochastic sequential machine (S, S. M) is a quadruple
M=(S X, Y, {AM(y/x)}) where S, X and Y are finite sets (the internal
states, the inputs and the outputs respectively) and {AM(y/x)} is a
finite set containing |X| X | Y| square matrices of order |s] (]u |
denotes the number of elements in a set U ) such that AM(y/x) =

[afgi(y/x)] with mij(y/x) >0 and

S|
3 3 s
yeY j=1

The superscript M is used for identifying the specific machine M
and will be omitted from here on if context is clear.
The pair (v, u) denotes any output-input pair of words over Y

and X respectively,such that the length of u equals the length of v
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(2(u) = 2(v)), e.g., u= Xy eoor Ko V=Y aens yk) X, € X, y,e Y. We
assume that the pairs (v, u) are ordered in a way such that ﬂ(vl) < !(vz)
=> (vl, ul) < (vz, uz) and that this order is kept fixed.

When two or more machines are under consideration, we assume
that all of them have the same X and Y sets,and the pairs (v, u) are
ordered in all of them by the same order.

With every S. S. M,, M, we associate an infinite set of

n-dimensional (n = |S|) column vectors KM defined as follows:
KM= {n(v, u) :ve Y*, u e X%}

* *
where X and Y are the sets of all words over X and Y, respectively,

n=mn(\, \) is a vector all the entries of which are equal to 1 (A denotes

the empty word) and

n(yv, xu) = A(y/x)n(v, u) -

The vectors n(v, u) are thus defined recursively and we assume that
they are ordered according to the order of the corresponding pairs (v, u).
M M .
Let K" and K be two sets as shown above corresponding to two
S. S. M.'s;, M and M¥* respectively. KM is stochastically homomorphic

%* - %k
to KM (KM - KM ) if there is a stochastic matrix B such that

B 'qM(v, u) = nM*(v, u) for all (v, u). (1)

4.



Theorem 1. The relation (1) is equivalent to the following relation (2)
(provided that B has the due dimensions),

*
BAM(Y|X) 'ﬂM(V, u) = AM (y]x) BnM(v, u) for all (v, u)
(2)

and all (y, x)
Proof: Consider Fig, 1.

The figure shows that (1) implies (2), If (2) holds then:

B nM()\, \) = nM*()\, \), by the fact that both nM(x, \) and 'qM*()\, \)
have all entries equal to 1 and B is stochastic.
Furthermore,if (1) holds for the pair (v, u) then:
BnM(yv, xu) = BAMiy|x)n™w, w = aM(y|x) BaMv, w =
A

% *
= A.M (ylx) nM (v, u) = nM (yv, xu), by the definitions and by (2). The

theorem follows by induction,

B, The Matrix HM

With every S. S. M., M, we associate a finite matrix H

having the following properties:



The first column of H ' is nM. (3.1)
M M -

All the columns of H  are elements of K, are linearly

independent and every other element of KM is a linear combina-

tion of them., (3.2)

The (v, u) pairs corresponding to the columns of HM are the
smallest pairs (in the order of the (v, u) pairs) such that HM
satisfies the above conditions (3.1) and (3, 2). (3.3)
It has been shown by Carlyle that given M one can find effec-

tively M (see[2],[5].
Theorem 2, The relation (2) is equivalent to the following relation:
M M_ | M* M
BA (y|x)H" = A" (y|x) BH (4)

Proof: Clearly (2) implies (4). That (4) implies (2) follows from the

fact that every vector i (v, u) is a linear combination of the columns

ofHM.

C. The Covering Property

Let M be a given S, S, M.. With every n-dimensional
(n = |S|) probabilistic row vector m we associate a function

p.l,\r/I : {(v, u)} = [0, 1] defined as follows:

M M
P (v, w)=mm (v, v

*
Two functions as above, p:./I and pn » are equal if



b
pﬂM(v, u) = pg (v, u) for all pairs (v, u) (5)

This requirement is equivalent to:

*
'rrnM(v, u) = 7' 'qM (v, u) for all pairs (v, u) (6)

If the functions are induced by the same machine M then (6)

is equivalent to:

TH =1 H (7)

because of the property (3. 2) of HM

Definition 2, For a given S. S. M., M, we define the set of functions

™M inducea by M as

AM = My

Py

Definition 3, Let M and M* be two given S, S, M.'s, The machine M

%
covers the machine M*(M > M*) if (pMQPM

*
Theorem 3. M > M* if and only if K™ 3 K™

Proof: This is lemma 1 of Ott [6].

D, Two Cove ring Problems

The following problem has been investigated by Ott [5],[6].

(See also Paz [7]).
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Problem 1. Givenan S. S. M., M, find a machine M# > M which has

the least number of states possible.

Ott's investigation, although giving deep insight into the problem,
is far from providing a general effective solution to it. Aiso the example
giveﬁ by Ott, in order to show that the problem is not trivial, is a degen-
erate example, and one may ask whether there are nondegenerate
machiﬁes which admit a solution to this problem., |

Our concern here is to éuggest and investigate the following

related problem.

Problem 2. Given an S. S, M., M, find a machine M* which has the

least number of states possible such that M > M* .

We shall show by examples that thié second Iﬁroblem is not trivial
and not equivalent to the first problem, specifically:

1. Thereis an S. S. M., M, which admits a solution to the
second problem, with M* having less states than M, but no M::< having
less states than M is such that M" > M.

2, Thereis anS. S. M., M, which admits a solution to the
first problem, with M* having less states than M, but no M* having
less states than M is such that M > M* .

3, Thereisan$S. S. M., M, which admits a solution to both
the first and second problems, with M* having less states than M. A

4. There is an 8. S. M., M, such that there are equivalent

machines to M with the same number of states, but there is no machine



~

M* having less states than M such tlié.t M > M*. or M > M, R

All the examples, to be shown, are nondégeiner.ate and ,this will
provide an answer to the above posed qﬁestiq’n concerning the first
problen;L . Furthermore, we shall show that the second problem is
simpler, .in a certain sense, thaﬁ the first one, and we:sh’a.lll generalize’

a previous result of the author [Ref, 7, Theorem 6].

E. Reduced and Minimal State Form

Another ciuestion to be considered arises from the follow-

ing considerations:

® M *
Definition 4. Two S. S. M.'s, M and M , are equivalent if & = UDM
*

M . . M* M* .M

* '
(M>M and M* >M or K" K" and KM K™,

Definition 5. An S, S. M., M, is in reduced form if no two extremal

functions induced by M are equal (an extremal function is a function
-p“_M such that % is an extremal vector, i.e., a vector having one entry

equal to one, . all the other entries being equal to zero).

Remark 1. The above definition and (7) imply that M is in reduced form -

iff no two rows of H are equal.

Definition 6, An S. S. M., M, is in minimal state form if no extremal

function of M is a convex combination of other extremal functions of M.



-

Remark 2. The above definition and (6) imply that M is in minimal

form iff no row of HM is a convex combination of its other rows,

The problem of checking whether a given S, S. M. is in reduced
form or in minimal state form has been solved effectively in the litera-
ture [1] -[3], [5] and algorithms have been found for reducing a given
S. 5. M. to an equivalent machine in one of these forms [1] -.[3] . The
resulting machines l;xave, in general, less states than the source ma-
chines. On the c;ther hand, the reduced form or the minimal state form
of a given machine (these forms differ in many cases [1], [2]) is not
unique [3] in general. In the last section of this paper we shall give a
decidable condition which implies the existence of a unique minimal

(reduced) form of a given machine.

II. GEOMETRICAL INTERPRETATION

A, Machines of Common Rank

Notation, Let M and HM be an S, S. M. and its related HM matrix.

Then m = rank M = rank HM = # of columns in HM (as these columns
are independent).

In the sequel we shall need the following theorem of Ott.

%
Theorem 4., Let M and M be S. S. M.'s of common rank such that
sk
b
M>M with nM (v, u) = BnM(v, u) for every pair (v, u). Then

%
HM =BHM.

-10-
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Proof: Let JM be the matrix such that JM =B HM . Denote the
_ .
~ columns of HM by Nyeeen and the corresponding columns in J
% % ,
by n - R Let nM(v, u) be any vector in KM. Then
m
TIM(V’ u) = § a, n, (property (3.2) of H ).
"i=1
This implies that
o (v,u)=Bn(v,u)=ZaiBni= Zain.- (8)
1
M*
It follows that any vector in K is a linear combination of vectors in
M* % M
J and therefore, as M and M have common rank, rank J =
% 3
rank HM = rank HM . Furthermore, the columns of HM must also

%
be columns in J (arranged in the same order), for if this is not true,

then let 7 (vo, uo) be the first column in which is not a column

of JM . Then nM(vo, uo), the cori'esponding vector in KM, is not

in HM and therefore is a linear combination of the columns of HM

preceding the vector 'qM(vo, uo) in KM (property (3.3) of H ). Itis
m* M*
implied by (8) that (vo, uo), a column of H , is a linear combina-

M* £
tion of other columns in H ' contrary to the property (3. 2) of HM .

, *
This proves the theorem, for the columns of H cannot be a proper

M* M* M* ‘
subset of the columns in J (as rank J = rank H ) and therefore

* %
Moo gM o pEM,

-11-



B. Geometrical Interpretation of HM

——

Let M and HM be, as before, an S, S. M. and its
related HM matrix,and assume that HM has m columns and n rows
(m < n necessarily). The rows of HM will be considered as -p’oints in
m-dimensional space and the notation h1 oo hn will be used to refer to
these points, All the machines under consideration from here on will
be a.ssumed in minimal state form (this is not a restriction as or;e can."-
construct effectively an equivalent minimal state form machine for any
given machine). It follows from remark 2 in the previous section that
iff M is in minimal state form then the points h1 oo hn are vertices
of a convex polyhedron.

A substochastic vector w = ("1 oo Tl‘n) is a vector such

that m 20 and z ™ <1, With any such nonzero vector we associate -

L

a point in m-dimensional space defined by H and denoted by

,
1

h(w). Clearly, h(w) ¢ conv(h1 ... h). If A is a matrix with substo-

)

chastic rows A, then H(A) denotes the set of nonzero points {h(Ai)} .
Two substochastic vectors m and p zare similar (~ ) rela-

tive to H if h(w) = h(p) and they are equivalent (~), relative to if

TH = pHM. Note that w ~ p iff there is a constant a such that

T ~a p (provided that m and p are nonzero vectors),

Two substochastic matrices A and B are similar (~);

relative to H = if their corresponding nonzero rows are similar rows

-12-



and-they are equivalent (~), relative to HM if their corresponding

rows are equivalent,

C. Comparison of the Two Coverixig Problems

We have seen in the previous sections that M> M* for
two given marchir}es is equivalent to the following conditions:
There is a stochastic matrix B such that
*

B 'qM(v, u) = nM (v, u) for every pair (v, u) ‘ (9)

or, equivalently, such that
" .

B AM(y/x) HM = AM (y/x) B HM for all pairs (y, x) (10)
Assume now that the machine M’ is given a.nd it is required to find a
machine M having less stétes such that M > M* . If.no more infor-
mation is given about the machine M then the relétion (10) is of little
help for the solution to the above problem, as the matrix HM is not
known,

If we assume that rank M = rank M* then, because of
theorem 4 and the relation (9) (with B a stochastic matrix), one can

begin with any matrix HM such that

i % *
LS. M M, M M *
conv(h1 , ...,hn)e (hl’ ”"hn*)’ n<n -
and having the usual properties (0 < hiIva <1, hi\f = h;v; cee hﬁ = 1) and

then try to find nonnegative matrices which will satisfy Eq. (10) (B is

-13- .



determined by the choice of HM). If one HM fails to provide a solution
then another H ~ can be assumed and so on. Note, héwever, that even

if no solution can be found under the assumption that rank M = rank M ,

this does not mean that no solution exists, for there is no reason to

beiieve j:ha.t the above assumption is necessary for the existence of a '
solution, |

Assume now that the machine M is given and it is re-
quired to find a machine M* having less states such that M > M* .

Considering again the relation (10) we see that a solution
to this problem depends upon the finding of a stochastic matrix B
having less than n rows such that nonnegétive matrices AM*(y/x) can -
be found which will satisfy the relation (10). Any matrix B, as above,
can s.erve‘ as a starting point for calculation and this .does not depend
upoﬁ the assumed rank of M* . This is why we claimed that the second
problem is simpler than the first one, Note, however, that any solution
to the second problem is restrictive in the sense that not all the func-
tioné pr induced by M have equal functions induced by M*. On the

other hand, it will be shown that this problem is not trivial, Moreover,

there are machines to which only this problem admits a solution.

D. The Second Coveriﬁg Problem

The purpose of the following theorem is to provide a

geometrical interpretation to the second covering problem. The

‘meaning of this interpretation as well as its possible uses will be

-14-
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iliustrated by examples in the following sections.

Theorem 5., Let M be an n-state S. S. M. There exists a machine.
M with n < n states such that M 2> M iff there exists a stochastic
* ) ) e

n Xn matrix B with n rows such that

U HM(BAM(Y/x))C conv HY(B) - (11)
(y, x) »

A machine M as above can be constructed effectively if a matrix B
satisfying (11) is given,

, * * ' '
Proof: Assume that M> M with n <n, Then (10) is satisfied by a

w :
stochastic matrix B with n rows, Let £ = (Sl cee ‘s'n*) be any non-

£

25

convex combination of the rows of B H., This means that

%
zero row of A (y/x) for a given pair (y, x). Then BHisa

§

)5

conv HM (B). Let p= (p1 cee pn) be the row corresponding to £ in

BH ¢

" the matrix B AM(y/x). It follows from (10), and from the fact that B

is stochastic and because the first column of H is a column of ones,

that p H= §BH = zpi = Z(E B)i= Zgi . Therefore

h(p)=——E—H= § BHeCoanM(B)
Ep. Z‘s".

1 1

U M AMy, ) C Conv HM(B)
(y, x)

-15-



. sk .
Assume now that there is a stochastic n X n matrix B with
£
n" <n suchthat U HM(B aAMy, x)) C Conv H™(B) then any point
(y, x) : .
in the left-hand side is a convex combination of the points in HM(B).
The points in the left-hand side are of the form a pH where a is a -
normalizing constant and p is a row in a matrix B AM(-y, x) for some
pair (y, x).

We have therefore
@ pH= wBH A - (12)

where w is a stochastic vector.

It is easy to see that the relation (10) will be satisfied if the matrices
%
AM (y, x) are defined as follows:

(a) If a row in B AM(y, x) is a zero row, then the cor-
M*
responding row in A" (y, x) is a zero row.
(b) Let p be a nonzero row in B AM(y, x). Then the
’l»

corresponding row in AM (y, x) will be -}z' m where m and a are as in (12),

The theorem is thus proved,

Example 1, L.et M be the 4- state machine described as follows

(X=Y={0,1}):

-16-



— : =
111,
.. 4 8 38
s e i O
. A(0/0) = 1101,
4 8 8
Lo 0 o0 o0
~ B
0 0 0 0
° 35 3
A(0/1) = 3 3 3
© ¥ 1% 1%
1 1 1

A matrix H for this machine is:

1 7
1 > 0
L 3L
M 4 2
T , L3
2 4
1
Lo 3
Let B be the stochastic matrix:
r-1 0 0
1 1
. B = 0 = =
2 2
) 0 0 O

1

A(1/0) =

A(1/1) =

-

ﬁ

-

I

|~ oo|= - pof=

(ST N o} NN

(L N LT LN g

Consider now Fig. 2. The rows of HM, hl’ hz, h3 and h4 are

o

RN o= NN Nln—-

represented in that figure as two-dimensional points (as the first

-17-




coordinate of these points is equal to 1, one can consider the two-

- dimensional subspace as having the first coordinate equal to 1),

The set of points H(B) is represented by little circles, while the set of

points U HM(B A(y, x)) is represented by crosses (the points are

(y, x) .
easily computed). It is seen that the condition of the theorem holds for

%*
this case and therefore a 3-state machine M exists such that M Z M* .

Using the procedure suggested in that theorem we find the matrices
s
AM (y, x) which are the following:

r 1 - .

1 1 1

. 7210 . 0 7 0
M 5 5 M 3

A77(0/0) = % 16 0 AT (1/0) = 0 3 0
0 0 O 0 1 0

- J — -

- r‘ .
(0 0 0 L, 1
« « 2 2
M 5 5 M 3 3
AT (0/1) = 0 7 AT M= 3 0 i
1 1 1 1
© 7 3 7 0 3

- - — -~

It can be shown f:hat there is no machine covered by M* and having less
states (see the examples which follow), On the other hand, we shall
show no§v that there is a machine M+ having less states than ‘M and
covering it, |

We first observe that if M+ as above exists then, as in the proof of

+
Theorem 4, the columns of HM must also be columns in B HM .

M + o
H ~ has 3 columns and therefore HM must have at least 3 columns

-18-
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and at least 3 rows (the columns of HM are independent). Now M+
+

has less states than M (which has 4 states) so that HM must have 3

rows and 3 columns (otherwise the columns will not be independent).

+
Thus B H = H . As B is stochastic it must be true that
Mt Mt Mt

(hiw, . hid) C comv (h1 , h2 , h'3 ) and, as seen in Fig. 2, the only
possﬂ;le choice is
r n
1 % 0
HM+ - 1 1 1
1 0 %J

The machine M+ is now easily found using a procedure described by

. Ott [5]
r I ~ -
2 11 111
. 16 8 16 . 8 4 8
M 5
A7 (0/0) = 3 % % AM(1/0)= 0 0 O
' 1 1 1
_o 0 0| |7 2 7
f B g B
0 0 O L 0 1
N . 2 2
M 1 3 3
Atom= |7 5 5| aMwp= |0 o0 o
1 3 3 1 4, 1
8 16 16 4 4

From the above examples two facts can be learned:

-19-



(2) There is a nondegenerate machine M (i.e., a machine such

its next state is not a deterministic function of its present state and input-

* .
output pair) which can be covered by a machine M having less states,
®
(b) The configuration M <M< M+, where all three machines

*
are nondegenerate but M and M+ have less states than M, is possible,

E. A Sufficient Condition for the Second Problem

* *
Theorem 6, Let M be an n-state machine. Let h. .. 'hn* be a set.of

1

* .
'n < n points in m-dimensional space such that (m = # of columns of

u'

(Ux) HM(AM(y/ x)) C conv (h:c ...h:*) C conv (h....h ) (13)
Y, )

*
Then there is a matrix B with n rows satisfying the condition (11) of

Theorem 5,

Proof: If B is any stochastic matrix then any point in the set

U HM(B AM(y/x)) is a convex combination of points in the set

(y, x) by
U>HM(AM(y/x)). Let B be the matrix such that B HM =| . .
(y, %) L

Then clearly conv (h’;= cee h:*) = conv HM(B). This shows that the
condition of Theorem 5 is satisfied so that this theorem holds true.

To make the content of the above theorem clear, consider
again the example in the previous section and Fig. 2, It is seen in that

figure that conv(hi. . .h4) is the simplex whose vertices are the four

-20-



points -h1° . .h4 and (U HM(AM(y/x)) is the set containing the four

(y, x) .
* .
..-u,. The choice b= h, hy = l(hz +hy)

crossed points denoted by u, 4 e By 2

b3 B
h3 = h4 (the only possible choice for this example) will satisfy the
relation (13) and the required matrix B is determined by this choice,
It is thus seen that Theorem 6 may be useful in the case

where the set conv U HM(AM(y/x)) is a proper subset of the set

(y, x)

conv (h hn), a condition which is decidable. Unfortunately, even in

10.0

this case, to find the required matrix B which will satisfy the conditions
of Theorem 5 one must be able to solve a nontrivial geometrical problem,
namely:

Given two convex polyhedra V., and V. such that V C Int V

1 2 1 2°

Find a polyhedron V3 with minimal number of vertices such that

V1 C V3 C Int VZ'

As far as we know, this problem is not yet generally
solved, but any solution to this problem in some particular case (as in

the previous example) with V1 = conv UHM(AM(Y/X)), V2 = conv (hl' . .hn)
(y, x) '

and V3_ = conv (hik .o .h:*) will lead to a matrix B as required, provided

that conv V) is a proper subset of conv V.

F. The Second Covering Problem is Independent

The purpose of the following example is to show that the
conditions of Theorem 6 are not necessary conditions. Specifically,
we shall show that a machine M exists such that conv U H(A(y/x)) =

(Yox)
% %
conv(hl, ooy hn) but there is M < M such that M has less states than M.

-21-



We will also show, using the same example, that there is an n-state

% % *
. machine M such that there is an n -state machine M <M with n <n,
but no machine with less than n-state covers M, This will demonstrate

that the second covering problem does not depend on the first one.

- Example 2, Let M be the 5-state machine described as follows

(x={0,1}, Yv=1{0,12}):

0 3 0 0 0 0 0 0 0 O 0 0 0 30
1 1
0 30 0 0 0 0 0 0 O 0 0 0 50
A(0/0)=| 0 0 0 0 O] A(1/0)=]| O % 0 ‘;11- 0| A(2/0)={0 0 o -% 0
0 0 0 0 O o = 0 Lo 0 0 0 = 0
4 4 2 -
|0 6 0 0 0 | 0 0 0 0 O] |0 0 0 0 1]
Fl - ~ - ~ 1 h
5 0 0 0 0 0 0 0 0 O 0 0 3 00
1 1 1
0 0 0 0 O 7 07 00 0 0 3 00
AO/l)=10 0 0 0 0 |A(l/1)= % 0 % 0 0] A(2/1)=}0 0 -lz 00
1 1
5 0 0 0 0 0 0 0 0 O 0 0 2 0 0
1 1
L0 0 0 0 O | _o’oooo_J [0 5 0 0 =]

An HM matrix for this machine is the following:

-22-



- i,
i) m
112-013 h,
10015 h,
TN
(1 0 0 1] n

One finds easily that for this machine
1 1 1
(YLJX)H(A(Y/X)) = {hl’ hZ’ h3’ h4’ h5’ E‘hz * h4)’ E(hl * h3)’ E(hz * hS)}

and therefore:

conv U H(A(y/x)) = conv (h
(¥, x)

: #*
Yet a machine M < M having only 4 states can be found. - The machine
| ‘

.,h5).

1’ v e
M* is simply the machine which is obtained from M by deleting the
5th column and the 5th row in all the matrices of M. This fact is easily

verified using the transformation matrix:

1 0 0 0 0]
01 0 0 0
B= 000 1 0 0
L 0o 0 0 1 o-_

: : %
We shall now show that there is no machine M 2 M having less than
5 states,

Using an argument similar to that used in the analysis of the

previous Example 1, one can show that if there is an M+ > M with less
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than 5 states, then it must have 4 states and necessarily rank ‘M+ = rank M.
+ :
This will lead to a single possible choice for HM and B, namely:

— - ~ =
.2 1 1 1
1 1 0 > > 0 > 0
1 1 1
M+ 1 0 0 E -2- E 0 0
H = 1

1 0 1 -2- B = 0 1 0 O

1 1

L1 o0 0 1.4 0 3 3 0
L 0o 0 0 1

with the consequence that the required matrices aM and aM satisfy.

+
the relation (10) with HM and B as above, Let us check this relation

for the matrix AM{1/0). We have

- . |
-12-0-12-0 r.ooooo-’r-l-;-%?'-%j
13150 Y \ , 0 0 0 0 O 1-15013
o 1 0 of aM@woE" |0 L 0 3 ofl1 00 2
o-lZ%o oi-oi—o 10-12-'13

Lo 0o 0o 1. (0 0 0 0 of 1 0 0 1

The first, second and fifth rows in the right-hand side are zero rows.

M+' M+
This implies that all the rows in A"~ (1/0) H are zero rows (all the .

. M+ +
entries are nonnegative and every row of A™~ (1/0) H contributes to

. the formation of the first, second and fifth rows of the right-hand side).

But this is impossible as there are nonzero rows in the right-hand side.
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G. The Second CoveririProblem is Not Trivial

The purpose of the example in this section is to show that
- : * % -

* ‘not every n-state machine M has a machine M <M with n <n states,
even if rank M <n, Moreover, the same examplev‘will show that there
is an n-state machine M such that there is another machine M+ >M

. + . * o, * . ;
with n < n states, but no machine M with n < n states is such that

b

M>M .,
Example 3. Let M be the 4-state machine defined as follows

(X=Y={0, 1}):

-

1 1 1 1
: 1 °° 1 °37°
0 0 0 O 13 0 12"0

Alofo) = | 3 5 | A(1/0) = . .
'F 3 0 0 3 05 0

L1 L, 1
ki 0 0 k 0 3 0,
[ i i 1 1q
0O 0 O ©o 0 E 0 -.-?:
SRR S o 40 4
A(0/1) = 11 A(l/]) = 1 1
0 0 3 3 0 7 0 3
3 3 1 1
\_0 0 5 8 _0 3 0 E_

An HM matrix for this machine is:
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f‘l-'

1 3 0

p 3L

M 2 2
13
2 1

1

_10_2-_‘

’Thus, rank M = 3 <4 = # of states of M. Using a procedure described
by Ott [5] one finds easily that the following 3-state machine M+ is

such that M+ 2> M where the defining matrices of M+ are

~ - — -
1 1 3 1
. 710 . s 0 3
AM o/0)= | 0 o o] aM (/0= % 0 %
1 1
= = 0 0 0 0
Lz 2z 7] L B
~ h ~ —1
0o 0 o o 321
. . 4 1
M 1 1 1 M 3 1
A7 (0/1) = 3 8 1 A (1/1) = 0 3 8
1 1 1
7 3 0 0 O
. -t - et

, *
To prove our second assertion (that there is no M < M with
less than 4 states), we shall first display the set U HM(AM(y/x))_ in

(y, x)
the form of a table T as follows:
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aiaMosoy | #MaMuyo) | #BMaMomy | s™aMany)
Lin +n l-'(h +h,) i(h, +h,)
21 2 217 %3 O 272 " M4
s, 0 %(hl +hy) -12-(h3 +hy) -12-(112 +h,)
L(h +n) L(h +h) Lih, +h) Lih +h)
83 | 2\ Ty 2\ T Ay 2\23 Ty 2\ Ty
Lin +n) Lih +n) Lh. +n) Lh, +h)
8¢ | 21 TR 2\ T 23 T Ay 22 Ty

where 8j0+.8, are the states of M and hl‘ . .h4 are the rows of HM
(the table also contains the points corresponding to zero rows in the
matrices AM). Let B be any stochastic matrix with 4 columns and

m < 3 rows. The table T' corresponding to U HM(B AM(y/x)). will
have only m rows. A nonzero entry in any ggx’,{) in a column of T!,

will be a convex combination of the nonzero entries in the corresponding
column of T. As all the nonzero entries in the same column of T are
equal, any convex combination of these entries will result in an entry
having the same value as the combined entries, If the matrix B has
nonzero entries in three different, or in all its eolumns, then the table
T' will have nonzero entries in all its eolumns which will be equal to
the nonzero entries in the corresponding columns of T (this follows

from the above remarks and from the definitions). This implies that,

for this case



U g™ aMyrxy = U 8™aMiy/x) (14)
(y, x) (y, x) '

On the other hand, as B has m < 3 rows, we have that HM(B) has only
m points which are seen in Fig. 2 (the different points in UHM(AM(y/x))
are denoted by Yooy in the figure), no set containing less than 4 points
in the interior of conv (hl' . .h4) can have the set U e ouy, in the interior
~of its convex closure, so that the relation (11) cannot hold true in this

case (because of (14)).

If the matrix B has nonzero entries in two columns or one column
only, then the table T' will have nonzero entries in at least 3 columns.
In this case, the set U HM(B AM(y/x)) will contain three of the four
points Upeeouy, withf};’n};)three of these points not collinear, On the
other hand, the set HM(B) will contain at most three collinear points

so that the relation (11) cannot hold for this case either. Our assertion

is thus proved.

H, Two Additional Examples

The following machine M (this example has been used
by Even in[3] for a different purpose) is a 5-state machine such that
no machine M* exists with less than 5 states and such that M* >M
or M* < M, but rank M =4 <5, The method for proving these
assertions is similar to the one used in the previous examples (although

the actual proof is more complicated) and is left to the reader.
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Example 4: The machine M with the above-mentioned properties is

defined as follows (X = {0,1}, Y = {0, 1, 2}):

0 _15 0 0 0 0 0 0 0 0] (0 0 0 o -15—
1 1
0z 0 0 0 0 0 0 0 0 000 0 3
A(0/0)=10 0 0 o ol A(1/0)=lo0 o o -;- 0| A(2/0)={0 0 0o o %
1 1
0 0 0 0 0 000 3 0 000 0 3
1 1
Lo 0 0 0 0 Lo 0 0 O o_J 3 0 5 0 oJ
- . -
-12- 0 0 0 0 0 0 0 0 o
0 0 0 0 0 0 0 -;- 0 0
A(O/)={0 0 0 o o|lA/=|o0o o -;- 0 0| A(2/1) = A(2/0)
15 00 0 0 0 0 0 0 0
0 0 0 0 o] 0 00 0 0
. - -

FLL1 L]

2 2 2

1 1
1203

M 1
H = 100-2-
1 1

1 O E 3

1 0 0 1

e J

It is worth mentioning that the above machine is strongly connected and
it has equivalent monisomorphic strongly connected machines. (Its

minimal state form is not unique, )
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Our next example is concerned with the degenerate case of
deterministic machines., The following theorem has been proved by
ott[6].

Theorem. If M is a reduced deterministic S, S, M., thenno S. S. M.
which covers M has fewer states. The example below shows that if the

word ''covers' in the above theorem is replaced by the sentence 'is

covered by, " then the transformed implication is false,

Example 5. Let M be the (deterministic) 4-state machine defined as

follows (X = {0,1,2} Y= {0,1}):

1 1 1
1 1 0
A(0/0) = 1 0 A(0/1) = 0 0 A(0/2) = 0 0
0 0 0
0 0 0
0 0 1
A(1/0) = 0 0 A(1/1) = 1 0 A(1/2) = 1 0
1 1 1
For this machine the matrix H  is:
1 1 1 1
M 1 1 1 o
H - 1 1 0 o
1 0 0 0
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Thus rank M = 4 = # of states of M. Nevertheless, it is easy to see
%
that with B = (1000), the l-state trivial machine M , which associates

%
the probability 1 with every input-output pair, is such that M>M .

111, INITIALIZED STOCHASTIC SEQUENTIAL MACHINES

Following Ott [5], we define an initialized stochastic sequential
machine (I. S. S. M.) as an S. S. M. together with an a priori fixed
initial distribution w. Thus, when we consider an I, S, S. M., (M, w),
we are interested only in the designated function P“M induced by M
with initial distribution w.

In his thesis, Ott considered the following problem: Given an
I.S. S. M., (M, m), findanl S. 5. M.’ (M", '), with a minimal

M %
number of states such that P =P x. He showed that this problem
can be reduced to the first covering problem (Sec, I-C here). This
fact, although providing insight into the nature of the problem, does not
lead to a solution, as the first covering problem 'does not have as yet
an efficient solution either. One is therefore compelled to seek other
approaches to this problem, which may lead effectively to a full or
partial solution (in some particular cases). One such approach has been

made by the author elsewhere [ Ref, 7-Theorem 6] and our scope here

is to generalize that result, This is done in the following:

Theorem 7. Let (M, 7) be a given I, S. S. M. with n-states, If there

F
is a stochastic matrix B with n < n rows such that:
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a) U #™B aM(y/x)) ¢ conv H(B)
(y,x)
(b) h(m) ¢ conv H(B)

K % %
Then there isanl, S. S. M., (M, n ) with n states, such that
£

M M

Py P _x- (M, m) can be effectively constructed if a matrix B, as

above, is given.

Proof: Condition (a) is identical to condition (10) and it implies therefore
% 3 %*
that there isan S, S. M., M with na‘ < n states such that M>M ,
or Bn (v,u)=7n" (v,u) for all pairs (v, u). If B is given, then M
can be constructed effectively as in Theorem 5. Condition (b) implies
that the point TH ~ is a convex combination of the rows of B H , which
% ®
means that there is a probabilistic vector m such that wHM = B HM
and, as the columns of HM are a basis for all vectors of the form
nM(v, u), we have TI'T]M(V, u) = TT* BnM(v, u) for all pairs (v, u). Combining
the two results we have
*

M M *_ M * M M
pw(v,u)= ™ (v,u)=m Bn (v,u)=m1n (v,u)s= p"*(v,u)

as required. The theorem is thus proved,

Remark: It is easy to see that Theorem 6 in[7] is a particular case
of this theorem with B a degenerate stochastic matrix (having one entry

equal to 1 in every row, all the other entries being equal to zero),

Corollary 8. Let (M, ) be a givenI, S. S. M. with n-states., Let

e

* 2 *
h, .. ‘hn* be a set of n < n points in m-dimensional space (m = # of

columns of HM) such that

-32-



(aY) U HM(AM(y, x)) C conv (hf .o .h:*) C conv (h]’ . .hn)
(b') h(m) e conv(hf...h:)

sk sk %
Then thereisanl. S. S. M., (M ,m ) with n states such that

Proof: As in the proof of Theorem 6, the conditions (a') and (b') of the
corollary imply the conditions (a) and (b) of Theorem 7 for a matrix B

b s
uniquely determined by the set of points (h1< .o h; ).

The following example will illustrate an application to the above

corollary.

Example 6. Let (M, w) be the I. S, S. M. defined as follows

(X=Y={Q1H:w=(%0%m

B } 101 01 )
'o 0 0 0 1713 0
5% % 0 0 0 0 0 0
a/o)= L7 S A(1/0) =
ii > 0 0 10 0 0 O
1 1 1
, 0 = = 4
io 0 0 T 7 3 O
. - . _J
| ] 1 1]
0 0 0 0 LS =
5 0 0 3
0 0 0 0 % 0 o %
A(0/1) = 1 1 1 A(1/1) =
Z 0 3 Z 0 O 0 0
.1'. 0 _1. _1. 0
7 zZ 1 0 0 0
- -~ — =
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A matrix HM for this machine is:

oo
|
{1 1 0.
™M | i
(111
i
;101J

It is seen that the convex body whose vertices are the rows of H  in
two-dimensional space is the unit square (the first coordinate of all the
rows of is omitted) so that there is no M > M (with less states).

The points in U H(A(y, x)) are:

1 3 1(Y'X1) 3 1 7 7
(-2' 0), (Z 3), ('?: Z)’ (0 E) and h(w) = 3 8-

o
The conditions of Corollary 8 will be satisfied if we choose h; = (% 0)
1

e

h, = (L 1) and h;: = (0 ). The resulting matrix B will be:
11 i
i — —
5 5 0 0
B = 0 0 1 o0
1 1

and the required I. S. S. M. is found to be (using the methods of the
1 5 1

revious sections): * (= = =)
P T2 % 1z
r . B .
1 1 1
. > 0O o0 i i 2 0
AM (0/0) = 1 0 0 AM(1/0)= 0 0 o
1 1
_O 0 Od 3 3 O_J
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— - o -
0 0 0 0o 0 1
M 11 M
A (0/1) = 0 3 3 |AT(/= 0 0 0
11 1
0o = - 0 0 =
RS i 2 |

A closer examination of the above example will show that Theorem 6

in[7] is not applicable to it so that Theorem 7 and Corollary 8 are a

proper generalization of that theorem.

IV, UNIQUENESS OF REDUCED FORM AND MINIMAL STATE
FORM

A, Reduced Form Machines

Given an S. S. M., one can construct an equivalent
reduced form and an equivalent minimal state form. In general, the
resulting machine is not unique and may depend upon the sequence of
reductions applied to the source machine, The p;'oblem of the existence
of nonisomorphic equivalent reduced forms, or minimal state forms,
has been discussed by Carlyle [2], Even[3] and others. In the follow-
ing sections we give a geometric interpretation, in the light of the
previous sections, to most known, and some unknown common proper-
ties of classes of machines, and to the uniqueness problem.,
| The final section points to the Gale-transforng method of investi-
gation which may have 'uses in the theory of stochastic sequential

machines,
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Proposition 9, Let M and M be two equivalent S, S, M.'s with n

% %* M M
and n states, respectively., Then rank M = rank M , conv (h1 s oeay hn )

b3 sk

M M
= conv (h1 s e "hn*

%
) and there are stochastic matrices B and B such

% " b
that ©Y = B HY and uM = 8¥ M |

~ sl ¢ 5%
Proof: M= M implies that M>M and M > M. By Theorem 3 there
. . * M * M
are stochastic matrices B and B suchthat n (v, u)=B 7 (v, u)

and nM (v, u) = B n(v, u) for all pairs (v, u). This implies that rank M

3 s ,
> rank M and rank M > rank M or rank M = rank M*. By Theorem 4

M_ B HM . The meaning of the above

S
H =B HM and H
equations is that every row of H is a convex combination of rows of
sk & E

HM and conversely, i.e,, conv (hM. . .hII:/I) = conv (hM - M

1 1 ° e n*).

Definition 7. Two machines M and M* are state equivalent if for every
s

extremal function in (PM there is an equal extremal function in ®
(see Definition 5) and conversely,
It is easy to show that state equivalence implies equivalence.

A consequence of the Definition 7 above is the following:

Proposition 10, Let M and M be two state equivalent S, S. M's
. %# A
with n and n. states, respectively, Then {hiv[, cees hllzd} = {hi\d, cees h::g: }
*®

(i.e., the set of rows of HM equals the set of rows of HM ).

m: The entries in a row of the form hi are values of a function
P with 7 an extremal vector (as the columns in H are columns in

s’
KM). The columns of KM corresponding to the columns of H in
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%
KM are the columns of H (as the machines are equivalent, Proposi-

%
tion 9 applies here), As M is state equivalent to M there is an extremal
%k sk
vector w with pr = pi\r{-‘ . Thus the values of pi\:{_’ corresponding to

ole
N

: M . M . M
those of p_ in hi are in some hj (mr is extremal), and are equal to
!

the corfesponding values in hivl . The same argument holds true if M

X
is replaced by M and the proposition is proved.

A
Proposition 11, Let M and M be two state equivalent and reduced

s %
S. S. M's with n and n states, respectively, Then n=n , the rows
E
of HM are a permutation of the rows of HM and, if AM(y/x) and
AM (y/x) are corresponding matrices of M and M*, respectively,

ats
3

then AM(y/x) -’:".AM (y/x), relative to HM (see Sec, II-B for definition of =~ ).

Proof: It follows from the definitions (see Remark 1 in Sec. I-E) that no

e
-

H’M M ‘ *
two rows of and no two rows of H are equal (M and M are

2 %
reduced), By the previous proposition {hiv‘[, cees hrI\:I} = {hi\/I s eees hII:/fg }.

*
Combining these facts we have n=n, and the ordered set of rows of

%
H is a permutation of the ordered corresponding set of rows of HM .

*

Let AM(y/x) and A" (y/x) be two corresponding matrices, and assume
%
that = H (this is not a restriction as the above argument implies
, %
that the equality will hold true if the states of H ~ are ordered in such
a way that corresponding states will have the same index), then, as the
machines are state equivalent, and the equivalence is one-one, we have:
(v/u) for all pairs (v, u) so that

sk %
AM(y/x) ~ AM (y/x) relative to HM (or to HM ),

nhav/u)= n

for n(yv, xu) = A(y/x) - n(v/u).
‘ -37-



Remark. The last implication of Proposition 11 is due to Carlyle [2].

Definition 8, Let M and HM be an n-state S. S, M. and its correspond-

ing HM matrix, A substochastic n-dimensional vector w is simplicial

if hM('tr) is a point in a face of conv (hl' veos hn) which is a simplex.

Theorem 12. Let M be a reduced S, S, M. There is a reduced S. S. M.,

M% which is state-equivalent but not isomorphic to M iff there is a
row Ei(y/x) in a matrix AM(y/x) which is not simplicial (two machines

are isomorphic if they are equal up to a permutation of states).

Proof: Assume first that all the rows in the matrices AM(y/x) are

simplicial., If there is a reduced machine M which is state-equivalent
¢
to M then, by Proposition 11, we have AM(y/x) H = AM (y/x) H

(after a proper rearrangement of states), for all pairs (y, x). As the

AM

%

rows of AM(y/x) are simplicial, this is possible only if AM(y/x) = ’(y/x)
up to isomorphism (for a point in the interior of a simplex has a unique
representation as a combination of its vertices), Thus M is isomorphic
to M* . Assume now that there is a row .Ei(y/x) in a matrix AM(y/x)
which is not simplicial, This means that h(Ei(y/x)) = z @ hi where
the hi corresponding to nonzero coefficients a, are not a simplex., This
implies, by the classical theorem of Rado on convex bodies, that there
is a set of coefficients (ﬁi) different from the set (ari) such that the

combination z ﬁi hi is convex and equals the combination Z a; hi .

Thus, there is a substochastic vector P; which differs from Si(y/x)
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such that hM(Ei( y/x)) = hM(p). Let M* be a machine derived from M
by replacing the vector Ei(y/x) in AM(y/x) by the vector Py For any
pair (v, u) we have pf:l*(v, u) = pi\rd(v, u) as the columns nM(v, u) are
linear combinations of the columns of HM and the above replacement

%*
does not affect the columns of HM. Thus M is a machine which is

state-equivalent but not isomorphic to M,

Theorem 13, Let M be an S. S, M. The construction of a reduced

form through the procedure of merging equivalent states may lead to
resultant machines which are not isomorphic only if there are two rows
Ei(y/x) # Ej(y/x) in a matrix A(y/x) which are not simplicial such that

h = b and h(E(y/x)) = B(E (y/x)),

Proof: In the merging procedure, some rows are deleted and the cor-

responding columns are added to other columns, After the reduced
L | * Mﬁ=
machine M is obtained, a row %’i(y/x) in a matrix A" (y/x) will
* %*

represent the same point in conv (h;VI, ooy h:i ) = conv (hiVI, ooy hili)

as the corresponding row in AM(y/x) of M. If in the merging procedure
the original row Si(y/x) is deleted then another row, say Sj(y/x) such

% *
that the states i and j are equivalent, is kept for Mﬁ, and €j(y/x)
% sk

will represent that same point in conv (hfd, cees h:,l,‘ ). Thus E;(ylx)

is simplicial if Ei(y/x) is, If EJ. (y/x) is simplicial then its representa-

* %
tion as a convex combination of the distinct points (hi\/I s eoes hﬁi) is

unique and is therefore independent (up to isomorphism) upon the state

which is chosen to remain or the states which are chosen to be deleted.
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If two states i and j are equivalent but for some (y, x), §‘i(y/x) and
ot Ej(y/x) are not simplicial and the condition of the theorem does not hold,
Then Ei(y/x) = ‘g"j(y/x) so that the resulting machine M:"!< is independent
(up to isomorphism) upon which of the two states are deleted. It follows
that if the condition of the theorem does not hold, then the resulting

3
reduced machine M is unique up to isomorphism.

B. Minimal State Form Machines

&
Let M and M be two equivalent minimal state form

Ak
machines with n and n states respectively. It follows from the defin-

*
itions (see Remark 2 in Sec, I-E) that the rows of I-IM and HM are

distinct vertices of convex polyhedra, By Proposition 9 (M is equivalent
b3

" *
to M ) we have conv (hiVI, .oy hi/[) = conv (hi\'1 y e oes hrl\:i ). Combining

st * *
these facts together we have n=n" and (hiVI, ooy hIZVI) = (hi\/I 3 eees hIr\:I*)

with all elements in both sets distinct. This implies that there are per-
b

%
mutation n X n matrices B and B such that HM = BHM and

%
g
HM =B HM (this is another proof of a theorem of Ott [5]). If only one

&
of the two machines, say M, is in minimal state form, then n<n for

% %
the set (hiVI, eees hrlrl) is the set of vertices of conv (hi\/I s e ees hl:f* )

o (this is another proof of a theorem of Bacon [ 1-Corollary 1], If both

*
M and M are minimal state forms, then there are permutation n Xn
o M* M
matrices B and B' such that = (v, u) = Bn (v, u) and
*
* %
nM(v, u) = B 'qM (v, u), for (see Proposition 9) rank M = rank M and

% .
there are stochastic matrices B and B satisfying these equalities
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‘ * 5
(by definition, as M>M and M > M), this implies (Theorem 4) that

®*_ M * %*
HM =B HM and HM =B HM, so that B and B must be permutation

M * .
matrices (the rows of H  and H are distinct and the rows of one

matrix are a permutation of the rows of the second). The equalities

o)

nMs(v, u)=B nM(v, u), nM(v, u) = B*nM*(v, u) with B and B* permuta-
tion matrices imply that M is state equivalent to M* as is easy to see
(this is another proof of a known theorem of Bacon [1- Theorem 1]).

We have thus shown that if M and M* are minimal form and equivalent,
then they are state equivalent, It is clear that M and M* are also in
reduced form (the minimal state form is a restriction of the reduced
form). We have as a consequence that (Proposition 11) if AM(y/x) and

¥ %
AM (y/x) are corresponding matrices of M and M respectively, then

% *®
AM(y/x) o~ AM (y/x) relative to HM (or to HM ). On the basis of the

above properties two theorems, parallel to Theorems 12 and 13, can be

proved (the proof is left to the reader), namely:

Theorem 14, Let M be a minimal state S. S. M. There is a minimal

state M which is equivalent but not isomorphic to M iff there is a row

Si(y/x) in a matrix AM(y/x) which is not simplicial,

Theorem 15, Let M be an S, S. M. The construction of a minimal

state form machine equivalent to M may lead to resultant machines
which are not isomorphic only if there are two rows Ei(y/x) # Sj(y/x) in
a matrix A(y/x) which are not simplicial such that hi = hj’ hi(hj) is a

vertex of conv (hl’ cees hn) and h(§i(y/X)) = h(Ej(Y/x))-
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Note that the additional requirement, that hi(hj) is a vertex of
conv (hi’ coes hn), is necessary because all rows §’i(y/x) such that hi

is not a vertex, will be deleted in the minimization process (see Bacon [1]).

Remarks: Carlyle introduced a particular class of sequential machines

called observer/state-calculable machines [2] . These machines have
the property that every row in any matrix AM(y/x) has at most one
nonzero entry. Carlyle has shown that the merging of states procedure
for such machines leads to a unique reduced equivalent machine, This
property of the above class of machines is a result of the fact that the
merging procedure preserves the membership in the class, On the other
hand, an observer/state-calculable machine may have a minimal state-
equivalent form which is not observer/state-calculable (and is not unique),
Nevertheless, if in a particular case a machine in the above class is such
that its equivalent minimal state form remains in the class, indepen-
dently of the sequence of reductions, then this minimal state-equivalent
form machine is unique. This follows from the fact that all rows in all
matrices of a minimal state form, observer/state-calculable machine,
are simplicial (all the rows of H are vertices and all nonzero rows of

the matrices have only one nonzero entry).

C. A Decision Procedure

We have seen in the previous sections that the uniqueness
of the reduced form or minimal state form of a given machine M depends

upon the nature of the points hM(ﬁ(y/x)), where §(y/x) in a row in a
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. M .
matrix A" (y/x). To find out the nature of these points one must be able
. M M
to extract from the set of points (h1 coes hn ) to be denoted by V, all
the subsets W such that conv (W) is a face of conv (V). After this is
achieved one must be able to decide whether the faces, conv (W), are
simplexes or not. A decision procedure for these questions, based on
a method introduced by Gale,has been pointed out by Perles (see
Grunbaum' [4]). Here we shall give the theorems upon which the decision
procedure is based, without proof. The reader is referred to [4] for
proof,
Let M be an S. S, M, with corresponding n X m matrix
M . M . .. =M

H ., With H  we associate a new matrix H such that the columns of
—M . M . e T
H ~ form a basis for the null space of the columns of H (i.e., if 7
is a column of ﬁM, then tr(?{) H =0, and any vector § such that

M _ . . s =M T
€ H =0 is a linear combination of the columns of H ). Clearly, H

M
is an n X(n - m) matrix, If V is the n-tuple V = (hivl, coes hn ) of

points in m-space, then V= (Kll\d, .o .,.}-1.11\14), the n-tuple of points in
(n - m)-space, which are the rows of EM, is called the Gale-transform
of V. Many geometric properties of the n-tuple V have as counterparts
meaningful geometric properties of its Gale-transform V., The proper-
ties relevant to the decision problem described above are listed below.
Let J = {i1 , ...,ik} be a subset at the set N= {1, ..., n}.
M M .-
We shall denote by V(J) the k-tuple V(J)= (hi y o oes hi ) and similarly
1 k

V(J) denotes the k-tuple V(J) = (Ei Ki ). If W= V(J), then V~W
1 k
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stands for V(N - J). A k-tuple W = V(J' is a coface of V if conv(V~ W)
is a face of conv(V)(we shall say also that V~W is a face of V).

1., W=V(J)CV is a coface of V iff either W = ¢ or.(—;e relative
interior of conv(V(J)). (The convex polyhedron conv(V) as a whole is also
considered as a face of itself,)

2. Let V(J) =W be a face of V. Then this face is a simplex iff the
dimension of conv(v(Jl))equals the dimension of conv \7(.1) for every set

Jl C J such that V(.]'l) is a nonempty coface of V(J).
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Fig. 2.. Geometrical representation of M,
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