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ABSTRACT

A nonlinear analysis procedure and a design procedure are
given for the tunnel-diode oscillator with a parallel RC load (TDRC).
For most tunnel diodes the maximum frequency.of oscillation of the
tunnel-diode oscillator with a series RL load (TDRL) is obtained for
a nonharmonic mode of oscillation. The TDRC achieves its maximum
frequency of oscillation for a nearly harmonic mode. In addition,
the maximum oscillation frequency of the TDRC is usually higher
than that of the TDRL-: Thus, if maximum frequency is important,
the TDRC usually has an advantage over the TDRL. The conditiqns
are derived to achieve maximum frequency of harmonic oscillati;)n
for the TDRC. This frequency is only slightly less than the maximum
oscillation frequency of the TDRC.

The TDRC is described by a third order, nonlinear, differential
equation. The analysis technique used for the third order equation
is a perturbation method. The results can be used to obtain the
amplitude, frequency, dc component, and an indication of the amplitude
of the second harmonic for many oscillators described by a third

order equation.
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I. INTRODUCTION

The tunnel-diode oscillator with a series RL load (TDRL) has
been studied extensively. 1-3 Peppe 1}1 has found the minimum period
of oscillation of the TDRL and has shown that the minimum period is
obtained for a nonharmonic mode of oscillation. Sterzer and
Nel sen‘2 and Pepper1 indicate that for many tunnel diodes a shorter
period of oscillation can be obtained with a parallel RC load (TDRC).
This is indeed the case, and in addition the TDRC achieves its
minirhum period for a nearly harmonic mode of oscillation. Thus,
for many tunnel diodes, the TDRC has a shorter period and an
output which is more nearly a pure sinusoid than can be obtained
with the TDRL.

The TDRC is described by a third order, nonlinear, differential
equation. Nonlinear analysis techniques are available for many
L, 4-6 14524 and higher order

equations are often solved by numerical methods. For analytic re-

second order oscillator equations.

sults, one usually has to be content with the results of an approximate
linear analysis. The purpose of this paper is to perform a nonlinear
analysis of the TDRC equation and to obtain a design procedure from
the results. The design procedure realizes specified values of period
and amplitude. In addition, it is shown that a close approximation to
the maximum frequency of oscillation for the tunnel-diode can be ob-
tained with the TDRC. (Throughout the remainder of this paper the
term frequency will be used in place of reciprocal period. For
nonsinusoidal waveforms, the frequency re:ferred to is the frequency
of the fundamental Fourier component). '

The analysis assumes that the oscillator waveform is nearly
harmonic. However, the experimental work and the numerical analysis
which are presented indicate that the analysis is valid for rather

nonharmonic oscillations.



II. THE OSCILLATOR EQUATION

The tunnel-diode can be represented by the circuit model

shown in Fig. 1. 1-3 All dc bias sources are included in Fl(v).

The characteristic equation of the TDRC shown in Fig.l is

3 GL Rs 2 1 1 l+RGL G

1 2 L s L _
tlgstlg— ) tgey 1 FL=0
where
oo &
T dt
Rs= Rl+ R2
L:L].'l"L2 (2)

It is convenient at this stage to approximate the tunnel diode
nonlinearity with a polynomial. The method used is given in the

Appendix. As indicated, for purposes of analysis the following can

be used
F(v)=-a'v+p v (3)
1 713

The TDRC equation becomes

3 GL R’s 2 1 1 1".RsGrL a' GL s
St -t [l t = e St I
L D D L D L
G, -a (l+RG ) G R I+R G, °
. L 3 2 L s s L 3_
it LC C }V+—C +(C_1 +—)s+—E—C—L LD]V =0



For convenience, we write (4) as

My + Mv> = 0 | (5)
where
M, = 83 +a.8 +as8+t+a
1 2 1 0
M. =0b az 4+ b,.8+b
3 32 31 30 (6)

I1II. STARTING CONDITION

When the oscillator equation is written in the form of (5)
all linear terms are included in Mlv. That is, the '""small signal"
equation, linearized about the operating point v= 0 (the variational

equation) is

g3 2 _
Mlv-(s +azs +alsfao)v-0 . (7)
If the oscillator described by (5) is to be self starting, (7) must
have an unstable solution, i. e., the operating point must be a point

of unstable equilibrium.. This in turn requires that the polynomial
in 8, (7), be non-Hurwitz:

a,
rou - alao (8a)
or
<
az 0 (8b)

In addition, (2) has an unstable solution if

a, <0 A {9a)



or
a, <0 (9b)

1
If the oscillation is to be nearly harmonic, Ml(s) must have a pair
of complex zeros. With (9a), the real zero is in the right half
plane (RHP). This leads to bistability or very nonsinusoidal
oscillations. 7 If (9b) is satisfied, the real zero has a large
negative value and (7) can be reduced to an approximate second
order equation. From an inspection of this second order equation,
it is clear for the third order equation that the conditions of (9)
are not satisfied; i. e.,
a >
agy:d, 0 (10)
With (10), (8a) and (8b) can be combined and the compIete starting

condition becomes

ag - a3, >0 (11)
From (4) and (l11), the TDRC starting condition is

\ (G . R_ )2_(GL . Rs) (a'2+1+RSGL
C T ¢, T LT,

1 a' R’s > 0

(12)

IV. THE MAXIMUM FREQUENCY OF HARMONIC OSCILLATION
OF THE TDRC.

The tunnel diode can be a harmonic oscillator only when
FI(V) is a linear function of v, i. e., if Fl(v) can be replaced with

its small signal value linearized about the operating point v= 0.

Fi(vl> a'lv (13)



For the assumed, linear, tunnel-diode circuit the maximum frequency

of harmonic oscillation of the TDRL is given by either of the

following, whichever is less. L2

oy
=]
ot

og’ =t (- o) | (14)
8
D
© 2 =l_ _ alz ‘
L LC, CDZ (15)

The quantity wp is found by setting ReZD(jw) = 0; Wy, is found by
setting ImZD( jw) = 0, where ZD is defined in Fig. 1 for a linearized
Fl(v). A tunnel-diode oscillator can never oscillate harmonically

at a frequency greater than wpe If

>
“L T “r

series inductance can be added until the circuit has natural frequencies
at + ij and the circuit will oscillate harmonically with frequency
If

w R’

>
O)R O)L

which is usually the case, series capacitance can be ?:dded until the
circuit has a pair of natural frequencies at + ij. However, this
circuit has a third natural frequency which lies on the positive real
axis. This introduces a growing exponential term in the solution
which must be limited by the nonlinearity of the circuit, and the circuit
cannot oscillate ha.rmonically.. If a parallel R.C load is used, the
third natural frequency can be kept in the LHP. It is shown below
that the linearized TDRC can oscillate harmomcally at a frequency

Wy where

w, < w < w (16)



pI:'idEd

wp > 0 (17b)

In the following it is assumed that the conditions of (17) are
satisfied since the TDRC then has the previously mentioned
frequency advantage over the TDRL. (if (17a) is not satisfied a
simple inductive load can be used to realize the maximum frequency
of harmonic oscillation. If (17b) is not satisfied the tunnel diode

w111 not oscillate harmomcally)

”‘—‘"\—"‘\_
““The problem can be state\d as follows: for a given tunnel-

d1ode ( R. L:h') and C0 are f1xed), find the values of R; and

CL that produce the maximum frequency of harmonic oscillation

L
that provide a pair of jw axis natural frequencies which lie at a

(RZ’ L2 = 0). Alternately, we must find the values of R; and CL

maximum distance from the origin and still keep the real natural

frequency in the LHP.

The Laplace transform of the characteristic equation of the
linearized TDRC shown in Fig. 1, with Fl(v) given by (13) is

G, Ry o ) 2+[1_(_1__Jrvfnﬁc.l‘)_gl(GL +Rs)]p
L'C, ¢, 'S LT

3
P+ -
(o) L (o

- al
GL a (1+RsGL)

LCLCD

+

]
o

(18)

The solution of the maximum frequency of oscillation problem is

obtained using root locus arguments with (18). This equation can be
rearranged as



- L Qlp) _
where
R +R l1-a' (R + R))
2 L a' 1.
Qp)=p +( -=—)pt
p)=P T (o LT, (20)
2 RS Q! 1 - a‘Rs

The zeros of Q(p) are

I
oo ooLloat  BtRy o qfar  RetRL® 4
1,2 2 D L - CD LCD

(22)

The zeros of D(p) are

P1=0

1 a' Rs ’\[a' Rs 2““-4:-’7
P23 "z_(E_D -t (_CD t—) ’L_C_D.) (23)

We will examine the root locus of (19) as C is varied. First
it will be shown that P, 3 must be complex for harmomc oscillation.
Assume pZ 3 are real. From (22) itis seen that (zl 2 are also
real. Fig. 2 shows the locations of,p2 3 and 22 for P, 3 real (zl 2

can lie anywhere on their respective dotted segments, depending on
the value of RL).

Now from (14), (15), and (l7a)

D (24)



Therefore, P, must be in the RHP. Then for é— = 0 the two
farthest to the right on the real axis are P and J‘l‘, and the segment
of the real axis between p, and z is part of the root locus.
Therefore, there is always a real natural frequency in the RHP
when pz’ 3 are real and the circuit can not oscillate harmonically.
For the problem at hand, pz’3 must be complex, and beclzause
of (24) pZ, 3 must be in the RHP. The root locus of (19) as ol is
varied is shown in Fig. 3. (where for clarity the construction in
detail for only the upper half plane is shown). The zeros of Q(p),
zl’ 2 lie somewhere on the dotted lines depending on the value of RL'
The jw axis crossing of the locus is denoted by W, .
Next it will be shown that the maximum value of W is obtained
with the maximum permissible value of R (a larger value of RL

moves the real zero into the RHP). It can be seen from Fig. 3 that

Q(jwa) o o o (o)
Arg m@ = -90 - (90 + Yl) - (90 + YZ) + ﬁl + ﬂz = - 180
_ o
BytBy, = 90" + vy Ty, (25)

If pl + ﬁz is decreased by changing RL, W, must increase since
this in turn increases [31 + B 2 and decreases Y, t Y, The next step

is to show that B, + B, is a monotonically decreasing function of RL.

Let Q(jwa) = D + jN. From (20) and Fig. 3,

(26)
2
l1-a'({R+R.) w W R +R a'w
s L a a s L a' a
d(p, +B,) [ LC, - Tl =g 'C’L)LCD
dR =
L [ 1+(N)?] p? -
7




The denominator of (27) is always positive. The numerator is

—_— ( w -w ) (28)
Define w, as Im P,

From (23) and (24)

mz=l__.1_(__"-'+RS)2>—1 (2l )2 2

1 LCD 4 "Cp E} LCD —CD L
(29)

2 2
Next we show that w_ =~ > W
Qljw) _ - °

Arg BGa) - pl tB, - »(yl + YZ) 270 (30)
Arg %— is a monotonically increasing function of w since (ﬁl + ﬁz )

is monotonically increasing and (yl + yz) is monotonically decreasing.

Arg %((g_; = - 450° (31)
Arg Q) = -180° (32)
B(,)

Ar Qe B.+B, - v, - 360° (33)
& oy T P17 P2 Y2 >
0 <B,+B, < 180° (34)
-90 < -y, <0 ' (35)



Combining (33), (34), and (35),

Q(jw,)
1

Therefore

(36)

and from (27), (28), and (36),

d(p, +B,)

T < 0 for all RL

The maximum allowable value of R, therefore provides the maximum
frequency of harmonic oscillation.

The values of R’L and CL required to achieve the maximum
frequency of harmonic oscillation, W, can now be determined along
with the value of w, - With jw axis zeros at -'l-jwa, (18) becomes
“ptow =0 .37

3 2
g +crlp + W,

if the real zero, -o¢,, is in the LHP

1’
o > 0 : (38)
250 (39)
719 2
or, for the TDRC
G R

L s a'
. = N SR SR (40)

1 CL L CD

—a!
2 GL a'(l+ RSGL)
a LCLCD

> 0 (41)
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Then, from (41)

R

LST-ICT'R (42)

s

The maximum allowable value of RL’ RLh is

R = — - R (43)

Therefore, oy 0. From (40) and (43), the required value of

CL is

0.'

= ' R
5 1
(%T)-L—) (1-a'R) (44)

Cin

‘Note that (14) and (17b) give
1-a'R_> 0 (45)

When (17) are satisfied, (24) and (45) are also, and

The frequency of oscillation is

1+ R G
© =LL(.(17+___C__S__L_)-___( s +_L ) (46)
D L

The maximum frequency of harmonic oscillation is found by
substituting (43) and (44) into (46).

2 _ 2 alz Rs
- T—m— - z -
“h LCD 'CD a 'LZ (47)
This can be rewritten a 2 _ 2 + 1 ( a' 'R__s_ )
] (.oh = wL + CD -

-11-



. 2 2 2
Then with (24) and (45) W, < wy < wp

R.C
Note that (47) has a maximum when L = -TS,-—-]-)-— (48)

With (48), w, = wp

a. TDRL. A value of L. givenIPyC(48), of course, violates assumption

(17a) (see (24)). For L > —_i_r-]-)- o)h is a monotonically de-

and CL = oo, i.e., the TDRC has become

creasing function of L.
It has been determined from numerical solutions and ex-
perimental results that w

h
frequency of oscillation of the TDRC. Therefore, the maximum

is only slightly less than the maximum

frequency of oscillation of the TDRC is a nearly harmonic oscil-

lation, and the maximum frequency is approximately W) -
V. PERTURBATION METHOD
If the second order equation
szx + x +pf (x,8x) = 0 (49)

has a periodic solution and if p is a small parameter, the solution

can be obtained by a perturbation method known as the Lindstedt method.
.For a given second order oscillator equation, the problem is to put

the equation into the form of (49). Pepper has shown how to do this

for a class of second order equations and has obtained the per-

turbation solution for the TDRL. L9 Similarly, if the third order
equation
(s3 + 0‘182 + wazs + o-lwaz) x + pf (x,sx,szx,s3x) =0 (50)

has a periodic solution, it can be solved by the Lindstedt method.
Thus, the Lindstedt method can be used for the TDRC if (4) can be
put into the form of (50). This .can be done provided the stable,

-12-



steady-state solution of (4) is a pure sinusoid with zero amplitude
when the starting condition (l12) is satisfied with the equal sign
(the reason for this will be seen below).

For the sake of generality, we will find the perturbation

solution of

2 3 _
Mlx+M2x +M3x = 0 (51)
where
3 2
Ml-s +azs +a.ls+a.0 (52)
Mj = b,.s>+b. s> +b.s+b.;j=23 (53)
S MRS A S [

The starting condition for (51) is (ll1). Equation (51) can be put
into the form of (50) as follows. First consider the linear part of
(51).

Mx = (s3+a

2
1 s +as+a0)x (54)

2 1

The zeros of (54) are labeled:

2
"0y * e, (55)
where
a, 0'2(0'3 + w32)
a = 0'32 + w32 + 20-20-3
a.2 = 0'2 + 20'3 (56)

-13-



If the oscillator is to be nearly harmonic

T3
< <1 (57)
©3
With (57)
2 a
W3 =3
a
0'2 ,-;/ aO
1
Then
3.2 2
(3 +aT 8 +als+ao) X

has approximately the same .zeros as (54) but the complex pair are

on the jw axis. Let
x = hu (58)

Then (51) becomes

a
3 0 2 2 2 2 2 3 _
(s +-a1 s +alls-+a0) u-p.su+hM2u +h M3u = 0
' (59)
where a
2 _ 0
1 = a = a‘z (60)
1
Now let
2 2
h™ = p (61)

(59) becomes

-14-



a
(s3+a_0_ sz+as+a0)u+p. (-psu+ M

2 3
) ) u+p.M3u)-0

2 (62)

Equation (62) is of the form (50). ‘I‘he Lindstedt method can now

be used for (62) (e.g., see stoker ) The results are

x= p.(Ao + p.Al) cos wt + }.ULZ(-ZD1 sin wt + Cl cos 2wt + Dlsin 2wt + El)

(63)

where a

2 3
Aoy =@H— (64)

2 (3 k,
W = Valgl Yo ["4'“’31 - by;3)) 1’/%’1‘"]% (65)
3 ) 20
H= g (@pgtg—by =Py~ 2gPyg) -k -ga ks (60)
3
c 0 (8a b21+ 3a b20 - 24&11 b23 12a a b22) (67
1= 3 ) )
2 (16 + 9a0)
a)
2
5 Ag e ‘2"‘1’%0’r 9ay2,b,, - 8a,7b,, - 3agb,)) (68
1= z )
163. + 9a0
2
b. A

e @

0

!
k.= iz [(C1+2E1) (b, - 3b,,) +V3 D, (b, 123)} o
0 (70)

o
kg = —3 [“/;’1_ (C +2E)) (ab,, - by)) + D, (byg albzz)]
A9 (71)

The next term in the solution must be found to obtain Al'

-15-



Equation (6l) imposes an important restriction on the
perturbation analysis. If x‘(t) is the stable steady state solution
of (51), (61) requires that

xl(t) - 0 when p->0 (72)

When p = 0, the starting condition (ll1) is satisfied with the equal
sign, and a solution of (5l) is a sinusoid with zero amplitude. . This
is a stable solution when (72) is satisfied; it is an unstable solution
when (72) is not satisfied.

We will define a potentially hard oscillator as an oscillator
that has a non-zero amplitude when the starting condition (ll) is
satisfied with the equal sign. Thus, the perturbation method is not
valid for a potentially hard oscillator. For very small amplitudes,
a potentially hard oscillator becomes '"more unstable' as the
amplitude increases, \1 e., the net average ac power generated
by the circuit increases as the amplitude increases. A potentially
hard oscillator becomes a hard oscillator when the starting condition
is not quite satisfied. It can be shown by average power arguments1
that if the following inequalities hold, the solution of (51) is not that
of a potentially hard oscillator.

b
3 20
T P32 T 2205 7 P3g - 20P33) "3 Aajbyy + a5by, -by4-2gb,5) > 0
(73 a)
or
a b a
3 0 20 0 |
T BrPag Y3 P31 7 Pyo 7 20°33) T 5, 1P 3 P21 20720220
(73b)

I.e., (73) must be satisfied for the perturbation method to be valid.

-16-



If (73b) is satisfiedand C; = D = 0, n?a is always positive.

The validity condition (73) assures a positive value for the amplitude
squared except for the possibility of the second harmonic terms,

C1 and D, altering the situation.

1
The results of the perturbation analysis can now be specialized

to the TDRC case. From (73a) and (4)- the TDRC is not potentially
hard if

C ‘c ) - C (c- L

513[61.. R. 2 24 , G R T
D L <p L D

(74)

The discriminant of (74) considered as a quadratic in (GL/CL + R’s/L)

is

Pis 2 tan® | 1,
o 2 [ Ic,

4
CD -
For most tunnel diodes: q",,—z/l CD < 1/L, (74) is satisfied, and the

perturbation method can be used. The results are obtained;by

comparing (8) and (63) to (66) (note that b33, sz= 0)
v = p.AO cos wt (75)
a
0
- b31 (Aal - az) (76)
o =\a |1+ ; 20
2la b3, +5— P31 = P30
2
A’ = 4(a)-2a)
%0
3(aby, + Tb31 - byg) (77)

The ai, bij are obtained from (4).

-17-



Vi. DESIGN PROCEDURE FOR THE TDRC

It will be assumed that (17) (i.e., (24) and (45)) are
satisfied so that the TDRC has a higher frequency of harmonic
oscillation than the TDRL. If (47) is used as a basis for
determining the design frequency, the design procedure can be
used to obtain a frequency near the maximum possible. Ifa

lower frequency is desired, series L_ or series RZ can be added.

2
Design requirements may dictate whether Lz, ‘R, or both are to be

2
added. For example, it can be seen from (43) that R.2 can be
specified within limits by choosing the appropriate value of
Rs = Rl + R.2 Then L = L1 + L2 is determined from the
frequency requirement. The value of L. or RS is determined

from (51)

\ R C %
-t u-Vi-a'R - 22—
s 'D ° (78)
or
' 2 a'ZL 2
RS = GL(—C— ‘-—TPO)L) (79)
D C
D
where w is the required frequency of oscillation. The negative
square root is taken in (78) in order that a'/CD > RS/L. The
value of RL is determined from (47)
R = R = 1 '— R (80\'
L Lh = a' s o

From (4) and (80) a, = 0. Since al>0, the starting condition

is a2 < 0.

Now CL can be obtained from (4) and (77) noting that w = Val

-18-



2. 2 2, 2
a'LL (4w C -3a'B,,0p A, ) C
C. = D 13 0 Lh (81)

L
2 2 2, 2 2
40 'w LCd - 38 13CLh|'L AO (1 - a'RS)

where p.AO is the amplitude across the nonlinearity. The starting
condition becomes CL > CLh'

VII. EXPERIMENTAL RESULTS

Tunnel-diode oscillators have been built using a Hoffman
type IN 2928 silicon tunnel diode. The static v-i characteristics
are shown in Fig. 4 along with the cubic approximations determined
by the method in the Appendix. The operating point is taken as
the point of minimum slope-and is 0.125 volts. For this operating

3 ~ 1 ohm, L1z5x10_9

point a' = 2.2 x 10" ” mbho, Cp = 27 pf, R,
henry. In order to have RS determined accurately an external
series resistance of 24 ohms is added so that Rs = 25 ohms.

Two tunnel-diode oscillators were designed. The design or
predicted results are given in Table 1 along with the experimental
values of amplitude and frequency. The values of L, RZ’ and CL
are determined from (78), (80), and (8l). The design procedure
calls for a load resistance of 429 ohms. A value of 400 ohms was
used to make certain that the linearized real natural frequency was
in the LHP. The circuit used is shown in Fig. 5. Since Rs>>R ’
L>> L1 the voltage across the nonlinearity is very nearly equal to
vy Table 1 shows excellent frequency agreement. The measured
amplitude is too low in both cases, being 35% below the design
value for the worst case. The accuracy of the amplitude is dis-
cussed in the following paragraph.

In order to check the accuracy of the TDRC analysis the
amplitude and frequency were measured for several values of CL-
This procedure was repeated for several values of RL. In Fig. 6

the measurements are compared with values obtained from the

-19-



Frequency (mc)

Design Meas
20 20
20 19. 8

Amplitude (riv)

Y1

. Design Meas

100 65
150 100
TABLE. 1

-20-

L CL

YL (eh)  pf

Design Meas

71.5 45 3.2 37

79 63 3.2 50

400

400



G

!

perturbation method for RL = 400. The results.are similar for

other values of RL. It can be seen that the perturbation solution
agrees quite well with the experimental results for amplitudes up
to about 0.18 volts (0. 36 volts peak to peak). This is relatively
large signal operation and the voltage across the tunnel-diode be-
comes quite nonharmonic. An examination of Fig. 6 shows that
the predicted amplitude is too high for measured amplitudes below
about 0. 15 volts; while the opposite is true for higher amplitudes.
This can be explained by examining Fig. 4. In most of the negative
resistance region the slope of the cubic approximation is less
(more negative) than that of the actual characteristic. Thus for
voltages in this region an element with a cubic characteristic
would supply more energy to the passive elements than the actual
element does, so a larger amplitude is predicted. In most of the
positive resistance region the cubic has a greater slope. In this
region the cubic would dissipate more energy than the actual
nonlinearity. Thus for large amplitudes, use of the cubic approxi-
mation should result in smaller predicted amplitudes. This is
‘borne out by Fig. 6.

For reference, designate the TDRC equation with the non-~
linearity approximated by the cubic as the approximate equation.
This approximate equation was solved numerically with the aid of
a computer by a method similar to the phase plane analysis of Kuh 10.
The results are also shown in Fig. 6. The amplitude and frequency
of the perturbation method are in excellent agreement with that of
the numerical solution. The perturbation solution is an excellent
approximation to the solution of the approximate equation. This
indicates that the limiting factor is the approximation of the non-

linearity rather than the method of solution.

VII. GENERALIZATION

The perturbation results given in Section V., can be applied to

Fw O



a large class of oscillators described by a third order equation.
Specifically, the results can be used for any oscillator which

-

a) can be described by three dynamically indepepdent
variables, -

b) have frequency independent nonlinearities that are
all single-valued functions of one and the same
variable, and

c) are not potentially hard.

Due to b) the oscillator can be described by a single third order
equation. As shown previously, property c) is required if the
perturbation method is to be valid.

The TDRC equation (1) can be written as Mov + M-IFI(V) =0
where M0 and M1 are linear differential operators. Generalizing,
we can write the characteristic equation of any oscillator satisfying

conditions a) and b) above as

n
Mgx + Yoo~ MF, (x) = 0 (82)
izl !
where M0 and the Mi are linear operators of order three or less, i.e.,
M. = a s3+a 32+a sta 'i-;Ol. n (83)
i i3 i2 il i0’ » ottt

As is done for the TDRC, the use of a transformation of variables is

assumed in (82) so that the dc operating point is x= 0 and

n

igl a;oF; (0) = 0 (84)

Due to (84) the constant terms of the Fi(x) do not affect (82). For
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convenience the constant terms will be omitted. If the nonlinearities

in (82) are approximated by third degree polynomials

_ 2 3
Fi(x) = aix+ piZ x + ﬂi3 X (85)

With (85), (82) becomes

2 3 _
M1x+ sz +M3x =0 (86)
where
M, = s3+asz+as+a
1~ 2 1 0
M, = b..s+b. s> +b.s+b.; j=2,3
h| j3 j2 jl j0° ’

1
b= 3 Pij ik
3
(87)

Equation (86) is the equation analyzed in Section V. Thus, the
results of Section V can be applied directly to (86) provided the
oscillator described by (88) is not potentially hard, (i.e., provided
(73) is satisfied). Some oscillators described by (82) (therefore,
by (86) approximately) are the Colpitts, Hartley and some phase

shift oscillators provided the active device can be considered frequency

independent.

-23-



APPENDIX: APPROXIMATION OF THE TUNNEL-DIODE
CHARACTERISTIC

For the tunnel-diode nonlinearity -Fl(v). the value of -a'
is chosen as the slope of the actual characteristic at the operating
point. This is necessary if the small-signal operation of the
oscillator (e. g., the starting condition) is to be accurately described.
A third degree polynomial has odd symmetry about its point
of minimum slope, but the tunnel-diode characteristic does not, as
can be seen from Fig. 1. A better fit to the tunnel-diode characteristic
can be obtained if, instead of a conventional third degree polynomial,
the following approximation is used

o + 3
Fl(v)- ‘av+pl3 vi, v> 0

= calvHB TV, V<O (88)

B 13+ and 513' are chosen so that the maximum and minimum values
of (88) coincide with those of the actual tunnel-diode characteristic.
Then

+ _ a'
Bz = o2
V2
Pz = 3.2 (89)
Y1

where vy and v, are defined in Fig. 1.

To the accuracy obtained in Section V., the perturbation.
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solution can be obtained when the nonlinearities are approximated by

+ .3

Fi(x) aix+ﬁi3 x~, x>0

i

- 3
o.i-x+ ﬁi3 x , x<0 (90)

The results are (63), (64), (65) and (66) where the ﬁi3 are given
by

1 + ;
Piz=2— (i3 * Py3 )

and the piZ 0 (hence, the ﬁzi = 0).

This can be shown as follows. Equation (62) can be written as an
integral equation. The first perturbation term can be obtained by
following the method used by Stoker to establish existance of the
perturbation series for a second order oscillator equation. 6 This
involves definite integrals in which x is replaced by its first
approximation, X9 = A0 cos wt. These integrals can be evaluated
when the Fi(x) are given by (90). The amplitude and frequency can

then be determined; the results are given above.
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Figure 5. Tunnel-Diode Oscillator Circuit

-27-



N
[\
——

—
o
t

Frequency (MC)
n
o

g’nO. 2 T
)
har
o
> -t
r
& 1 / Measured
90! — ——— Numerical Solution
o —— — Perturbation
pa - —-— Second Order Approximation
N
t } t t } } } } } 4

50 100 150 200 250

CL(pf)

Figure 6. Comparison of Experimental and Calculated Values for

Amplitude and Frequency of the Tunnel-Diode Oscillator
/

-28-~



5.

7.

10.

REFERENCES

R. S. Pepper, "Minimum Period of Electronic Oscillators, "
IRE: Trans. on Circuit Theory, Ct-10, pp. 60-66; March 1963.

F. Sterzer and D. E. Nelson, "Tunnel-Diode Microwave Oscillators, "
Proc. IRE, 49, pp. 744-753; April 196l.

M. Schuller and W. W. Gartner, ''Large-Signal Circuit Theory for

Negative Resistance Diodes, in Particular Tunnel-Diodes, "

Proc. IRE, 49, pp. 1268-1278; August 196l.

B. Van dgr Pol, "The nonlinear Theory of Electric Oscillations, "
Proc. IRE, 22, pp. 1051-1086; 1934.

N. Minorsky, Nonlinear Oscillations, D. Van Nostrand Co., Inc.,
Princeton, N.J., 1962.

J. J. Stoker, Nonlinear Vibrations, Interscience Publisher, Inc.,
New York, 1950,

E.g., When ag is a very small negative number for the TDRC, the
dc load line intersects the Fl(v) curve at three points and the cir-
cuit oscillates about either the upper or lower intersection de-
pending on initial conditions. As a is made slightly more neg-
ative, the TDRC becomes bistable. This behavior was found

with a numerical analysis and confirmed experimentally.

2 1- ar'(Rs + GZ)
Sterzer and Nelson™ give . wl < = T
{ - LCD + RLCL(R.SCD-a L)

as

an approximation to the frequency of oscillation of the TDRC. This

approximation gives w =0 when R, and C, are adjusted for the

L L
maximum frequency of harmonic oscillation.

D. K. Lynn, R. S. Pepper, D. O. Pederson, '""The Minimum Period of
Q@scillation of Simple Tunnel Diode Oscillators, '' Institute of
Engineering Research Series 60, Issue No. 388, University of
California, Berkeley; Aug. 2, 196l.

Y. H. Kuh, "A method for Solving Third and Higher Order Nonlinear
Differential Equations,' J. Franklin Inst., 256, pp. 229-244; Sept.1953.

-29-



	Copyright notice 1963
	ERL-22

