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INTRODUCTION

Many problems in economics as well as in engineering and in
mathemati:cal programming have nonunique solutions, and one is there-
fore presented with the freedom to seek out optimal solutions. When
there is only one criterion of optimality, which is relevant to the problem,
we are faced with a straigiltforward optimization problem. However,
when there are several criteria, all of which are important, and whose
importance cannot be ordered, the matter becomes considerably mére
complicated, since we then have a vector-valued criterion optimization
problem.

Judging from the literature on the subject, the first formulation
of a vector-valued criterion optimization problem is due to the economist
V. Pareto in 1896 [1]. Since then, discussions of this problem have kept
reappearing in the economics literature (see Kuhn and Tucker [2], Karlin
[3], Debreu [4] and, more recently, in the control engineering literé.ture
(see Zadeh [5], Chang [6]).

Although the vector -valued criterion formulation of an optimization
problem is frequently much closer to reality than a formulation with a
scalar valued criterion, very few results have been obtained to date,
that shed light on vector-valued optimization problems. The present

paper is devoted to developing a broad theory of necessary conditions for
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characterizing noninferior points, and to determining when a vector-

valued criterion problem can be treated as a family of problems with
scalar valued criteria.
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I. Necessary Conditions for the Basic Problem

Let £: E" - Ep, T :En - Em be continuously differentiable
functions and let £ be a subset of E™. (The function f is the vector-
valued performance criterion, while the function r specifies equality

constraints.)

-~

1. Basic Problem: Find a point x in E" such that
2. (i) xe and r(x) = 0,

3. (ii) for every x in € with r(x) = 0, the relation f(x) < £(x)

-~

(component-wise) implies that f(x) = f(x).

~ -~

The solutions x of the Basic Problem, i.e., those x satisfying

(2) and (3), are often referred to as noninferior points [5]. It can easily

be shown [ 7] that they usually constitute an uncountable set of points.
Before we can obtain necessary conditions for a point x in E"

to be a solution to the Basic Problem, we must introduce an approximation

to the set 2 at x.

-~

4. Definition: A subset C(x,f) of E® will be called a linearization

of the set 2 at x if

-~

5. (i) C(x, Q) is a convex cone,

We use the following notation. For any vector ¥yr Yo in EP, Y, < v,
if and only if ¥y §y12 for i=1, 2,. -“ip; y; £y if and only if yy # y, and
. P | . e DL
ylgyz; yl<y2 if and on1y1fy1<y2 for i=1, 2, y P

-3-
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6. (ii) for any finite collection {xl, Xy0 "0 xk} of linearly inde-

pendent vectors in C(x, ), there exist a positive scalar e 0 and a

continuous map { from co {ex

o exk}, the convex hull of {ex., *°

1

ka}, with 0 < e < ¢

o’ into © - {x} of the form:

4(6x) = 6x + o(6x) for all 6x£co{exl, H-,exk}, 0<e < o

where the function o(+) is such that lim of )-l- = 0.
| | Hyll=o0 ¥

An important special case of a linearization is one where the

map { is the identity map, i.e., co{exl, , exk} is contained in

Q - {x} for 0 <e < €0 We call this special case a linearization of

the first kind.

7. Theorem: Let x be a solution to the Basic Problem and let C(x,£2)

-~

be a linearization for 2 at x. Then, there exist a vector p in Ep

and a vector n in E™ such that
8. (1) MIS 0, i=1,23...':P:

9. (i) (m.m) # O,

0. (iid) <p-, —i-— > < ar(") >< 0 for all xE&Cuf),

where C(x Q) is the closure of C(x,Q)

Proof: Let

11. A(x) = {yeEply = a;;") x, XE€ C(;c,s'z)} ,

.



v ¥

2. Bl = {2eE|a = B o xeClx, 2 }

13. K(x)

. a - - -~
{ue 2P x E™u = ( 000y, 2 ), xe cxa | -

-~ ~

Since the Jacobian matrices 8af}((x) and a;}((x) define linear maps,

-~ -~ ~

A(x), B(x), and K(x) are convex cones in Ep, Em, and EP X Em,
respectively. Clearly, K(x) C A(x) X B(x).
Let C and R be the convex cones in EF and EP X E7, respec-

tively, defined by
1 i .
14. C={y=(y, -,y )eEP|y <0, i=1,2,--,p},

15. and R = {(y, 0)eEF x E™|yecC, 0eE™}.

Examining (9) and (10), we observe that the claim of the theorem
is that the sets K(x) and R are separated in EP x E™. We now con-

struct a proof by contradiction.

Suppose that K(x) and R are not separated in EP x E™. We

then find that the following two statements must be true.

16. I. The smallest linear variety containing the union of R and K(x)

is the entire space EP x E™, and RmK(x) # ¢, the empty set.

Oy s m : - . .
17. II. The convex cone B(x) in E°', contains the origin as an interior

-~ ~

point and since B(x) is a convex cone, B(x) = E™



vd

This follows from the fact that if 0 is not an interior point of

-~

&
the convex set B(x), then by the separation theorem , it can be

separated from B(x) by a hyperplane in Em, i.e., there exists a

nonzero vector L in ET such that

{ny2 <0 forall z € B(x) .

Clearly, the vector (O,no) in EP x ™ separates R from A(x) X B(x)

and hence from K(x) contradicting our assumption that they are not
separated.

We now proceed to utilize facts I and II. Since the origin in ET

-~

belongs to the nonvoid interior of B(x) = ™ (see II), let us construct a

-~

simplex Z in B(x), with vertices Zys Bos 70ty B0 such that
18. (i) O is in the interior of Z;
19. (ii) there exists a set of vectors {xl’ Xyttt xm+l} in C(x,82)
satisfying:
20. (a) z.=-za—1;(>-c)-x, for i=1,2,.-., m+l:
i ox i
21, (b) &4(x) = x + o(x) {2 - {x}} for all xe co{xl, Xps s xm+1},

-~

where { is the map entering the definition of C(x,2), see (4).

%*
See [8] p. 118, 2.22. Corollary to the Hahn-Banach Theorem
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22, (c) The points y; = x, are in C for i=1,2, -+, m+l.
The existence of such a simplex is easily established. First, we

-~ 1 ! ]

1
construct any simplex Z in B(x) with vertices zl, Zys cee, zrn+1’ which

contains the origin in its interior. This is clearly possible since B(x) = E™

be any set of points in C(x, Q) which

1 1
by (17). Let X Xy 000 x£n+1 ,
1 1 . 1
satisfy (20), i.e., z.=§-1;(}-2x., i=12, -, m+l. me. < 0 for
i ox i ) ox i

i=1,2, *++, m+l, then (22) is satisfied and we can satisfy (21) by letting

!
X, = ¢ X, for some € > 0, and still satisfy (18), (20), and (22). But

1 -
) 1]

______8f(x) x, > 0 and __af(x) x, <0
ox 1 = ox i

for i=2,3, ***, m+l. Since by (16) K(x)m R # ¢, there exists a point

suppose, without loss of generality, that

_ [ o¥f(x) ~ ) - . of(x) ~ < ar(x) = _
= (_Bx x, 0 eK(x)ﬂR, 1:e., B X 0 and % x = 0. Choose

9f(x) ! ~ ! ~
any scalar A > 0 such that e ()\xl + (1-\)x) < 0, and let x = le+(1->\)x.

1
Then the simplex Z with vertices € le, €2z, """, € Y satisfies con-

ditions (18) and (19) (a), (b), and (c) for the corresponding vectors

o e e € > .
xl, Xy Xg, , xm+1 and some 0

It is easy to show that (18) implies that the vectors (z1 - Zm+1)’

(zz - zm+1)’ teey, (zm - zm+l) are linearly independent. Consequently,

~

. or(x) . . - .o
since —-— isa linear map, the vectors (x1 -xm+1), (x2 xm+1), ,
(x -x ) are also linearly independent. Let Z be the nonsingular

m m+l

)

m X m matrix whose columns are (z1 -zm+1), (z2 - zm+1), I (zm - zm+1

and let X be the n X m matrix whose columns are (x1 - xm+l)' (x2 - xm+1),

-1 . .
oo, (xm - xm+1) . Then z - XZ "(z - §m+1) + X 4 is a continuous map
from = into co{xl, Xps "0t xm+1} .

-l -



Now, for 0 < o <1, let Sa be a sphere in ET with radius
ap (where p > 0), center at the origin, and contained in the interior of
the simplex Z.

Next we define a continuous map Ga from the sphere Sa into ET

by

23. G_(az) r(x + L(a X2z Sn ) +ax_ )

+

))s

~ -1 -1
Z - -
r(x +aXZ (z zm+1)+ax + o(aXZ " (z zm+1)+ax

m+l m+l

where ||z|| < p, azeSa, and { is the map associated with the linearization
C(x,82). Since r is continuously differentiable, we can expand the right-

hand side of (23) about x to obtain:

| - 9r(X) , -1 -1
) = + @ ZE\X) x77N, - .
24 Ga(az) r(x)+ a B (XZ “(z zm+1)+xm+1) +o(aXZ “(z zm+1)+aocm+1)
S or(x) | _ ' or(x) _
But r(x) = 0, = X=2, vand 3% *m+l " Zm4l’ Hence, (24)
becomes
-1
25. Ga(az) = az +o(aXZ (2 -zmﬂ) + axm_'_l) .
-1
Ho(aXZ (z -2 ) + ax )||
Now, since lim ;nﬂ m+l = 0, there
a—>0
exists for ||z|| = p, an ;0, 0 < ;0 < 1, such that:
-1 . -
" - < < = .
26. ||o(axZ (= zm+l) +axm+1)|| < ap, forall 0 @ < e and ||z]| = p

-8-



By assumption, f is differentiable, hence we can expand each

-~

component of f about x as follows:

27. fx+t(@Xz2 Nz -2
m

i* afi(;) -1 ' -1
f(x)+a—&-—[xz (z -2 xm+1]+o(o:XZ (z-zm+1)+ax .

m+l) + m+1)

i=1,2, .oo’p‘

. i
Since by construction, (see(22)), 3afx(x) xj <0, fori=12,°*"",p
: -1
. = e e o . Xz - . .
and j=1,2, » m+l, and the pouft‘ (z zm+l) + X 4 isin
9 £1(x) (oo -1
e o 0 t—— - < i

co{xl, X, ) xm+1}, we have =— [XZ (= zm+1) + xm+1] 0, with

i=1,2,°°°, p. Hence there exist Ei’ i=12,°°*, p, such that

i~ -1 i =
28. - < < < =
8. fix+a(X2 (z-z_ ) +x_ ) <f(x)forall 0<afZ a, lz]] = p

m+l

and i=1,2,""p.

* - - -
Let a be the minimum of {aro, @, e, ap} . It now follows

% %
from Brower's Fixed Point Theorem [9] that there exists a point a z

* o~ * -1, %
Now, let x = x+ {(a XZ “(z -z ), then

* * * %
29, (a) r(x ) =0 (since r(x ) = Ga*(af z )=0),

s * o~ * * * -
30. (b) x €, since (x - x)86(co{a X)) @ Xy, 0, @ xm+1})CQ - {x}

by construction.



But (28), (29), and (30) contradict the assumption that x is a

-~

solution to the Basic Problem. Therefore, the convex cones K(x) and
p P m .
R are separated in E"X E ", i.e., there exists a nonzero vector (p,7n)

in EPX E™ such that
0 o BN G 20N -
31. (i) <|J., P x> + M = X < 0 forall xegC(x,Q),

32. (ii) <|J~,y> +<n, 0> > 0 forall yeC.

But (31) implies that

9£(x) > < 91 (x) > 3 —
<|-l, = = + T 5 X < 0 forall xeC(x,R)

and (32) and (14) implies that p' < 0, i=1,2, -+, p. Q.E.D.

-10-
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II. Reduction of a Vector-Valued Criterion to a Family of Scalar-Valued
Criteria

An examination of (9) and (10) indicates that if we had used the
scalar-valued criterion ¢, f(x)) instead of the vector-valued criterion
f(x) in the definition of the Basic Problem (1), with pe EP specified by
Theorem (7) for the vector -valued criterion, we would have obtained from
Theorem (7) exactly the same set of necessary conditions. This obser-
vation leads us to the following question: can we obtain the solutions to
the Basic Problem (1) by solving a family of scalar-valued criterion
problems? A partial answer to this question is given below by Theorems
(38) and (41).

To simplify our exposition, we lump the constraint set 2 with the
set {x En|r(x) = 0}. We shall therefore consider a subset A of En, a
continuous mapping f from E" into EP and introduce the following

definitions.

. 33. Definition: We shall denote by P the problem of finding a point x

in A such that for every x in A, the relation f(x) < f(x) (component-

wise) implies that f(x) = f(x).

2

34, Definition: Let A be the set of all vectors \ = (Kl, AN, e, XP) in

EP such that Zl,:_ )\1=1 and )\1> 0, i=1,2,"**, p.

1

11~



35, Definition: Given any vector \ in Ep, we shall denote by P(\) the
problem of finding a point x in A such that (X, f(x)) < (\, £(x)) for all
x in A,

We shall consider the following subsets of E™:
36. L = {xeA|x solves P},

37. M = {x€A|x solves P(\) for some AeA}.

38. Theorem: The set L contains the set M.

Proof: Suppose that xéM and xfL. Then there must exist a point x'
in A such that f(x') < f(x). But for any \eA, this implies that

(N £(x")) < (N, (%)), and hence x is not in M, which is a contradiction.

39. Definition: We shall say that a solution x of the problem P is

-~

regular if there exists a closed convex neighborhood U of x such that

for any yeAmU the relation f(x) = f(y) implies X = y.

40. Definition: We shall say that the problem P is regular if every

solution of P is a regular solution.
It is easy to verify that if f is convex and one of its components

is strictly convex then P is regular.

41. Theorem: Suppose that the problem P is regular, that the performance
criterion f is convex (component-wise) and that the constraint set A is

closed and convex. Then the set L (36) is contained in the closure of

-12 -



the set M (37).

Proof: We shall show that for every x€L, there exists a sequence of

-~

points in M which converges to x.

We begin by constructing a sequence which converges to an

-~

arbitrary, but fixed, x in L. We shall then show that this sequence
is in M.

Let x be any point-in L. Since we can translate the origins of

-~

E" and Ep, we may suppose, without loss of generality, that x = 0

and that f(x) = 0.

~

Let U be a closed convex neighborhood of x satisfying the

conditions of definition (39), and let NC U be a compact convex neighbor -
L
P

dimension of the space containing the range of f(-)), let

hood of x. For any positive scalar ¢, 0 < e < » (where p is the

p
42. Ale) ={x=(x1, xz,-o-,xpnz N=1, N>, i=1,z.---,p}.

i=1l

Let g be the real-valued function with domain An N X A(e),

defined by:
43. g(h,x) = (N, £(x)).

Clearly, since f is convex and hence continuous, g is continuous

in An N X A(e), furthermore, g is convex in x for fixed N and linear

-13 -



in N\ for fixed x. Since the sets AnN and A(e) are compact and

convex, the sets

44. (xgAIN|g(k, x) = Min gX,n)},
neANN
45, {NEA(e)|g(\,x) = Max g(v,x)},
vel(e)

are well defined for every \&A (¢) and every ;eAﬂ N, respectively.
Obviously, the sets defined in (44) and (45) are convex.
*
By K. Fan's Theorem [10], there exist a point \(e) in A(e)

and a point x(¢) in AﬂN such that

sk
K. Fan's Theorem::

Let L., L

1 > be two separated locally convex, topological, linear

spaces, and Kl’ K2 be two, compact convex sets in Ll’ LZ’ respec-
tively. Let g be a real-valued continuous function on K1 X Kz. I, for
any xosKl, yoeKz the sets

{xEKIIg(x,VO) = Max g(v,vo)}

veK1

and

{yaKzlg(xo, y) = Min g(x, n)}
naKz

are convex, then

Max Min g(x,y) = Min Max g(x,y) .
xtiKl ytKZ yeKZ xeK1

-14 -
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46, (Me), £(x)) 2 (Me), fxle))) > (N, £xele)))

for every x in AnN and \ in A(e).

Since % = 0 is in Al IN and £(%) = 0, we have from (46):
47, (Me), f(x(e)) £ 0.

And from (46) and (47),
48. (N, £(x(€))) <0 f‘or every \ in A(e).

Since AmN is compact, we can choose a sequence en, n=1,2,°°",
with 0 < < < 1/p, converging to zero in such a way that the resulting
sequence of points x(en), satisfying (46), converges, i.e.,

* b3
49, lim x(e ) =x, x 8AmN.
n—> o n

Since g(\,x) is continuous, it follows from (48) and (49) that
sk
(N, £(x ) < 0 forall \eA,

which implies that £(x ) < 0. But x is a solution to P, hence
f(x*) 0= f(x) implies that f(x*) = f(x). Consequently, since P is
regular, x* = x = 0. Thus, we have constructed a sequence, {x(en)}
which converges to X.

We shall now show that the sequence {x(en)} contains a sub-

sequence {x(en)} also converging to x, which is contained in M.

-15-
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Since x is in the interior of N, there exists a positive integer
n, such that the points x(en) aAnN belong to the interior of N for

We will show that for n > n,

, x(en) is a solution to P()\(en), i.e.,
that for n > ., x(en)eM. By contradiction, suppose that for n > n

x(en) is not a solution to P( )\(en)). Then there must be a point x' in A

such that
51. (Me )y £x") < (Me ), flx(e ) -

Let x"(a) = (l-a)x(en) + ax'l, 0 < a<1; since A is convex,

x (@) isan A for 0 < @ < 1. But for n >n, x(en) is in the interior

0

of N and hence there exists an a*%, 0 < a* < 1 such that x (a%) belongs

to N.

Now,

52, (Me )y £ (@) = (Me ), £((1-a®)x(e ) + ax')) .

But for )\(en)eA(en), ()\(en), f(x)) is convex in x. Hence (51) and

(52) imply that
53, (Men), f(x"(a#)) < (Me ), £(x(e ))

which contradicts (46).

-16-



Therefore, for n > n x(en) is a solution to P()\(en)), i.e.,

03
x(en) is in M.

Thus, for any given xe¢L there exists a sequence {x(en)} con-

tained in M such that x(en) -~ X as n>o. This completes our proof.

-17-
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III. Applications to Nonlinear Programming

In nonlinear programming the set 2 is usually defined by a set
of inequalities. Thus, let ql, i=1,2,---,s be continuously differentiable

1
functions from E” into E'. Then £ is defined by
54, Q = {xeE"|q'(x) <0, i=1,2,---,5}.

55. Basic Nonlinear Programming Problem: We shall refer to the

particular case of the Basic Problem (1), arising when the constraint
set 2 is defined by (54), as the Basic Nonlinear Programming Problem.
At each point x in @, the index set of active constraints is

defined as
56. Ix) = {i|a’(x) = 0, ie{1,2, -+, s}}.

Similarly, the index set of inactive constraints is defined as
57. .—I-(x) = {ilqi(x) <0, ie{l,2, -+, s}}.

Let x be a solution to the Basic Nonlinear Programming Problem.
In order to bring the additional structure of the Basic Nonlinear Program-
ming Problem into play, it is convenient to begin by allowing the following

assumption, which will subsequently be removed.

-18-
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There exists a vector z in En such that o

58. Assumption:

for every ieI(x) .

Under this assumption, the nonvoid set

i -~
99 (x) et
o= X <o, 1&I(x)}

C(x, Q) = { xeE"

is a linearization of the first kind for @ at x, and

iA
99 (x) ol
o X § 0, 1£I(x)} .

C(x,9) = {ern
By Theorem (7) there exist vectors p in EP and M in E™ such
that
i .
(1) M § 0, 1=1;2s ***H P

(i) (wm) # 0,

P i - i
i 9f (x) idr (x)
(iii) Z B e X + zn o X § 0 for every
i=1 i=

i ~
xe{ernl %ﬁx < o0, iel(i)} .
And by Farkas' Lemma [11], there exist scalars ot <o, i1 (x)

such that

-19-



59.

60.

P i m R
i 9 i 9
zpla;x )+2“1 r(x) z ol gx(x) = 0.

i=1 i=1 ie I(}‘E)
Defining p1 =0 for i & f(i), we have just proved:

Theorem: Let x be a solution to the Basic Nonlinear Programming

Problem. If Assumption (58) holds, then there exist scalars p.l, i=L2,-

nJ: j=1:23 *tr, M and Pk, k=1,2, *++, s such that

61.

(1) l“"l o, i=1:2:"',Pa

HA

k

p 0, k=1’2’...:s’

A

(i) (m,m) # 0,

P i - m i - s K
i 9f (x) j 0r'(x) k 9q (x) _
(111)2}1 ox +Z"’I ox +ZP 9x B 0.,
i=1 j=1 ' k=1

(iv) Zpk @ = 0.

When the additional Assumption (58) does not hold, we can use

the following lemma to obtain somewhat weaker necessary conditions

for the Basic Nonlinear Programming Problem, still involving its

entire structure.

-20-
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65. Lemma: Let v, i=1,2, ***, k be any k vectors in E®, If the

system
66. <Vi’x)< 0’ i=1’2,.'.,k

. . n . ' -
has no solution x in E~, then there exists a nonzero vector p in E,

with 51 <0, i=1,2,°+-, k such that Eli(_lf)'lvi =0.

k
Proof: Let B = {x eEn|x-= Zplvi, pt < 0, not all zero}.
i=1

We want to prove that the origin belongs to B. By contradiction,
suppose that the origin does not belong to B. Then 0 does not belong
to the convex hull of { - Vs T Vp Tty - vk} since co{ - Vit Vps Tty - vk}
is a subset of B. But cof - IRV ., - vk} is a clos}ed convex set
in E not containing the origin. Hence, by the strong separation
theorem,* there exists a hyperplane in E® strictly separating the set
co{ - Vi TV Tty - vk} from the origin, i.e., there exists a nonzero

vector x in En such that

67. (x,%) > 0 for every x5co{-v1, A PVRERTICEN I
Hence,
68. (i,vi>< 0, for i=1,2,¢-¢,k,

*
See Edwards, 8, p. 118, 2.2.3 Corollary to the Hahn-Banach Theorem.
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which contradicts the assumption of the Lemma. Therefore 0€B, i.e.,

. -, k - .
there exists a nonzero vector p in E ', Py <0, i=1],2,++, k, such

k
that 2_1p v, = 0.

Combining Theorem (60), Assumption (58), and Lemma (65),

we obtain the following extension of the Fritz-John Theorem [21].

69. Theorem: Let X be a solution to the Basic Nonlinear Programming

Problem. Then, there exist vectors p in Ep, n in Em, and p in E®

such that
(i) “15 0, i=1,2, Ly P
(11) pls 0, i=1,2,°*",s ,

(iid) (k,m. p) # O,

Kk .
i af (x) idr (x) i9q'(x) _
(iv) Z z - z P 5s =0,
i=1 i=1
k
(v) Z plqlx) =
i=1

The following corollaries are immediate consequences of

Theorem (19):

~22-



51 (%) ar" (%)
75. Corollary: If the gradient vectors o= ' Toam

independent; then any vectors pé€ EP, neEm, peES,_ satisfying the

are linearly

conditions of Theorem (69), also satisfy (m,p) # O.

9ri(s) 0ri(%) dr(x)
76. Corollary: If the gradient vectors = = cee, —i=

i oax '’ ax ’ ’ 9x
together with the gradient vectors {ng(_X)} » with ieI(:T:) » are linearly

independént, then any vectors }LEEP, neEm, P eE® satisfying the con-

ditions of Theorem (69), also satisfy p # 0.

77. Corollary: If the set'{x Enla—li(élx =0, j=1,2,°°°*, m
-i T : : € % = s J—I,A: 2»‘1 -
29 (x) x < 0, iel(ﬁ)} is nonvoid and the vectors k3 (x), or (x)’ oo, or (x)
ox ox ox ox

are linearly independent, then any vectors pé EP, neEm, o eE® satisfy-

ing the conditions of Theorem (69), also satisfy p # 0.

78. Corollary: If the system

i~
S x <0, sefinz, oo, p} - (1)),

a1 (%)

ox X=0:j=1:23°":m:

8q (%)
ng—-x < 0, keI(x),

has a solution for some i {1,2, -+, p} and the gradient vectors

orl®) orl®) ... 8:r®)
’ X

ox Ox - are linearly independent, then any vectors

LE Ep, qum, peES satisfying the conditions of Theorem (69), also

-~

satisfy |J.1 < 0.
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IV. Applications to Optimal Control

§ . .
79. Definition: Let P be a convex cone in ES. A subset S of E” is said

to be P-directionally convex if for every z., z, in Sand 0 < \< 1,

1

there exists a vector z(\) in P such that

?\zl + (1-\) z, + z(\)€S.

80. Remark: It is very easy to show that a subset S of E® is P-directionally
convex if and only if for any finite subset {zl, Zoy tt zk} of S and any

. k .
scalars {kl, hz, vee, xk} with 21: )\i=1, }\i >0, i=1,2, ---, k, there

1
exists a vector z()\l, )‘2’ e, )\k) in P such that

k
z kizi+ z()\l, A,, *°°, )\k)ES .
i=1 .

On rereading Theorem (7), we observe that it may be rephrased

in the following equivalent form.

81. Theorem: Let x be any feasible solution to the Basic Problem (1),
i.e., x S and r(x) = 0, and let C(x, Q) be a linearization of Q at x.

If the sets

K(%) = {ueEp X E™|u= (Zﬁi) x, aa"f) x) , xeC(;E,sz)}

24 -



and

.

R ={(y’,0)8EpXEm|y1<0, i=1,2,°**,p, OBEm}

% *
are not separated, then there exists a vector x in £, with r(x )= 0
* -
and f(x ) < f(x) (component-wise).

We now make one more observation.

82. Theorem: Let 2'C E” be any set with the property that if x'eQ',
then there is a vector x in € with r(x') = r(x) and f(x) § f(x'). If x
is a solution to the Basic Problem (1), if xeQ' and if C(:Z,Q') is a
linearization for Q' at }2, then there exists a vector p in EP and a

vector 7 in E™ such that
83. (i) p <0, i=1,2,+--,p,
84.  (ii) (km) # 0,

85. (iii)<P-, §§X> + <'r|, 8_81;_({£)x> < 0 forall xeC(x,2").

- ?
Proof: The theorem claims that the cones

K'(X) = {ueEPX E™|us= (355{’2) x, a;’f‘)x) , xXE C(i,sz')}

and
i

R = {(y,O)eEPx E?y' <0 for i=1,2,-,p, erm}
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must be separated if ; is a solution to the Basic Problem. Suppose
- that K'(i) and R are not separated. Then by Theorem (81) with Q'
| taking the place of §2, there exists a x* in Q' such that r(x™ = 0 and
f(x*) < f(:‘i) . But by assumption, there must exist an x in © such that
r(x) = r(x*) = 0 and f(x) § f(x*) < f(}?), which contradicts the assumption
that x is a solution to the Basic Problem.

Now consider a dynamical system described by the difference

equation

86. X0~ % = fi(xi’ui) for i=0,1,2, **-, k-1,

where xieEn is the system state at time i, uie E™ is the system input
. . . . . . n m . . n
at time i, and fi is a function defined in E* X E~ with range in E".

The Optimal Control Problem is that of finding a control sequence

-~

U= (uo, LTI uk-l) and a corresponding trajectory X = (x

-

ooo,x

k)

y X

0’7

determined by (86), such that

87. (i) GieUiC E®, i=z0,1,2,°°, k-1,

P ! 1" |
88. (ii) x,C X, =X ()X, with X_ = {xeE"|q.(x) < 0}, and
i 0 0 0 0 0 =
’ " n n 10 n
; X0 = {xe¢E |q0(x) = 0}, where g, maps E" into E =~ and q, maps E

into E 0,

s O o~ " . v n
89. (i) x_eX, = xkﬂxk, with X, = {xeE an(xl <0} and
11"
X, = {ernng(x) = 0}, where g, maps E" into E k and g maps
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m
E? into E k,

-~ 1 1
90. (iv) x.€X. =X, X, = {ern|qi(x) <0}, i=1,2, -+, k-1
m

where qi maps En into E t ,

91. (v) for every control sequence U = (uo, gttt ) and

corresponding trajectory X = (xo, X, *°*, xk) » satisfying the conditions

1
. k-1 k-1
(i), (ii), and (iii), the relation Zi:o Ci(xi’ ui) < Zi:O

that Zl.c c.(x.,u) = T, 1c.(x.,u.), where the c, map E" into EP for
i=0 "iv 1 i ivi i i

i=0
i=0,1,2, ¢, k-1,

c. ;E G, implies
1( ;' Y;) imp

The following assumptions will be made:

92, (i) for i=0,1,2, +--, k-1 and for every fixed ui in Ui’ the

functions fi (xi, ui) and ci(xi, ui) are continuously differentiable in X, 3

93. (i) let R = {(y,00eEP x E™|yeEP, y' < 0, i=1,2, -+-, p, 0€E™}
and let ii(x,u) = (ci(x,u), fi(x,u)); then for each x in En, the sets

fi (xi, Ui)’ i=0,1,2, -+, k-1 are R -directionally convex;

94, (iii) the functions go(x) and gk(x) are continuously differenfiable

9 go(x) 9 gk(x)
ox ox

and the corresponding Jacobian matrices

rank for every x in X and every x in Xk respectively;

0
J

8. (x)
ox

. .
95. (iv) for every xi_SXi, i=o0,1,2, **°, k, { jed{j qui(x) = 0,

j=1,2, ¢, ml}} is a set of linearly independent vectors.

27~
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In order to transcribe the control problem into the form of the

Basic Problem, we introduce the following definitions:

96. (i) For i=0,1,2, *--, k-1, let v, = (ai, Vi) where aieci(xi, Ui)

and viefi(xi, Ui)’ i.e., \_risf i(xi’ Ui) s

917. (11) Let z = (xo, X, e, X0 Vo Vp TtV _1) ,
k-1
98. (iii) Let £(z) = Z a.,

i
i=0

99. (iv) Let r(z) be the function defined by:

r(z) = X - X -V s

8oty
L8ty J
' 1
100. (v) Let @ = {z|x.eX. , i=0,1,2,---,k, v.&f (x,U), i=0,1, -+, k-1}.
1 1 -1 -1 1 1

Thus, the Optimal Control Problem is equivalent to the Basic
Problem with z, f, r, and £ given by (97), (98), (99) and (100),
respectively.

1
Let us define the set £ by

-28-



] 1
101. ={z|xi$Xi, i=0,L,2,°**, k, Yiecofi(xi’Ui)’ i=0,1,2, "’:k'l}'

We now show that the sets 2 and Q' defined in (100) and (101),

respectively, satisfy the conditions stated in Theorem (82). Let z* be

P 1 & . .
any point in Q'. Then for i= 0,1,2, ---, k, x;in and v, = = *)\‘;v‘!,
jeJ

where Z *X‘]i = . But by

. y .
=1, M >0, J a finite setand v&f, (x.,U,)
jeJ i= -i =171 1

Assumption (93), the sets fi(xi, Ui)’ i=0,1,2, *°°, k-1,

are R -directionally convex and hence there exists a % in 2 such that

- % o~ % ~ %*
X.=X,, V.=Vv,, and a.< a, .
i i i i i= "1

Now let z be a solution to the optimal control problem. Then

~ . 1 . ~
z€Q and, since @ contains 2, ze'.

In the appendix we prove that the set

1,“-,6x , Ov

2. A,Q' = = , cee
10 C(z,2") {5z (8x,, 6x e 8V 8y ’GYk-l)I

j -~
3qi(xi)

i i PN Pl
axi 6xi < 0 forall Je{J|qi(xi) = 0} and

o1, (x,,4,) . A I
GYie{——a—xi— Gxi} + RC(x_ri, cofi(xi,Ui))}

is a linearization for the set Q' at z.

Definition: Given a subset A of an Euclidean space, we define the
radial cone to A at xeA to be the cone

RC(x,A) = {x|(x+ax)6A forall 0 < a < €(x,x), where € > 0}
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It now follows from Theorem (82) that there exists a nonzero

0 0 0
° vector ¢ = (P :“): P eEp’ P § 0’ ™= (_Pl’ ‘Pz: Tty 'pk’p'o’ p'k)’

n 20 'ek
pieE s pOSE ’ p.keE such that

103, p0 aﬂz—)G + w -a—ll%-)éz < 0 for all 6zeC(£,Q').
oz z oz =

Substituting (98) and (99) into (103) we obtain

k-1 k-1
104. p Z ba z p1+1(5x.+1-5xi-6vi)'
i=0 i=0
+ °8¢%o) 5x. + ey 6x. < 0
Fo o 0" M Tox X S

for every §_€C (z,2').

Now, by interpreting (104) we obtain the following theorem:

105. Theorem: If the control sequence U = (G'O’ Gl’ e, &k-l) and the

~

corresponding trajectory X = (xo, 5&1, *r, ;Lk) constitute a solution to
the Optimal Control Problem, then there exists a vector poe EP, p0 <0,

n,
. n i,
vectors po’ P]:e’ Tt Pk ﬂln E", vectors >\0’ >\1: c0 )\k’ )\-ieE , i=0,1,°°°,k,
. vectors per 0, p.keE k such that

. 0
106. (i) (p » PO: Pl: ctty Pka P‘os l"'k) £ 0,

107, (i) _ 91, (x50, 4,0 dc, (x5, u)) N 8q;(x,)
- W PPy T Pin T ax p ox i " ox  ’

i= 0,1,'..’k"10
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9 g,(x)
108. (iii) Py = -}10 o

Al

g, (x,) dg, (x,)
109 ) o =B T M Tox

110' (V) Riqi (xi) = 0’ 1= 0,1, e o0 , k ,

111. (vi) the Hamiltonian H(x, u, p, po, i) = (po, ci(x, u)) +(p, fi(x, u))

satisfies the maximum principle

-~ -~ 0 . -~ 0 . 2 -
H(xi, U, Ps P s i) > H(xi. U, PP o i) for all uieUi, i=o0,1, , k-1.

Proof:

(i) This was established in Theorem (82)

3 (x,,u.)
(ii) Let 6v, = —————— &6x.. Then (104) becomes:
-i 90x i ,

0 aci(éEi, Gi) afi(i.,ﬁi) ,
—_— - <
P ~5x 8%; * Py “ox 0% T Py 0% - Py 8%, S0

8y (%)

< ofs . j,~ .
e < =0.
for every 5xi satisfying 5= 6xi < 0, with qi(xi) 0. Applying

Farkas' Lemma [11] we obtain (107) and that )\iqi(;i) =0 for i=0,1, °°*,

k-lo

(iii) This is seen to be merely an arbitrary but consistent definition.
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(iv) and (v). V\Ee select Gz =(0,0,°°°, 0, ka, 0,0, °°°, 0), with

9q

k J 2 . .
— < = . A
) Xpe such that 5% ) xS 0 whenever q k(x k) 0 gain applying

Farkas' Lemma, we get (109) and )\qu(;:k) =0.

(vi) For i=0,1,2, ¢+, k-1, let Yi be an arbitrary point in co_t:i(;:i, Ui)’
which is convex by construction. Then 6 v, = \_ri - ‘zi is in RC(;i, co fi(ii, Ui))
and, choosing 6z = (0, 0, -+, O, SYi, 0, ¢+, 0), we find that 6z¢ C(E,Q'),

and hence we obtain from (104),

112. poéai+ Py, 8V, S0

Substituting v} - v, for §v, in (112) we obtain
0, 4 : 1 -
113. prlaj - eylxpu)) +pyyy vy - £k 0)) £ 0.

Clearly (113 ) also holds for every (a},v}) 6f; (ii, u) .

Therefore:

0 -~ -~ -~ -~ -~ -~
- - <
p ( ci(xi, ui) ci(xi, ui)) + P; +1(fi(xi’ ui) fi(xi, ui)) < 0 for all uieUi,

which completes our proof of (111).
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Appendix
Al Given a subset B of a Euclidean space, defined by inequalities,
i.e., B = {x|q1(x) <0, i=l,2,°°", m}, where the q1 are continuously

differentiable scalar-valued functions, we define the internal cone to B

at x B to be the cone

i~ .
A2 IC(%B) = {x| 2L % < 0 whenever q'(®) = 0, i€{L,2, +++, m}}.

We now return to the set @', which was defined in (101) as
1 = = ) o 00 ' 1= PP
A3 Q {Z (xos ’il, ’ xk’ YO’ Vi, ’ Yk-l) |xi€Xi, i=0,1,2, 2k,

v.€ cof. (x.,U), j=0,1,2, *°°, k-1} .
5j -J(XJ J) J ’ }

We shall prove that the set C(;,Q') defined in (102), as shown

below, is a linearization for the set Q' at zgQ"'.

> 1 - =. L) . o e o >
At Oz = {82 = (6xp, 1,6, 8y, ", 8v, 8xeIC(x,, X))
8£i(x., u.)

fOI‘ i=0’1’..‘,k, and GV.-
-i Ix

§x.eRC(V., cof.(x.,U.)) for
1 -1 -1 1 1

i=0’ 1’ .." k-l}c
A5 Lemma: The set C(Z,Q‘) is a linearization of the set Q' at z.

Proof: First of all it is clear that C(;, Q') is a convex cone. Now,

for j=1,2, +--, N, let
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q.ﬂ

2y

Ab 6zj=(5x0j,"',6xkj,8\_roj,"',6Yk_1j)

be N linearly independent vectors in C(z,R'), and let S = co{€ 6 z)s

€8 25 "0 €8 zN} where € is a positive scalar, defined below.
For any 62z in S we can uniquely write:
N N
A7 &z ;zz p.i(éz)ﬁzi,‘ where z p.i(éz) =1, pi(ﬁz) >0, i=1,2,°**, N
i=1 ) i=1
Therefore:
N
A8 Bxi = € ZMj(Gz)Gxij
j:
and
N
A9 6\_71 = € Z pj (SZ)IS'»_rij
j:
But by definition:
4 91, (x,,9,)
Al0O 6v,. = =2 1 bx. . +v..

-ij 9x ij  -ij

where v, ¢ RC(\;., co £, (x,,U.))
-ij -1 -1 1 1

From (A8), (A9) and (Al0) ,
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8y

-~ -~ N

A e kLR Z bi(62) v,

j:

Now, let's define the positive scalar €.

(a) For j=1,2,+++,N and i=0,1, -, k, 6xij belongs to the convex
- N -
1 3 3 1
cone IC(xi, Xi). Hence from (A7), 2j=l pj (6z) 6xij is also in IC(xi, Xi)

for i=0,1, -+, k. Therefore there exist positive scalars Ei’ i=0,1, ¢, k,

possible depending on 6z1, 6 Zys ttts 6 Zn such that:
N
Al2 X, + ¢, z p(652)6x, )X forall 0 < e, <eE,
1 1 J 1) 1 = 1 = 1
j=1

(b) Similarly, for i=0,1, «+-, k-1,

N
Al3 z p.j (6 2z) Yij eRC(vi, co fi (xi,. Ui))’
j=l

and hence there exist positive scalars € possible depending on

621, ﬁzz, e, sz, such that:

N
Al4 v, +e Z B, (6 )v..ecof (x,,U,) forall 0 <€, <e .
-i i iz’ -ij = AR A = i=-i
=1

We now define € to be minimum of the scalars Ei, i=o0,1, *°*°, k,

and fj’ j=0,1,-%, k-1,
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ay

i
From (Al4), there exists a finite set Ai and scalars )\a such

that
N
- i, ,~ .« ~
AlS e Z Bi(8,) V5 = z N ditpy ) - Yy
j=1 aeAi ‘

where u?eUi, aeAi, and Z AN=1, X

. a€A.
i

Combining (Al5) and (All) we obtain

Bii(x,,ui)

Alb Sv, = —— 6x. + Z )\1 f,(&_,u‘,z) -;r. .
-i ox i a=-1i"1 1 -i

acA
i

We can define a map { from S into Q' - {z} by

A17 g (62) = (YO’ Yl’ cee, YK’ ‘Yo’ ‘-”1’ o e e , ‘yk-l)

where
N

Al y(82) = bx, = zpj(az)sxij, i=0,1, +-, k, and
= '

-1

i > a - ._ e o -
Al9  w.(62) = z M (R + 3, uT) - v, 120,100, kel

acA,
i
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From (Al2), (Al5), (Al18) and (Al9) it is clear that { maps S

e ]

into Q' - {z}.
Expanding (Al9) in a Taylor series about z we find that:

9f.(x,,u,)

. » i~ @ -~
A20 i (67) = —5— bx, + Z Ny £385) - 7, + o(62)

acA,
) i

|1o(82) ||
|l52]]

where - 0 as ||&z|] - 0.

Combining (A20), (Al3), (Al7) and (Al8), we see that

[lo(82)]
{(6z) = 6z +0(6z), where lim —_— =0
|| 62|[-~0 |81

Since { is obviously continuous, C(z,Q') is a linearization for

Qb atE.
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Conclusion

This paper has presented a theory of necessary conditions for
vector -valued criterion optimization problems, which did not depend
on the customary convexity assumptions (see Karlin [3]), When the
constraint sets are assumed to be convex and the components of the cost
function are also convex, the necessary conditions may alsa become
sufficient [see Karlin p. 21‘8]. Conditions under which a vector-valued
criterion problem can be treated as a family of scalar valued criterion
problems are very important, as they define the class of problems for
which we can effectively compute noninferior points.

Since the conditions presented in this paper are considerably
more general then theories hitherto available in the literature, it is

hoped that they will open up important classes of optimization problems.
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