Copyright © 1966, by the author(s).
All rights reserved.

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation

on the first page. To copy otherwise, to republish, to post on servers or to redistribute to
lists, requires prior specific permission.



ON BOUNDED-INPUT - BOUNDED-OUTPUT
STABILITY OF NONLINEAR FEEDBACK SYSTEMS

by

A. R. Bergen
R. P. Iwens
A. J. Rault

Memorandum ER L-M155
15 April 1966

ELECTRONICS RESEARCH LABORATORY

College of Engineering
University of California, Berkeley
94720



Manuscript submitted: 22 March 1966

This work was supported in part by the Air Force Office of Scientific
Research under Grant AF-AFOSR-292-64 and AF-AFOSR-230-64.



(]

ABSTRACT

It is proved that the V. M. -Popov theorem also estab-
lishes absolute stability in the bounded-input - bounded-
output sénse, i.e., if the Popov theorem establishes
absolute stability of the autonomous system S, (r(t)= 0),

then the system is also absolutely b. i.b.o. stable.
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I. Introduction

The stability of nonlinear deterministic systems has been the
object of intensive research in the past few years. However, the main
concern has been for autonomous systems. Popov, 1 Jury and Lee,
Desoer, 3 and others obtained frequency domain criteria for absolute

stability. Sandberg4 gave some very general results for L, - stability.
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Another important and very practical type of stability is absolute
stability in the bounded-input-bounded -output sense (b.i.b.o0). The
object of this paper is to prove that the V. M. Popov theorem also
establishes absolute stability in the b.i.b.o. sense for the system S
given in Fig. 1. Recently, Sa.ndberg5 proved a similar result. However,
the model he considered is different from the one in Fig. 1. The proof
presented in this paper is also simpler than Sandberg's and is closely
connected to the proof of the autonomous case.

The notation and terminology in this paper follow those used by

Aizerman and Gantmacher in Ref. 6.



II. Description of System

The system S under consideration is the single input - single output
unity feedback system shown in Fig. 1. The nonlinear element is memory-
less and time-invariant, the linear plant is nonanticipative time -invariant,

and completely controllable and observable.

Assumption 1. The nonlinear element N is characterized by a piecewise
continuous function ¢(-) defined on (-, +w) such that 0 < @ <k<w

V o#0 and ¢(0) = 0. For ease of notation, let ¢(o(t)) = u(t).

Assumption 2. The linear plant is characterized by its transfer function
W(s). W(s) is a rational fraction in s with its numerator polynomial of
lower degree than the denominator. W(s) has poles only in the left half

s -plane (principal case), or has some poles on the jw axis (particular

cases). z(t) is the zero input response of the linear plant.

Assumption 3. The input signal to the system is such that r(t) and r(t)

are bounded for all t> 0.



III. Main Results

Theorem. For the system S satisfying the previoué assumptions to be

absolutely b.i.b.o stable in the sector [0,k] for the principal case and
in the sector [¢,k] for the particular cases (¢ > 0 arbitrarily small), it
is sufficient that there exist a real number q such that for all w > 0 the

following inequality is satisfied
Re{(l+jwq)W(jm)} +% > §>0 (P)

In addition, for particular cases, the conditions for stability-in-the-

limit must be satisfied.

Remarks: without loss of generality the Theorem need only be proved
for
(i) principal cases of W(s)
(ii) 0 < q < o,
(iii) the nonlinearity ¢(¢) in the reduced sector [e¢,k-¢], i.e.,

eiﬂf—) < k-e¢ V ¢4 0

where € > 0 is arbitrarily small.
These remarks are justified in Ref. 6 for the zero-input stab'ility of

system S. However, the same arguments that Aizerman and Gantmacher



. use in Ref. 6, can be applied for the non-zero input case.

Auxiliary Lemmas

The proof of the Theorem uses two lemmas. One of them is a
well-known lemma concerning the frequency domaiﬁ analysis in the
V. M. Popov Theorem. 6 The second one is the main contribution of

this paper.

Lemma 1

If the three real functions :El(t), fz(t), fS(t) belong to LZ(O,oo),
and if their Fourier transforms are related by the equation

Fl(jw) = H(jw)F3(jw) + Fz(jw) wher’e Re H(jw) > B >0 V w > 0, then

0 : 1 0 5
- 5‘0 fl(t) f3(t) dt < Y 5‘0 [fz(t)] dt. (For proof see Ref. 6.)

Main Lemma

If the system S satisfies all the conditions of the Theorem, then

the following inequality holds for sufficiently small a > 0

t 1/2 t
y 2¥u?(r) ar < Lz f 2T [x(r) - 2(v) + q(i(7) - 2(m)]° ar
0 6 0
1/2
o (0)
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.Proof of Theorem

Referring to the remarks, the Theorem need only be proved for
principal caseé of W(s) and 0<q < o. It mayalso be assumed that
¢(0) in the sector [0, k] satisfies the reduced sector condition
e < 2%'—) <k-¢ V c#0, ¢(0) =0 where ¢ >‘0 is arbitraril).r small.
Let w(t) be the impulse response corresponding to W(s). System S is

described by

t
o(t) = r(t) - z(t) - 5' w(t-T)u(T)dr (1)
0

or equivalently

t ear(t-'r) w a(t-1)

o(t) = r(t) - z(t) - S\ (t-7) e u(t)dr

0

By the triangle inequality and the Schwarz inequality

1/2 1/2

A 0 t
lo@)] < =) - =) + S' 2% wl(x) ax et S 2% Tu?(7)dr
0 0

(2)

Using inequality (L) of the Main Lemma yields
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) ' 1/2 .

ey < |zt - 20| + 5' ezaxwz(x)dx .
0
t . : c(0) 1/2
= S' e 2% [2r) - o(m) + q(E(T) - 2(m)]1PdT + %‘1 e'z-“ty olo)de
6 0 . 0
(3)
Since W(s) is a principal case, there exist positive constants Kl’ 2

-K_t

2
such that |w(t)] < Kle . Therefore there exists an @, 0<a< K2

o0
2 2
such that 5' e ax w (x)dx < A < w. The second integral is bounded
0

since it is a convolution of a strictly stable linear system with a bounded
input. (Note that z(t) and z(t) for principal cases are bounded). Thus,

the right hand side of inequality (3) is bounded for all t > 0. Therefore
o))< B<w WV t>0 (4)

which implies that the output c(t) is bounded. This completes the proof

of the Theorem.

Proof of Main Lemma

From system equation (1), one obtains

t
a(t) = [x(t) - 2(t)] - ~Yv’v(t--r) u(T)dT - w(0)u(t) (5)
0

The variables r(t), z(t), r(t), z(t) and u(t) will be truncated at T and
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A then denoted rT(t), zT(t), rT(t), zT(t) and uT(t) . By truncation, it is
meant that the function is identically zero for t > T. Then, define O'T(t)

and &T(t) by the following equations.

t : -

O'T(t) = rT(t) - zT(t) - yow(t-f) uT(T)dT : (6)
t.

&T(t) = fT(t) - éT(t) - ‘g‘ow(t-’r)uT(T) dr - w(O)uT(t) (7)

Note that O'T(t) and &T(t) are not identically zero for t > T but satisfy

the following inequalities

-K,t -K_t

3 € 2,Vt>T, |&T(t)|§K e

lopt)| < K . :

Vt>T

where K3 and K4 are positive constants and K2 was defined in

-K.t
|w(t)| < K e 2, Equations (6) and (7) yield

“op(t) - gon(t) = - [rp(t) - zp(t) + Q(E(t) - (1)
t
+ 51 [w(t-T) + qw(t-T)] uT(T) dt + qw(0) uT(t) ' | (8)
0

1
Adding (I(- - Y) U-T(t) to both sides and multiplying by eat, 0<a< KZ’

yields



A {- r(t) - qop(t) + (% -v) uT(t)} ™

= - ™ [rT(t) - 2 t) + qlEL(t) - ET(t);)]

t
+ S(; ea(t-T) [w(t-T) + qu(t-T)) eaTu‘T(T) dr

+ qw(0) ™ u (1) + [ﬁ - v] ™ u (1) (9)

o

Identify
(1) = {- op(t) - ao(t) + [% - y} uT(t)} ™
_ at .' .
fz(t) = -e [rT(t) - zT(t) + q(rT(t) - ZT(t))J

Then (9) is rewritten as

t a(t-T) . aT
fl(t) = fz(t) + S(;eb [w(t-T) + qw(t-T)] e uT('r) dr

+ qw(0) eatuT(t) + [-1-(1- - ] eatuT(t) (10)

Since all terms in (10) belong to L2 (0,00) because of the truncation at

T, one can take the Fourier transform of (10).

Fy(jo) = Fy(je) + { [14+ qljo - )] W(jo - @) + 5 - Y}UT(jw -a) (D
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Equation (11) satisfies the condition of Lemma 1 if

Re {[1+ q(jw -a)]W(jw-a)} + -}-1(- -y _>_ 6-y>0 (P")
is satisfied. It is proved in the Appendix that satisfaction of (P) implies

(P'). Then

® at 1 ® 2 v

- < —

5' f(thun(t) e dt < PTER) S' [fz(t)] dt (12)
0 0

Substituting for fl(t) and fz(t) into (12) and using the fact that the functions

were truncated, yields

T T
(t) 2at . 2at
o(t) - ==L) u(t) e““dt + q | o(t)ult) e“at
5; ( k ) S(;

T

T
py [P lmar < e [P xw - a0 + i) - w012
0 0

The right hand side of the inequality will be denoted C(T). Note that

T 2at a(0)
u(t) = ¢(o(t)), integrate y o(t)u(t) e  dt by parts, and add qy o(c)de
0 0

to both sides.



o (T)
’](cr _elo) o(a) eZat dt + q eZarT ¢(c)do

T a(t)
- 2qa ‘S‘ eZart y ¢(c)do | dt
0 0

T a(0)
+ oy fezm w’(t)dt < C(T) + q f o(c) do (13)
0 Yo

Since ¢(¢) lies in a reduced sector [e,k-¢ ], € > 0 arbitrarily small,

it is noted that

o(t)
(2) fso(w)dcr < 125 Gz(t)
0

2
(b) e_k_ 0_2 _<- (0‘ _ ‘P(;)) o (o)

Inequality (13) may then be strengthened by using (a) and (b) and deleting

a(T)
the positive quantity q e T y ¢(c)do on the left hand side.
0

j‘eZart . kqo O'Z(t)dt

T T
2at 2 1 2at . . 2
+ S; e u (t)dt < m Svo e [x(t) - z(t) +q(z(t) - z(t))] dt

a(0)
+ 4 fo plo) do 1)
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njo

Set y= 5, since y is arbitrary as longas 0<y<§. y=

Njor

minimizes

the right hand side as far as the choice of y is concerned. Then

T 2
2 2at [ € ] 2
- e — -kqa| o (t)dt
o ‘S‘VO k
T T
2at 2 1 2at . . 2
+ e u (t)dt < = e [z(t) - z(t) + q(x(t) - z(t))] dt
S'O 62 5‘0
g (0)
+ 2 oear (15)
b A

T 2
Denote I1 = S' e‘?'a,t I:il-; - kqoz] O'Z(t) dt
0

If for a> 0, — - kqa > 0 then I

m > 0 and it may be deleted from the

1

left hand side of inequality (15). For any € > 0, q < oo, k <o one can

always find an o small enough such that

eZ
0<a§—2
qk

Hence inequality (15) becomes

T 1/2 T

(tuwar) " <| L [P x0 -2t +atit -se)]%ar
0 6 0
1/2
a(0)
+ 24 fo olo) do vV T>o0 (16)

which completes the proof of the Main Lemma.
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IV. Extensions

Note 1

The case where ¢(o) satisfies the inequality a < (0—2_-0—-— < b can
be treated by making the change of variables ¢(o) = g;(o') +ac. Then
#(c) is contained in the sector [0, b-a] and the Theorem can be applied.
For principal cases of W(s) the parameter a may also assume negative

values. For the case q = 0 this reduces to the familiar circle criterion

for autonomous systems.

Note 2

It can easily be shown that with q = 0 the Theorem proves b.i. b.o.

stability when N in the system S is a time-varying nonlinearity described

by u(t) = ¢[o(t),t]. The function ¢(o,t) satisfies

0< HB cxcw VYodo, Vixo
and

@(0,t) = 0 Vt>o0
Note 3

The results of the Theorem also apply when the linear plant is

-12-
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not described by a rational transfer function in s, provided that

(a2) for arbitrarily small @ > 0 the impulse response w(t) satisfies

o0
2 2
y e »art w (t)dt <A < o, A some positive number.

0

(b) the zero input response z(t) and its derivative _é(t) are

bounded for all t > 0 by decaying exponentials.

)
(c) W(s) = 5. w(t) e-Stdt is analytic in the domain Re 8 > -a.
0
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APPENDIX

Proof That Satisfaction of Inequality (P) Implies (P').

In the expression of (P') replace & by Ga. It will be shown that
this has no consequences and that if there exists a 6§ > 0 satisfying (P),
then there also exists a ﬁa, 0< 60 < 6, satisfying (P').

(P') is rewritten as
Re{[1+q(jw-a)]W(jw -a)} bo ooy 26, -y >0 (P")

Given any principal case W(s), there exists an arbitrarily small > 0
such that W(s) is analytic in the domain Re s > -a. It follows that
|W(jw - @) - W(jw)|ard |(jo - @)W(jo - @) - jo W(jw)| approach zero
as a becomes arbitrarily small. Then, there exists Ga such that

0<6 <6and (6-6)~ 0.
a a
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