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In a recent pa,per1 H. C. Chen and D. K. Cheng proved a
reciprocity relation for. electromagnetic fields in a compressible
plasma with high frequency sources. It was shown that the Lorentz
reciprocity relation holds if Ve Te = 0. From the well-known decompo-
sition of the fields in a compressible plasma into electromagnetic and
plasma modes, it is easy to see that such restriction on -‘Te results
in no plasma mode, thus the fields are purely electromagnetic. 2
'i‘herefore, the plasma only affects the dielectric constant in the Max-
well equations, the reciprocity relation of which is well known.

In this communication we wish to show that Lorentz reciprocity
relation of electromagnetic fields holds in a compressible plasma in
a much more general cohdition, namely,

(@) v-J_#0,

(b) the ion motion is not negligible,
provided both the electromagnetic and plasma modes of the fields
satisfy either the radiation condition'at infinity or homogeneous boundary
conditions on a closed surface.

The linearized hydrodynamic equation of motion and the equation

of continuity for plasma are given by3
ioM N V_=N eE + VP, 1)
e o o e

leiNovi = -Ner + VPi (2)



KTNOV . Tre = iwP , (3)

KTN_V - vi iwP,, (4)

KT = M.U.2=M U 2,
1 1 e e

where the subscripts e and i denote the association of the fields with
electrons and ions, respectively.

Maxwell equations are given by

iwp.oH - Jm

VxE , : (5)

v xH -u.oeoE + NL_’e(Vi - Ve) + T, (6)

From (1) and (3), and (2) and (4), we obtain

- M
_ .. e KT .
E'— lw?ve -ESE'VV Ve, (7)
M.
= _ . i+ KT —
E = -1oa—e—Vi +i’(;-e—- VV'Vi. . (8)

The reciprocity relations can be derived by considering two
sets of sources J_,, J_; and TeZ.’T'mZ' Through two sets of curl

equations similar to (5) and (6) we have the following:



(r Tt

T, , v +N°e")‘5‘$v €, V,-F 'V ,-E V +E Vv (9

Let R1 be the second integral on the right hand side of (9). Substituting

(7) or (8) into R,, we can transform it into a surface integral.

1
GKTN_ | . .
R, = —— st(vel v .Vez - veZ VeVatVv% v ¥,
- V’iz \% -‘Vﬂ).Hds, (10)

For the unbounded plasma, we decompose the fields into E-M

mode and plasma mode4 with

—E_‘=—E_. +E‘, . ﬁ=ﬁ-,
o P o

Ve - Voe * Vpe’ Vi - Voi + Vpi

and satisfy the following sets of equations,

E-M mode:

- -— wz e 2 1
VxHo=-iwe e E +Je, e-1-:2P_- p 1)
VxE_ =iop H -—fm, (12)
ioM V_ =eE , (13)

e oe o

—

‘).) s('E‘le-I‘z -‘E‘Zxﬁl) » nds =‘)‘)‘)V(T-f1 T o -i—TZ.‘J’ml+ ‘E‘Z. Tel -E

1



iWwM.V . = -¢eE , (14)
i oi

Voe|_ iw A Az | ﬁD—] -

V1=l [ ®"r8 |a.a

pi| - o |Tav22 l_‘._,
(15)
where
W2 - mzp1 , (@2 - w2 ) Uiz
Ay T Uer A2 = N ,
11 w4e e wie

o2 iUez
R o
= _ 1 . 2 2 |
Ep— T [w peVPe-wPiVPi] , (16)

€ (o]
1UZeN evVeJ
AVp] +[p] = c e/M 17)
(V] .

Take the divergence of (15) and combine with (17) to eliminate the
Laplacian term. Since :fe is confined in a finite region, we obtain at

infinity,

VY] = - AV (0] =gey el (18)
(o] (o]

-4-

' KTN Aviel,



Equation (17) is a coupled wave equation of Pe and Pi through a

real symmetrical matrix A, which can be diagonalized by an ortho-

normal matrix T composed of the eigen vectors of A_l.

2
41,41 ke
2
where k and k‘2 are the eigen values of A-l,
We define a new vector [p] by
[p] =T[p] = T[Pb]- (20)

Thus, (17) can be written in the following form:

2 - _
o iU N evVeT 1 !
Vip] +Tlalr(p = —2© e 1A oMy,
W e e L € i
’ [e]
Therefore,
VP +k% P 2 5 ~ !
a 17 a iU" N ev .J 1
e o e T-lA-l -M
véP +x%. P wle e L e/M
b 2 o

(21)

Equation (21) gives the uncoupled equations for Pa and Pb with

excitation sources of the form V--.I-e on the right, If Vv -Te = 0,
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Pa and P, are identically zero. It follows from (20), (15), and (16)

b
that no plasma mode is excited. The E and H fields are completely
described by (11) and (12). Reciprocity relations of the form (32) is

then obvious.

If V-Te 0, we have the following restrictions on Pa and Pb:

lim r Pa-—~= finite, lim r Pb——---‘;finite, (22)
r —00 r-3o0
',)Pa ' 2Pb '
lim r m ik, P >0 lim r Fr-wli ik, P |—0. (23)
r—o r —o0

The V:\Tpe i terms can be shown by (18) and (22) to behave as ;1- at
’ .

infinity, Also, (16) shows that Ep is longitudal at infinity. This im-

plies that the transversal components diminish at .inﬁnity faster than

?1 and can be neglected in the surface integral on the left hand side of

(9). We have then

Jj s —eF) X Hy - Ep x Hj)e nds = Xg‘ s 000l X Hop = Egpy x Hyp)e
nds =0 (24)

From (11) we get V.fo =V Je . Take the divergence of (13)

iwe €
o
and (14) and notice that the source is confined in a finite region, we have

at infinity

V-Voe = V.Voi = O.
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Equation (10) can then be rewritten as

iKTNo o _ _ _ _ _ _
Rl i \D s [ (Voel * Vpel) v'VpeZ B (ver * VpeZ) v'Vpel

+(V

+ v .

Vo) Ve Vo2 - Woiz

The fo field is transversal at infinity which implies that ﬁo'Eo
diminishes faster than 1? As a consequence of (13) and (14), we conclude
that H'voe and n 'voi also behave in the same way at infinity.
The product of n+¥_ with V'Vp then diminishes faster than 1—2,
hence its surface integral vanishes as r—oa Then R_1 reducers to the

following form:

iKTNO iy
R E —— v— - v O- v 3 . :
1 IR ,).) s (Vpelv Vpe.Z VpeZv Vpel * Vpll v -VPPL2 -
vpiz v.vpu ) nds, _ (26)

The integrand in (26) can be written in matrix form

(VpeZ\ / Vpel
R..=(V_ .V )V P - (V.. V . )V =
IN pel pil VpiZ / pi2z pi2 \ Vpil

tov, . (27)

-t .
Vi vV, -V, 1

Substituting (15) and (18) into (27), we have \
iw \2 t t
RIN:(ITI\]O—) [v[pl] A[pz] 'V[pz] A[pl] ] .

In terms of [/ﬁ/] R RIN can be expressed as

Ry = {gli) " (V1817 ATIF] - V05 'T0my) 0.

(28)



Notice that T =T and T "AT = 0 k—Z . We obtain

2/
R_. = ————“Z k%P, vP_ -k 2p VP, +k.’P. vP, -
IN ~ (KTN )2 1 2a la 1 la 2a 2 2b 1b
o
k;2P, vp (29)
2 "1bY" 2b °
Substituting (29) back into (26), we have
R o _i® y w2p. a _c2n %P 2 0Py
1 KTNo )Js 1 2a 9n 1 la 9n 2 PZb an
2P
-2 2b
k" Py e ) ds . (30)
Relations (22) and (23) imply
'aPa 1
7o TR P O0TEg ) @> 0 (31)

Pa. diminishes as ;1 at infinity,

Substitute (31) into (30). The integration involving a part then becomes

a Za =
Sy Pragm 4n Pla an ) ds 5‘5 (PZa e L + z )P0

g )ds.
r

1

This integration is zero because S is of the order rz, but Pa 0 ( 5y
r




Qv )

is of the order It follows that the integration of the b part

1
l+a°
r

vanishes likewise, The reciprocity relation

5‘5 (E E N l)dv = S:S:S‘v(ﬁz.Tml -ﬁl mZ)dv (32)

holds,
If the volume is bounded by a nonpenetrable perfect conductor
with homogeneous boundary conditions H-"Ve = H—Vi =0andnxE=0

at the surface, it is easy to show through (9) and (10) that (32) is valid.
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