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ABSTRACT

A scheme of pulse frequency modulation is considered, based
on Blair's theory of neural excitation. Its application in control
systems is studied and the results ( sampling theorem and stabili-
ty) show that this scheme of P.F.M. has certain advantages over

some of the conventional systems.,
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I. INTRODUCTION-

Although many types of discrete systems have been studied
quite e:i:ten-sively,1 the use of pulse frequency modulation has been
given relatively little attention.

However, pulse frequency modulation is the basic way of
transmission of information through  neurons. 2 .Therefore, it
is a tempting problem to try to apply this physiological pattern
to control systems. C.C. Li3 and A. U. Meyer4+ considered a
class of such systems, i.e., integral pulse frequency modulated
systems. However, .their pattern présents little resemblance to
A bet- '
ter model for the physiological systems has been proposed by Blair6

the actual biological way of pulse frequency modulation.

(p.- 379). An even more general form of frequency modulation
could be described as follows: let S(t) be a stimulus applied at

time ' t=0." Then an 'exciter' p(t) is generated according to the

equation
fDllp(’t) =.D2 S(t)
where Dl’ ‘DZ 4a.re‘op‘ez"ators of any analytic form, e.g.,
2
'D1=a2 ;d:zh*'altad?"'a’o
t
D2=b°+b_1 S. dt
0

+Meyer considered also some more general schemes (see footnote
of p,.2).

++The same is true with the so-called delta mcdula.tion,swhich has been
developed for telecommunication practice purposes. In this case
pulses are transmitted in time intervals which are integer multiples
of a basic time interval. This restriction is undesirable for the sta-
bility of a closed loop system; as will become evident from the

development of Secs. VIII and IX.
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We always assume p(0) = 0. As soon as |p(t)| reaches a cri-
tical value r, then a pulse is emitted of standard height and duration
and the "exciter' returns to the zero value. The sign of the pulse is
the same as p(t) at the time of the emission.

In this report we will consider the case of

- d -
Dl--at—+c and ,Dz-l

. The resulting pattern of P. F. M. will be called neural pulse

frequency modulation (N. P, F. M. ) because it is the same as the one

proposed by Blair for neurons. ta basic difference, however, will
be that we are going to consider double-signed (D. S. ) pulses, while
neurons generally carry only single-signed (S. S. ) pulses. C,C. Li’
considered both cases; however, the case of S.S. pulses results in
more complicated systems., This is one instance in which it seems
that engineering is able to design a more flexible system than nature.
The basic properties of N. P, F. M. control systems, such as

transient response, stability, sampling theorem and elementary sta-
tistical analysis, will be studied.. Due to the existence of a "strength-
duration' law, this class of systems appears to have good filtering

and stabilizing properties which may lead to useful applications.
II. DESCRIPTION OF THE MODULATOR

We proceed now to consider the modulator, which is described

by the equation:

* This is also the same pattern as that called '"Relaxation P. F. M. "
by Meyer (Ref. 4, pp. 13-17, 76-80). However, the name ''neural"
is preferred, to show the importance of borrowing ideas from biol-
ogy. Meyer did not actually study the system, but indicated that

it can be studied as an L. P. F. M, system with minor loops. How-

ever, such an approach is very complicated.



_.gi(f_) +cplt) = S(t) . N (2.1)
where c is a constant of the system.
Whenever | p(t)| reaches a critical value r, a pulse of -

height h and duration t, is emitted. Its sign is the sign of p(t).

Thereafter the emission};f the pulse p(t) equals zero and the whole
process is repeated. Electronic implementations of sﬁch a modu-
lator are discussed in Appendix A.

The solution of (2.1) for different simple inputs is shown in
Table I. For a step input So’ the firing time (i.e., when a pulse

is emitted) is given by

|s,|
tnglZn-—-—c-’—— (2. 2)
|s,|-R

where R = cr. Obviously, a necessary condition for firing is
[s,| >R (2.3)
So we are justified in calling R the threshold of the system.

Condition (2. 3) is sufficient for a step input but not for a
pulse of duration T (Table I, No. 4) where we have the additional

condition:
| s, | -
> dn—2 (2. 4)
| s, -R

This ‘shbws that inputs of ''too short" duration are not sensed,
and therefore the impulse response of the modulator is not really
meaningful,

The relation

‘r=-é,3n (2. 5)



is defined as the strength-duration curve, in analogy with the phys-
iological findings (Ref. 2, pp. 39-40) (see Fig. 2.1 for plot of 2.5).
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III. RESPONSE TO PULSE TRAINS

In Table 1 the response to a pulse of height S.C'> and duration

T has been found to be

S .
py(t) = =2 (1 - e™¢7) et T) (3.1)
. ' 'S
for t>1 and T< -}: En SOSR or
R
8ol <« —%= (3. 2)

Suppose that we have a train of one-signed pulses with period T
(Fig. 3.1). Then the response to n of them (assuming that they do

S(t) I I N [
S
o
T T T e—
— T — L |
I ! ! : { !
p(t) So
| ‘ e
'\
t —

Fig. 3.1

Pulse train response of modulator.



not cause firing) is

n n
. S

. P(to n) = Z Pk(t) = Z_c_()-(l " e-CT-.)'.é“?'c{:t-T‘“(k-l)T] (3. 3)

k=1 k=1

or
S ‘n
P(t,n) = -2 (1 - e™¢T) "¢(tT) Z eC-1T (3. 4)
" k=1 ‘

The maximum value of P(t,n) occurs at the end of the nth

pulse, i.e., for t= (n-1)T + v. Therefore,

S cnT

- -c(n=-1)T e " -1
max P(n) = = (1-e CT) e ¢(n — (3.5)
: ¢ : e?T-l
or
S -cnT
- l1-e
max P(n)=-2(1-e"°7) (3. 6)
c 1 - e-c'T'
So l-e~CT o
n—> o € 1-e7CT

From (3. 7) it is obvious that in order that the train of pulses
cause firing it is necessary that

-cT

l-e
8ol >R %

(3. 8)
If (3.8) holds then the minimum number of pulses required

for firing can be found from (3. 6) as

| s, |
in (3.9)

| S | R l_e-cT
o

n-=

1
cT

-cT

-6-



l_e-cT

By expanding e”°T and e 7 we can see that — %
' o " l-e

So there is an apparent incfea’se in threshoid by ,approiimately T/~.

I
— .

If the pulses are not all of the same sign then the "apparent threshold
increase' is obviously even higher.

This fact indicates that the proposed modulator will have good
filtering properties in certain cases. A more systematic discussion

of this will follow later.
IV. RESPONSE TO SINUSOIDAL INPUT

From Table I (No. 5) we see that for an input S 8in wt

(S > o) the response is

plt) = wS, sm(“’t 4 | - (4.1)

where { = tan~ w/c
p(t) is a periodic function and we may expect that for high fre-
quencies no firing will occur. To establish conditions for firing we

proceed by computing the maximum of p(t):

wS -ct
de(t) _ S | 55— + cos (wt-¢)| =0

dt 2
.,/CZ+ wZ c +tw

for et cosy = cos (wt-y). A (4. 2)
This equation cannot be solved algebraically with respect to
t. Assume, however, that it is satsified for t = t*. Then

& * *
-ct _ cos(wt-y) _ "w/2+ CZ f:f)siuz)t-i\p)

cos

e

and substituting in (4.1) we obtain

-7-



o(t™) = oS cos(wt™-y) , sin(ut’-y)
o c \/w2+c2' ‘W \/mz+c2
or | | o -
* So * A
p(t’ ) = - sin wt . . 4 . _ - (4. 3)

The condition for firing is

s > —2 o (4. 4)

fo) .
sin wt

Relation (4.4) is equivalent to the sampling theorem after sub-

cpgs * -
stituting t from Eq. (4. 2) (excluding, of course, the trivial

&
solution t = 0). In this way we can plot a family of curves (for

different values of c) of w as function of So/r.

For c =0, Eq. (4.1) reduces to

s .
p(t) = -30 (1 - cos wt) -

and it reaches its maximum for cos wt = -1, hence

2S5
max p(t) = _62

Therefore, we have as a condition

(4. 5)
(Compare results in Ref. 3.)
Note that (4. 2) can be written as

wtc

e © cosy = cos (wt -HlIJ)

-8-



and by defining %’ =y and wt=2z

e V% cos ¥ = cos (z - ¥) ' (4.2)
In the same way (4. 4) is written as
xsinz>1 | - | ' (4. 4")

by defining x = S_/R.

So the sampling theorem is expressed by plotting y as a func-
tion of x (compare Eq. 6.15 ),

A solution of (4. 2) by analog computer is described in Appen-
dix B. However in Sec.V we are going to show that this is not quite
necessary because the ''sampling theorem' curves can be plotted by
using’pulses for " a: test signal instead of sinusoidal waves. The sam-
pling theorem derived there is in good agreement with (4. 2) and
(4. 4).

V. MODULATOR FOLLOWED BY INTEGRATOR-EQUIVALENT GAIN

Suppose a modulator is firing pulses h: T _ at instants,

h
tl, tz, .,tn. .+ ... . The integral of its output is given.as
y(t) = (k-1)hT, + h(t-t,) (5.1a)
for tk< titk+ Th and
y(t) = kh T (5. 1b)

h

for tk tT, < tk+1' By approximating the output pulse to an im-

pulse of area §6=hT, we have

h

y(t) = ké (5. 2)

for tk_<_ tk+1 .



If the input of the modulator is constant S, then from ‘(2. 2)
we have

S . ) . . . ' -
1 o
b1 "W T T £n 5K [forall k] ) (5. 3)

by combining (5. 2) and (5. 3) we found the equation of the envelop
of the staircase response as:

Y(t) = '1—'6—1:—-5— . _ o (5 4)
. o ‘ , :
<dn S,-R

(see Fig. 5.1). We define as . equivalent gain of the modulator, K. :

/

/

tl t1+'rhtz t3

-Fig. 5.1. Response of integrator to constant input and its envelop.

the slope. of Y(t).divided by S,- By simple manipulations we ob-
tain:

1

_6 .
Km--;—x—' if X>1
XIH;{—_T -
(5.5)
Km=0 : if x<0

-10- 0 -



where x £ So/R'

It can be easily verified that lim x (fn x—’:l- = 1.
('s)
Because of the existence of the ''strength-duration'' curve, the

use of the equivalent gain is rather limited in any analysis of a sys-
tem using this modulator. Its only value seems to be in comparison
of a N.P.F.M. system with other forms. For this purpose we will

‘use the lim K_ = §/r, which we. will denote by thie term 'equiv-
X~—)00 :
alent DC gain.'" A plot of the function represented by (5.5) is.shown

in Fig. 5. 2.
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Fig. 5.2

Equivalent gain of modulator for constant input So = RXx
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If we assume finite duration of pulses Ty then the modulator

reaches saturation when

S, =————2%5_ (5.6

Obviously, this relation holds only for constant input. However,
for characterization we define Sg asthe saturation level ofthe modu-

lator,

The output of the inte-grator' will ‘be then

Y(t) = ht (5. 7)

We call saturation frequency, fg (under a certain input) the

inverse 1/T._ of the pulse duration. This quantity is obviously

h
meaningful under all circumstances.

VI. DERIVATION OF A SAMPLING THEOREM
THROUGH WALSH FUNCTIONS

In Sec.Il. we found the response of the modulator to a pulse.
We will consider now the case of a doublet (a positive pulse fol-
lowed by a negative), with duration of each half t. Suppose that

firing occurs in the first half at time T<T defined by

-cT;

S ‘
plr)=—=(l-e )=rx (6.1)

The response in the second half will be:

S So/  elr-T\ _oqor
p,(t) = = =2 (1 - e-c(t'T))+ '<;2<l°e clr-7y )e-C(tA-T)
or .
o S .8 —e(t-T.)
PW“%O%“”%%QW%e“”)&M

The second term is always positive because e~clt-T) > \eEC(taTl);

=12« .



therefore, no firing will occur at t= 7 + Ty

Consider, however, the moment 2+. Then we have

S S L= (2 - ) .
p,(27) = - =2 (1 - ™) +—c3<e"»:T ce T ) (6. 3)
or S -c(27-1,) '
p,(27) = -._'cg [1 -2"T 4 e T :I (6. 4)

The term in brackets is positive; therefore,
, S - -c(21~-T,) :
| pz(ZT)I =.C_°<1- 2T 4 e 1)_ (6.5)

Equation (6.5) can be written as

S -C -c(t-71,) -2¢c(t-71,)
| pZ(ZT)l =-Ec—’"[1 -e "1 (Ze T -e T fl ):] (6. 6)

But 2e2 - e'—Za.

in brackets is larger than (1 - e °71) and from (6.1) we have

'is less than 1 for any a # 0, therefore, the term

| py(27)| > = - a (6. 7)

(The case a = 0 correspondsto T = T "and this is the case when
firing occurs at the end of both half periods). Hence, whenever firing
occurs at the first half, it also occurs at the second, although with
some delay. Obviously, whenever firing does not occur at the first
half, it does not occur at the second. This discussion shows that
the square wave of amplitude So input ''passes' through the modu-

lator if and only if its half period is larger than

1 fn
(o]

S
o
SR

or the critical frequency which ‘causes response is:

_ e
We = ; A
=3

—-c

r

(6. 8)

~13-



where w_ =0 for So/rA <c. Forc=0 we find that,

S

lim 1/n .S_P_LE_ =L
c—0 € o/r-c o
and .therefore
, s A
_ o
YT T 4 (6.9)

To compare with (4.5) we must note that the mean half~-wave value
of a sinusoidal wave of peak So is (Z/ﬂ)so; therefore (4.5) becomes

S

av '
w<— (4.5")

which is in absolute agreement with (6.9). This shows that for

c = 0, a doublet and a sinusoidal wave ''obey'' the same sampling
theorem. This is not surprising because a doublet is a special
case of Walsh functions. The Walsh functions constitute a com-
plete set of orthogonal functions 7 and therefore can be used as a
test signal instead of sinusoidal waves. These functions are de-

fined on an interval 0, T as follows:

6 (0,0;%) = 1 0<x<T o
1 05x<-2
¢ (L1;x) =
-1 E‘-<x<T
2 —
1 0<X<T I <x<3T
- =z 2 =z
¢ (2 1;x) =
-1 T T 3T

-14-



o [rosxg . g o<xsT
$(2,2;x) =< . o I (6.10).
T 3T : S :
‘k-l '2‘<XT
[ ¢(n, k; 2x) 0 <x< IZ'

1
A

¢ (n+l;2k-1;x) =
L (=-1)k+1(n.. k; 2x-1) % <x<T

( ¢(n, k; 2x) 0

A
»
A

=

¢ (n+1, 2k;x)

1 (-1)%(n, k; 2x-1) 5 <x<T

where n=1,2,... and k= 1,2,...,2n-1.

These functions consist of nonsymmetric doublets, as one can
easily see (or see Fig. 1 in Ref. 7); therefore,‘ in order that a. Walsh
function may pass 'undistorted" through the modulator, firing must
occur during its shortest pulse. The duration T, of this is, as one

d
can see from (6.10),

T,=T for ¢(0,0)

d

-
o
fn

for &(1,1) and ¢(2, 2)

(6.11)
for ¢(2,1) and ¢(3, 4) :

H
n

|
Q. [N

" -
STERENERN e

for ¢(3,1), (3, 2), ¢(3,3), etc.

Therefore, we may associate any Walsh function with a doub-

let frequency w/ T4

Therefore, a necessary and sufficient condition that a . Walsh

function may pass through the modulator undistorted (i. e., with firing

-15-



occurring at least once for each one of its pulses) is.that its associ-
ated frequency is less than the one given by (6.8). Equation (6: 8) '
is plotted in Fig. 6.1 with c as a parameter. We see that for

SO/r =¢, w_= 0 and moreover, we can find the asymptote of each

curve as follows:

)
Slope = lim L= lim —S— =g (6.12)

v T X
SO/r—)oo o X-»00 xﬂnm

S5
Ordinate atthe origin'= lim |Enc' - -3:'- = wc lim lx - X
S /ro ¥ n—
o X-

S /r
o

).

(x 2
Therefore, a simplified relation can be written as

S
w =0 for 2 < ¢
c r —
s, . s (6.14)
we =Tl -zl for =>c¢

This is shown by dotted lines in Fig., 6.1. It holds with goocli‘ approx-

imation for So/ r >2c.
Equation (6, 8) can be also plotted in a simpler form by de-

fining y=w/wc and x = So/rc ; then we have

L | | | (6.15)

and the plot is shown in Fig. 6..2.

-16- .-
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1 SO

1 A
Fig. 6.2
Sampling theorem curve.
This curve can be referred to as the sampling curve and Eq.
(6. 8) as the sampling theorem for N. P.F,M. systems.
- It is interesting to verify that these results are in agreement

with the sampling theorem derived for sinusoidal inputs:

Numerical Example

For x=2 y=w/nc=144 (from (6.15) ) or w/c = 4.52. To apply
(4. 4) we take So/R =w/2-x= 3,14, Therefore, sin wt = 1/3.14
and ot =161.5° = 2,819, ¢ =tan"! 4.52 = 77:8° , cos Yy = 0,212,

cos (wt - ¢) = 0.110. ct ____371:3 = 0.624 and e = 0.535. Therefore,
e” cos ¢ = 0.113 and (4. 2) is satisfied. (Difference 0,003 due
to the use of slide rule.) The result depends only on the ratios w/c
and So/R’ as it should.

-18-



This agreement was expected because the sinusoidal wave is

expandable on Walsh functions.
VI. QUASI-DESCRIBING FUNCTION

Since Walsh functions constitute a complete basis, one may
try to approximate a function by their ''fundamental', i.e., ¢(i,1),
which actually is a square wave (6.10). If a function has odd-
symmetry [i.e., f(t+ T/2)= -f(t)], then obviously it has no DC
component. The coefficient of the expansion corresponding to
¢(1,1) can be found as '

T » S VA T .
S'Y(t)s $(1, 1, t)dt f y(t)dt - S‘ y(t) dt
a, = -2 -0 T/2
1 T T 4
S (1, 1, t) (1,1, t)dt S 1-dt
o o
or
T/2
a= 2/t |y (7.1)
0.

Therefore, the amplitude of the square wave wi‘ll be equal to
the average value of the function over a half peribd. For example,
if y(t) is a sine wave with unit peak, a = 2/w. Onif y(t)is a tri-
angular wave with unit peak, a =1/2. ,

We proceed now to study the response of the modulator to a

square wave of amplitude So(so > R). The firing rate will be given
by '

t = _i. fn =2 (from Table I, No. 1).

=19~



The number n of pulses per half period -TZ -will satisfy the fol-
lowing inequality (w = 2w/T). v : ‘

Eg 1 '1<nﬁ%n 1 : . (7. 2)
: 0 (o}
n 5-R ;ﬁ’*""‘"so-R

We consider two extreme cases.

S EE

Then, if the modulator is followed by an integrator, the response at the

end of a half wave will be

Yt =né= SE& T (7.3)
o .
bas=x
On the other hand, the unmodulated response would have been
SoT So'tr
y(t) =T=T | (7. 4)

and'the equivalent gain of the modulator is (in analogy with Sec. 5)

K = Ym,(t) _.c 1 6 1 - (7.5)
Fm = IRy "SOZ‘,'E—O TS, SR '
"5, ‘Tﬂnﬁ_so R-1

We see that this equals exactly thé expression given by (5.5).

(b) n=F —e— -1

-20- .-



In this case the equivalent gain will be

Lewd 1

® So -6
An
So-R wd
1] - 3 D re—
Km' S 'Km S« (7. 6)
o o - :
®
Note that
wd _86 w _6 w ‘
S« T8 - TS : : (7.7)
° 2 xc © ac
TC . R

By defining x 2 S_/R,Hgs. (7.5), (7.6), and (7.7) can be com-

bined to give the following inequality for K.

§| 1 w | & 1 -
T I_:‘ x xnc:l <K 27 —=x (7.8)
In — xin —
x-1 x-1

As an extension of the describing function we define as- quasi-
describing function the mean value of the limits of the inequality
(7.8), i.e.,

5 1 1 w : '
K(x’ w) = ? [in -x1. - -2- x“c] (7- 9)
x-

This can be used in anapproximate analysis of N. P. F. M. sys-

tems.

* Note that any memoryless nonlinearity following the modulator
appears as linear gain because of the constant amplitude of the
pulses. Also, with square wave as test signal, nonlinearities be-
fore the modulator can be treated in a very simple way.

- Attention also must be paid to the fact that in (7.9) an integrator

-21-.



has been already included and the linear plant transfer function
must be modified in accordance. Another fact which must be noted
is that K(x, w) includes a half-period lag plus a quantity which we
proceed to compute., If '

In 2
So-ﬁ
then p(T/2) =0 and the firing time for the first negative impulse
will be t = 1/c - 4n [ SO/(SO=- )] Half of it corresponds to the

extra lag, as one can see from a simple sketch of the response.

Therefore, a lag
1 X
g

is introduced and in the phase angle this total lag corresponds to

¢ = —‘5+ S ln;?_—i | (7.10)
If
cT 1
n= o —s— -1
o
S5 E

it can be easily seen that the extra lag is about the same., There-

fore, we finally have

$x,0) = Z+ oo In 2o o (7.11)

=2
2c

The complex-valued quasi-describing function is given by

K. = K(x, ) e ~I4(% @) S (7.12)

-22-



with K(x,w) from (7.9) and ¢(x,w) from (7.11) (for x <1, Kc = 0).
VIII. CLOSED LOOP SYSTEM-—STABILITY

We are going to consider for a while the more general system,
i.e., where the "exciter" p(t) is related to the ''stimulus" S(t)
by the relation:’ - : '

g’(:) =Gys) | | ‘ o (8.1)

where Gl(s) is any rational function.

Again, whenever p(t) reaches r we have the emission of a
pulse of the same sign as p(t) and then the initial conditions, i.e.,
p{o), p'(o), p''(o), etc., are set to zero.

Such a system is shown in Fig. 8.1.

e(t) = S(t)

+

R p(t) | Pul G o(t)

:\1: Gi(s) [ B(s)] Emitter 2(#) <(s)
(8) = S(s)

Fig. 8.1
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The impulse response of such a system is not very meaning- .
ful for reasons explained in Sec.Il. So we assume as testing signal ‘
a pulse emitted by the modulator.

- We define a system as stable if the response p(t) to an im-
pulse emitted by the modulator takes a subthreshold value in finite
time and stays there. (It is understood that the system has been in
equilibrium before.) This definition corresponds to the case of asymp-
totic stability._g

For simplification we approximate the pulses by impulses of
the same area, §. Then the response of the "plé.nt" after n pulses
will be:

n
c(t)= K $ Ze i8a(t-t;) u(t-t;) (8. 2)
i=1

where

i
¢, =0 1f|pi_1| <r (8. 3)
e. ==1if Py <-T
or taking the Laplace transform
o -sti
C(s) = K 6 G,(s) Z ., e (8. 4)
i=1
for zero input:
S(s) = E(s) = - C(s) (8. 5)
Therefore,
n
-8t,
P(s) = K G(8) G,(8) D ¢, e ! (8. 6)
ixl
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Normalizing P(s) with respect to r and noting that -g is the equiv-

alent gain of the modulator K, Wwe have

-ssti '
Pn(S) =K Km Gl(s) GZ(S) Zei e (8. 7)
i=1 :

We want p (t) <1 for all t. This can be obtained by choosing low
enough gain if the linear system G,(s) Gé(s)' is stable. Note that

this is too strict a requirement because the quantity

may be possibly equal to zero. However, this cannot be checked
unless the transient response of the system is studied in detail (see
next paragraph). So we conclude that the system of Fig. 8.1 is

structurally stable (i. e., can be made stable by choosing 1ow enough

gain K ) whenever G (s)GZ(s) is stable,

We consider now different special cases.

(a) Integral Pulse Frequency Modulation,

Here, Gl(s) = 1/s hence

G,(s)
8

must be stable., If G,(s) = 1/s, then we have a double pole at the
origin. In this case the response of the system is simply bounded
but presents sustained oscillations. This checks with earlier re-
sults (Ref. 3, p. 82), that whenever the linear plant is stable, the
L P. F. M. system has bounded response.
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(b) = Neural Pulse Frequency Modulation,

Here

|9

Gy(®) = gz
Therefore, GZ(s) must be stable,so whenever the linear plant is
stable the N, P. F.M. system is structurally stable.

This generalvstab‘ility criteridn does not give much informa-
tion about fhe design parameters of the system, so in the next few
paragraphs we are going to examine in more detail certain low order

systems.
IX. STABILITY OF LOW ORDER SYSTEMS

A. Consider an impulse of area § emitted in the system of Fig. 9.1

e(t) = 8(t)

N ( ) 1 € | Pul <
P se . . 's)
: s+cC P(s) Emitter Gls) c(s) <
I |

Fig. 9.1
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with G(s) = K/s. The output of the system will be.

c(t) = K6 - (9.1)
plt) = -2 - . | | (9. 2)
1f
-I-{-é- <r
(o]

no other impulse will be emitted. This condition of 'quietness"

is described by:
KK <c (9. 3)
m

If K§ >r, then after some time tr, a negative impulse will be

emitted and the output will be zero.

B. Consider the system of Fig. 9.1 with G(s) = K/Sz. Then after
the emission of a pulse we have

co(t) = Két _ ﬁ (9. 4)
_ Kb Ké ,, _ .-ct
P (t) = -?t"'-:z(l e ) (9.5)
After a certain time tl a negative impulse is emitted and
cl(t) = Két - Kb(t - tl) = K6t1 (9. 6)
kot
p,(t) = - —L (1 - ™0 (9. 7)
k&t

It is simple to check that

= >r (see Fig. 9.2). Thus,
another negative impulse will be emitted after a certain time tz,
and then

c,(t) = Két, - Kb(t - t,)
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or

" -c(t-t.) '
pz(t)=-[:§c§. t1+zl<1-e 2):]:,55@ (t -t

. We compute the maximum of pZ(t)

dp,(t) , -c(t-t,)

27 _ : 1 2" K& _
- 1K601+~E)e +-?r =0
=c(t=t,)

for e 2 1

2 e O
1+<:I:1

1
t-tz—-c-ﬂn(1+ ct;)

Substituting these values into (7.9) we obtain

Két K6
P, Max = = ——— +-‘-:-2— ,?,n(1+ Ctl)

But from (7.5) we see that

K&t1 ) _I_{_§ - e-ct1
[ CZ

)+ r

Therefore,

-ct
pzma.x=-1-:-g E(I-e 1)-},@n(1+ct1)]-r

-28-
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But (1 - e-Ctl) <Zn(1 + ctl) +';hence the term in brackets is
always positive and p, max > -r. Hence no firing of negative im-
pulse occurs,

However, a firing of a positive impulse occurs at time t3.
From Fig. 9.2 (or Eq.- 9.9' ) we easily see that c(t) <R and
therefore the systein settles down with subthreshold response.
Therefore, it is always asymptotically stable.

The fact that a system with only a double pole at the origin is
asymptotically stable shows the advantage of the N. P. F. M. The
conditions derived in Sec.VIII are too restrictive. Indeed, in (8.7)

€ = 0 for i>4, ei=1, €, = -1, €3 = -1, e4=+1. Therefore,

p(8) = KK —Z—L— [1 - e SH stz e-St:{]

mog (s+c)
. l-e-Stl i e-stz . e«-st3
lim sp (8) = KK = lim
n m )

§2 O s> 0

m :
1-1+st +[sz]=1+st +[sz]+1-st +[sz]
. 1 2 3
=KK_ = lim
m c s

8= 0

KK -:: (1:1 +t, -t ([SZ] 2 terms with factor sz)

2~ t3)

Therefore, the final value of p(t) is finite and coincides with

c3(t)=—1[K6t - K6(t - t,) + Ko(t-ty)]=— K 2(t, +t, -t
c 1 2 347 ¢ r'l 2

rc 3)

+,Zn(1 +x)=1- e *= 0, for x= 0. Taking the derivative we see

that d£2§‘1+x) = lix *y =e™*>0 for
x > 0. But T% > e * hence Un(l + x) increases faster than 1- e =,

>0 for x>0 and %(l-ew
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In a similar way the stability of any first or second order sys-
tem can be checked. '

We proceed furthermore to prove that the system with open
loop transfer function K/ s2 is asymptotically stable in the large.

The response to a step input is shown in Fig. 9. 3. Assume

Y = Yiel >r (9.11)
Then

Yk = Yk_l + G(tk - tk-l) (9. 12)

Viez = Vi1 80 = ey (9. 13)
Therefore,

Vip2 = Vieep + 800t =ty 1) = (b o =t )] (9. 14)

Obviously tn+2 - tn+1 >t - tn-'l . because y(t) is increasing

in its value in the first case and decreasing in the second. There-

fore,
Yie2 < Vk-1 (9.15)

With a similar argument we can generally see that

Yi+m+l < Ykem (9.16)

Assume now that Yeem <% (first impulse as shown in Fig. 9. 3).
Then the last impulse will occur at most at yk+rn' Therefore,
the system emits k - (k-m) = m impulses before 'leveling' and
(k+ m) -(k+1)=m -1 after., Therefore, the slope after each
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maximum (or minimum) is decreased by one and the oscillations

eventually will stop. Hence, the system is asymptotically stable

in the large.

X. RAMP INPUT RESPONSE

" Consider the system of Fig. 9.1 with G(s) = K/s and a
ramp input Sot. Assume the nth impulse is emitted at time t -

Then the input to the modulator will be

S,t-nKs=S5(t-t)+S5¢t -nKs (10.1)
After a pulse is emitted at time t 4 the input will be
S(t =t )+ St - (a+1) Kb (10. 2)

The system obviously will reach a constant rate of firing when
Sotner = (04 1) K§ = Sotn - nK$§ ‘ , (10. 3)
or
St

nt1 = o) = K8 o (10. 4)

The slope of the envelope of the output in this will be

Ac _ K& _
'A—t'-—mo—-—so | (10. 5)

Therefore, the system follows exactly the input. This is a verifi-
cation that the system reproduces time-varying inputs.’

The time between two firings is,from (10. 4),

m S

At=-s-lf{—=KK - | | (10. 6)
o (o]
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The time for the first firing is found from Table I, No. 2,
to be approximately ° -

Dy, %, [ (10.7)
a o . ;

In a similar way the response to various inputs of a given system can

be found,
X1l. ELEMENTARY ANALYSIS OF FILTERINC PROPERTIES

In any P. F. M. system one may consider the injection of
noise before or after the modulator. C.C. Li® (pp. 134-193) studied
the second case in an L P F. M. and found that the sYstem is rela-
tively immune to noise. This is not a surprising result, and can be
generalized to any pulse-frequency-modulated system, 4 or even to
any system transmitting information in discrete form., Of course,
this adva.nfage is offset by the reduction in the bandwidth of the sys-
tem. Therefore, we will not consider this case further. The more
interesting (and more difficult to solve) problem is the injection of
noise at the input of the modulator.

For the purpose of elementary analysis (for the sake of com-
paring various systems), we proceed with the following assumptions:

(a) both signal and noise are in the form of pulses (this is a
reasonable assumption in view of the discussions of Secs. VI and
VII);

(b) both are stationary processes and their distributions are
such that the expectations of both the time duration T and the abso-
lute value of amplitude H at the signal are much greater than those
of the noise (Fig. 1l1.1). (This is not a very good assumption, because
in any case such a distribution does not present a difficult filtering

problem. )

. We define as first filtering figure of merit of a system the
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0 " Absolute value of ampli-
tude or time duration

Fig. 11.1
Probability density distributions of signal (S) and Noise (N)

equivalent gain '"¥'for a pulse input, as defined in Sec.VII (extension
to other types of systems is obvious). Under the assumption (b) a
system has good filtering properties whenever ¥—> 0 if either
H—>0 or T— 0. This is a rather rough estimation and we are

going to define later a more accurate distinction based on the se-

cond filtering figure of merit. However, we proceed to compute

first the value of ¥ for various systems (in discrete systems we

will always assume an integrator following).

(1) Continuous system: Obviously, ¥= 1,

(2) Continuous system with dead zone I p:
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3
"

1 if H>D

W

0if H<D

(3) Continuous system with Saturation S :

_s .
\Il--ﬁ lf H>S

(4) Pulse amplitude modulation (Classical Sampled-Data System)

(Assumption of unit gain). For pulse duration T > T (sampling

rate) orw < w /2= w/T wehave ¥=.f(w).. If w > w /2, then
¥=0 (or if T < T, probability of response = 7/T. Values of gain are
1 or 0, therefore E(WY) = 7/T). If T > T then there will be n

outcoming impulses where n is given as

Therefore,

v =
max
and

¥ . =
min

olr

T
(g -1)=1-
and equivalent gain (the average)

\Il=1-2:-r_r—for +>T

=36-

w



(5) Pulse-width modulation : The oﬁtput pulse width is given by

At:—HET if H<H
o O

At=T if H>H_
This is true provided T > At. The integral will be (if h ileight of

pulses) hAt at the end of the pulse, or H/Ho' T- h. If n pulses

are emitted then

v= ——©° . h T
- TH H T

Again,

T T
-;I-.-1<n5-T-

Theréfore, ¥=1- T/2r for v>T and H<H_, ¥ H>H .+ then

¢=2Th 4 @ =H /H % . =H/H- H/H T/Tofw H/H-
H~ max min

“(1-T/27) for T>T and H>H.

The condition T > T can be essent1a11y subst1tuted by T >At

If T < t we have only one pulse as output of a.rea. H At =HT

and hence

HT .
Hr

) i
—||'-3

. >1

(6) Integral P.F.M: For threshold r and output area § the syé-

tem fires whenever Ht >r. The number of pulses n is given by

——— -]l N € ——
r —
. nd _HT &6 _ 6 _ .
\I’—I—_I-_'; Py therefore \I’max = —r- -I_—I—; = ? = 1. By proper choice of § and
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-lll:l--z-}? for Hr >r
Yy=0 for Hv <r

{7) Neural P,F.M.: In Sec. VII we found

_ 1 1
_\P-Hzn 1T azﬂ-,-c for H>li{ .
R H-R R T >_[n—-—-—
c -R
_ . 1 H
=0 if H<R or =~ <E-,6n-—-——H_R

(y has been normalized by putting &/r = 1.)

These results plotted in each case are shown in Figs. 11. 2
and 11.3. From them we see that the N.P,F.M. system has the
better filtering pro‘perties based on the first filtering figure of

merit. As second filtering figure of merit we may define the ratio

of the average value of the equivalent gain over the fange where the
signal lies with ’proba,b'ilvity P with respect to the corresponding
magnitude for the noise.

This becomes a useful design criterion for the appropriate
choice of parameters of the system. (The value of P can be chosen,
for example, at 50%.) We are not going to proceed in further exam-
ination of this method in this report because this would require a
more accurate notion of the distributions of the noise and the >signa'l.
However, from Figs. 11.2 and 11. 3 it is clear that the P.F.M.

offers more possibilities than the other schemes.
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APPENDIX A

Electronic Implementation of Proposed Pulse Frequency Modulator

In Fig. A.l is shown a possible implementation by using neon

R
o—— MWW=
D, D,
C == Nl NZ
o—
Fig. A.1l

tubes (N1 and Nz).

The constant

c = 1/RC.

Summation and
000 Amplification

It is easy to see

that this implementation adds an additional gain (pre-modulator) of

value 1/RC and this should be taken into consideration in any ana-

log computer simulation of a given system,

A variation is shown in Fig. A.2. The contacts a', b'

R
O—/VVV,
D
| 1 D2
cCT \ A BB
a' |b!
(e

a

+h o—

close

+

Summation



after the constants a,b. This form has the advanfa.ge that we can
actually control the duration of the pulse, while this is not so easy
with the circuit of Fig. A.l.

APPENDIX B

Solution of a Transcendental Equation on the Analog Computer

We will solve Eq. (4.2) with respect to t, namely

et cos $ = cos(wt - ) (B. 1)+

‘ Define the function

x(t) = e -____°°§o(:i“"’) (B. 2)

Then the solution of (B.1l) coincides with time t, when x(t) = 1.

However, (B.2) is the solution of the differential equation

2
dx dx 2 2,
?“ZCEF+(C +u)x-0 (B.3)

with initial conditions

dx c2+o§
x(O) = 1 .a‘t_' 0 = S
t=

This can be verifiedvery easily., Therefore, using the circuit of
Fig. B.1 we obtain as output x(t). The diode D is used to deter-
mine the exact position of x(t) = 1. Moreover, special attention must

be paid during the measurements because the system is unstable (c >0).

+Obviously, t =0 is a solution, but trivial,
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