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1. Introduction

Let x(t) be a zero-mean stationary Gaussian process, with co-

variance function of the form

2 3
(1) Ex(t) x(t+7) = p('r)=l-lr+% |+ +0(r).

Let £ be a random variable denoting the interval between two successive
zeros of x(t). The problem of finding the probability distribution of §

is of considerable interest and remains largely unsolved. (For further
references and a more detailed discussion, see Refs. 1 and 2.) In

this paper we present some explicit results concerning a zero-mean

Gaussian process with covariance function that is a special case of (1),

(=5 )
r3 .
d F(t)
Let F(t) = Prob (£ < t) and q(t) = —— . The principal results
- dt
of this paper are that for a zero-mean Gaussian process with covariance

function given by

* The research reported herein was supported by contracts (JSEP)AF-AFOSR-
139-65 and DA-ARO-D-31-124-G576.
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3 5 1 gl
(2) p(‘r):-z- e V3 (1 V3 )

"3
F(t) and q(t) can be expressed explicitly in terms of complete elliptic
integrals. These results appear as (24) and (25) below.
It has been known for some time that for zero-mean Gaussian

processes with covariance functions of the form given by (1), q(0%) = Ca.
Longuet-Higgins has given various bounds for C, the best ones being [ 3]
1,1556 1,158

< C<
6 6

The results of this paper suffice to show that in fact

37\ 1 1,15625
(3) c =(—) - ——
32/ 6 6

2. Some Preliminary Relationships

Let x(t) be a zero-mean Gaussian process with covariance function
given by (2). It is assumed that a separable version is being considered.
Then x(t) is almost surely differentiable, and we shall denote its

derivative by k(t) (k(t) - d—zi—t)). Now, let 7 (y,) be defined by

(9 T(yg)=min {t;t >0, x(t) = 0| x(0) = 0, X(0) =y}

where the condition x(0) = 0 is understood to be in the horizontal

window sense[ 4] . Now, let

(5) ¢(ygt) = Prob {7 (yy) > t}



and
(6) py(¥y) dyg = Prob {x(0)e (y,, y,+dyg)| x(0) = 0}

In (6) the conditioning is again in the horizontal window sense. Then,

F(t) can be expressed as

(7) F(t) = 1= Prob (£ >t)

[+ 0]
I- -/-:oo Ph(yO)‘P (Yo’ t)dyo .

Now, péyo) can be derived as in Ref. 4. For the process being

considered, we have

1
lyol -3
B 0 270
(8) Péyo) = 7 e
Therefore,
oc
"z %0

where we have used the symmetry qa(yo, t)=¢ (-YO, t)

3. A Representation of x(t)

Let m(t) be a standard Brownian motion (Enz(t) = t). Define z(t) by

t

(10) | 2(t) =f n(s) ds,
0

(a3
v
o



The covariance function of z(t) is given by

(1) R (s,t) = Ez(s)z(t) = 5 s t-% s, t>s

Therefore, the normalized covariance function is given by

3/2

R (s,t) :
(12) p(s,t) = 2 =33/3-l (E) , t> s,
. 2Vt 2 \t -

'\/Rz(s, s)R_(t, t)

As before, let x(t) be a zero-mean Gaussian process with covariance

function given by (2). Comparing (2) and (12), we see that x(t) must

1
-=t -_
t
have the same probability laws as\/?:_ e\/?; z (ev?; ) From (10) this

means that x(t) has the representation

mtfl Iev

-1l
(13) x(t) =/3 AE) j n(s)ds,
0

where n(s) is again a standard Brownian motion, Furthermore, we can

rewrite (13) as

2y
1 1 1 V3
vt V3t [
(14) x(t) =+/3 € n(s)ds +/3 e f n(s) ds
0 1

1 1 2
-— o=t =
vE
- 3ev§fn(s)ds+\/3—e3 (Xg -1) n(1)
0

38 [n(s) - n(1) ] ds



Now, we note that

1
(15) x(0) =\/3_f n(s) ds
“0
and
1
(16) x(0) = 2n(1) f n(s)ds .
0

We further note that n(s) being a Brownian motion, n(s)-n(l) and

n(s-1) are identical in law. Thus, x(t) can be written as

1 1 2
T -=t/ =t
(17) x(t) =+/3 & x(0) +3 v3 (é’y -1) %(0)

||--

-

“ 5
e” -1/ x(0)

2
= t

'v‘lgi[‘? -1
+f3 e n(s) ds,
0

where n(s) is again a standard Brownian motion., (Note that the n(s)

)
S

o

in (17) and the m(s) in (13) through (16) are not the same except in

law. )
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4. The Distribution of Intervals Between Zeros

For a standard Brownian motion 7(s),define o by

. t
(18) ¢ = min {t;t>0,t+f n(s)ds =0} .
0

In a very imteresting paper McKean[ 5] has obtained explicit expressios

concerning the distribution of ¢ . Specifically, he has shown [ 5, Sec. 3,

6] that
(19) f(y, t) dydt = Prob {ce(t, t+dt), [n(e)+1] e (-y, -y+dy)}
30
R Ay

Now, T (yo) as defined by (4) can be related to o as given by (18),
through (17) . In what follows, we make free use of the fact that

n(t) and C"(;EZ') have the samerlaw when 7 (t) is a standard Brownian
motion and ¢ > 0. While n(t) always denotes a standard Browni.ﬁn

motion in the following derivation,n(t) from one line to the next need

2
=t
not be the same except in law, Let g(t) = e‘fg' -1, and g-l(t) =‘/%—ln(1+t).
Then, from (4) and (17) we have
y g(t)
. 0
(20) T(y,) = min {t;t > 0, — g(t) +f n(s) ds = 0 }
2
0 .



t
Yo
= min {g (t)t>0 0y n(s) ds = 0 }
2 Jo
' t
- y s
= min {g 1(1:);t>0,—0t+]v cn(—z)ds=0}
2 0 c

t
y &
= min {g-l(t);t >0, -2 t+c n(s)ds =0}
2
0

ON'*"‘

= min {g (t)t>0 f n(s) ds = 0 }
Zc c 0

4t
. at v
= min {g (t);t > 0,— + n(s) ds = 0}

YO 0

2 t

-1{Yot
=min{gl(-£-) ;t>0,t+f n(s) ds = 0 }
4
0

2 2

-1/ %0 € Yo%

g | — = = In|l4+ — .
4 2 4

Therefore, from (5), (19) and (20) we have

(21)

2
_ Yy
¢p(y0,t) Prob {gl(—i- o-) > t}.

4
Prob {o¢ > — g(t) }
Yo



o0

o0
=/ ds/ dy f(y, s)
2 oan Yo

-2
Yo

where f(y, s) is given by (19). It follows from (9) that

, ° 1y
(22) F(t) = 1-[ Y © 0 ?(ygy t) Ay,
0

© e © 4 -%Y(Z) 45
1-/ ds[ dyO[ dyv- e f(,—z- )
gty Jo 0 0 %o

and

0 o0 4

1 2
-5V
(23) q(t) = ‘g(t)f dvof ay — 2 iy, %%
0 0 0 Yo

With the substitution of (19), the integrals in (22) and (23) can be

evaluated. The results are (See appendix)

3/2

(24) F(t) = 1 -

3 {[I-Zrz(t)]

1
—=—" ( + = rz(t>,r(t))
-2r(t) 2

zd 1- 251 }

+ ——— K(z(t))
3-2r(t)

w | w

2T



and

1/2
3 [1-2:%1)]
(25) q(t) = — E(r(t))
47 [l-rz(t)][1+2r2(t)] i
, 12
[1-2:1)] K(r(t))-E(r(t))]
+ ) Z
[ 3-2:40] A |
, 3/2 )
8[1-21°(t)] 301,
+ > 7T1 (— —+—1r(t), r(tb—K(r(t)
[3-2:20)] [1+2 4] 4 2
where
1 1/2
1 -t
(26) r(t) =[-<1-é’3 )]
2
and

I
2

z2 .2
(27) E(k) =f 1-K sin” ¢ do
N

z
(28) K(k) = —_——— do

0 ~/1-1sifo

de

s
fz 1
(29) 77 (vs k) =
! 0 [1+vsin2cp]j/1-k2 sinqu

are complete elliptic integrals,




ts

It is easy to see from (25) that

A+ 37 1 4
(30 (0 =l - - ]
) o (32) 6 (V? )

. 4
which verifies (3), since (2) corresponds to a= — . Further, q(t)=*>0
: 3

exponentially as t = . In fact,

Tellk V3 1
(31) lim e q(t) = — K| —
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APPENDIX

Let y(t) be defined by

(A-1) Wiy = — f(y,—z—)dyody,
o ‘0 % Yo
4t
where f(y, > ) can be found from (19) to be
Yo
2
2 30
4 ) 2 -
Az K 4t) 3 yyy -3pll-y+y) @r e_Z_ "
- ¥ = — e
.;g {E& 16t 0 dwﬁ
Yo
Substituting (A-2) in (A-1) and letting r = —— , we have
2Vt
12 p® p%® 2 2 2
: - - -2t
30
4y12 -
£ _de| dydr.
0 VWB
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6 d 0 Mo 2 2
- | yre-Zr(t+1-y+y)
mﬁf dt

30
4y12 =3
\f < de| dydr
0 /e
3/2

3 d f°° y dy
2w dt 0 2

[t+1- y+y ]1/t+(1+y)Z

Now, let H(t) be defined by

3/2
!

3 dy
(A-4) H(t) = —
[t+1 - y+PIVE+ (L4 v
Then, we have
d
(A-5) (t) = - — H(t)
dt
3 f y3/2 ay 1
2m o (t+1-y+y) 1:+(1+y)2 (t+1-y/+y2)
1 1
+ -

2 [t+(1+ y)z]

From (22) and (23) it is easily seen that

-13 -
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(o]

(A-6) F(t) = - Y(s) ds
g(t)
= 1 - H(g(t))
and
2,
. V3
(A-7) at) = (1) wiglt) (g(t) = e > -1)

Proceeding to evaluate H(t), we make a change in the variable of

integration in (A-4)
_ l-cosg
(A-8) y =vitt (m)

The result is

3 1 ™ (1—-cos¢)2 do
(A-9) H(t) = — _—lﬂf
8w (1+1) 0 [1-v(t)sinte]¥1-¥ (1) sife

with
1 1
(A-10) \ v(t) = — +
2 4 it
2 1 1
(A-11) () = —-
. 2 firt

-14 -



Therefore,

3 1 /“’ (14 coszgo - 2cosg)dy
0

(A-12) H(t) = — 74 _ —
8w (1+t) [1-v(t) sinch ] Vi1- kz(t) SinZ‘P
3 1 w/2 (1+COSZ([)) de
R
4w (1+%) 0 [1-v(t) sinzgo]Jl-kz(t) sir’ ¢
3 1 [ 1 w/2 de
= —— -——m[ 2""_‘"]
4w (1+t) vit) Jo [1-v(t) sin2<p]l/1-k2(t) SinZ<P

L

1 2z de }
+ —
v(t) S ooy sidde

3 1 1
= [2-— ] (—vm,k(t) +
4Tr(1+t)1;4{ v(t) T ) v(t)

K(k(t))}

Using (A-12) in (A-6) yields (24).
The function |{t) can be found by differentiating H(t). However, it

is somewhat simpler to proceed directly from (A-5). Making the change

in variable of integration (A-8) in (A-5), we find

3 1 ™ sin’ ¢
(A-13)  Y(t) = ?/4/
32w (L+t 0 [1-v(t)sitt e IV1-1E(t) sitt g

1 1 1
—_— + — do
{1—v(t) sin ¢ 2 [l—kz(t) sin2¢]}

- 15 -



Changiﬁg variables a second time (z = sinzgo), we obtain

2

3 1 1 z
(A-14) G(t) = 574 f )
327 (1+¢t) 0 (1-vz)\/z(1-z)(1-kzz)

1 1 1
i (= dz
{ 1-vz 2 (1-k z) }

where v = v(t), k2 = kz(t) are given by (A-10) and (A-11), Equation (A-15)

can be rewritten by partial fraction expansion as

1 2
(A-16) w(t) = [1-
32 (1+t5/4f \/ i - &) (l—k ) {:Z (1-vz)

1 1 k 1 v 1 }
+ ]+ [1+ . ] dz
(l—vz)‘2 Zkzv v—kz (1-vz) (v-kz)l- :

To proceed further, we note that

1 v d z(l-z)(l-kzz.)

(A-17) = -
(1-vz)‘2 \/z(l—z)(l-kzz) (v —1)(v-k2) dz (1-vz)

1 (v -k 1
+[1- — ]

2 padw-1)  (1-vaNz(l- 2)(1- ¥2)

1 v 1-k'=z

2w - Wall-2)(1-2)  2(v -1)(w - &) ¥ 2(1-2)

- 16 -



and

(A-18) -
(-2 z(l - 2)(1-1¥z) -1 92

(kz-l) z(l- z)

Using (A-17) and (A-18) in (A-16) and simplifying the result (including

the transformation z= sinzgo ), we obtain

T

3 { 2v(t) -1 f? de 1
(A-19)  (t) = -1
er(1+ 6P’ % L2850 1-v(n] Yo Vi-(p) sine l:l-v(t) sir ¢ ]

™
1 1 -
+ ————/7[/____ --\/l-kz(t)sinzq{‘dGD
Zv(t)kz(t) 0 l-kz(t) sin2<p

+ [ V1- k(t)51n @ }

2(1-v(£))(1- ()

Combining (A-7) and (A-19) yields (25).
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