Copyright © 1962, by the author(s).
All rights reserved.

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation

on the first page. To copy otherwise, to republish, to post on servers or to redistribute to
lists, requires prior specific permission.



&

Electronics Research Laboratory
University of California
Berkeley, California

. TOPICS. IN THE USE OF LINEAR PROGRAMMING

IN THE MINIMIZATION OF BOOLEAN FUNCTIONS

by

M. A. Breuer

Supported in part by the Air Force Office of Scientific Research
under Contract AFOSR-62-156.

- December 1, 1962



0

ACKNOWLEDGMENT

The author wishes to thank Professors Harry D. Huskey

and E. Eisenberg for their helpful suggestions and constructive
criticism offered during the preparation of this material.

-ii-



ABSTRACT

This report deals with topics related to the use of linear

programming in the minimization of Boolean functions [1].

(1) An algorithm is presented for determining the optimal factors
in both "AND-AND-OR'" and restricted '"AND-OR-AND-OR"
gating.

(2) A procedure has been formulated for taking into consideration

"don't care'" conditions in the minimization.process.

(3) A method is given for simplifying functions in maxterm form,

without converting these functions to minterm form.

(4) An algorithm is presented for determining all the factors a
set of functions may have in common. These common factors are
then introduced into the linear program in order to obtain the

optimal minimal cost form.

(5) The dual of the original linear program is derived, and some

pertinent theorems and physical properties are discussed.

(6) The quadratic program, derived from letting the fan-in factor

be a variable, is discussed.
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DEFINITIONS AND SYMBOLS
1.) Linear Program:

n
a) objective function: z Cij' = Z (min.)
j=1

n

b) constraint inequalities: z a’ij Pj' > bi i=12...,m

j=1

c) non-negative variables: Pj' >0 j=12,...,n

The C.'s are positive cost coefficients.

2.) ng: Boolean variable
3.) X and X: Literals contained in ny .
4.) 21: General literal
5. P.: Boolean product rime implicant) P, = 2.

) f P (p p ) Py 717 ;
6.) B.: Generalized Boolean product, defined where used.

. 1! 3 - ) = B
7.) F: k'th Boolean function F = Z B; or F _7;]' B,
J

8.) Gk: Minimal form of Fk
9.) Bj'_ e (0, 1): Bivalued variable, where

k

B.'=0 =—B. is not a term in G
J 3 k

Bj‘= 1 '—")Bj is aterm in G

10.) : Contained in.

11.) M : Intersection.
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I. INTRODUCTION

In Part I of this report [l1], a method was presented
for minimizing Boolean functions, by employing linear program-
ming. The classical model of a Boolean function in vector space
was presented. Each product term was shown to be equivalent

to a set of vertices in the vector space. From this model, the

linear progfam was formulated for minimizing the Boolean

functions in prime implicant form with arbitrary constant cost
coefficients. Variable nonlinear cost functions, derived from

the fan-out problem, were then considered, as well as lead

length, loading and fan-in restrictions.

To supplement this work, the following topics, dealing

with the use of linear programming in the simplification of

Boolean functions, have been investigated.

1. Factorization: The restriction to "AND-OR'" logic has been
removed. "AND-AND-OR! and restricted "AND-OR-AND-OR"
gating is now possible. An algorithm is given for determining

the optimal choice of factors for minimal cost.

2. Redundancies: A procedure has been formulated for taking
into consideration .''"don't care' conditions in the minimization

process.

3. Maxterms: Two analogous methods have been developed for
simplifying Boolean functions in maxterm form using linear
programming. The second procedure is unique in that it is based

entirely on the maxterm representation.

4. Common Factors: When many functions are minimized
together, and common factors are used, the minimal cost form
need not contain only prime implicants. An algorithm is given
for determining all product terms to be considered in the

minimal form.



5. Duality: The dual of the linear program used in the minimi-
zation process has been analyzed, and additional insight to the
simplification process has been obtained. Theorems, pertaining
to the simplifications of primal and dual linear programs prior

to solution, have been derived.

6. Fan-in considerations: The problem of letting the fan-in
factor be a variable has been attacked. The objective is to have
the program determine the optimal value for the maximum

.number of inputs to an "OR'" gate.

It is_hoped that this work will be a step forward in auto-

matic logical design and simplification.

II. FACTORIZATION

In Part I of this report [1], only two level "AND-OR"
gating was considered. A procedure is now presented for
determining the optimal factorization of product and sum terms
from the prime implicants. Both '"AND-AND-OR'" and
restricted "AND-OR-AND-OR'" gating will be discussed. Two
important'motivations for.factoring are a realization of greater
savings in .the cost of implementation, and a solution to the fan-

out problem. The fan-out factor Fou is defined to be the

maximum number of inputs to an "ANtD" gate.
A few basic definitions will now be given, after which the
linear program formulation of the.Boolean simplification process
will be given. :

| A factor is.defined as f = £ -2 where fo, D) Pj for
one or more j. Recall that the P.’s are prime implicants, and
the 2’8 are literals. A general product term, which need not
be a prime implicant, will be represented by ‘Br(Br ='ﬂ'£i). The

two types of factorization will be discussed separately.
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A. "AND-AND-OR" logic:

In implementing P.,, a sub-set of its factors are first
formed in separate "AND' gates, and the results are "ANDED"
together along with any other terms of Pj which were not
explicitly considered as factors. The problem is to determine
the correct sub-set of factors for each Pj so that the total cost

of implementing the logic is minimal.

Lemma 1:

If fa '_')fp’; Pj’ and if all costs are positive, then fo.

and f_, are not both in the minimal cost implementation for Pj.

g

Proof: Since fu. Dfﬂ R (£, =1) 3“0. =1)

B

Since -f5 D Py, (fg = 0=>(P; = 0)

B
If f is used in Pj’ fa is redundant with a positive cost, and
hence can not be in the minimal cost implementation.

If the factor fa. exists in m different prime implicants,
where m >‘Fo'" and where Fo' is the maximum number of
times a factor may be used without the necessity of an amplifier,
then three different implementations are possible. First, an
amplifier may be used. Secondly, the factor may be formed
more than once. Finally, f(1 may be used as a factor in m'= Fo'
of the prime implicants, and no factor used in the remaining
m - m' prime implicants. This will usually be the case when
m - m' =1, since it does not pay to use a factor only once, unless
it is used for fan-out purposes.

The general algorithm for the linear programming
formulation is as follows.

1. From the prime implicant representation of the function to
be simplified, determine a set of product terms to be considered
as possible factors in the minimal form of the function. This

set need not be the entire set of product terms available as factors.



2. For each prime implicant P, in F, determine a set of
product terms {Pj}, each of whose elements Br are logically
equivalent to P., but which contain a different combination of
factors. All combinations of factors need not be considered. To

each element B_ in {Pj} , assign a new variable Br' € (0, 1),

3. Determine the constraint inequalities in terms of the original

prime implicants Pj .

4. For each P.' in step 3, substitute the set of product terms

{Pj'} determined in step 2.

Due to Lemma 1, each inequality in step 3 containing only
one entry may be represented as an equality in step 4, Note that
the inequality in step 3 could have been changed to an equality,

since

P'>1=>P!'=1 forC,>0.
i= j j

5. Construct the objective function by determining the cost for
each ‘Br' The cost of implementing each factor must also be

included. The cost associated with factor f‘1 is Cf if fo, is
a

used, and is zero otherwise. To formulate this statement into

the linear program (L.P.), let

- 1 -
Nf-zBr a=1,2,.

a
r

where r is summed over all Gr containing fu.'

Now, if N, >0 1let 6§ =1
fa. a

if Nf <0 let § =0
a a

Consider the inequality

Ny 25, M, (1)
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where Mo, = Nf (Max. )
a
For 6= 0, (l) gives Nf <0

a

and for 6 =1, (1) gives Ny < Mo,

a

Therefore, 6 Cf is the cost associated with implementing the

factor fo,' In the actual L. P., Nf is replaced by B'r.

a
. r
Integer linear programming must be used to insure
60. e (0,1) If Nf (Max. ) > Fo, the cost of an amplifier or
additional gate for" forming the factor more than once must be

accounted for,

Example 1. E E P
A& |a | &5 —1

KD //D
PZ _/'E
Tl C Cc |lc Ic

F= ABCD + ABCE + ABDE
Nt

o]

P
1 P2 3
1. The only factors to be considered are

f1 = ABC and f2 = AB

2, A factored term in.a prime implicant will be indicated by
brackets (factor), "

{P)} = {ABCD, (ABC)D, (AB)CD}

B, By B

{PZ}'= ABCE, (ABC)E, (AB)CE}

B2 B'6 ,B7
= {ABD: D
{P3} = {ABDE,  (AB)DE}
B, Bg



3. The original constraint inequalities are

P >1
P' + P, > 1
Py, + Py >1

Py >1

4. Interms of the new variables, introduced because of factoring,

the constraints become

Bl' .+B:1.+ Bg >1
1 1 . 1 ) 1
131+B2 +Ba+35,+36,+137 >1
] ] ] '
B, t+ B; +Bb‘+‘B7+BBZI
Bj +Bg > 1

5. Assuming unit diode costs_for each term in.an "AND'" or an

MOR" gate, the objective function is

.5B] +5B! +5B) +3B' +4B]

v ' 1
i 2 3 2 5,+3B .+4:B7 +4B

b 8 ’+3,6f1 +26

£ = Z(Min.)
2 .

- The additional constraint inequalities required for &, and &, are

1 2
N. = B! + Bl< 2§ N, =B. + B! + B) < 35
-4 = 4% £, -5 7 8 =°%,

[ - | . —
ABs-BB-sza-l
=R'=B'=B'=B!'= B! = =
Bl'-Bz.- B3~B4.fB -B7-§£1 0
min. Z =10
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.C. >C

It is important to note that the constraint inequalities with

the factored variables .B;. were written from the original prime

implicant linear program having variables Pj . A second
approach would be to minimize the Boolean function in terms of
the original prime implicants Pj’ and then factor the resulting
equation. . These two methods are not equivalent, and-only the
former guarantees the minimum cost function. The reason for
this is that if a choice must be made between- Pj .and Pi' where
3 i’ but where the cost of implementing the function in
factored form is.less when APj is present than if Pi were

present, then the latter method does not give the optimal solution.

B. "AND-OR-AND-OR'" Logic:

First it is necessary to extend the definition of a general

product term Br' where now one of the elements, rather than
being a literal, may be a sum of products. The general form of

B_ is then 'Br"'(iaﬁaz.""a;) [‘bl”bz""bj*"'*‘el‘ez"°‘ek]'

factor

‘Br is then a restricted form of '"AND-OR-AND" logi'c, and F
is the "OR'" of B_ terms, i.e., F= Br' The procedure
r

for formulating the linear program is.as follows:

1. From the prime implicants 'Pj _determine the set of factors

to be considered.

2. Determine a new set of product terms _B‘r to be considered
for the minimal form of F. These terms.are .formed by factoring
various combinations of the prime implicants, using.the set of
factors derived in stepl. To each product term B in F, assign
a variable B’r-' € (0, 1). Construct a list of logical implications,
indicating which of the new set of product terms ‘B, is true as a
consequence (direct implication) of one of the original product

terms Pj being true. The elements of this lists from the set

{r}.



3.. Determine the constraint inequalities in terms of the original
P:.

J
4. For each Pj in step 3, substitute the set of new variables

B ;_ derived from the ,logicai implications obtained in step 2. A

variable B; may appear at most just once in any one inequality.

5. Construct the objective.function. In the past, we have asso-
ciated with the total cost of each product term Br' the additional
cost of one diode required to ."OR'" this term to the remaining
,termé in ¥. However, with "AND-OR-AND-OR" gating, it
may turn out that there is only one term in F. For this case,

we must subtract from the objective function the cost of one

diode. Liet this cogt be cd Sd - ‘fd where

] -7 R
Z Brf 1+ GdM, M= (Z'TBr)Max. and 6.d ¢ (0,1). 'F_or
r r

.. ] — . ' = - . . ]

z Br 2 2, ﬁd =1; for Z Br 1, .6d 0; and Z,Br cannot equal
r r T

Zero,

Examgle 2.

The function given in Example 1 will again be considered.

F = ABCD + ABCE + ABDE

P P Py

l. The only factors to be considered are £1 = ABC, fz = AB

2. The new product terms.to be considered are

ABCD, ABCE, ABDE, (ABC) [D+E]
B B Bs By



tAB) [CD+ CE + Dﬂ, éAB) [CD + CE;

Bg Be

(AB) [CE +DE], (AB) [DE + CD],

B‘; .ﬁs
Now (Bl =1
B,=1
P=1={Bg=1
By=1
| Bg=!
Hence {P|}={B,, B, B;, B, Bg}

Also, in similar fashion we obtain:
{p,}=1{B,, B, By, B, B}

3. The original constraint inequalities are

Pl' >1
Pl' +Pé >1
Pé'+P'3 >1

P >1



4. The new constraints are determined from the logical

implications.
] ' R t !
B, + B4 + B5 + B6 + BS >1
1 ' ' ! ¥
B1+B2 +B4+B_{.’v+ 6+B7-l-B'8 >1
' v
Bé+B3+B:1' B’5+B6 + "Z+Bé > 1
! ' 1 ?
3 + B5 + By + B8 >1

5. The objective function.is, assuming equal diode costs,

' ' ' Y ' ' =
5B1 + SBZ + 5B3 + ’ZB4 + 1435 + lle, + llB'7 + 11B8 + &

= Z (min. ) +1

where B!+ B! + B! + B! +B'+B%+B' + B}, + 86

1T Byt B3+ Byt By 77 Bgt8,;<1

= ! .= e s e = !

=B B7= %

The case of using (AB) as .a factor in “BS’ B6’ B7, and 'BB
‘has not been considered. However, this case could have been

handled by employing the procedure of part A of this section.

Summarz

A simple though somewhat cumbersome procedure for
"AND-AND-OR'" and restricted-'"AND-OR-AND-OR'" factoriza-
tion has been presented. The technique can be extended for
other types of gating sequences. The advantages of factoring
are a realization of greater savings in the cost of implementation,

and a solution to the fan-out problem.

-10-
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There are.two main drawbacks to these procedures.

First, the designer must determine all combinations of factors

.to be considered, and then formulate the problem. If a great

number of factors are possible, this becomes a large, time
consuming job. This problem can be easily solved by having
the computer formulate the linear program directly from a

given set of Boolean functions, preferably not even.in prime

implicant form.

The second problem stems from the fact that with a

large number of factors, the number of variables B! in the

linear program increases quite rapidly. The result is that only
a few Boolean functions can be considered at any one time.
However, this is the opposite effect desired. The difficulty

can be rectified by employing linear programming routines which

can accommodate alarge number (1000) of variables.

III. REDUNDANCIES

The case where specific combinations of the variables
are redundant, and hence represent 'don't care' conditions, is
now considered. Redundancies in this context refer to the fact
that certain combinations of states of the system being described
by the Boolean.functions can not occur. Each combination of
states of the system corresponds to a vertex in our n-dimensional
space. In order to take into account these ''don't care' con-
ditions when simplifying the Boolean function F,, a new set of
prime implicants {P} = {1?"1, ce- ﬁj ye ooy ﬁm} must be

determined. The ﬁj’ 8 are determined in the standard manner,

where now the ''don't care' vertices are included along with
the vertices of F- The constraint inequalities.for the linear
program are as follows:

-11-



m
z a N‘% > 1 forallvin Fk' An inequality exists
j=1 7

only for the vertices in F,. Ifa lgj contains only ''don't care"

k
vertices, then lgj will not appear in the L. P.

Example 3.

Consider function F, of Examplel (page 10) of [1],
where we now include the '"don't care'" term ABD. This implies
that the states represented by the combinations (7-\-, B, C, D)

and (A, B C, D) can not occur. The furiction is shown in

Figure 1.
A
1 11
B
1 x | x
D
1 1
C

Figure 1. Fl and ''don't care' conditions

The new prime implicants are

1__3_1 ?’2 N P, P,
ABD CD ABD ABC

The cells are

-12-



c 2 3 4

1 1
0, L1 | (Ll --)| (L-1L0)| (-L1,1)

'
i
—J

The vertices are

T % s
0011 1100 1010 0111
o i ue | (@O | @l

* .
--An asterisk indicates "don't care" vertices. B may be

3
neglected, since it contains only ''don't care'" vertices. The

logical constraint inequalities are

igi > 1 for vertex (0Oll)
P By>1 o (om
B! + By>1 oo amy
P! >1 v oo (1100)
B! >1 n o (1101)
The solution is G, = gl + "15'2 = ABD + CD irrespective of

the objective function.

IV. MAXTERM REPRESENTATION

In the previous analysis, it was assumed that the Boolean
function being minimized was expressed as a sum of product

terms. Thatis, F = Pj . A function expressible in this form

is said to be in minterm form, where each product term P, is

-13-



called a minterm.

= i sith 13
Pj 7i7-2i where ﬂi is the 1 literal.

The same function can also be expressed as a product of sum

terms.
F= Z Pk where Tsk= me
k m

and where the k's take on a different set of values from the j's.
The function expressed as such is said to be in maxterm form,
and a technique for determining the minimal maxterm represen-
tation is given in Phister [2].

In order to realize a savings in cost, it is sometimes
desirable to implement a function in maxterm form rather than

minterm form. For example, consider the function
F=AB+ BC + AB = AB + AC+ AB (9 diodes).
Now F=ABC + AB, hence
F=(A+B+ C)(A+ B) (7 diodes)

One method for formulating the minimization process.as
a linear program,. for a function F in maxterm form, consists

of the following two steps.

1) Express F in minterm form. F = z Pj
J

2) Minimize F using linear programming techniques, where
the .Cj's in the objective. function are the costs associated with

implementing ,'f"j rather than Pj. The minimal form of F is

G= TT'Pj where j is summed over a sub-class of the original
J

set of j’ s, and where in the solution of the linear program,

-14-
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Pj::?j is in G, and PJ:: o:?j is not in G.

(Note if Pj= AB, then ?j (A + B).

It is also possible to formulate the linear program

directly from the maxterm representation of the function to be

minimized. Mk
Let F= 77- Pk where Pk = z !k
k=1 m=1 ™m

Associate with each 'P'k a set of vertices {Vk} consis-

ting of the intersection of all the vertices not contained in lk
m’

m=1 ..., M‘k {’Vk}={ikl e _vkzn...nvkmn...

N%.  } where ;k is the set of vertices not contained in £
m m

%*
Note that {Vk} is the set of vertices contained in P, - Hence,

if any vertex in {Vk} is true, 'Z_P'k is false.

Let a
v,

=1 if {V.} contains vertex v.
k k

Let a =0 if {Vk} does not contain vertex v.

The deletion of a product term from the function F is equivalent
to replacing that term by one. Hence the new function will always
be true whenever the original function is true. The criterion
which must be satisfied for the simplified function G, is that G
must be false whenever the original function F is.false.

Expressing this condition as a set of constraint inequalities, then
K

Z a P! >1 forall v notin F. The objective
Vi k -

function is

K .
z ck'15' = Z(Min.)

k=1

% —
“In general, if {vk} is empty, then P, = 0, and P =1

e.g: P = A+ A. If {Vk} contains all of the vertices in the space,

then P, = 1, and ?k= 0. -15-



The formulation for the maxterm problem is essentially
the same mathematically as that for the minterm problem. The
main difference is the statement of the criterion used in defining

the properties of the minimal form G.

Example 4.

Consider the function containing the true vertices A—B-EZ

ABC, and ABC, as shown in Figure 2.

(011
(001)1‘c | ) (111)
|
i (101)
|
| B
oo ——— o)
- l
e
A
(000) (100)

Figure 2. Function F

P

F= (A + B) (g‘“ + C) (A +C) (A + B)
P P P
2 3 4

v

A

u

(100), (101), (1i1),  (110)

v

__ = (010), (o11), (1), (110)
B
Therefore {V,} = {vx m?-ﬁ-} = { (), (10)}

Note (111) and (110) are the vertices contained in Pl = AB.

-16-



Also,

{v,}={(om), (un)}
{v,} = {(o0on), (o)}
{V,} = {(000), (001)}

Since G must be false whenever ‘F is.false, then

"ﬁi >1 for vertex (110)
?i + ?é > 1 for vertex (111)
?é + —Fl'i > 1 for vertex (0l1)

P}, + P, >1 forvertex(001)

?:1 >1 for vertex (000)

V. COMMON FACTORS

In this section, only two level "AND-OR" logic will be
considered. A common factor is defined as a product term

‘Br = ’7 Zi which is used as an "OR!' term in two or more
i

functions.

Classical simplification procedures usually begin with
the function in prime implicant form. Since the cost associated
with each product term is positive, the results of these procedures
do give the optimal solution ir terms of minimal cost, when only
one function is being considered. However, if more than one
function ig being simplified, and common factors are allowed,
then the restriction to prime implicants will not always permit
a true overall optimal solution. For example, consider the

carry function

F| = ABC + ABC + ABC + ABC (16 diodes)

-17-



In prime implicant form, we have

GI= AB + BC + AC (9 diodes)

Now

AC = ABC + ABC

Assume that ABC is an essential prime implicant in function GZ'
Hence, ABC can be used in C‘r1 at the cost of one diode required
in the "OR'" gate. Then

Gf:AB+Bc+ABc+A§c
* (7 .diodes)
G1=AB+BC+A"1§C

A reduction in cost is therefore possible if the restriction

that Gk consists only of a subset of the prime implicants of Fk

is removed. Note also that each product term P. need not be
a prime implicant of some function. As an example, consider the

functions F. and F

2 3 shown below, in Figure 3.

ABC
B ,,@ ' B U
AB"G_/ | lc : C
F, F,
Figure 3. Functions FZ and F3
F,= AB + BC (6 diodes) F,= AB + AC (6 diodes)

Total cost is 12 dicdes.

Using ABC, which is not a prime implicant, as a common
factor

B ABC (3 diodes)

1:

= AB + B, (4 diodes) Fj=AC+ B,

(4 diodes)

2

-18-
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.The total cost is ‘11 diodes. '
Finally, it is possible that 'Gk may contain a redundant
prime implicant. For example, consider.the function .F5

shown in Figure 4.

ABT A AB

NsoRloo
o
|

.Figure 4. . F

,F5= ABC + ABC + ABC + ABC

If ABC and ABC have been formed for use in some

other functions, then the minimal cost form of F_ may be

5
,GszABC + AB + ABC

‘where AB is.a redundant prime implicant.

A procedure for determining the true minimal form for
implementing many Boolean functions, where common factors
are allowed, is now given. The main part of this method deals
with determining the set of allowable common factors. Linear
programming will be used as a tool for finding the solution.

The algorithm for formulating the.linear program, where all
possible representations of the Boolean functions are considered,

consists .of six parts.

1. Determine all of the prime implicants .Pj(j,= 1, 2,...,m)
contained in the functions ,Fk(k =1, 2, ...K) to be minimized.
Note, for example, that AB in F, and AB in _Fj _are different

prime implicants.

-19-
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2. Determine the elements of the sets {P.} which consist of

all product terms in which Pj is contained including P, itself.
These product terms consist of Pj "ANDED" with all combina-
tions of the variables not in P,, taken one at a time, two at a
time, etc. Subscript each element of {Pj} with j. For example,

for three variables, if P1 = A, then

(P} = (A} = (&, AB,

AE , ACl, Affl, ABCl, A'FCI, AB-C'I, A'B'C'l)
3. Determine a new set of product terms {P} which consists
partly of the union of all the non-zero elements generated by the
intersection of the {P.}'s, (j=1, 2, ...m), where combinations
of the {Pj}’ s are taken, first two at a time, then three at a
time, . . . etc. Each element in {P} is subscripted with the
sequence of j’s determined from the {Pj}’ s used in the inter-
section.from which it was derived. Only take one permutation
for each set of indices. Also, each element in {P} may contain
at most just one subscript associated with each function.

This restriction is .included since common factors reduce
costs, and have meaning, only when used in two or more different
functions. The set of product terms.derived by this intersection
process .is all the possible common factors of the functions.
Append to the beginning of this set of common factors, the original
set of prime implicants. .This union of sets is {P}.

4. Assign to each element in {P} .a name Br“' Breves P,

(r=1, 2, . . . R), where the superscripts are the subscripts of
the corresponding product terms. Assign to each .Bra’ BrvveaP

a bivalved variable ,B; ¢ (0,1), where

,B; = 1= Bru’ Br-vvap is in the minimal form of the
functions
B; = 0= Bru” Br-venp is not in the minimal form



Let a =1 if Bra’ Brvo--up contains vertex v
v, a,p

a, = 0 if B_ *Pr--+2 P does not contain vertex v

r
-For Brn’ Br---ap to contain vertex v, one of the superscripts
must be the same as one of the subscripts of the original prime
implicants Pj which contained the vertex. This is true since
it is necessary to differentiate between vertices which have the

same coordinate values but which are in different.functions.

5. Construct the constraint inequalities

R

a.vr .B; > }1 for all v in ‘Fk’ and for all k.

r=1
6. Construct the objective function. Special care must be
given to the cost associated with common factors, since they
are used in more than one "OR" gate. The number of "OR"
gates .is .equal to the number of times a product.is used as a

common factor, and is equal to the number of superscripts in
B % Br--esp

r
Example 5.
'Consider.the two. functions shown below.
AC (nnpac)
C - au) c (o11)
) | AB |
i (101)
: B (110) ° 110
L A KB—/ _ A( )
Fl F2
BC
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. Step 2) {Pl} = (AB;, ABC,, ABC))

1

»{PZ}: (AC,, ABC,, ABCZ)

{P3} = (B'c,'3, AB¢3, IB’63)
{P4}= (1134, IBC4, ‘AB'C4)

i

Step 3) {Pl} e {P3} AB'E'fl_3

{Pl} ) {P4} =0
{PZ} N {P3} =0
=0

{P} n {Py

Steps 3) and 4)

{P} = (ABI’ ACZ, Bﬁ?’, 'KB4, AB?.Tl 3.)
— —_—— e e N ' .
Bl B 2 B 3 B 4 B 1, 3
1 2 3 4 5
Vertex
Step 5) B! tBL > 1 (110) 1
1 1}
ZB1 + B2 > 1 (1) F1
B’2 > 1 (101) )
1 + . '
B +BL > 1 (110)
' '
B} + B4 > 1 (010) LFZ
'
B) > 1 (o1)

Step 6) Let the cost of each term in.an "AND" and "OR' gate

be one. Then the objective function is
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' 1 1 I .
3Bi + 3B2 + 3B3 + 3B4 + 5B5 Z (MIN. )

Note the cost associated with le’ 3 . AB—'1 3 is three
?

for the "AND'" gate, plus two for the '"OR' gates.

The solution is

' = B! = B! = e B! = ; =
B2 = B4—.B5 1, ]31 B3 0, min Z 11
F, = AC + ABC, F,= AB + ABC; where ABG is a common
_’ factor.
Summary:

When simplifying more than one function at a time, a
reduction in the cost of implementation is realized if common
factors are used. Also, minimal forms need not consist entirely
of prime implicants.. An algorithm is presented for determining
all possible combinations of common factors which exist among
.a set of Boolean functions. The L.P. for finding the optimal

solution is then given.

VI. DUALITY

In this section, the dual of a linear program is introduced,
and six pertinent theorems are presented. Conditions are given
for simplifying the minimization L.P. prior to solution. From
this material, additional insight is obtained in understanding the
linear programming minimization formulation.

‘To each linear program (L.P.), called the primal, there
is associated a unique dual L.P. Since the dual of the dual is the
primal, either L.P. may be considered the primal. Let the

primal be

P!>0 jal 2...,n
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1 . l t
‘VI : an + alsz + ...t alnPr'1->- b1 (vertex 1)

1. ! ] !
VZ' a‘,‘lP1 + a22P2+ cee a2n1=>_n > b2 (vertex 2)

' [}
a.mlP1 + a ZPZ +amnPI‘1> b (vertex m)
CIP' + C2P2+ -t e, Pl = Z (min.)

The .dual L.P. is

,Vi' >0 i=1,2, ..., m
1 ]
ap V + z-J,ZIV2 . .+ amlvms C1
|+ 1 . . ]
alzv A tan'm = C;

] ] ]
alnvl * a.ZnVZ oot aman_<_ Cn

' ' - .
bV1+bZVz « . +mem W (max. )

From the general theory related to the primal-dual linear
programs, the following two important theorems [3] may be

derived:
primal
- Theorem 1: If an optimal solution exists. for the | dual s
dual
then one exists.for the {primal}, and min. Z = max. W.

Theorem 2: If a slack variable which has been added to
primal}
the ith constraint of the {dual is.different from zero in any
{ primal } dual
optimal solution of the |dual , then in the {pnmal} the

ith variable is zero in every optimal solution.

~24-

e



By.analyzing the d‘ual L.P., a few interesting characteris-
tics of the minimization process are brought to light. Note that
by Theorem 1, it is possible to solve the dual L.P. and to
determine min. Z. It is also possible to determine the P‘%’ s
if all of the V!’s are known [4].

The following theorem will prove to be useful in simplifying

linear programs.

Theorem 3: If the k!B inequality in the primal is redun-
dant, then V]!'< = 0 in at least one of the optimal solutions of the
dual.

Definition: An inequality is redundant with respect to a
set of inequalities if it is implied by the remaining inequalities
in the set. There are two categories into which redundant

inequalities usually fall.

1. Weaker condition: If the ith inequality is implied by the jth,
then the ith inequality is redundant. Example:

Consider the set of inequalities

{Pl'_>_0, P} >0, Pl'+P"257, P1'58}. Since P1'5 8 is

implied by the remaining three inequalities, it is redundant.

2. Positive linear combination: If the ith inequality can be
expressed as a positive linear combination of a set of inequalities,

then it is redundant. Let the kfP inequality be (VI'(). Then if
m

- ] . s
(V{)- Z aj(Vj), u.j>0 for all j,
j=1- '

j#i

(V!) is redundant to the m inequalities (V!).
! Pl >0, P, >0 J

1
. ] 1
Example: (Vl) 3?1 + P2 <5
(vy) P, < 3
1 ! ]
(v3) P +2P, <8
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Since (Vé) = (Vi) + (Vé), (V:'.’) is redundant. Note that

neither (Vl') nor V! are redundant since

2
| I—
P1 = 6
Pé = 1 P' =0
1
satisfies (V}) and (Vé), but not (V;), and
P'2 = 4

satisfies (Vl) and (V ), but not (Vé).

The reason for a; > 0 is that if an inequality is multi-
plied by minus one, the direction of the inequality is reversed
as well as the sign of all terms.

Proof: Since the k':h

inequality is redundant, it may be
deleted from the L.P. without effecting the value of min. Z,

and hence V1'< will not exist, i.e. Vl'c = 0. Therefore, when no
inequalities are deleted from the primal, since max. W = min.

Z, there is at least one optimal solution to the dual with .Vl'C = 0.

Theorem 4:

Let a.. > 0 all i, j
ij =
¢y > 0 all j
bj > 0 for at least one i.

Case 1. If bk <0, Vl'< = 0 in all optimal solutions of the dual.

Case 2. If bk= 0, and aij>0 for all k, j, then 'Vl'<= 0 in

all optimal solutions of the dual.

Case 3. Rule.

If bk-.O and a, >0 for all i, j, then Vl’{' 0 is
a permissible value in all of)hmal solutions of the dual, though not
always a necessary condition. The rule is.that we will always put

V1'< = 0 for this condition.
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: Proof:

Case 1. Assume that there is an optimal solution to the dual

. . .
with Vk> 0. Since bk

constraint inequalities are viclated, and W(Max.) is increased.

< 0, by decreasing V’l'< to 0 no

Hence, the original solution could not have been optimal.

Case 2. If bk

function W(Max.). Assume that there is an optimal solution to

= 0, then Vl'< does not appear in the objective

the dual with Vl'< > 0. At least one of the constraints must be
an equality. Let this be the p“h constraint. (If more than one
constraint is at an equality, pick the one which increases the
most for an equal and constant increase and decrease in Vi' and
V1'< respectively.) Since bi >0, and akp > 0, decrease V1'<
and increase Vi' keeping the pth constraint an equality. By
this process W is increased. Hence the original solution was
not optimal.

Continue this process until either

a) Vl'< = 0 and hence the process is finished.

'b) The t constraint becomes an equality.

Repeat procedure on the tt! constraint. (Note that for
the same increments in Vl'< and Vi' , the left hand side of the
tth constraint changes a greater amount than the left hand side
of the pth constraint. ence, the pth constraint will again

1=
k--0.

- . - ' .
Case 3. Since Aijz 0, if akp_ 0, Vk may be increased

until a second constraint becomes an equality. As Vl'( is

become an inequality.) The process ends when V

increased, W remains at its optimal maximum value. If there

is an optimal solution with Vl'c (max.) > 0, then there are an

infinite number of solutions, correspondingto 0< V! < V! .
- — k(max)

The solution(s) for V1'<= 0 will be chosen.

Example 62, b:




(a) (b)

Primal | Primal
PJ!_>_ 0, j=1, 2, 3 PJ:_>_o,j=1,z,3
Vl' . Pl' + P‘2 > '1‘ Vl' : P1'+P’2 >1
V,: PL+Py > 1 2% P, >1
Vit Pl + PL+P) >0 Vi P| +P}>0
P+ P, + P= Z(Miﬁ.) PI+P,+P)=2 (Min. )
Optimal Solution: | Optimal Solution:

P,=1 P!=Py=0, min. Z=1 P}=1, P/ +P}=0, min. Z=1

2 3 2 1
- Dual - Dual
Vi'—>~.°’ i=1 2, 3 ,V{Z 0, i=1, 2, 3
) v - 1
Vi o tVzslo Vi tVzs !
' . ', T ! 1 ] "~ )
V1+VZ tV3< L vt V2 <1
- Vi< 1
1 ] —
V2 tVy< 1 | 3
1 AtAl - : ! Lo 15Co
Vl + ‘VZ = _‘W(Max..) Vl + VZ W (Max. )
Optimal Solutions: : Optimal Solutions:
vé =0 S All non-negative V, V'z ’
All non-negative V/, .V'Z | satisfying Vi+ V:?. =1,
. 3 A . ' -— | -.‘ ' .
satisfying Vl' + V2 = 1. and 0< V3§ 1 V1
max. W=1 max. W=1

. For Example 6a, since (V'3) has a non zero slack

variable, from Theorem 2 we have ;Vé = 0 in the optimal

-28-
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solution of_.the dual. . This.is not the case.for Example 6b, where
,Vé may take on an infinite number of values between zero and
(1—Vi), for V! not equal to one. For the solution V!= V! =1/2,

Vé: o0, Theolrem 2 gives Pl' = P:',’ = 0 .for both ]t.:asesz'.
Note finally that max. W= min. Z as stated by Theorem 1.
Since (Vé) for (a) and (b) are redundant inequalities, by
Theorem 4 (case .-3), Va = 0.

If the primal L. P. is.associated wi!:h the L.P. derived

from the Boolean logic minimization problem, then

aij=‘0 or 1,‘ (aijz‘(l)

bi.:l

and C; > 0 (are normalized cost coefficients in dollars) for all
i, j ;

For each prime implicant P, there is an associated
variable P!, and for each vertex.in the Boolean function, there
is a constraint inequality. Ii: is possible to associate with each
vertex a variable V' which has.the units of dallars per unit.
(Note that -V' corresponds to the standard simplex multipliers. )
Let (V') be the name of the ith vertex of the function be1ng '
Annmmi.zed ‘

Just as there are essential, non-essential irredundant,
and non-essential redundant prime implicants, analogous defi-
nitions can be.defined to vertices.

A vertex is '

a. Essential if it is contained in only one prime impli;:ant.

. b. Non-essential if it is contained in two or more prime
implicants.
1) Irredundant if all of the prime 1mp1ica.nts
containing this vertex are non-essential.
2) Redundant if at least one of the prime implicants
containing this vertex is essential.
Note that the definition of an irredundant prime implicant

is analogous to the definition of a redundant vertex, and vice versa.
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. Theorem .5: All (V') corresponding to redundant vertices
may be drOpped from the primal.

Proof:
] K
Let (V{) be P} +P 2+ . +P18+'“ +P} > 1
where
P Piz’ cor’ P ., (1< g <t) are essential prime impli-

I.l'
g

cants. Therefore Pi.l = Piz" cee B Pi‘ 1 |

>1-g<0 | (2)

Hence Pi L TP +P;
g+l t
But P!> 0 forall j implies (3
Pl +...%P/ >0
g+l S

Note that (2) is an equ(vdenh or weaker condition than .(3).‘ and
hence may be droppod trom the prim;l

Corollary 1: In the optimal solution.to the dual, the V' asso-
ciated with a redundant cell is zero. If (V') u loft in tho
primal, then

V!I:P! +..4+P! >l-g, g> 0

By Theorem 4, V'= 0 for g> 0, and by rule 1 for case 3,
V' 0 for g~ 0. ' ‘ :

It can be concluded that constraint inequalities (V{) need -

be written for only those vertices ,v; which are not redundant.
Example: '
Consider the function
F=AB + BC + AB + AC
— LU N ——

-Pl Pz A P3 P4.

-30-
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Let the per unit cost associated with literal B(cg) be

two, and all other c's be one. The primal L.P. is

Pi>0 j= 123 4

.‘Vll : Pl' - 2>1 vertex (111)

V'2 : P!+ P'z >1

Vé : Pé P"1 >1

YV:I : P'3 + P"1 >1

V.:.’ : Pg >1 vertex (001)
4P! + 4P, + 3P! + 3P! = Z (Min.)

1 2 3 4

The optimal solution is

u
At
1
g
i
LY

' - -
1 3 4
.The dual L.P. is

vVi>o0 < 4
Vi + Vv < 4
vy + vy < 4

J
vy + VL <3
Vit VY <3

' ' 1 ' . - R
Vl + VZ +.V3 + V4 +.V5 W(Max.)

.The optimal solution is

T - r - | I | - | . -—
.V1—4, V3-V5-3, VZ—V4—0, max. W= 10

The function in three space is shown in Figure 5, and the

optimal solutions are indicated.
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c 111)

(001)

Figure 5. Three space representation of minimal

solution to Boolean function F.

From (V)), P! >1 —= P| = L

1 1
Substituting into (Vé),
' !
PzZ 0
which is a redundant inequality. Hence, by Corollaryl, V! =0

2
in the optimal solution to the dual.

Analogously, P:"3 = 1, and hence V4 = 0. Note that this
checks with the solutions obtained. Finally, from Theorem 35,
(V'z) and (Va) could have been deleted from the primal, without
affecting the solution.

The solution to the dual may be interpreted as implying
that an associated shadow price or imputed value of 4, 0, 3, 0, 3
with vertices Vl" V'z. Vé, V}P Vg, respectively. Hence, the

redundant vertices V'2 and Vt'i are gotten for nothing.
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Linear programming is a lumping rather than a smoothing
operation. This can clearly be seen from the solution to the
dual, since the shadow prices are not distributed over all vertices.

Since Pé = Pll = 1 in the optimal solution, the slack
variable in (V:i) is non-zero, and hence from Theorem 2, V;: 0.
This again checks with the results. Also, since V'2 + Vili = 3,
then P’2= 0, again by.Theorem 2.

The.fact that V{ = 0 does not imply that (V{) is redundant.

As an example, consider the function shown in Figure 6.

P

Pl A /_ 2
/

D

1/
)&
S

Figure 6. Karnaugh diagram representation

of Boolean function F.-

F=ABD + ABC + ACD + BCD + ABD
— S — —— —

P P, Py Py Py
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‘The constraint inequalities.for the non-redundant vertices are

]
P1 > 1
! !
'PZ + P3 > 1
! 1]
Py + P} > 1
1]
Py > 1
) 1 ] ] ] - 3
Let v4P1 + 4P2 + 4P3 + 4P4 + 4P5 = Z(Min.)
Since P1'= Pg = 1, the modified primal is
¥ - 1 ]
'Vl : P2 + P3 >1
1]
P:'5 + P4 >1

] ] ! — ' 3
4P2 + 4P3,+ 4:P4 = Z'(min.)
The optimal solution is

P! = 1, 1=°'z = P' = 0, min. Z'= 4

The dual L.P. is

v < 4

] '
V]V, < 4
< 4

1
vy
V] + Vi= W' (Max.)

There are an infinite number of optimal solutions to the dual, each

satisfying the relationships,

Vi

0< V] < 4

v =
+V2 4

Two particular solutions are

V'

- | I,
1=0, V), =4

2

-34-
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| J— | J—
and V1-4,VZ-0

Note that Vi' = 0 (i=1, 2) does not imply that (Vi') (i=1or 2)

is redundant, nor that vertex Vi' is redundant; however, from
‘Theorem 2, P:?. = P 17 0. in all optimal solutions to.the primal.
The question now arises as to what value should be assigned to

Vi and ‘V'Z in order to be consistent with the definition of asso-
ciating V. with the shadow price of vertex Vl' .

Since the cost of all literals was.assumed to be constant,

let
1 = 1 =
Vl V2 2
Note that the prime implicant P3 = ACD
contains vertices .,Vl' and ,V'z, i. e.

ACD = ABCD + ABCD
— —
v vy

If, however, the per unit literal costs are allowed to be

Cp = 2 1

B °A,B,c,D"

then the V'’ s can be determined as.follows:
Let C(y) be the cost of implementing the Boolean product
term y, including one diode for an "OR' gate. Then

C(ACD)= 4= Vl' + Vé

.C(ABCD) = 6
C(ABCD) = 5
6 24
d h ] ! = 4 ), = ——
‘and hence \4i (6 n 5) T
5 20
! = = =
VZ 4 (6 + 5) 11
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Summary:

By introducing the dual L.P., itis possible to associate
a shadow price or imputed value with each vertex contained in 'Fk'
Essentially, these imputed values are a measure of the significance
of each vertex in establishing ‘which pPrime implicants are to be in
the minimal form. A redundant vertex, for example, has an im-
puted value of zero, and has no effect in determining the necessary
constraints of the L.P. Finally, the objective function of the dual
is to be maximized. This objective function is analogous to the
total activity level usually considered in economic problems. By
maximizing the activity level, we are essentially seeking the most
efficient covering of the vertices .in F. .

If the dual is easier to solve than the primal, (the{ g:;;rlnal}
has { 21} variables and {nm} inequalities), then the V; 's may be
solved for, from which the P!’s can be determined. The final
form of the Ai j matrix is also required. From the knowledge of
the slack variables in one system, the second system may be
simplified. Hence, the dual L.P. and the associated theorems
presented are an aid in understanding and simplifying the linear

programming minimization procedure.
VII. . FAN-IN CONSIDERATIONS
The fan-in restrictions on the '"OR'" gate required to form

F) may be taken into account in the simplification computation by

adding the additional constraint inequalities of the form

' A
z Bj < FIN for each Fk’ where j is summed over

all B5 contained in F,, and the constant F is the fan-in

k IN

-36-
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factor which equals the maximum number of inputs .to an ""OR"
gate. B. is a generalized product term, consisting of either
the output of a flip~-flop or "AND'" gate.

The choice of FIN is usually based on a compromise
between circuit restrictions, costs, and certain requirements de-
manded by the logical equations. Rather than leave the choice of
F IN to human judgment, it is possible to have the L. P. determine
the optimal choice for FIN. As pointed out earlier, the L.P.
can determine the optimal choice of common factors, and of
amplifiers needed for the fan-out problem. It is.therefore seen
that the minimization technique takes into consideration not only
the Boolean functions, but also the circuit costs required in
implementing the functions. This appears to be a logical approach
to the problem.

The motivation for making -FIN a variable in the L. P.
will be justified by showing how an additional savings in cost is
realized. Assume that all "OR'" gates consist of the same
standardized package, and hence all have the same upper limit
FIN for the maximum number of inputs. Assume, for the
present, that FIN is a constant, and solve for the optimal
solution to the L.P. Now, FIN must satiafy all of the constraint
inequalities for each function 'Fk’ since the solution is feasible.
However, the cost of implementing an "OR" gate is a monotoni-
cally increasing function of FIN' Hence, FIN can be decreased
until at least one of the constraints becomes an equality. Assume
that the constraint for function Fy is an equality, while all the

other constraints are inequalities, i.e.,

Z Bl = Fpg for F (4)
j .

. .
Z Bj < FIN for Fi’ all i=# k.
J
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Now, if FIN is a variable, it may be possible to find
~another representation of F,  which, though possibly more
expensive to implement, reguires fewer "OR" terms in (4),
and hence FIN may be reduced., If the total cost saved in
reducing FIN (in all "OR'" gates) is greater than the increase
in cost encountered in implementing F,, then a better solution

- has been found. This justifies the purpose of making F a

IN
variable. Note that the same argument and justification holds

if more than one constraint is.at an equality.

In order to introduce F into the L.P. as a Variable,

IN

the relationships between gating costs and FIN must be

expressed as a set of linear constraints. In general, let the

linearized per unit amplifier cost c, be

€a = f1 (FIN)
Also, let the cost associated with each '""OR' gate be COR’ and
with each "AND'" gate be CAND’ where

Cor= %, (Fry

Canp = f3 (Fry!

Note that ., COR’ and C AND 2Te functions of many factors,

where only F is allowed to vary.

IN
A method is now presented for expressing the linearized
cost C vs. fan-in relation as a set of linear constraints [5].

Expressing any value of C and F as a weighted average of

IN
two successive breakpoints, it follows that (see Figure 7)

Fin® Mot A2t F a3

C

]

)\obo+ )"lbl + .00+ )‘kbk

1

)\,O+k b U §

1 k

{v



4)

n v

IN

-Figure 7. Linearized C= f(Fp.)

- In order to ensure the selection.of two successive

breakpoints it is required that,

?’
IA

-
—
IA

<8 t+ 8,

Me-22
Mea1 2
A <

where ﬁi e (0, 1) and

_60+ 61. ..

ﬁ.o + Efl.

[ &

K-2

k-3 +
Sp-2t Oy
Sy1
8, = 1
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Since the Gi’s are integers while the \.'s are fractional, mixed
integer programming must be employed.

The objective function is now determined. Since each
variable is implemented by the use of a state device, such as a
flip-flop, and if it is assumed that the device has both a true
and a false output driven by amplifiers, then to the objective
function can be added the term 2 n.Cf, where n is the number

of variables, and Cf is.the flip-flop amplifier cost.

Cp= £, (Frn)

Cf need not equal c, -

m
The number of "AND" gates.is Y= Z B!, and the
j=1 '

]

associated total cost is

Canp¥
The number of "OR" gates is (Y-W), where W= m
is the number of functions Fk containing only one "OR!" term.

Assume m = 0. The associated total cost is

.C Y

OR
The new objective function is (see Equation (13), of [1])

20C;+ Cpnp Y+ Cop Y+ Z Cip* ¢ ¥ = Z(Min.)
i

where 'CiTz chi+ca(6i +8‘i ...+ E& )

i
1 2 t;

. ' -
Since ca’ COR’ CAND’ Y, and the §'s are variables,

the objective function is quadratic, and hence nonlinear. For

information on quadratic programming, see [6], [7], and [8].
In order to analyze the objective function in more general

terms, the following change of variables is now made.
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LetBj—ox. i=lL 2, ..., m

J
5. — X, j=m+1, ... J, and where for each
1h, J combination of i and h there is a
! unique j.
CanD — %,
COR *o

Cg — %
Cc —s X
‘a c
The objective function is thus

‘an‘f+xa(x‘1+x‘2.+... xm)+;v:°(:51+sz+... +xm)

+cd(x1+x2+... +xm)+cd(n1:;1+ u,z'xz,+... +amxm)

+ X (xm+1 +... + xJ) = Z (Min.) (5)

where a, is the number of literals .in xi.

Let the vector x= (xl’ Xyovoy Xy Xg X, X, xc)

Since every quadratic form can be expressed in terms of

a symmetric matrix C, we have,
ax + xTCx= Z (Min.)

where T stands.for transpose.
Now, a quadratic form is positive semi-definite if
xCx> 0 for all x.
Referring to the quadratic terms in (5), let
x =1, x = -1, all other x's = 0.
a 1
xTC x= -1

and hence kT C x is.not positive semi-definite. Due to this

fact, the standard algorithms used to solve quadratic programming



problems, but which assume the positive semi-definite property
to hold, cannot be applied.

The reason for this is.that in general, if x.Cx is not
positive semi-definite, the solution to the program may not be
the global minimum, but rather a local minimum or possibly a
stationary value which is neither a local nor global minimum.

Fortunately, the quadratic function being considered has
a very special form. Note that there are no square terms, and
that it is highly factorable. Let all 6it = 0, thatis, do not

i
consider the addition of amplifiers into the circuits. The
quadratic term is.then

Q(x)=(xa+x°)(i+-xz+... tx )=XY
b3 Y

This function is shown in Figure 8.

% ol

—— Y -
/a *

1
Figure 8. Q(x)= XY

Note that the intersection of the surface Q(x) with the planes

Y = const. and X = const. are straight lines. Also, XY = const.
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is a hyperbola, From these properties, it.is conjectured that

the quadratic program can be solved for the optimal solution.
.Beale [8] presents an algorithm for solving quadratic

programs when the objective function is convex. A function is

convex if
£ONx+(L-N)y) <N £(x)+ (L= N) £(y)

Now positive semi-definiteness implies convexity, but not vice
versa. However, as can be seen from Figure 8, the function

Q (X)V'—' XY

is not convex, and hence the procedure of Beale does not apply.
However, it appears that no local minima exists, and hence a
procedure based upon the principle of steepest descent should
produce an optimal solution. Unfortunately, the anthor is not
é\ware -of any published algorithm for solving the type of
quadratic form under consideration.

Though a procedure for finding the optimal solution will
not be presented in this paper, a theorem will be given for testing
whether or not a feasible solution is optimal. The test is
accomplished by solving a dual linear program derived from a
transformation of the quadratic program under consideration.

Letx=<x2, , b= bz f ,a:(al,Aaz, ...,an)
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A=(a.ij) i=1, 2, ..., n
i=L, 2, ..., m

C=A(°ik‘) i, k=12, ..., n
where c1k = cki
Theorem b6:
x>0 (6a)
Ax>b (6b)
2ax + x Cx = Z (Min.) (6¢)

If X, solves (6), then there exists
| v 1!'02 0 such that

T
TroAi_a + xo C
T

-q-ob = axo + xo Cxo

4

Proof: X, is .the optimal solution, and let x be any non-
optimal feasible solution. Then

A+ (L= M) x 0<Aa<1
is a feasible solution. Substituting into (6c),

T

T.
2a [Ax + (l-h)xo]+(Xx+(1-x) %) CAx+ (1-A)x ) > 2ax _+x_ ~Cx

T

2a[ax+ (1-M)x ]+ A%xT Cx+a(l-n)x T Cx+ (1-2)xT Cx_

+(-n2x T cx > 2ax +x T Cx,

T T

Now x "Cx=x Cxo since C is symmetric. Cancelling common

o
terms on both sides, then

2a[n(x-x) 1+ 22T cx+ 2n (1-n) x Tox+n (A-2) x T Cx_>0

and cancelling \,
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>

2alx-x ]+ N x Cxt 21-2)x;T Cx+ (A -2)x.T Cx_ >0

Let \ —» 0

. Then

T T
a [x‘-x‘o];l- x Cx-x " Cx,> 0
T T .
(a '+~x,o C) x> ax + x Cxo- min. Z

The original system can therefore be written as
x>0
Ax> b _
(a + xc"Tc) x= Z (Min.)
The dual to this.linear system is
> 0
wA< a t xdTC
ab = W(Max.)

The solution is

— - _ T
“_'o' Max. W= min. Z = ax°,+ xo Cxo

Summary:

In this section it .has been shown that an increased saving

in total cost of implementation may be realized if some functions

are implemented in a non-optimal form. The objective is to
reduce the upper bound .Fyy on.the number of inputs to an "OR"
gate. By making the fan-in factor, FIN a variable, the resulting

quadratic program becomes an exact mathematical model of the

problem. It should be noted that the same objective could be
reached by manually changing the cost constants in the objective
function, &nd integrating the linear program for different values

of the constant 'FIN.'
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