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2D electromagnetics and PIC on a quadrilateral mesh
A. Bruce Langdon!
Electronics Research Laboratory, University of California, Berkeley, CA 94720, USA

Abstract

At least three schemes for evolving the electromagnetic fields on a nonorthogonal mesh have
turned out to be weakly unstable, as seen in long runs. In contrast, sufficient conditions for stability
will be shown for my formulation of Maxwell’s equations on a nonorthogonal quadrilateral mesh.
Here, stability means for example that cavity oscillations have exactly zero growth (or decay) for
any time step up to a Courant limit whose value is easily calculated. For larger time steps, there is
an odd-even instability.

In this formulation, we consider separately the cell fluxes of D,B and line integrals of E,H. For
the closure of Maxwell’s equations we need linear transformations of D to E and B to H. Stability
and certain conservation laws are dependent on these linear transformations being symmetric and
non-negative. These properties can be regarded as constraints while one is choosing the linear
transformations to achieve accuracy. Boundary conditions can undermine such nice features.

There is some discussion of coupling of particles and fields.
Introduction

In my Annapolis talk [1], I showed how one can learn what is needed to build conservation laws into the
discrete representation of Maxwell’s equations. Then the mesh was near-orthogonal. Now I want to separate
out the generic aspects from those which, for example, provide accuracy in a non-orthogonal quadrilateral
mesh.

Here the 2D mesh is quadrilateral and field locations are staggered, in generalization of the rectangular
Yee mesh. I separate aspects of the discretization that provide the equations of evolution and conservation
laws from the details of a particular difference or finite-element representation. Later I outline a straw-man.

A partial implementation is described in [3].
Field Variables and Maxwell’s equations

In earlier work([1), on how to ensure the existence of conservation laws, etc., I found that certain products
of fields with lengths (line integrals) or areas (fluxes) arise repeatedly in the equations of evolution and in
the sums that define e.g. the field energy. Eastwood et al [4] use separate variables for these same fluxes and
line integrals, and generalize the constitutive relations to include mesh metric information. I use a different
notation, and introduce cell capacitances and inductances instead of speaking of constitutive relations, but
the benefits are the same in brevity and help clarify the issues of conservation laws and accuracy.

The Ampere-Maxwell and Faraday equations relate rate of change of fluzes of B and D to line integrals
of E and H.

fdr-H=I+%/SdS-D (1a)
fdr-E:—%/st-B (18)
/SdS-D=Q, /SdS-B=0 (1cd)

1 Also at X division, Physics Department, Lawrence Livermore National Laboratory, Livermore, CA
94550, USA.

2 This work was inspired in part by my “circuit mesh interpretation of 2D orthogonal mesh EM”, [1], and
by Eastwood’s talk at GMU [2].
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Quad EM working draft
where current I = [ dS-J and enclosed charge Q = [, dr p satisfy a continuity equation dQ/dt + I = 0
when S is a closed surface enclosing V.

We consider 2D fields, in cartesian z,y, or cylindrical z, r coordinates. For now consider only E., Ey, B,
or E,, E,,B,, respectively. These are called the TM fields by some. Define line and surface integrals as
follows (noting also the simplest representation of each in z,r):

&, = line integral of E along side of cell; £ = E;(h1Az;)
M, = line integral of H around hoop; H,, = 27rB, /o
D; = flux of D = ¢oE through sides of cell; D; = ¢o(27rh2Az2)E,y
I = flux of J through sides of cell; I} = (2xrhaAz2)J)
B, = flux of B = poH through cell; B, = (hyAzyhoAz;)B,
In z,y, the factor 27r is absent, and one could understand that the integrals are over unit 2.
If the electric field is irrotational,

=143,k S Pi+LE— Piky  —E2jk4} T Pik1 — Pik (2)

so £ is a potential difference in that case.

These relations that follow from the field equations are exact, though not applicable by themselves:

dB,
e =(&1)j 41041 — E1)j 41k
[d, B e o

—(&2)j41,k+3 + (£2)j,k44

dD .
—l] = He)ityi+y — Hojagi-y —Ljrpe,  F=0MN =1, E=LN—1 (4q)
d Jiryn

dD .
[_2] = —(Hlp)i+§'k+1 + (H‘P)j—g.k-l-% - IZ,J',k+§: j=1,N -1, k=0,Ny—1 (46)
7 P 3

Qi =(D1)j+3.k — (D1)j-3.k

i=1L,N =1, k=1,N-1 (5)
+(D2)jk+3 — (D2)j k-4

The Maxwell relations for the other half of the fields, called the TE fields by some, are:

dpv-
—_— = H . -— 7-[ i
[ @ |, diese = iy i=LNM -1, k=1Np—1 (6)
—(H1)je+3y + (Ha)jp-3 — Lok
d .
'% = (E)ing—(E)ix  §=0,M -1, k=0,N; @)
L Jt+d.k
dB :
[TI] =—()irt1+ (Ep)ip  §=0N1, k=0,N>-1
t )iy

0=(Bz2)j+4,k — (B2)j-3.k

j'—‘laNl—la k=1,Ny-1 (8)
+(B1)j,k+3 — (B1)j k-4
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Closure

To use these equations to advance the fields in time using “leap-frog” time integration, we need only
add boundary conditions and methods for finding  from B and £ from D. Mathematically, we will see that
these methods should be symmetric, nonnegative linear transformations. In the OOPIC code, boundary
conditions and these methods should be easily replaced, as I believe this formalism concentrates volatility
into them. ,

Orthogonal mesh

In the simplest case, applicable to a locally orthogonal mesh, the linear transformations are diagonal:
Hojeyney = LivgassBojiyiey (10)

Erirpk = Cily sPrisges  E2ikey = CiagyD2jiey (11)

I have introduced mesh inductances L and capacitances C, so called because the ratio of a flux D to
potential difference £ is a capacitance, and the ratio of flux B to current I is an inductance.* C is of the
form eo(area)/(length) and L is of the form po(area)/(length). For a cartesian z,y rectangular mesh,

Cis1r = €Ay/Az,  Cjryy =€Az/Ay,  Ljiy 4y = poAzdy (12)
where the ‘unit length in 2’ has not been written in. This is just the Yee type of mesh, in 2-dimensions.

Non-orthogonal mesh

In a non-orthogonal mesh especially, accuracy requires non-diagonal linear transformations.

We can calculate the dispersion relation for a mesh of parallelograms. Without non-diagonal terms, this
shows that wave propagation has an error that does not go to zero as the mesh spacing goes to zero, just

as in the triangular mesh algorithm analyzed by Rambo [5]. This is demonstrated in a later section of this
paper.

What Eastwood et al [4] advocated is equivalent to

€1ty =CiyyaDrjeg i

+ j_-:,}.k;j,k-gvf!.i.k-& + C,'-:),.,k;j+1,k-gp2.j+1,k-§ (15a)

-1 -1
+Citpkikr3P2ak+s T O g ki ka3 D2isr,e4y

E2,k+y =Cihsy D2ty
+Ci it yii-3D1i-3k + Ciiagiiog a1 Dlj-g b1 (15b)
iy Pritsk + CiinggapanPiisgn

where the coefficients of the off-diagonal terms are, dimensionally, inverse capacitances. The most important

aspect of this is that D, contributes to £ and D; to & in a nonorthogonal mesh. As Eastwood says, it’s
like an anisotropic dielectric.

Below we will see nice consequences of keeping the transformation symmetric,
Citykik-3 = Cik-yii+4,k 30d Cjipy kiik+y = Cjk+ii+4,k and for Eq. (15) to be a non-negative
transformation.

* Eastwood et al [2,4] generalized the constitutive relations to include the geometric factors in ¢ and u.
There’s no difference to code performance.
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I. ha:ve given a little thought toward accuracy improvement possible with simpler non-diagonal couplings.
In this simplification, the cross-capacitances are nonzero only if the angle at the nearest cell corner is acute.
What is the motivation?

- It may suffice to make dispersion etc. accurate enough
- It may require less storage for capacitances (although one needs a list of non-zero couplings)

- It can make the inverse transformation (D in terms of £) very sparse, a help in expressing the Laplacian
if Poisson’s equation is needed.

Conservation laws

Magnetic flux
From Faraday’s law
d Ni=-1N3-1 Ny -1
@ > E (Be)isy ey = 2 [(51):+; 0= (&1)i+3, N,]
J=0 k=0 (20)
N,-l
+ [(32)0 k+y — (52)N,,k+§]
k=0
Poynting theorem (energy conservation)
First, keep time as a continuous variable.
In a continuous, linear medium the energy conservation theorem is
i/dr-;-(E-D+B-H)+/er-E+/dS-ExH=0 1)
dt Jy v s

Assuming the identities
z g§1)9g2) + E £§”D§2’ = Z 852)'1)9) + E 8-52)1)9) and E BN = Z BN, (22)

which follow from symmetry of the linear transformations of D to £ and B to H, we can derive

Ni~-1 N, Ny Np-1
> 2[ = (36D1) +8111] +3.) [ = (16:D2) +£2Iz]
j=0 k=0 jthk 50 k=0 Jik+4
Ni—-1N;-1
+ Z Z [dt (2B¢H¢)]
j=0 k=0 itik+d
Ny-~1 dD
=+ E (gl)j+§,0{ (Hedi+ys + [—’1 + 4 ] }
j= j+4.0 (23)
Ng—l dD
+Y ¢ Hy)i4yNamp + [I +=2 }
,z_:o( 1)i+4, N:{( A Et A A N

3~ £) (Hy) +|p+ %2
+ Z( 2)ok+3) (He)pi+y + |2+ — -

N:—l

dD,
+ ) (&)m, —(Ho)N, - +[I+—]
k=o( 2)N. ,k+§{ (Ho)Ni-g 4y + |2+ — N;.k+§}
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in which the energy density and J - E work are easily recognized on the left-hand side.* On the right-hand
side, the {...} factors are representations of H at the boundary, so we recognize these sums as the energy
flux through the boundaries.

Consider now leap-frog time differencing and spatial continuum.

Define the energy density at time ¢,
n_ Omnvz. 1 on-t pntd 24
Un= (€ + 5 -(B""% B ) (29)
Then a Poynting theorem may be derived:
yrtl_pn = —Atﬂiv . [%(E" + Eu+1) X Bn+}] - AtJ""’* . %(E" + En+l) (25)
0

As we know must be true, this result does not imply such useful properties as stability, because the magnetic
energy as defined here can be negative. For example, when the time step is so large as to produce a
Courant-type instability, the fields change sign from time step to step.

However, the existence of this theorem means that errors in the field energy balance, when the magnetic
energy is formed using an arithmetic instead of geometric mean, cannot accumulate to values large relative
to the magnetic energy; the difference between these magnetic energies density is —(B"*+% — B"~3)2/2u,.

Now rederive the last boundary flux term in the Poynting theorem (23), with space and time both
discrete:

Nz-1 n+} ntd Dn-l-l — 'DS
Z % ((82)'11', k3 + (82)%’,]k+§) {-(%tp)N,_§,k+% + [Iz + 2_A?—-] } (26)
k=0 N;,k+%

We make use of this in our discussion of outgoing wave boundary conditions.

Positivity of Field Energy

Here we discuss the conditions under which the field energy is nonnegative,

d3aDi+) 16D+ ) 4HB, >0

This same inequality also arises in the discussion of stability, below.

This imposes conditions on the C~! matrix that are trivial except for the C\ and C; terms.

Stability of electromagnetic cavity oscillations

Our discretization provides provably neutrally-stable electromagnetic oscillations, that is, neither damp-
ing nor instability of vacuum oscillations in a perfectly-conducting cavity.

* It may be interesting to note the relation for the “electrostatic” field energy
12 Qe=33 3aDi+3) 56D,

which follows when the electric field is irrotational by summing (5) times ¢;:, using (2), and ignoring
boundary terms.

12/7/1998 5
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For a closed system with diagonal L and C, we find the wave equation

& 1
~Livg ey gr(Medivgaey = Crvan (Hoditgres — (Ho)iv g k-3]
1
+ Ci+g.k41 [(He)s+ 3,44 = (Hedisg k4]
1 (30)
+ C; E [(Htp)i+§.k+§ - (Hw)j-i,k-{-g]
1
t Cirions s [(He)it et — (He)jsg 44

To show the stability of vacuum cavity oscillations below the Courant limit, first note that the rhs

represents a symmetric operation on (H,). Then multiply the right-hand-side by (My);+4,:+3 and sum,
obtaining

> - [(He)isg ity — Ho)iog ez’ + ) C,: [(He)irg ke — Hodirge-3l (31)

Cik+y 3k

which is overtly non-negative. Therefore, when we replace the time derivatives by leap-frog differencing,
2 . t\°. . - . . .
sin == is real and is positive for each eigenmode. We have neutral stability for any time step At

At 2
below the threshold for Courant instability as given by the largest eigenvalue.

Most generally, d%(Hy);4+3,k+4/dt? is a linear combination of the (Hy);4+4,k+4- We discuss symmetry
and positivity of this linear combination by starting with the time derivative of the Faraday law for dB/dt,
multiply by —(%,) and sum, then rearrange the sum, then use Ampere-Maxwell, through these steps:

d2
=D (M )ivskrsLinghrs g (Hodi+shrs

IR
d
== (Hp)i+y s g ((51)j+§.k+1 = (E1)j+pr — (E2)iwreey + (52)j.k+;)
ik

= Nivsers — (L) 2}
_g(('ﬂ.p)ﬁg,kﬂ ('H.,,)JH-,J:-%) [dt . (32)

). —(H)s 2]
—g((ﬂv)1+}.k+§ (H¢)J-§.k+§) [dt sy

D! [db‘l dv',] [d82
= —1 - + 2 —

Jk+d

The primed fields H’, D' are possibly a different time evolution than the unprimed fields. If the transformation
of D to £ is symmetric, then the last line equals itself with the primes moved to the £’s. Therefore the first
line is equal to itself with the prime moved, and therefore the operator is symmetric. Setting H' = H,
we see that the operator is non-negative if the transformation of D to £ is non-negative. Given symmetry
and non-negativity of the capacitance transform in Eq. (15), we again find neutral stability of the vacuum
oscillations, for time steps below the Courant limit.

Madsen [6] describes how instability could take very long simulation times to appear, ~ 20,000 steps,
enough time for signals to transit the computational domain many times, in an earlier EM scheme he
calls MFV. He also reports that the DSI method [6] has not shown this slow instability, and that very
long simulation times are needed to verify stability. However, Brandon and Rambo have since found slow
instability in DSI [7]. In contrast, the scheme presented here provides analytic assurance of stability for time

12/7/1998 6
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steps smaller than the Courant limit, and promises to provide a quicker check on stability, amounting to
determination of the Courant limit, as follows:

The Courant limit can be accurately estimated by an iteration that is relatively cheap, performed during
problem setup: Cycle the EM fields using a time step Aty that is many times larger than the light transit
time across the smallest cell, starting with random noise in the field arrays, and setting currents = 0. The
fields will begin to grow rapidly, perhaps in a region of small or distorted cells. Monitor the ratio R of the
largest £ to the value at the preceding cycle. As the fields grow (but before numerical overflow occurs!), R
provides an increasingly accurate measure of the highest frequency that the mesh can generate, wr, given
by (wzAtz)? = R. The Courant limit for the time step is then 2/wf.

Keep in mind that boundary conditions can undermine these nice features.

Evaluation of the L’s and C’s

Nearly-orthogonal cells in r, z geometry

Here are initial suggestions for this important special case:

In the capacitance the distance is denoted (hlAzl),-.l.*_k and is evaluated as exactly the length between
mesh points (7, k) and (j + 1, k)

(h1Bz1)ieys = [k —ria) + (Gare —za)?) 2, §=0,N.=1, k=0,N..  (40)

The area, denoted (rhlAa:l)j,H%, is exactly the area of a section of cone connecting points in the middle
between the mesh points:

1/2
(rh1821)5044 = (27)3(ris g kay 75— g k4y) [("j+g.k+g = rjogked)’ + (Zaghey - zj-i.k-fg)z] (41)
for j=1,N,—1,k=0,N, — 1, where

4rj+§,k+§ =Tkt Tk + Tk T ik (42)

(the definition chosen is somewhat arbitrary but plausible), and

1/2
(rh1Az1)o 4y = (27)5(rokes + 73 k41) [(rg.ng —rok43)’ + (23,43 — Zo,k+§)2] (43)
where 2r0,k+§ = 1o,k + To,k+1, €tc. Then the capacitances are, for example

(rh2Az3)j4 4

Cj+§.k = 60———(h1Az1)j+&’k .

(4)

For the inductance, the length is the circumference corresponding to radius rj4 4 k+4. The cell area,
denoted (hlAzlthzg)_,-.,,*,k.,.&, is exactly the area of the quadrilateral cell, which can be written

(h1AZ1h2AZ2)j 44 k43 = 5 [(Zi41,k41 = 2,8)(Tj k41 = Pit1,e) = (Figr,k41 = 15,6 (25,641 — Zi41,k)]  (45)

Then the inductance is
(h1Az1hoAZ2)j 44 k43

Ti+dk+1

Liyy ety = Ho (46)

(In cylindrical coordinates with uniform spacing, the preceding reduces to what’s in [8]).

12/7/1998 7
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Non-orthogonal cells in z,y geometry

For now consider a regular mesh of parallelogram cells whose mesh node j, k is located at position
Xjr =JX) + kX, (50)

and edge centers located at Xy b=+ %)Xl + kX, etc. The results here are also a guide for an irregular
mesh whose cell shapes and orientations vary smoothly.

We can find the capacitances and inductances by considering a magnetic field that varies linearly with
position:

Hijephery =h-Xjppiey (51)

The magnetic flux through a cell is given by 7, at the center times the cell area A = 2 - X; x X,
therefore

Lj+§,k+§ = [.loA (52)

To find the capacitances, consider the time derivative of the electric field:

co%t§=VxH=VH,xi=hxi
from which ) ) .
co£1=X1-E=h-ixX1, 6082=h~iXX2 (53ab)

Assume X, - X5 > 0 and that the only nonzero off-diagonal capacitances are those between nearest cell sides
C\ = Cj43 ki k+3 = Cikagii+ .k (54)
where the second equality arises naturally in the following derivation.
Using (4) and (15),
143k =CDyjap e +C7! (ﬁz,j,ug + 752,,'+1,k-:,~)
= C2! (Hujegiey = Heirgiy) (55a)
- C\-1 (Hz..i+}.k+§ —Hzj-phty tHajrg -y — 'H,,,-ﬂ,k_%)
25043 = O 'Dajay + O ('blj+g.k + 751.j-§,k+1)
= =Gt (Hegsgaey —Hejoyiey) (55)

+ C\-1 (Hz,j+§.k+§ ""Hz,j+§,k-§ +'Hz,j-§,k+§. —’H"j_i'k"'i‘)
where C_ = Cj43 k, C) = Cj k43

£ =C'h-X;-C{'2h-X,, &=-C'h-X;+C{'2h-X,
for all h, therefore, on comparing to (53) we have

ix X, = C‘,—"x, - é—"\le, ixXy= -‘E‘:x1 + é%mz

By applying the operations X; - and Z-X; x to the first equation, and X,- and Z-X2 X to the second equation,
we then find A

C-= eo-X-—f', Cl =€ (56056)

A =22
X2’ - X, X,

Note that the coupling of D to £ in (55) reduces to the form of (11) when X, L X, as expected. (It
is Oy ! that vanishes, not C\!) Note that the cross-coupling Cy ! is negative if X; - X3 < 0, i.e. if the angle

between X; and X is obtuse rather than acute (so that we should have worked with C/'l instead).

We return to this subject in the discussion of the dispersion relation.

12/7/1995 8
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Materials

In an isotropic dielectric, replace the vacuum ¢g by the dielectric’s €. Some dispersive dielectrics can be
modeled by adding time derivative terms.
In an isotropic resistive medium, you could create a current I ;H'* suitably proportional to -;7 (er + £{'+1);

likewise I;' o you are using Q, e.g. for a divergence correction, then you will need to update @ using Eq.
(5) including the resistive current. If the resistance is anisotropic, e.g. if one is faking a helically-conducting
layer, then I; will need to be driven by a linear combination of £; and some spatial average of neighboring £;
values, since I, is known at different positions than is £. This linear combination could be combined with
the C transformation, so that the resistive I is given in terms of D. Inserted into Egs. (4,6) with leap-frog
time differencing, one now has linear equations to solve for the time-advanced D. The linear equations can
be avoided if the time step is small enough by expressing I"*# in terms of D™ rather than the time-centered
3 (D" + D). Is all this perfectly transparent?

In a nonlinear magnetic material with hysteresis, you will have to provide an algorithm to find # from
the history of B.

Dispersion Relations

Let’s derive a dispersion relation for sinusoidal waves on an infinite mesh of parallelograms, Eq. (50).
Let

Hejeg ey = Hexp(ik-Xjpaeey)s Erjesr = Erexp(ik-Xjpgr), E2p+y = E2exp(ik-Xju4g) (57)
in place of Eq. (51). From (3) and (55),
LH = £ 2isin 1k - X, — £2isin 1k - X,
&1/M = CZ'2isink - Xz — Gy '2i (sin 3k - X) 2cos §k - (X2 — X) (58abc)
&2/H = —C[*2isin 1k - Xy + Cy 2 (sin §k - X3) 2cos 3k - (X2 — X1)

The dispersion relation is then

~LH/H = C{ "4sin? §k - X, + C-'4sin? {k - X, — C'8 (sin k- Xy sin 3k - X5) 2c0s 3k - (X2 = Xy) (59)

For small &, .
~LH/H = C7 (k- X;1)? + CZ (k- Xa)® — 4Cy (k- Xa)(k - Xo)

Compare with the identity
A%R? = X3(k - X1)? + X2(k - X2)? - 2(X; - Xo)(k - X)) (k - X3)

and (52), where A = 2-X; x X, is the cell area. We find that we approach the correct result, -H J/H = k?/poeo
for small k if we use (56) for the capacitances. The dispersion relation therefore provides an alternate
derivation of (56).

The dispersion relation now is
—Go[loAzﬁ =4H [Xg SiIl2 %k . X1 + Xlz sin’ -;-k . X2 - 2X1 . X2 (sin %k . X1 sin %k . XQ) cos %k . (X2 - Xl)]
(591)
Contours of —eopoﬁ/’ﬂ are shown in Figure 1 for a case in which X; = (1,0), X5 = (.5,.9). The spacing
of the contour levels is quadratic, so that the desired result is concentric circles of linearly-increasing radius,
corresponding to contours of k2.
In contrast, Figure 2 shows the dispersion when the cross term with coefficient C:! is omitted, for which

the dispersion relation becomes —eouoA?H = 4H [X3sin? 1k - X, + X7 sin? 3k - X,] Note that the contours
are ellipses rather than circles, even for small k. This anisotropy is a zero-order error - it remains even when
the mesh is made indefinitely fine.

13/7/1995 9
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Figure 1. Contours of —eouoH/H as given by Eq. (591).

The cross term C, is included. Only the principal Brillouin zone is shown; the contours
are periodic in k.

Boundary Conditions

C~! = 0 will enforce £ = 0 for a metal surface placed along the side of a cell. The surface current is
irrelevant. At a boundary that is a surface of reflection symmetry, (18) advances D as written except that
apparently- “exterior” H values are omitted. There is a difference in definition of C~! due to the control
volume existing only inside the region, and because no apparently- “exterior” D values are used in evaluating

.

I have included in all 3 EM codes I've written a simple and stable boundary condition that I attribute to
Sinz (ref. (8), section 15-11c). It is based on the relation E = c¢B for normal incidence of waves in vacuum.
In terms of our variables this becomes €

2 Ho
0
thzz 21rrH"° (60)

at the “right” boundary, or

£ = 3710 ("2‘“”) H,

(#oc = 1207 ohms).
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Figure 2. Contours of —copo’ﬁ/‘H as given by Eq. (59) with no cross terms C\ or C;.

Note that the dispersion is anisotropic even at long wavelengths. Only the principal
Brillouin zone is shown; the contours are periodic in k.

In the code we use a time average for £ and the Ampere-Maxwell equation to get 7 at the boundary:

(h2Az2) N, i+ n+ n DRt — D3P
1 n n+1 — 1 3 —|tE 2 2
2 ((82)"’"“* + (82)"'1»""'%) = poc 27Ny~ 4 k41 e [12 A ]N,,k+% b

Comparing to the Poynting theorem, we see that the boundary term in (26) is the negative of a quantity
squared, so this boundary condition guarantees that energy can flow only out! Perhaps this helps account
for its untempermental behavior as compared to more accurate boundary conditions such as Lindman’s that
however sometimes fail.

Mesh Coordinates
There is a mapping of meshk coordinates z,,z, to z,r. The mapping is continuous, and linear in each of
z,, =3 (bilinear). Cell boundaries are quadrilaterals on whose sides the mapping functions z; and z3 both

take on integer values; the 3D cell is formed by sweeping the quadrilateral a unit distance in z or rotating
in about the z axis. Here, the mapping has constant gradient inside each cell.
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Let x or X be either the vector (z,r) or the vector (z,y). The mesh points are at X; ;.

The weights (w;, w2) are the fractional parts of the particle mesh coordinate z;, £ and lie in the interval
[0,1). Their meaning here is that the position in a cell is given by

x=(1-w)(1—-w)X;e+ (1= w)waXjp41 + wi(l — w2)Xjpnk + wiweXjpy k1 (70)

Solution for (w;, w2) given x is discussed by Seldner and Westermann [9,10]. The indicies j, k are the largest
integers < zi, 2.

Electric field interpolation

We need to find an electric field at the positions of the particles. Here we show the field as found from
a variational principle, then discuss a bilinear representation.

For the case of rectangular cells, see [8] chapter 10, {11] section 5-5, and [12]. We want to get expressions
for the field in terms of the quantities used in these notes, such as £. It suffices to consider an irrotational
electric field. Take the potential to be bilinear in (w;, w2) in each cell.

Ox 0p_0p  Ox Op_ Op (80)
fw;, Ox Ouw’ fwy, 8x Ows

with
a
3_;(1 = (1= w2)(Xjp1,6 — Xjk) + w2 Xjp1, k41 — Xjk41) (81a)
Ox
a— = (1= w1)(Xj k41— Xjk 1(Xj 1,641 — Xjgr,k
5o = (1—w)(X X;.0) + w1 (X1 e41 — Xjare) (815)

In terms of its corner values,

Op _

owy (1 = wa)(@j 41,k = Pj k) + W2Pia1,k41 = Pj k+1) (820)
=—(1 - w2)& 43k — W21 4 4,k41

i = (1 = w1)(pjk+1 — Pj.6) + W1 (Pjt1,k41 — Pi41k)

aw2 2, I J » J l (82b)

=—(1-w1)€2 k43 —W1€2541,k4+4

So we have the values of —E = Vi = ¢ /8x dotted with 2 vectors. The solution is
_ . Ox\ Op . Ox\ Op
AB=- (zx M) 0w, +(zx 0102)5!0_1

. Ox . Ox
= (z X a_wT) [(1 - w1)€2,5,k43 + wl"v'z.j+1.k+§] - (z X a—wz) [(1 —w2)€1 544,k + w2£1J+§.k+l] |
(83b

A=i-(8"xa") (84)

where
w, ~ dw,
In this second form, the result holds whether or not the field is irrotational.
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Current and charge collection

The contribution of charge ¢; to grid charge @ can be chosen to be bilinear in its mesh coordinates

T1,T2:
Qi = ¢i(1 — w)(1 — wg)
Qj+1,k = giwr (1 — w2)
Qj k41 = gi(1 — wy)w,
Qj+1,k41 = Giw1w2
where w, is the fractional part of z;, and j is the integral part of z;.

(100)

Current I, I; due to a particle is found from the change in its mesh coordinate z;, z,. This is explicitly
the case when a charge-conserving current collection is used. Consider the change AQ = Q"+! — Q" due to
a change in z;,z2 when the particle remains in the same cell:

AQjk = gi(—Aw(1 - T3) — (1 - W1)Awy)
AQjt1,k = gi(Awy(1 - W2) — W1Aws)

101
AQj k41 = ai(~Awy Ty + (1 - T)Awy) (1
AQj41,k+1 = gi(Awy Wz + W1 Aws)
where W7 = L(w]*! + u}) and Aw; = (Wit — wf), et cetera.
Currents consistent with these changes of Q and the continuity equation are
Atly 44 = GiAwy (1 — W3)
Al ; = qiAw, T3
1j+4.k41 = qiQWw) W2 (102)

Atlyjk4y = iAwz(l — W)
Atlyj41,k+4 = Gidwy Wy

Note these are not unique, but I suspect they are the simplest possibility. These are the same as one obtains
from Morse and Nielson [13,14] in a rectangular mesh, and are the same as come out of Galerkin derivations.

Enforcing Gauss’ Law

If a non-conservative current collection is used, the updated D’s will not exactly correspond to @ in
Gauss’ law (5). Here is how a Boris correction [8, chapter 15] could be done when there are only diagonal
capacitance couplings:

We update D using the leap-frog version of (4); the new D’s do not satisfy (5). D and £ are related by
(11). We apply an irrotational correction to £ of the form
gi.i+§.k = E1jqk — Vit T ¥iks £5j,k+§ = Ezjk+y — Vi1 +¥in (111)

To find ¥ we say that the D’s corresponding to the adjusted £’ do satisfy (5). Using (111) and (11) in (5),
we derive the equation

Cj+3.($ik — Yisrk) + Ci—gu(¥ik — $i-1,6) + Cj ey (B — Yjk41) + G k-3 ($50 — $j6-1)

112
= Ci43:E, 541,k — Ci-3.261,i- 3.1 + Cie43E2,5k44 — Cik-3E2,k-1 — Qjik (113

This corresponds to (16) in [15), but using the variables we advocate in this document. (112) is a Pois-
son equation with a symmetric, positive definite operator for which many solution methods appear in the
literature.

Approximate methods to satisfy (5) are compared in [15], but not for the non-diagonal capacitance
used here for non-orthogonal mesh. We have a simple transformation (15) of D to £ in terms of inverse
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capacitances. Depending on the sparsity pattern for (C~*)~!, the inverse transformation of £ to D may

not be at all simple. In that case, solution of a Poisson’s equation for a correction potential is made more
difficult.

The use of a correction potential was to ensure that the solenoidal part of E, that participates in
electromagnetic waves, would not be changed. If this is not sacred, we can consider correcting D, which is
very simple.
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