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Abstract

In this paper, we study the use of adaptive controllers to maintain the synchronization of two

Chua's circuits with time-varying channel and time-varying parameters. Both simulation results

and experimental results are provided to verify the operation of the designs.

1 Introduction

Because of its potential applications to spread spectrum communication, the synchronization of

chaotic systems has been studied extensively both in theory and in experiments[l—17]. However,

in almost all the previous work, the driving and the driven chaotic systems are supposed to be

identical and their parameters are supposed to be time-invariant. The channel through which the

transmitted signal is transmitted is also supposed to be time-invariant. The above assumptions limit

its applicability in practical solutions.

So far, all chaos-based communication systems use chaotic systems both as transmitters and

receivers. The transmitter generates a chaotic signal which is used to encode the message signal

in different ways, for example: chaotic masking[l—3], parameter modulation[8,9] and state variable

modulation[5,6,17]. Chaotic masking is not very secure if the message is directly added onto the

chaotic masking signal. The authors of [4] and [19] demonstrated that the smaller the message

signal is, the lower the degree ofsecurity will be. Chaotic switching is the easiest form of parameter

modulation and it was also shown to have a low degree of security[20] if the parameters of the

transmitter are not chosen carefully. State variable modulation uses a functional of the message

signal to modulate the state variables of the transmitter and hides the message signal, which is

usually a narrow band signal, into the broad band chaotic signal.

The transmitted signal is then transmitted to the receiver, which is an identical chaotic system.

The transmitted signal will synchronize the receiver to the transmitter to obtain a replica of the

chaotic masking signal.

Most of the methods presented so far require that the parameters of the transmitter and the

receiver are identical, and the channel is time-invariant. It has been shown that a time-varying

channel can desynchronize the system.

In this paper, weuseadaptive controllers to maintain the synchronization between the transmitter

and the receiver when the parameters of the transmitter are time-varying or the channel is memoryless

and time-varying. We used Chua's circuits as our driving and driven system. The feedback into the

adaptive controller is the synchronization error, which measures the degree of de-synchronization



between the transmitter and receiver.

The organization of this paper is as follows. In section 2, adaptive controllers are presented which

compensate the time-varying channel gain. In section 3, adaptive controllers are presented which

compensate the time-varying parameters. In section 4, experimental results are presented.

2 Adaptive controllers for time-varying channel compensation

In this paper, all the results are based on Chua's circuit[18,21], which exhibits a family of chaotic

attractors and can be easily implemented in hardware. As shown in Fig.l(a), Chua's circuit consists

of a linear inductor L, a linear resistor R, two linear capacitors C\ and Ci and a nonlinear resistor—

the Chua's diode Nr. The state equations for Chua's circuit are given by:

dtn _ 1

$ = l[-vt - Roi3]
(i)

where Ui,i>2 and 13 are the voltage across Ci, the voltage across C2 and the current through L,

respectively. We set G = ^. The term /2o*3 is added to account for the small resistance of the

inductor in the physical circuit. /(i>i), the piece-wise linear v —i characteristic of the Chua's diode,

is given by:

fM =Gbv, +i(Ga - GMv! +E\- |i>, - E\)

where E is the breakpoint voltage of the Chua's diode as shown in Fig.l(b).

We use the synchronization scheme shown in Fig.2[12]. The state equations are given by:

3?=£[<?(»!-V2) +i3]
^ = il-V2-Roi3]

l1 = &[<?(«,-w2) +S3]
# =i[-«2 - Roh]

(2)

(3)

(4)



where s(t) = Kc(t)v\y and Kc(t) is the time varying gain of the channel. Constant unity gain channel

corresponds to Kc(t) = 1.

In this section we study how to compensate for the time-varying channel gain Kc(t). In the driven

system, we construct an adaptive gain Kr(t) such that Kc(t)Kr(t) —> 1 as t —• oo to maintain the

synchronization. Then the driven system should be rewritten as:

^ =v;[G(v2 - «*) - f(vi) + tfi(*r(<W0 - *)]
* =zfc[G(fi»-y+?«] («)
§ = l.[-v2-R0i3}

The dynamics of Kr(t) is given by one of the following adaptive controllers:

Controller #1

Kr(t) = -k1(Kr(t)\s{t)\-\v1\) (6)

Controller #2

Kr(t) = -MA'r(t)s2(t) " s(t)vi) (7)

Controller #3

Kr(t) = -*i^J~)(/M0*W-Sl) W
= -*i«pn(/fi*(t))(ifr(0«(0-«i)

In our simulations, the parameters of Chua's circuit are given by: C\ = 5.56nF,C2 = 50nF,G =

0.70028, L = 7.14m#, R0 = OH, GB = -0.8mS, Gh = -0.5mS, E = lv. Ki = 0.01. The Chua's cir

cuit exhibits a double scroll Chua's attractor for these parameters. We choose the synchronization er

ror to be vi~v\. In all of our simulations, the initial conditions of the transmitter and the receiver are

(vi(0),v2(0),t3(0)) = (-0.2V,-0,02V,0.1m,4) and (vi(0),t>2(0),t3(0)) = (0.02V, -0.12V; -0.1mA),

respectively. So the transmitter and the receiver are initially desynchronized. The fourth order

Runge-Kutta method with fixed step-size h = 10""6s is used to simulate the system.



Fig.3 shows the simulation results when Kc(t) is a sinusoidal function as follows:

Kc(t) = 0.5 - 0.1sin(75Trt) (9)

and controller #1 is used with fci = 106.

Fig.3(a) shows Ke(t),Kr(t) and Kc(t)Kr(t). We can see that Kr(t) asymptotically approaches

5^tjt, and the settling time is about 0.6ms. Fig.3(b) shows the synchronization error V\(t) —«i(t).
For comparison, the synchronization error in the case when no adaptive controller is used is shown

in Fig.3(c). One can see that the synchronization error is reduced significantly by using the adaptive

controller.

Fig.4 shows the simulation results when Kc(t) is a sinusoidal function as shown in Eq.( 9) and

controller #2 is used with k\ —106. Fig.4(a) shows Kc(t),Kr(t) and Kc(t)Kr(t). We can see that

Kr(t) asymptotically approaches j^tx, and the settling time is about 0.6ms. Fig.4(b) shows the

synchronization error v\(t) —0i(f), which is also reduced significantly compared with that shown in

Fig.3(c).

Fig.5 shows the simulation results when Kc(t) is a sinusoidal function as shown in Eq.( 9) and

controller #3 is used with k\ = 106. Fig.5(a) shows Kc(t),Kr(t) and Kc(t)Kr(t). We can see that

the settling time is about 0.6ms. Fig.5(b) shows the synchronization error Vj(t) —iii(t).

When the coupling factor K\ becomes too small, the transmitter and the receiver will be desyn

chronized even when the channel has a unit gain Kc(t) = 1 for all time. Fig. 6(a) shows this

de-synchronization with K\ —0.0005. However, we find that the adaptive controllers used can also

compensate for this kind of de-synchronization. Fig.6(b) shows the simulation result when Kc(t) = 1

and A'i = 0.0005, and controller #1 with fci = 106 is used. We see that the synchronization error

approaches 0.

3 Adaptive controller for time-varying parameter compensation

Parameter mismatch can also result in the loss of synchronization of the system shown in Fig.2.

Although the synchronization is robust in the sense that it can tolerate some parameter mismatch[10],

the authors of [5] gave an experimental example showing that a 1% resistor mismatch can sharply

reduce the quality of the received signal.

In this section, we study the synchronization in the cases where the parameters of the transmitter



are time-varying. In this case, we rewrite the driving system as follows:

% =^Wa(t)G(Vl - •») +i3] (10)

where Kc, (t), Kc2(t), Ki(t), Kn„(t) and Ka(t) are the time-varying factors of the parameters Ci,Ci, I, Ro

and G, respectively.

The driven system is as follows:

f ^ =K^)[kG{t)G{h _0l) _m) +Kl(vi _0,)]
T? =%^[A-G(t)G(t)i - v2) +13 +A-ifa - tJi)] (11)
§ =^[-t)2 - (K^t) +fi0)i3 +tfito - t>i)]

where A'c, (0»-^c2(0i^l(0»^(*) and ^g(0 are compensating adjustments of the parameters
Ci,C2,LyRo and G, respectively, which are adaptively modified by using the following adaptive

controllers. In this paper, weconsider the cases when only one parameter is time-varying at a time.

1. Compensating for Kg

The controller is chosen as:

ka(t) = fci^n^Kvi-t},) (12)
OKq

= hsgn^Gfa-vi))(vi-vi)
w

The simulation results are shown in Fig.7with fci = 106. Ka{t) is a sinusoidal function as follows:

1.1 - 0.05sin(^t) (13)

Fig.7(a) shows Ko(t){dashed line) and tf(?(f)(solid line). One can see that Ka(t) asymptotically

approaches Ka(t) with a settling timeofabout 3ms. Fig.7(b) shows the synchronization error. Note

in Fig.7(a) that from 45.5ms to 63ms, /fc(t) is almost constant while Ka(t) decreases. This is

because in the parameter range corresponding to the waveform of Ka(t) during 45.5ms to 63ms,

the synchronization is maintained even though Ka{t) ± #gM- In Fig.7(c) we show the synchro

nization error without the adaptive controller and we can see that in the period 45.5ms to 63ms the

synchronization error is small.



2. Compensating for Kcx

In this case, the controller used is:

KCl(t) = fcjs^^-Jfa-Ci) (14)
dKCl

= kisgn(—[G(v2 - vi) - /(t>i) + #i(vi - t>i)])(t>i - Vi)

The simulation results are shown in Fig.8 with fci = 2 x 106. Kcx {t) is a sinusoidal function

shown in Eq.( 13). From Fig.8(a) one can see that Kcx(t) asymptotically approaches Kcxif) with a

settling time of about 1ms. Fig.8(b) shows the synchronization error.

3. Compensating for Kc2

In this case, the controller is:

*ca(«) = fci^n(^_)(t;i-i)i) (15)

= ki$gn{—-[G{vi - v2) + h + #i(t>i - t>i)])(t>i - «i)
C2

The simulation results are shown in Fig.9 with fci = 106. Kc2(t) is a sinusoidal function shown

in Eq.( 13). Fig.9(a) shows Kc2(t) and Kc2(t). One can see that Kc2(t) approaches Kc2(t) asymp

totically with a settling time of about 2ms. Fig.9(b) shows the synchronization error.

4. Compensating for Kl

In this case, the controller is:

kL(t) = fci*W;Sr)MO-e,) (16)
oKl

= kisgn(-[-V2 - #ot3 + tfifa - t>i)])(vi - vi)

The simulation results are shown in Fig.10 with fci = 106. Ki,{t) is a sinusoidal function shown

in Eq.( 13). Fig.10(a) shows Ki,(t) and Ki(t). One can see that the settling time is about 2ms.

Fig.10(b) shows the synchronization error.

5. Compensating for Kj^

In this case, the controller is:

**>(*) = fci*7n(-|2_)(t,,«-t>i) (17)



= fcis$n(--^)(vi-i)i)

The simulation results are shown in Fig.ll with fci = 108. K^t) is a sinusoidal function shown

in Eq.( 13). Fig.11 (a) shows .KroM an<l K^t). One can see that K^t) approaches K^t) with

a settling time of about 1.5ms. Fig.ll(b) shows the synchronization error.

4 Experimental results

In this section we supplement the computer simulation results with experimental results from a

physical circuit implementation. The circuit diagram of the system used to study the synchronization

between two Chua's circuits when the channel is time-varying is shown in Fig.12. In our experiments,

both Chua's circuits are identical and have the following parameters: C\ = 6.8nF, C2 = 68nF,

L = 18.4m//, R0 = 12Q, R = 1.98fcfi , Ga = -0.73m5, Gb = -0.4mS, E = 1.8t>, Rc = 3.8fcQ,

where Rc is the coupling resistor, which satisfies K\ = -j^.
The circuit parameters we used exhibits the Double Scroll Chua's attractor as shown in Fig.13.

First , we show the synchronization between the transmitter and the receiver when the channel

gain is 1. Fig.l4(a) shows the relation between voltages v\(t) and vi{t), and Fig.l4(b) shows the

relation between voltages v2(t) and v2(t), where one can see that the transmitter and the receiver

are synchronized.

When the channel gain drops to Kc(t) = 0.65, wefind that the transmitter and the receiver are

desynchronized. The relation between the voltages vi(t) and v\(t) is shown in Fig.l5(a) and that

between voltages v2(t) and v2(t) is shown in Fig.l5(b).

Next weuse the the adaptive controller as in Eq.(6), which is implemented usingthe circuit shown

in Fig.12 to compensate for the channel gain which is set at Kc{t) = 0.65. The relation between

voltages vi(t) and v>\(t) is shown in Fig.l6(a) and that between voltages v2(t) and v2(t) is shown in

Fig.l6(b). One can see that the synchronization is restored. Compare the results shown in Fig.16

with those shown in Fig.15, one can see that the effect of the adaptive controller is very significant.

Next, we study the effect of our controller under a weak coupling condition. In this case, the

coupling resistor is 4.46fcfl, and as shown in Fig.l7(a), this coupling without the aid of the controller is

not big enough to synchronize the transmitter and the receivereven when a unity channel gain is used.

Using the controller to compensate for this kind of de-synchronization we obtain the experimental

result shown in Fig.l7(b), where one can see that the synchronization is restored. In Fig.l7(c), we

8



show the synchronization when the channel gain drops to 0.65 and the controller is used.

5 Conclusions

We have shown how two Chua's circuits can synchronize in the cases where the channel gain and

the parameters are time-varying by using adaptive controllers in the receiver to compensate for the

time-varying properties of the transmitter and the channel.

Although this paper is focused on the cases where only one parameter is time-varying and the

others are kept constant, simulation results show that in the case of multiple time-varying parameters,

the adaptive controllers can also perform good compensation to achieve synchronization.

Both simulation results and experimental results are presented for the proposed schemes. These

results show that our methods can be useful for developing practical chaotic spread-spectrum com

munication systems.
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Figure Caption

Figure 1 Chua's circuit and Chua's diode, (a) Chua's circuit, (b) Nonlinear v-i characteristic of

Chua's diode.

Figure 2 The synchronization scheme of twoChua's circuits by using«i in a unidirectional driving

configuration.

Figure 3. Synchronization of Chua's circuits when the channel gain Kc(t) is a sinusoidal function

and controller #1 is used, (a) The channel gain Kc(t)> gain of adaptive controller Kr(t) and the

product Kc(t)Kr(t). (b) The synchronization error (v\ - vi) when adaptive controller #1 is used,

(c) The synchronization error (t>i —vi) without using adaptive controller.

Figure 4. Synchronization of Chua's circuits when the channel gain Kc(t) is a sinusoidal function

and controller #2 is used, (a) The channel gain Kc(t)> gain of adaptive controller Kr{t) and the

product Kc(t)Kr(t). (b) The synchronization error (t>i - Vi) when controller #2 is used.

Figure 5. Synchronization of Chua's circuits when the channel gain Kc(t) is a sinusoidal function

and controller #3 is used, (a) The channel gain Kc(t), gain of adaptive controller Kr(t) and the

product Kc(t)Kr(t). (b) The synchronization error (vi - t>i) when controller #3 is used.

Figure 6(a) The synchronization error (v\ —v\) when channel gain Kc(t) = 1 and a weak coupling

factor K\ = 0.0005 is used. No controller is used, (b) The synchronization error (t>i - v\) when the

channel gain Kc(t) is 1 and a weak coupling factor K\ = 0.0005 is used. Controller #1 is used.

Figure 7. Synchronization of Chua's circuits when G is a sinusoidal function of time, (a) Kc(t)

and Ka{t). (b) The synchronization error (vi —Vi) when the adaptive controller is used, (c) The

synchronization error (v\ —t>i) without the adaptive controller.

Figure 8. Synchronization of Chua's circuits when C\ is a sinusoidal function of time, (a) Kcx(t)

and Kd (t). (b) The synchronization error (v\ —t>i).

Figure 9. Synchronization of Chua's circuits when C2 is a sinusoidal function of time, (a) Kc2(t)

and Kc2(t). (b) The synchronization error (vi —V\).

Figure 10. Synchronization of Chua's circuits when L is a sinusoidal function of time, (a) Ki(t)

and KL{t). (b) The synchronization error (v\ —v\).

Figure 11. Synchronization of Chua's circuits when Rq is a sinusoidal function of time, (a) K^t)

and /^(^.(b) The synchronization error («i —v\).

Figure 12 (a) Schematic diagram of the experimental circuit for studying the synchronization

between two identical Chua's circuits under a time-varying channel. The equations of the adaptive

11



controller is given by Eq.(6). (b) Circuit with the absolute value transfer function.

Figure 13: The «i —v2 phase portrait of the chaotic attractor in Chua's circuit used in the

experiments.

Figure 14: With a unity channel gain, the transmitter and the receiver are synchronized with a

3.8fcft coupling resistor, (a) The relationship between vi and vi. (b) The relationship between v2

and v2.

Figure 15: When the channel gain drops to 0.65, the transmitter and the receiver are desynchro

nized. No adaptive controller is used. (a)The relationship between v\ and 0i. (b) The relationship

between v2 and v2.

Figure 16: The adaptive controller in Fig.12 is used to compensate for the channel gain of 0.65.

(a)The relationship between t>i and 0i- (b) The relationship between v2 and v2.

Figure 17: The adaptive controller in Fig.12 can also compensate the de-synchronization caused

by weak coupling, (a) The relationship between v2 and v2 shows the de-synchronization when

the coupling resistor is 4.46fcQ with a unity channel gain. No adaptive controller is used, (b)

The relationship between v2 and v2 shows synchronization when the adaptive controller is used to

compensate for the weak coupling factor with a unity channel gain, (c) The relationship between

v2 and v2 shows synchronization when the adaptive controller is used to compensate for the weak

coupling factor with a channel gain of 0.65.
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