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Abst ract

In this paper, we present new moment models for uniform, nonuniform and
coupled transmission lines. The moment model of a line is simply based on the re-
lationships between the two port currents (KCL) and the two port voltages (KVL)
of the line. The parameters of the model depend on the mean values of the volt-
age moments and the weighted voltage moments of the line. Simple formulas are
given to compute these mean values efficiently. By using such models and moment
matching techniques, interconnects modeled as transmission line networks can be

efficiently simulated.

1 Introduction

With the rapid increase of the signal frequency and decrease of the feature sizes in high
speed electronic circuits, interconnects play increasingly important roles. Not only the
signal delay due to interconnects is often significantly larger than the transistor delay,
but also the transmission line effect such as reflection, dispersion and crosstalk may

cause false action of the circuits.

*On leave from Nanjing University of Science and Technology



The interconnects of a VLSI system on different level are modeled differently. The
wires on a chip , on a printed circuit board and on an MCM are usually modeled as
lumped or distributed RC lines, lossless transmission lines and lossy transmission lines,
respectively [1].

Many papers dealing with the analysis of interconnect networks have been published
in recent years [2-8,19-26]. The asymptotic waveform evaluation and other moment
matching techniques have recently proven useful in the analysis of interconnects. To
make use of such techniques efficiently, we need good models for interconnect networks,
especially for transmission line networks.

In the early days, interconnects were modeled as lumped or distributed RC networks.
[9] gave the formula for the first moment(Elmore delay) of a node voltage in an RC tree,
which was then used in an RC mesh [10]. AWE [19] extended the moment computation
method to the general RLC network based on a state variable approach. RICE [20] pre-
sented moment model of capacitors and inductors and provided methods to compute
moments by analyzing resistive moment model circuits, especially it improved AWE
by exploiting the treelike structure of most interconnect circuits. However, in RICE,
transmission lines are modeled as a large number of RLGC sections, which is neither
exact nor efficient in computation. Moment computation models of transmission lines
have been presented in [23, 24, 26]. In [23], the moment models are formed either by
recursively solving second order differential equations or by computing matrix expo-
nentials (even for a single line) which is not very efficient in computation. In [24], the
moment model is based on the transmission matrix (ABCD matrix) of transmission
lines. In order to use such a model, moments of port currents of transmission lines
must be included as unknown variables. In [26], a method called reciprocal expansion
(REX) is introduced which finds the moments of the reciprocal of a transfer function
of an interconnect instead of the moments of the transfer function itself. In REX,
the formation of the moment model is based on recursive integration with the time
complexity O(p*) for a pth order model, which is cost for high order computation.
Also, this method is good for interconnects modeled as transmission line trees, but its
extension to more general interconnect topology has not been known.

In our recent paper [27], we presented a moment matching model for RLC transmis-



sion lines. The model is a lumped RLC line. When each transmission line is replaced
by its p-th order moment matching model, the resultant circuit has exactly the same
moment as that of the original circuit up to the order of p for each output node voltage.
In this paper, we will extend this method to develop new moment models for general
RLGC transmission lines, including single uniform and nonuniform lines and coupled
line systems. Starting from the telegrapher’s equations of a transmission line, we form
a model of a transmission line based on the relationships between the two port cur-
rents (KCL) and the two port voltages (KVL) of the line. The parameters of the model
depend on the mean values of voltage moments and weighted voltage moments of the
line. Simple formulas are given to compute these mean values efficiently. For uniform
lines, the model is exact, and for nonuniform lines, it can be as accurate as needed.
The model can be used for any transmission line network, and is especially efficient for
RLC transmission line tree networks. Also, the model can be used for distributed RC
lines as a special case.

This paper is organized as follows. In Sec.2, we review the moment model of a
lumped circuit. In Sec.3, we derive a new moment model for a single uniform trans-
mission line, and we extend the result to a single nonuniform line and coupled lines
in Sec.4 and 5, respectively. In Sec.6, we present an efficient recursive algorithm for
moment computation of RLC transmission line tree networks. Experimental results

and conclusions are given in Sec.7.

2 Moment model of lumped circuits

The method of moment computation proposed in this paper is based on the moment

model of circuits. We first review moment model of lumped circuits in this section.

2.1 KCL and KVL of moment model of circuit

Given a linear circuit N, let V(s) and I(s) be the Laplace transform of its branch
voltage and current vectors, respectively. As far as moment computation is concerned,

the input signal (either a voltage or a current) is set as §(t). Expand V(s) and I(s)



into Taylor series,
V(s) =V = Vis+ V3 4 ... 4 (-1)PVPsP +... (1)

and

I(s)=I°-I's+I*s*+ ...+ (-1)PIPs +... (2)

Then, VP and I? are called the p-th order voltage and current moment vector, respec-
tively. The circuit N? induced from the circuit N for which the branch voltage and
current vectors are V? and I” is called a p-th order moment mode.l of N.

Let A and B be the incidence matrix and the fundamental loop matrix of the graph
induced from the circuit N. Then, the KCL and KVL of the circuit can be expressed
as

Al(s)=0 (3)
and
BV(s)=0 (4)

Substituting Eq.(2) to Eq.(3) and Eq.(1) to Eq.(4), then for each p > 0, we have
AIP =0 (3)

and

BVP =0 (6)

From the above two equations it can be seen that N? and N have the same circuit

topology.

2.2 Moment model of two terminal elements

A circuit model describing the relationship between the voltage moment and current
moment of an element is called its moment model . A model relating a p-th order
voltage moment with j-th order current moments (j < p) or relating a p-th order
current moment with j-th order voltage moments (j < p) is called a p-th order moment

model .

For 2-terminal elements R, L, C and independent source, their moment models are

as follows:



1. For a resistor R, VP = RIP; i.e., the p-th order moment model of a resistor is R

itself as shown in Fig.1.1.

2. For a capacitance C, IP = —CV?-!, This means that the moment model is a
current source with its direction opposite to that of the capacitance voltage and
its value determined by C and V?-1. Such a model is shown in Fig.1.2. In the most
practical cases, moment computation is implemented recursively from low order
up to high orders. In this case, the p-th order moment model for a capacitance is

an independent current source.

3. For an inductance L, V? = —LI?P-1. The p-th order moment model is a voltage

source as shown in Fig.1.3.

4. For an independent voltage (current) source, V(s) = 1 (I(s) = 1) and its model is
just a voltage (current) source with the value equal to 1 for the 0-th order moment

and the value equal to 0 for higher order moments.

2.3 Moment model of dependent sources

For the four types of dependent sources: VCCS (voltage-controlled current source),
VCVS (voltage-controlled voltage source), CCCS (current-controlled current source)
and CCVS (current-controlled voltage source), if their parameters are constant, then

their p-th order moment models are the same as themselves.

2.4 Moment model of a lumped circuit

For a given lumped circuit, replace each element by its p-th order moment model , the
p-th order moment model of the circuit will be formed. It is a resistive circuit. By
analyzing the circuit, all the p-th moments of the node voltages and branch currents can
be found. After that, the p+1 -th order moment model of the circuit can be formulated.
Thus, the moment computation can be implemented recursively from order 0 to any
order needed.

In the next three sections, we will derive moment models for single uniform trans-

mission lines, single nonuniform transmission lines and coupled transmission lines. By



using such models and the models of lumped elements, moment models of interconnects
made of lumped and distributed elements can be formed and moment computation can

be implemented by using these models.

3 Moment model of single uniform transmission

line

3.1 T-typed moment model of single uniform transmission
line

We first consider a single uniform RLGC transmission line TL. Let r, I, g, c and d
be its resistance, inductance, conductance, capacitance per unit length and the length,
and R=1rd, L =ld, G = gd and C = cd be its total resistance, inductance, conduc-
tance and capacitance. Let V(z,s) and I(z, s) be its line voltage and line current at
coordinate x, where z = 0 and # = d correspond to the two ends of the line. The

telegrapher’s equations of the line are as follows:

i‘%_z’_"l = —rl(z,s) — sll(z,s) (M)
% = —gV(z,s) — scV(z,s) (8)

Note that these two equations are in fact the KVL and KCL equations for an infinites-

imal section of the line at coordinate x. Let
V(z,8) = VO(z) = V(z)s + V¥(z)s® +... + (-1)PVP(z)s? +... (9)
and )
I(z,s) = I°(z) — I'(z)s + I*(z)s* + ... + (~1)PIP(z)s® + ... (10)

Substituting Eqs.(9) and (10) to Egs.(7) and (8), and letting the coefficients of s?
(p=0,1,2,...) on both side of the equations be equal, we have

dV?(z
T2E) o rp@) + (o) (11)
) __gyrfa) + eve-ifa (12

6



Now we derive an equation relating I?(d) with I?(0). Integrating both sides of
Eq.(12) from d to z, we have

I(z) = IP(d) = ~g [ Ve()dy + ¢ [ V> y)dy (13)
and
1°(0) = IP(d) + g /o YRy — ¢ /0 V-1 (s)da (14)
We define
UP = % / “Vr(2)dz . (15)

where UP is the mean of the p-th order voltage moments V?(z) along the line and is

called the p-th order mean for simplicity. Then, we have
IP(0) = I*(d) + GUP — CcUP™! (16)

Note that the difference I?(0) — IP(d) = GUP — CUP-}. The first term GUP represents
the total p-th order current moment flowing from the line to ground through the
conductance of the line, and the second term —CUP-! represent the total p-th order
current moment toward the line through the capacitance of the line. These two terms
are characterized by the total conductance G with the p-th order mean UP, and the
total capacitance C with the p-1 the order mean UP-1, respectively.

Next, we derive an equation relating V?(d) with V?(0). Integrate both sides of
Eq.(11) from 0 to x. By using Eq.(13), we have

VP(z) — VP(0) = —reI?(d) + lzIP~}(d) + rg /0 : /d Y Vo(2)dzdy

—re /o : /d Y VP1(2)dzdy — Ig /0 i /d  VP1(2)dzdy + lc /0 . /d YVr2)dady  (17)

where V-1 is defined as 0 when p = 1. Especially, when z = d, we have

d px
VP(d) — VP(0) = —RI?(d) + LIP"(d) + rg /o /d VP(y)dydzs

d rx d (x d rz
- p-1 - p-1 p-2 18
rc/o /d VP~i(y)dydz Ig/o /d VP-(y)dydzr + lc/o /d VP=%(y)dydr  (18)
Now we transform the above double integrals to single ones. Let Q7(z) = JF V7(y)dy.
Then, in the aboveequation, [2 [ Vi(y)dydz = [¢ Qi(z)dz = zQ¥(z) |28 — [ m%@-d:c

= — J#zV(z)dz. Therefore, we have
VP(d) — VP(0) = —RIP(d) + LI*'(d)

7



d d d d
—rg/o .'41,'V“’(y)d:z:+rc/0 a:V""l(y)d:z:+Ig/0 VP (y)dz — lc/0 zVP-3(z)dz (19)

We define ;
1
P [ VP 20
we == [ aVr(y)de (20)

where WP is the mean value of weighted p-th order voltage moments along a line with
the weight equal to the relative distance z/d. W? is called a p-th order x-mean for

simplicity. Then, we have
VP(d) = V?(0) — RI?(d) + LIP"}(d) — RGWP + RCWP~! + LGWP~1 — LCW*?"2 (21)

From the above equation, it can be seen that the difference of the voltage moments
V?(d) — V?(0) consists of two parts. The first part —RIP(d) + LIP~1(d) represents the
contribution of the load current I(d). As I(d) can be regarded as a current component
flowing through the whole line, its effect is the same as if it passed through a lumped
RL branch. The second part can be divided into two subparts. The first subpart
—RGW? 4+ LGW?-! represents the voltage drop caused by the conductance currents,
and the second subpart RCWP-! — LCW?-2 represents the voltage drop caused by
capacitance currents. For this part, the x-mean W characterizes the contribution of
the conductive and capacitive currents. The weight z/d is introduced in W because
the current flowing through a conductance or a capacitance at position = only causes
a voltage drop in the region [0,x].

Let E? = LIP-(d)+ RCWP-14+ LGWP-! - LCWP-2, Then Eq.(21) can be rewritten
as follows:

VP(d) = V?(0) — RI(d) — RGWP + EP (22)

From Egs.(16) and (22), a p-th order T-typed moment model of a transmission line
can be derived as shown in Fig.2a. In this model, V?(0) and V?(d) are regarded as the
port voltages, and I?(0) and IP(d) are regarded as port currents. The current source
CUP-! and voltage source EP are independent sources, and the current source GU? and
RGWP? are dependent sources. We will make the last two sources explicitly dependent
on the p-th order port voltages as will be shown in the next subsection.

In most practical cases, when the operating frequency of a circuit is not very high,

the dielectric loss in a transmission line is negligible compared with the resistance loss,
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and the leakage current through the dielectric medium is much smaller than that of the
distributed capacitances during the most part of a transient response. In such cases,
the g parameter can be set to 0 and the transmission line becomes an RLC line. Then
, Eq.(16) is simplified to

I*(0) = I?(d) — CcUP! (23)

and Eq.(22) to
VP(d) = VP(0) — RI?(d) + E? (24)

where EP = LIP-1(d) + RCW?P-! — LCW?-2, and the moment model is simplified to
that shown in Fig.2b. This T-typed model is equivalent to the 7 typed model as shown
in Fig.2c, where J§, = CUP-! — EP/R and Jj, = EP/R.

3.2 Computation of mean values U and W

From what mentioned in the last section, the moment model of a transmission line
depends on two mean values U and W of some order. In this section, we present
formulas for the computation of U? and W>.

From the ABCD matrix of the transmission line, we have

V(x, 3) { V(Ovs)

I(z,s)

(25)
I(0,s)

[ chlz —Zyshbzx

- -Z%shOm chlz

where 0 = \/(sc+g)(sl +r) and Zg = \/(sl+ r)/(sc+g). Let z = d and v = 6d, we

have

chyV(0,8) — V(d,s)

I(0,s) = Zash (26)
Viz,s) = shf(d — a:)V(O;Z?Y+ sh8zV (d, s) (27)
Define

d

U(s) = ‘-11-/0 V(z,s)dz (28)
and

1 rd

W(s) = 7 Jy zV(z,s)dz (29)

U(s) and W(s) are the mean of the voltage V(z,s) and weighted voltage $V(z,s)

along the line, and are called the mean and x-mean functions, respectively. It is easy

9



to show that U(s) = T24(—1)’U’s? and W(s) = TR(-1FW?s’, i.e.,, UP and WP are
the p-th order moments of U(s) and W(s), respectively, and we can find U? and W?
from U(s) and W(s).

Substituting Eq.(27) to Eqs.(28) and (29), respectively, we have

U(s) = f(s)(V(0,8) + V(d,s)) (30)
where
f(s) = (chy —1)/yshy ' (31)
and
W(s) = hi(s)V(0,8) + ha(s)V(d, s) (32)
where
hi(s) = (shy — ) /7*shy (33)
and
ha(s) = (vchy — shy)/+*shy (34)

Let V(0,s) = ;;0("'1)?‘/”(0)’5”, V(d,s) = Z;io(—lyvp(d)sp’ f(s) = El?;ofksk,
hi(s) = 20 hars, and ho(s) = T2 hars*. Then, from Egs.(30) and (32), we have

0P = S (-1 (V75(0) + V75 (d) (39
and
WP = 3 (= 1)(hisV750) + hasVP-3(d) (39

The method for the computation of fj, k;; and hy; is shown in Appendix A.
Eqgs.(35) and (36) can be rewritten in the following form:

UP = fo(VP(0) + V*(d)) + U? (37)

where UP = Y5_,(—1)f;(V?~#(0) + VP-7(d)) only depends on V(0) and Vi(d) with
t < p, and

WP = hyoV?(0) + haoVP(d) + WP (38)
where WP = 3%_,(—1)/(hy;VP-7(0) + hy;VP-3(d)) is also independent of V?(0) and
VP(d). From the above two equations, the p-th order moment model of an RLGC

10



transmission line can be reformed as shown in Fig.3a or b. The parameters of the
model in Fig.3b are as follows: Go = G(fo — h10), Goa = G(fo — hao), JE, = CUP-1 _
GU? — E2[R + GWP, G4 = Ghyo, Gao = Ghyg and J5, = Eg’/R — GW?. Note that in
this model, the parameters of the resistors and dependent sources are constant w.r.t.

the order p.

4 Moment model of nonuniform transmission lines

In this section, we extend the moment model of uniform transmission lines to nonuni-
form transmission lines. We will follow the same way as we have done for the derivation

of the moment model of a uniform line.

4.1 Equations of voltage and current moments

Consider a nonuniform line with r(z), I(z), ¢(z) and g(z) being the resistance, in-
ductance, capacitance and conductance per unit length at coordinate z where z = 0
and z = d correspond to the near and far end of the line, i'espectively. Then, the

telegrapher’s equation of the line can be written as

dV(z,s)

= —r(z)I(z,s) — sl(z)I(z,s) (39)
%3_) = —g(2)V(z,s) — sc(z)V (3, 5) (40)

From the above two equations, we have

dvr(z)

—2) = —r(2)IP(z) + (=) (2) (41)
and
L) - _s(a)v7(e) + )V (e) (42)

Integrating both sides of Eq.(42) from d to z, we have
_ __ x o x p—1 3
IP(z) — I*(d) /d 9(z)V?(z)dz + /d e(z)VP(z)dz (43)

and

- P(0) - IP(d) = ]odg(z)vv(z)dm— /odc(:c)V""(:z:)da: (44)

11



As can be imagined, now Jg g(z)V?(z)dz and — [¢ ¢(z)V?~!(z)dz represent the con-
tribution of the conductance and capacitance currents to the difference I7(0) — I?(d),
respectively. Now let G = [d g(z)dz and C = [¢ ¢(z)dz be the total conductance and
total capacitance of the line. We define

U7 = ['sevi)is (5
and
d
Up = é [ c@vr(z)ds . (46)

UP and UP are the mean values of weighted p-th order voltage moment EP(z), with the
first one being weighted by g(z) and the second one being weighted by ¢(x). They are
called the p-th order g-mean and c-mean, respectively. By using the above definitions,

Eq.(44) can be expressed as follows:
I?(0) = I?(d) — GUP + CUP~! (47)

Eq.(47) is similar to Eq.(16) except that now UP? and tfg—l replace UP and UP-!,
respectively. In the case that ¢(z)/C = g(z)/G, U? = U?. The physical meaning of
Eq.(47) is similar to that of Eq.(16).

Let R = [§r(z)dz and L = f¢I(z)dz be the total resistance and inductance of the
line. Integrating both sides of Eq.(41) and substituting Eq.(43) to it, we have

d T
VP(d) = V?(0) = ~RIP(d) + LI (d) + [ r(2) [ 9(u)VP(y)dyda

= [r@ [ o wiie— [*160) [} stV udyda [ 1) [ a)Veu)duds
0 d 0 d 0 d
(48)
Now we transform the four double integrals in the above equation into single inte-
grals. Take I, = [ r(z) 7 9(y)V?(y)dydz as an example. Let ry(z) = [ r(y)dy be the
total resistance in the interval [0,z] and denote Q(z) = [7 g(y)V?(y)dy. Then, I, =
lr(@) [7 9)VP(y)dyde=JF Q(z)dr(z) = Q(z)ru(z) 528 — fi re(z)g(c)VP(z)dz =
— 8 re(2)g(2)VP(z)dz. Let Iy(z) = J5 (y)dy. We define

WE = -RIE odr,(a:)g(:z:)V”(z)dx (49)
We = % od r(@)e(2)VP(z)dz (50)

12



Wh =1 | We)s(e)V?(z)ds (51)
and
d
W= 15 [ Wa)(@)V(z)dz (52)

Then, Eq.(48) becomes
V?(d) = V?(0) — RI?(d) + LIP"'(d) - RGW}, + RCWE + LGWE™ — LCWE™ (53)

Eq.(53) is similar to Eq.(21) except that now we have four W’s-instead of one. In
the special case that r(z)/R = l(z)/L and ¢(z)/C = g(z)/G, these four W’s become
the same. WF, WE, WP and W], are mean values of the weighed p-th order voltage
moments with the weights being r,(z)g(z), ri(z)c(z), li(z)g(z) and l(z)c(z), and are
called the p-th order rg, rc, Ig and lc - mean, respectively. From Eqs.(47) and (53), a p-
th order moment model for the transmission line can be derived as shown in Fig.4. This

model is similar to that shown in Fig.2, except that now EP = LJP-1(d) + RCWE +
LGW[™ ' — LCWL™2.

4.2 Computation of the values U and W

In order to derive formulas for the values U and W, we use Taylor series expansion
for r(z), I(z), g(¢) and ¢(z) such that r(z) = Y32 ,raz" , etc., and use Taylor series
expansion for any two variable function F(z,s) as 332, Y52, faksFz". Starting from
the telegrapher’s equations, we can find a formula relating E(z,s) with E(0,s) and
E(d, s) as follows with the derivation shown in Appendix B:

V(z,s) = P(z,s)V(0,s) + Q(z,s)V(d,s) (54)

Expanding P(z,s) and Q(z,s) in Taylor series of z and s and truncating the infi-
nite series for x by a finite number N: P(z,s) = ¥V 3% Pua"s* and Q(z,s) =

TN o T2 0 Quiz"s®, we have

U = 31 (13 VP9(0) + fsVP()) (55)

§=0

N
where fj1; = N0 77 Theo Prign-kd™+! and froj = Soo i Theo Qkign-kd™t'.
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The formulas for other U and W values are similar and are omitted for simplicity.

Let W2, = 35_o(—1)(hrg1;VP~9(0) + hyg2;VP~3(d)), then the p-th order moment
model of a nonuniform line shown in Fig.4a can be transformed into that shown in
Fig.3b with the parameters Go = G(f10 — hrg10); God = G(f520 — hrg20), J§, = CUE! —
GU?P, — EP/R + GWE,,, Ga = Ghego, Gao = Ghegro and Jj, = Ef/R — GWE,,, where

U:a = 2?=1("1)j(fgljvp-j(0) + fgzij-j(d)) and erga = ?:1(—1)j(hraljvp-j(0) +
heg2; VP~7(d)).

5 Moment model of coupled transmission lines

Now we extend our results to coupled transmission lines. Here we only deal with
the uniform line case, and the extension to the nonuniform line case can be done by
following the same way as stated in the last section.

The extension can simply be done by redefining the parameters r, I, g, ¢, R, L, G
and C as matrices, and V, I, U and W as vectors. All the equations in Sec.3.1 are still
valid with the above interpretation. The moment model can be formed by using these

equations. For the i-th line coupled with lines from number 1 to n, we have

17(0) = IP(d) + 3" (Gt UE — CuUP™) (56)
k=1 .
and
VP(d) = VP(0) - S (Rad2(d) + Ra S G W) + B (57)
k=1 J=t
where

B =Y {Laf7'(d) + Y [(RiCj + LuGa;)WP™ — Ly Ci;WP2}  (58)

k=1 j=1
A moment model for the case n = 2 is shown in Fig.5 for illustration.

Now we discuss the computation of mean values U and W. We first consider 2

typical cases.

5.1 Case 1.

This is the case with the typical structure that the transmission line system is made

of microstrips with the same size and the same separation between two adjacent lines.
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It is also assumed that the resistance and conductance matrices of the system are
diagonal, and the coupling effects are significant only between immediately adjacent
lines so that its inductance matrix and capacitance matrix are tridiagonal and Toeplitz
matrices and there exists a constant transformation matrix to diagonalize both the
matrices simultaneously [25].

Suppose that in matrix L, I;; = I for alli, l;; = I, for | i—j |< 1 and ¢ # j and
lij =0 for | i — j |> 1. Similarly, in matrix C, ¢;; = ¢ for all i, Cij ='cm for |t —j|<1
and ¢ # j and ¢;; = O for | i—j |> 1. Let p; = —2cos(ir/(n+1)), ¢o(u) = 1, 1(1) = &,
and ¢;(p) = pdi-1(pn) — ¢j-2(p) for j > 1. Let 8 = %, (di—1(#;))?. Then, there
exists a matrix P = [p;;] with p;; = ¢i_1(1;)/6; such that P-! = P! I' = P!P and
¢ = P'cP are diagonal matrices, r = P'rP and g = P'gP. Using the transformation
V = PE and I = PJ, we will have the following decoupled system:

.‘EET(lz’i) = —rJ(z,s) - sl'J(z,5) (59)
gif;;’_s) = —gE(z,s) — sc'E(z,s) (60)

From V = PE we have E(0,s) = P'V(0,s), E(d,s) = P'V(d,s), EP(0) = P*VP(0)
and E?(d) = P'VP(d). Let the p-th order U and W values of the i-th transmission line
be UP and WP, and those of the j-th decoupled transmission line be Uf; and W, Uj;
and W can be found by using formulas (35) and (36), then U} and W} can be found

by using the following equations:

U =Y piiUj; (61)
i=1
and
I/V'-p = ZP'JW‘Z (62)
i=1
5.2 Case 2.

In this case all the lines are RLC lines, i.e., their conductance matrix g is a zero matrix.

Eq.(13) is now simplified to
I"(z) = P(d) +¢ [ V" y)dy (63)
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and Eq.(17) to

VP(z) = VP(0) + (—rIP(d) + UIP7}(d))z + rcAP~}(z) — lcAP~%(z)

where
. T Y .
2 —_ J
Ai(z) = jo /d Vi(z)dzdy
Let
.1 qd .
) e e J
Xi=— /o Ai(z)de
and

. d .
Z’ = %/0 zA’(z)dz
Then, we have
UP = ve(0) + %(—RI"(d) + LIP-\(d)) + RCXP-! — LCXP-2

and

WP = ZVP(0) + 3(~RIP(d) + LI (d)) + ROZP — LOZP~

(64)

(65)

(66)

(67)

(68)

(69)

Let I°(d) be the 0-th order current moment vector of the line system. As the

conductance matrix is zero, so V(z) = V°(0) — rI%(d)z and we can find
U° = V(o) — -;-RI"(d)

and

Wo = %v°(o) - %RI°(d)

Starting from j = 0 and using Eqs.(64) - (67), we can find X7 and Z7 recursively. It

can be shown that X7 and Z’ are characterized by a coefficient array C as shown in

Table 1.

From Egs.(64) - (67), it can be understood that X? and ZP are polynomials of
variables V*(0) and I*(d) with k = 0 — p. The coefficient of each term is the product

of some ¢; and R, L and C. For example,

Xo = c1V°(0) + Cz(—RIo(d))

Zo = CzVO(O) + C3(—RIo(d))
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(5] C2 C3 Cq Cs Ce

1 S 2 61 A7 277
3 24 15 720 315 8064
Cc7 Cs Co C10 n C12
62 50521 1382 540553 21844 598082943

2835 | 3628800 | 155925 | 95800320 | 6081075 | 261534873600

Table 1: Coefficient Array C

We define an operator shift(). For a term A = c;P where P is independent of ¢;,
_shift(A) = ciy2P; and for a term A = B+ C, shift(A) = shift(B)+ shift(C). Then,

from Eqgs.(64) - (67), we have the following recursive formulas:
XPH = ¢, VPY(0) + co(—RIP*(d) + LIP(d)) + RCshift(XP) — LCshift(XP!) (70)
and

ZPH = ¢, VP41(0) + c(— RIP*(d) + LIP(d)) + RCshift(ZP) — LCshift(ZP-1) (71)

Example 1
From
X% = ¢;V90) + cz(—RI°(d))
Z° = ¢;V°(0) + c3(—RI%(d))
we have

X! = ¢,V1(0) + ¢(—RI'(d) + LI°(d)) + RCshi ft(X°)
= ¢;V}(0) + co(—RI'(d) + LI°(d)) + RC(csV°(0) + ca(—RI°(d)))
Z' = c;V1(0) + c5(—RI'(d) + LI°(d)) + RCshift(2°)
= ¢,V}(0) + e3(—RI'(d) + LI°(d)) + RC(caV°(0) + cs(—RI°(d)))
X? = ,V¥(0) + co(—RI*(d) + LI'(d)) + RCshift(X") — LCshift(X°)
= ¢1V2(0)+c3(—RI*(d)+ LI'(d))+RC[csV* (0)+ca(— RI'(d)+LI°(d))+ RC(csV°(0)+cs(— RI°(d)))]
—LC[esV°(0) + cs(—RI°(d))]

2% = ¢,V2(0) + c3(—RI*(d) + LI'(d)) + RCshift(Z') — LCshift(2°)
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= 6,V(0)+ca(— RI*(d)+LI'(d))+RC[ceV*(0)+cs(— RI'(d)+LI%(d))+RC(csV(0)+cr(— RI°(d)))]
—LClesV°(0) + cs(—RI°(d))]

and so on.

In the case that there are no leakage resistors in the network, I°(d) = 0 and V°(0) =
e being a unit vector. In the general case, I°(d) and V?(0) can be found by replacing
each transmission line with a resistance and then analyzing the circuit. After analyzing
the k-th order moment model of the original network, V*(0) and I*(d) are known, X*,
Z*, U* and W* can be computed and the k + 1-th order moment model of the circuit
can be formed. Note that in this case moment models of the coupled transmission
line system can be formed and the moment computation can be implemented without

decoupling the system.

5.3 The General Case

Now we consider the most general case. From Eqgs.(1) and .(2), we have

d*V(z,
—% = (sl+r)(sc+ g)V(z,s) (72)
Let A%(s) = diag(A3,)2,...,)2) and T be the eigenvalue and eigenvector matrix of
matrix (sl + r)(sc + g), respectively. Let V(z,s) = T(s)E(z,s). Then, it can be
derived that

E(z,s) = sh™'Ad(shA(d — z)E(0, s) + shAzE(d, s)) (73)

and

V(z,s) = Tsh~'Ad(shA(d — z)T~'V(0,s) + shAzT "'V (d, s)) (74)

Let I' = Ad.Then, the functions U(s) and W(s) as defined in Sec.3 can be expressed

as follows:
U(s) = F(s)(V(0,5) + V(d, s)) (75)
where
F(s) =T(chl —1)[1sh~!ITT! (76)
and
W(s) = Hi(s)V(0,s) + Hy(s)V(d,s) (77)
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where
Hy(s) = T(shT' — T)[-2sh-1TT-1 (78)
and
Hy(s) = T(TcAT — shT)[~2sh-'T'T-1 (79)
Let V(0,5) = T24(~1)PVP(0)s?, V(d,s) = T20(<1)PVP(d)s?, F(s) = £ Fast,
Hy(s) = 2o His®, and Hy(s) = Y22, Hars*. Then, from Eqs.(75) and (77), we have

ve = é(—l)"mv"-f(O)+VP~f(d)) ' (80)
and
WP = (= 1)i(H,VP3(0) + HoyVP=i(d) (81)

In order to use the above equations to compute UP and WP, we need to compute the

matrices F;, Hyj and H;;. The formulas for these coefficients are given in Appendix C.

6 Moment computation of RLC transmission line
tree networks

In the previous 'three sections, we derived moment models for single uniform and
nonuniform lines and coupled lines. By using such models and moment models of
lumped elements, moment models for orders from low to high can be formed and mo-
ment computation can be done by analyzing these models for which any circuit analysis
techniques can be used.

Now we consider the moment computation of a typical network: an RLC transmis-
sion line tree network. Such a network consists of resistors, inductors, RLC transmis-
sion lines and lumped capacitors. Each transmission line consists of a floating wire
and a ground wire. The resistors, inductors, and the floating wires form a tree, and a
voltage source is applied to the root of the tree. The capacitors are connected between
the nodes on the tree and the ground. Such a network is of our special interest because
it is a model of most practical interconnects and the computation of its moments can

be done with extreme efficiency.

19



We use the following notations to describe the circuit. We denote the lumped
capacitance connected between node k and the ground by Cii. For each node k on
the tree, let D(k) be the set of nodes in the subtree rooted at node k except node k
itself. let S(k) be the nodes in D(k) and adjacent to node k. S(k) is called the set of
son nodes of node k and k is called the father node of any node j € S(k). We denote
the father node of .node k by £ and the branch connected between nodes k and & by
be. b either consists of a series of resistance Ry and inductance L, or consists of a
transmission line denoted by T'L;. In the later case, the total resistance, capacitance,
inductance, p-th order U and W values of T L;. are denoted by R, Ly, Ci, U and W,
respectively.

The 0-th order moment model are formed simply by replace each capacitor with
an open circuit, each inductor with a short circuit, and each transmission line with
a resistor. As all the resistors in the model are floating, all the 0-th order voltage
moments are 1 and all the 0-th order current moments are 0, and it can easily be
shown that for each transmission line, U° = 1 and W° = 0.5.

Now consider the p-th order moment computation with p > 1. We replace each
element in the network by its p-th order moment model and form a p-th order moment
model of the network. Note that in such a case, the model is still a tree. Let I¥ be the
current in branch b entering node k. From KCL, we have

I =—-CuVP'+ > Ir- C_,-U;"l) (82)
JES(K)
where Cj is the lumped capacitance connected to node k and C; is the total capaci-
tance of transmission line T'L;.

From Eq.(82), we have a recursive algorithm to compute I{ for all tree branches
from the leaves to the root as follows.

Algorithm 1: findI(k,p)

findI(k, p)
{ I? = —Cre VP
if b is a transmission line
find UP™Y;

else UL~ = 0;
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if k is not a leaf node
for each node j € S(k) do
Ip+ = findI(j,p);
return(If — CLUP™);
}

After using the above algorithm to compute all the p-th order moments of the tree
branch currents, the p-th (p > 1) order moments of the node voltages can be computed
recursively from the root to the leaves by using the following algorithm.

Algorithm 2: moment(k, p)

moment(k, p)
{if k is the root
V=0
else
{ Ve =VP—RI+ L IE7Y,
if branch b is a transmission line T L;
{find WP,
VP+ = RCWE! — LW )
}
if k is not a leaf
for each j € S(k) do
moment(j,p);
return;
}

The time complexity of these algorithm is linear to the number of nodes n of the
network. From Eq.(35) and Eq.(36) it can be seen that the computation of the function
UP~! takes O(p) time. Therefore, the time complexity of this algorithm is O(np). By
using the above algorithms recursively to compute the moments from order 1 to p takes
time O(np?).

The above algorithms can be applied to tree networks made of single uniform and/or
nonuniform transmission lines. For a tree network made of coupled transmission lines, a

similar algorithms can be written. The main changes from the above algorithms are as
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follows. 1. All the mean values U’s and W's of transmission lines are computed first; 2.
In the "return” statement of FindI(k,p), CtUE™" should be replaced by T; Cx;UP™"
where j is taken over all the transmission lines coupled with T'L; including k; 3.In
moment(k,p), for a transmission line T'Ly coupled with other lines, RiIf should be
replaced by ¥; Ri;I%, LiIl™ by ©; Li;I2™!, RyCeWE™ by &; Re; T C;iWP™, and
LyCyWE™ by T Li; Ti Ci WP ™.

7 Experiments and Conclusions

7.1 Experiments

We will show three examples of using the moment matching technique to find the
time domain response. The input to the three circuits is a unit ramp function with a
rising time of 0.1ns. We use our moment model to compute the moments of output
node voltages. After extracting a flight time, we use Padé approximation to find
their rational approximations and obtain the time domain response by inverse Laplace
transform. For each example, SPICE simulation is done and the results are shown
in the figures with a postfix ”s” for comparison. As SPICE cannot handle RLGC
lines, each uniform RLGC line is modeled by 50 identical lumped RLGC sections, and
each nonuniform line is modeled by 50 different RLGC sections. It can be seen from
the figures that the moment matching method is quite accurate for the simulation of
interconnects.

Example 2. This circuit is shown in Fig.6 which contains 7 uniform lossy transmis-
sion lines. An 8-th order moment matching is used to find the output voltage "vout”,
which is compared with the SPICE simulation result "vouts” as shown in Fig.7.

Example 3. This circuit is formed by replacing TL7 in Fig.6 by a parabolic line
as shown in Fig.8. The line parameters are: r = ro(l + az)?, I = ly(1 + az)?, ¢ =
co(1+az)~? and g = go(1+az)~? , where ro = 75Q/m, ly = 100nH/m, co = 150pF/m,
9o = 0.015/m, a = 20.0 and LEN = 0.02m. The output voltage "voutl” is found by
using an 8-th order moment matching, which is compared with the SPICE simulation

result "vouts” as shown in Fig.9.
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Example 4. This circuit is shown in Fig.10 which contains two coupled line systems.

The length of each line is 0.1m. The parameters of the first systems are:

4946 63.3 |

l= nH[m
63.3 494.6
62.8 —4.9 |

C= pF/m
—49 62.8

R= [ & ] Q/m.
75

The parameters of the second system are:

[ 4946 63.3

63.3 4946 63.3
l= nH/m
63.3 4946 63.3
] 63.3 494.6 |
[ T
628 —4.9
—-49 628 -—-4.9
C= pF[m
—49 628 -49
_ —49 628 |
o -
75
R= Q/m.
75
-3 75 -

The waveforms v7 and v9 are found by using a 5-th order and an 11-th order mo-
ment matching and are compared with the SPICE simulation results v7s and v9s,
respectively. They are shown in Fig.11 and 12, respectively.

The CPU time by using moment matching techniques in each of the above three
examples is less than 1/60 second. The CPU time for SPICE simulation is 37.6s, 38.54s
and 17.346s for Example 1, 2 and 3, respectively. The moment matching technique
runs three order of magnitude faster than SPICE.
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7.2 Conclusion

We have presented new moment models for transmission lines. These models are
directly derived from telegrapher’s equations. Their parameters are based on the mean
values of the voltage moments and weighted voltage moments along the lines, which can
be efficiently computed. For uniform lines, these models are exact; and for nonuniform
lines, the model can be made as accurate as needed. These models can be used in
any transmission line networks. As the models have the T-typeq or w-typed circuit
structure, when an interconnect is of the tree structure, its moment model circuit is of
the same type. Therefore, these models are especially well suited for the use of moment
computation algorithm for RLC transmission line tree networks. Meanwhile, all the
models can be applied to distributed RC lines as a special case.

Our moment model of transmission lines is different from other known models.
Compared with the lumped model made of a large number of RLGC sections, ours
is more accurate and efficient. Compared with the models suggested in [23], which
are formed either by recursively solving second order differential equations or by the
computation of exponential matrix functions, the formation of out model is simpler
and faster. When using the models suggested in [24], two port currents of transmission
lines are introduced in circuit equations. In contrast, by using our model, for single
lines and couple line system with diagonal resistance matrices, no port currents are
needed; and for lines with resistive coupling, only one port current (the far-end port
current, See Fig.5) is introduced for each line. Therefore, our model results in fewer
unknown variables for the circuit equations in the general case. Compared with REX
[25], the formation of a p-th order model in REX takes O(p*) time, while the formation
of our model takes O(p?) time.

Appendix
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A Computation of f;, hy; and hy;
Let P(s) be any function of f(s), h1(s) or hy(s). Then, P(s) can be expressed as

o0 m o
P(s) = %f% =S e (83)

where b = 1. For P(s) = f(s), an = 1/(2(n +1))!, by = 1/(2n +1)!; for P(s) = hy(s),
an =1/(2n+3)!, by = an—1 (n 2 1); and for P(s) = hy(s), an, = 2(n+1)/(2n +3)! and
ba = 1/(2n + 1)!. The coefficients ¢,s (n = 0,1,...) can be computed from the known

a,s and b s by using the following formula starting from n = 0:

n—1
k=0
Let 42" = (a28? + a;15 + ao)” be expressed as Yit,als’. Then, af = 1, a? = 0 for

J > 0; and the coeflicients of a7 with n > 1 can be computed by using the following

recursive formula. Let m = min(j,2), then

of =Y aj-la; (85)
i=0
Let k = |41]. Then, P(s) can be expressed as Y32, p;s’ with
[~}
pi=) caf} (86)
n=k
and p; x TN, cna} where N is so chosen that the error due to the truncation is small

enough.

B Derivation of Eq.(54)

We differentiate both sides of Eq.(41) w.r.t. x, and have

TVt afa, )2 4 4z, 0)V(2,5) = 0 &)
where (@) + si(s)
r'(z) + sl'(z
a(z,s) = —m (88)
and
bz, s) = —Z(z,5)Y(z,8) = —(r(z) + sl(z))(9(z) + sc(z)) (89)
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a(z,s) and b(z,s) can be expressed as
[=od o0 00 .
a(z,s) =Y an(s)z" = Y D an;8’z" (90)
n=0 n=0j5=0

and

b(z,s) = i ba(s)z" = i zz:b,,,-s":v" (91)

n=0 n=0;=0
The coefficients a,,; and b,; can be expressed as follows.
Let r(z) = T2 ornz®, I(z) = T2 4 laz”, c(z) = T2 Cnz®, a.nd g(z) = T2 gaz".
Then
bn () = bno + bn1s + bpzs® (92)

where bno = XE_oTkgn—k, b1 = TR olrkca-k + grln-i] and bay = 3 cxln_k. From

the definition of a(z, s), we have

Xy n(ra + sly)z™! = n
a(z,s) = — ,:-o("n el nz:oa,,(s)x (93)
or
= Yo n(ra+sla)z™ = > (ry + slo)z” Y an(s)z" (94)
n=1 n=0 n=0

From Eqs.(88) and (94), we have

_ rni+sh
aO(S) = _ro + SIO (95)
and
an(s) = — (n + 1)(ra41 + slat1) + They (e + 8lk)@n_i(s) )

ro + slp

and a,(s) can be computed recursively from n=0 to any order.
From Eqs.(95) and (96), it can be seen that a,(s) can be expressed as TR0 an;s’.
From Eq.(95), it can be derived that agy = —r/ro and

aoj = - 1) 1( )"l( 1:—2-11) (97)
For n > 0,
Qo = ——[(n +1)rp41 + Z TkGn—k,0) (98)
and k=1

Ank = "_[( l)k( + 1)( )k—l( n+ll_0 - In+l)
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n k
+ 202 (ritnoij + Lignijo)(~1)F (:—Z)"'j] (99)

i=1 j=0
In the special case that I(z)/r(z) = const, ano = an(s).

Suppose that the boundary conditions to Eqs.(41) and (42) are known as V/(0,s)
and JI(0,s). Then, %%‘32 lz=0="—(r(0) + s1(0))1(0,s). Let the solution V(z,s) to
Eq.(87) be

V(z,s) = i Va(s)z" ' (100)

n=0
then Vo(s) = V(0,s) and Vi(s) = &2 |,_o= —(r(0) + s1(0))I(0,s). Substituting
Eq.(100) to Eq.(87), we have

Y o (k +1)(k + 2)Viga(s)z* + 3 ana” Yo (k4 1)Viga(s)zk + 3 bz " Vi(s)z* =0
k=0 n=0 k=0 n=0 k=0
(101)

and
T ol + 1)Vipa(s)ar—i(s) + Vi(s)be—i(s)]
(k+1)(k+2)

Vi(s) can be expressed as o;(s)V/(0,s) + Bi(s)I(0,s). For example, ag = 1, fo = 0,
a; =0 and S = —Z(0,s). From Eq.(102), we have

Viga(s) = — (102)

_ ZEol(E + Ve (8)ar-i(s) + ai(s)be-i(s)]

and .
_ Tl + 1)Bisa(s)ar-i(s) + Bi(s)bk-i(s)]
Brsa(s) = - GITG D) : (104)

Now we truncate the infinite series in Eq.(100) to a finite series with N+1 terms, then
V(z,s) = N, Vi(s)z" = A(z,s)V(0,s) + B(z,s)I(0,s) with A(z,s) = TN_; aa(s)z”
and B(z,s) = 2N Ba(s)z".

From what mentioned above, a,, and 3, can be expressed as 52 ; anks* and 22 Bnrs.
It has been shown that ap, 8, and o, are constant, 1o = —r(0) and By; = —1(0). From

Eqs.(103) and (104), it can be derived that

¥ ol(i + 1) im0 Cit1,p0k—isj—p + Linmo Visj—pDk—iin]

Q425 = — (k + 1)(1\1 + 2) (105)
e foli+1)Ti0B 2 B obin]
L 2izol(? +1) Yp=o Bi+1,08k—i,j—p + Yo=0Bij-pbk—ip

Brsai = — = FE) 2 (106)
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Then, A(z, s) and B(z,s) can be expressed as Y52, Ax(x)s* and T32, Bi(z)s*, where
A= XN janez™ and Be = TN, Bukz™

Now we have the equation
V(z,s) = A(z,s)V(0,s) + B(z,s)I(0,s) (107)

and
V(d,s) = A(d,s)V(0,s) + B(d, s)I(0, s) (108)

From the above equations, we have
V(x,s) = P(m,s)V(O,s) + Q(x,s)V(d,s) (109)

where P(z,s) = A(z,s) — gz:: B(z,s) and Q(z,8) = %g—:-}. The expansion of P(z,s)

and Q(z, s) into Taylor series can be done similarly and is omitted.

C Computation of U and W for coupled transmis-

sion lines

C.1 Eigenvalues and eigenvectors of matrix M = (r+sl)(g+sc)

We first present formulas for the eigenvalues and eigenvectors of the matrix M =
(r + sl)(g + sc).

Let @ = A? be the eigenvalue matrix of matrix M and T be the matrix of its
eigenvectors, then we have MT = T'Q. Let M = Mg + M;s + M,s? where M, = rg,
My =rc+lgand M, =lc, and Q = T2, Qis* and T = T2, Ti.s*. Then,

MoTo = ToQo (110)
and Qo and Tj can be found by using any algorithm of eigenvalue problems. Also,

and

k-1
MoTi + MyTioy + MyTie—z = TiQo + ToQx + 3 T;Qu—; (112)

=1
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let Ti = [Tka, o, - - - s Thal, Q; = diag{gjn, g2y .-, qin}, A= T T;Qu_; —MyTi_q —
M;Ty_2 = [A1, As, ..., A,) where T}; and A; are the j-th column vector of matrices T}

and A, respectively. Then, from Eq.(112), we have
(Mo — qo;1)Tk; = qiiTo; + A; (113)

There are n 4+ 1 unknowns in the above n equations. By an additional constraint
|| Tk |l2= 1, we can solve for gx; and Tj;.
As A? = @, we have A2 = Qo and 2A0Ar = Qi — Z?;} AjAi_j, and we have

Ao = \/Q; and
1 k-1
FA5H(Qk = D AjAe-j) (114)

=1

A =

C.2 Taylor series expansion of F(s), Hi(s) and H,(s)
C.2.1 Taylor series expansion of an inverse matrix

Suppose that matrix A(s) = Y2,Ars* and B, = A7(s) = Y 2,Bis*. From
B(s)A(s) = X2, X% o BjAx_; = I, we have By = Aj! and

=
k-1
B, = —Aal Z BjAi_j (115)
3=0
Then, By can be found recursively from k& = 0 up to any k = p.
This method can be used to find the Taylor series expansion of T-1(s), I'"?, I'"2
and sh~1T. For the last three matrices, the computation should be done for diagonal

elements only.

C.2.2 Taylor series expansion of a matrix product

The matrix functions F(s), H,(s) and H,(s) are products of 5 matrices. Except for the
first and last factors T' and T-!, the other three factors are diagonal matrices whose
product is also a diagonal matrix so that they can be expressed as P = ABC in the
general case, where B is a diagonal matrix. Assume that A(s) = 52, Axs* and similar
expansions exist for matrices B and C. Then, we have To = A¢BoCo; and for p 2 1,

p p-i
T, = E A;B;Cy = ZA.'EB,‘C,,-.‘-,‘ (116)

s+j+k=p =0 J=0
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