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Let us now consider a more general class of controllers: dynamic controllers which may
even depend on s, i. e. a gain scheduling dynamic controller of the form

u=h(x,x), ©
X =f(x,x,s).
with x_€ R"<. Consider the closed loop system
i=A(s)z+B(s)p(z5). )
where
T-|,r.7 4 = A(s)O’é = [B() O] .04 - h(x,x,) .
= [ 21 Acs) [ o o B0 ="y s =) "
Lemma 2.

Suppose we are given I, and there exist an integer n, 2 0, continuous functions
£ R ™ 5 R™ and h: R** "¢ > R™, and a positive definite matrix P e R**"c*"*"c

such that

~T - -
L(z,0: = 2/ (A (s)P+PA(s5)) 2+ 2Z'PB(5)p (2, 5) < —allx|? @®)
forsome x>0, Vse Sand V(z,1) € R"+"CxR+,men x(1) =»0.

Proof.

It is clear that || z|| is bounded. The fact that x (#) — 0 follows from LaSalle’s Invariance
theorem [27].

Definition 2.

We say that Z, is robustly quadratically stabilizable by dynamic controller (RQSDC), if
X, satisfies condition (8) of Lemma 2.

Note that RQSDC as defined here is slightly more relaxed than quadratic stabilizability
introduced in [19] in two ways: our compensator may depend on parameters, and the
Lyapunov derivative L (z, ¢) is bounded by the norm of the state of the plant rather than

the full state, which also includes the state of the controller. However in next section we



will show RQSDC is equivalent to RQSSC, hence is equivalent to the earlier definition in
[19].

The following definition is natural and does not necessarily require the existence of
parameter-independent Lyapunov function.

Definition 3.

X, is said to be robustly stabilizable by linear control (RSLC) if there exists a state feed-

back of the form u = Kx such that Re (6 (A (s) +B(s)K)) <0 Vse S. Where ¢
denotes spectrum, and Re denotes real part.

2.2 Adaptive stabilization

Before we proceed to adaptive stabilization let us first introduce the relevant notions of
pointwise stabilizability, controllability invariance, and control Lyapunov function.

Definition 4.

Z, is said to be pointwise stabilizable if there exist continuous mappings

P(): R*SR"™™andu_: R " — R™, such that P (s) is positive definite Vs € S and

n

we have the following property

L(xs51) =x (AT(s)P(s) +P()A(s)) x+xP(5) B(s)u, (x,5) S—allxl® )
forsome o> 0.1If P(s) = P = const we say that £, admits control Lyapunov function
(CLF) V = x"Px [25, 29].

Note the difference between admitting CLF and RQSSC, in the latter case, the control law
does not depend on the parameter s.

Definition S [20, 28).
X, is said to be controllability invariant if the pair (A (s), B(s)) is controllable for any
fixed value s€ S.

Again, note the difference between RSLC and controllability invariance, where the latter
implies the existence of a parameter-dependent control u = K (s) x which stabilizes the

system Vs e S.



We now consider adaptive stabilization, starting with adaptive quadratic stabilization.
Then we describe certainty equivalence adaptive stabilization [12].

Definition 6.

X, is said to be adaptively quadratically stabilizable (AQS) if there exist C' functions
d: R"*" - R" and u,: R***— R™, and a constant positive definite matrix P € R"*",
such that the augmented Lyapunov function W (x,$) = L Px+ ($-9) T (§ - s) under

the adaptive control law u = u, kx, §) and parameter estimator §=d (x, 3) satisfies

. T
W(x,§) = xT(AT(s)P+PA (s))x+xTPB (s)u,(x,8) +25 (§-5) S-allxllz. (10)

From LaSalle’s Theorem, it is clear that with the above adaptive control, we have
x(#) = 0 and ||3] is bounded.

Finally, there is the well known certainty equivalence adaptive control. In [11, 12] it was
shown that as long as model (1) is pointwise stabilizable, then it can be stabilized by cer-
tainty equivalence adaptive controller using suitable identifier.

3.RQSDC = RQSSC = RQS

In this section we establish the equivalence between robust quadratic stabilization by
dynamic controller and robust quadratic stabilization by static control. While it is clear
that RQSDC implies RQSSC, the fact that the reverse is true is somewhat surprising. The
following theorem is an extension of Theorem 3.2 of [25].

Theorem 1.

The following statements are equivalent for the uncertain system X, .
(i) Z, is RQSSC;
(ii) Z, isRQSDC.

The following lemma is needed for the proof of the theorem.



Lemma 3.

Consider the uncertain system Z,, and the closed loop system (7), and suppose condition

(8) of Lemma 2 is satisfied with some positive definite matrix P. Then there exists a con-
trol such that condition (8) of Lemma 2 is satisfied with a block diagonal P = [P‘ _0] ,

0P,
with P, e R"*" and P, e R"*",

Proof of Lemma 3.

T

P P
Let P = [ : 3] with P € R"™", P, € R"*" and P, € R"™". Now consider a linear
P3 P2

0
transformation z = T% of (7) with T = [ _;’PT ; ],where I,and I, are nxn and
28 34,

n_X n_ identity matrices respectively. hen it is obvious that the matrix

P =TPTis positive definite, and by choice of T it is easy to verify that P is block diag-

T

onal. Finally, let us consider the transformed system with state z = [xT ;Tc] ,and let

M = P;'P";, then the transformed system will be described by

i=A(s)x+B(s)h(x,—-Mx+Xx,),

: - - - amn
xe=Mi+i. =MA(s)x+B(s)h(x,—Mx+x.) +f(x,-Mx+x.) =f(x,%,s).

with u = h(x,x.) = h(x,-Mx+Xx,) = }-z(x, x.) . Now let us consider Lyapunov func-
tion V = 7' PZ = 7/ Pz then
Lz 1 = L(z1) <-alxl? 12)

and hence condition (8) of Lemma 2 is satisfied with the block diagonal matrix P.0



Proof of Theorem 1.

It is trivial that (i) implies (ii). Also (ii) implies (i) for the case when the dimension of con-
troller is equal to zero. So we need only to show that (ii) implies (i) for the case when the

dimension of the dynamic controller is greater than zero.

In a view of Lemma 3 we need to consider only the case when the matrix P in definition of

RQSDC is block diagonal.

Suppose Z, is RQSDC with P = Py 0 e,
0 P,

T, T ~ Tpa 2

Z (A (s)P+PA(s))z+27 PB(s)p(z,s) <-allxll,

where all terms are as in (7).

LetS = P! = [‘;‘ :] and z = Sw, then (13) will become

2

W (SA (5) +A (5) S)w+ 2w"[B (‘;‘) "] L" (% %) ] < —allx|?,

Ilf(x,x, 9|

wr([A (5) ﬂ S101, 151 911a"(9) 0)w+2er(‘)h(""‘c) < —alxll?.
0o olos,)| (08| o o f(xx,9)

This must hold forall w. Let w = [8] , then (15) will become

(A (5)S,+5,AT(8)) r+ "B (5) h(x,0) < -alxl’.

Setting S,r = x gives us

xT (AT (s) P+ PA (s)) x+2x"PB (s) h (x, 0) < —alllx|1?,
which shows that Z, is RQSSC. O

In the sequel, we will refer both RQSSC and RQSDC simply as RQS.

13)

(14)

as)

(16)

am



4. Robust Quadratic Stabilization, Adaptive Quadratic
Stabilization and the Existence of Control Lyapunov
Function

In this section we examine the inter-relationships among robust quadratic stabilizability
(RQS), adaptive quadratic stabilizability (AQS) and the existence of control Lyapunov
function (CLF).

First, we establish relationship between the existence of CLF and AQS. We show that for
Z, they are equivalent given that Z, is linearly parametrized. This result is given in the

following theorem.

Theorem 2.

Consider linearly parametrized uncertain system X, . Then the following statements are

equivalent:

() Z, admits CLF;
(i) Z, is AQS.
Proof of Theorem 2.

First, we show by construction, following [1], that for linearly parametrized X, the exist-

ence of control Lyapunov function implies AQS.
Let us define the following augmented Lyapunov function W,

W(x,5) = V(x) + (E—S)T(ﬁ—s) = xPx+ (E-s)T(S'-s), (18)

where § () will be the “estimate” of s.

The time derivative of W along (1) with control u,, (x, §) is

o _ T AT T o 1 a
W=x" (A" (s)P+PA(5))x+x PB(s)u,(x,8) +2s (§-5) =

L (ATB)P+PA3))x+xPB(8)u, (x,5) + (19)

T T
X (AT(s=5)P+PA(s=38))x+x"PB(s)u, (x,5) +25 (3-5).

10



Hence,

: 2 aTazT Tpam 4
Ws-alxl"+2(s-8) AA (x)Px+2x PAB(u,(x,5)) (s=8) +25 (8-5) <

0)
- -~ T
—allxli?+2 (xTPAA (x) +xTPAB (u, (x,3)) -5 ) (s-5).
So W < —adllx||? if we set
3 Tpai Tpan T
s = (x PAA(x) +x PAB (u,(x,%))) . 1)

So we can see that for linearly paﬁmetrized Z,, the existence of CLF is a sufficient condi-
tion for AQS.

Let us show now that (ii) implies (i). Suppose Z, is AQS, then when 3 = s we get that

W(x,3) = xXPx+ (5-5)7(5-5) = XPx = V(). @2)

and

o T aT T o o i _
W=x (A" (s)P+PA(s))x+x PB(s)u,(x,5) +25 (§-s) =

@3)
xT (AT (s) P+ PA(s)) x+x"PB(5) u, (, 5) < —allxll’,

which shows that }31 admits CLE. O

We now compare the set of uncertain systems which is RQS and the set which admits
CLF. In general the latter is larger than the former. However we show that for uncertain
system X, with independent uncertain parameters in matrices A and B, the two are actu-

ally equivalent under some compactness and convexity conditions. The same issue is con-
sidered when control is restricted to be linear.

Theorem 3.

Consider the uncertain system X, defined in (2). Let the sets IT and Q be compact, and

B: = {B(q): g€ Q} be convex. Then the following statements are equivalent:
(i) £, admits CLF,

(ii) , is RQS.

1



The following lemma due to Barmish [15] is needed for the proof of Theorem 2.

Lemma 4.

An uncertain system X, with compact uncertainty parameter sets IT and Q is RQS if and

only if there exists an n X n positive definite matrix S such that

£ (A(p)S+SAT(p))x<0, @4)
for all pairs (x, p) € N xII with x #0 where

N: = {xe R": B'x =0 for some Be conv{B(q):qe Q}} and conv stands for
convex hull.

Proof of Theorem 3.
It is clear that (ii) implies (i).

In order to show that (i) implies (ii), we will show that (i) implies (24), since (24) is a nec-
essary and sufficient condition for RQS.

Suppose that Z, admits CLF, and let P, u, (x, p, g) , and a satisfy (9). We now show (24)

is satisfied with S = P~ Suppose not, i.e., suppose that there exists a pair
(%, p) € N xII, such that x#0 and

T (A(p)S+5AT(p))x20. @5)
Let § = P '%, then
5T (AT (p) P+ PA (p))$§20. @6)

Note that § € Np, where N is the null space of 37 p for some

Be conv{B(q):qe Q}.Since B is convex, B = conv{B(q):q e Q} . Therefore,
thereisa g € O, such that B(g) = B and BT(@) Py = 0. Hence for parameters (p, §) ,

we have L (9,p,4,¢t) = y’ (AT(p) P + PA (p) ) 9, which is non-negative by (25). This
contradicts (9). O

Based on Theorem 2 and Theorem 3 we can state the following result.

12



Theorem 4.

Consider linearly parametrized uncertain system X, defined in (2). Let the sets I1 and Q

be compact, and B: = {B(q): g€ Q} be convex. Then the following statements are
equivalent:

(i) £, admits CLF;
(i) £, isRQS;
(iii) =, is AQS.

Yet another class of uncertain systems for which AQS and RQS are equivalent under non-
linear as well as linear control has been shown by Rotea and Khargonekar [25]. However,
the connection between AQS and the existence of control Lyapunov function is not recog-
nized there.

Consider the following uncertain linear system X , with norm bounded uncertainty
Z, %(1) =Ax(s) +Bu(t) +DA(1) [E\x(1) +Eu(n)], 27

where the real matrices A, B, D, E,, and E,, are known and of appropriate dimensions.

The real uncertainty matrix A is assumed to belong to the norm bounded set,

U: = {Ae R**P: ||| <1}, @8)
where ||- || is the spectral norm.

Recognizing the equivalence between AQS and the existence of control Lyapunov func-
tion, we have the following theorem from [25].

Theorem S.

Consider system X _, . Then the following statements are equivalent:
@) Z,, is AQS;

(i) Z,, is RQS;

(iii) Z , is RQS via linear control.

13



When control is restricted to be linear, we have the following theorem

Theorem 6.

Let ZB denote 22 in the case when B is a constant matrix of full column rank. Then the

following statements are equivalent.

(i) £, admits CLF with control u, (x, s) being a linear function of x, i.e.

u,(x,s) = K(s)x;
(ii) Z, is robustly quadratically stabilizable (RQS) by linear control.

The following lemma due to Barmish and Hollot [24] is needed for the proof of the above
theorem.

Lemma 5.

Consider an uncertain system Z ;. Let IT be compact, and © be any n X (n — m)

orthonormal matrix whose range space equals the null space of B”. Then the system X is

RQS via linear control if and only if there exist a positive definite matrix S, such that

©"(A(p)S+SAT (p))©<0,Vpe IN. 9)
Proof of Theorem 6.

Again, it is trivial that (ii) implies (i).

In order to show that (i) implies (ii), we will show that (i) implies (29) with § = P! Let
us prove by contradiction. Suppose there is a y and p such that

y ©7 (A (p) S+ SAT (p)) ©y20. 30)
Let x = P'©y, then x” (PA (p) +AT (p) P)x20.
Since ©y e N (B"), B'Px = B'®y = 0. Hence

L(x,p,0) = X (PA(P) +AT (p) P)x =0, G1)

contradicting (9). O

14



In this section we have shown the equivalence of AQS, RQS and the existence of CLF
function for uncertain system Z,. For more general uncertain system X, it is found that

the equivalence of AQS and RQS does not hold in general. However, AQS and the exist-
ence of CLF remain equivalent for linearly parametrized Z, . This gives AQS an open loop

characterization.

S. A Necessary and Sufficient Condition for Adaptive
Stabilization Based on Parameter-Dependent Lyapunov
Function '

In this section we develope necessary and sufficient condition for adaptive stabilization
based on parameter-dependent Lyapunov function. This section builds on [1] which gives
sufficient condition for such design to be possible.

Consider linearly parametrized system X, and assume it is pointwise stabilizable. Con-

sider the augmented Lyapunov function

W=xXP@®)x+ (-5 (3-5), 32)
where § is the parameter estimate to be specified later. Let us compute the time derivative

of (32) along 21'

W=x"(AT(s)P(3) +P(5)A(5))x+X P(3)B(s)u+2(5-s) "5+
+xT2 [P (3)x)3 = 24AGP () x+ 24P (5) A4 ()5 +

+2x" P (3) Bou+2x"P (3) AB (u) s +2 (§-s)T§'+xT§;[P (3)x)§ =
= 2xTAGP (8) x+ 2x P (3) AA (x) 3+ 22" P (3) Bu+ 2x"P () AB(u) 8+ 33
2xTP (3) AA (x) (s—3) +2x"P (§) AB (u) (s —58) +2(3-+) Té+x’%[1>(§) x]i=
=" (AT(8) P (5) +P(§)A(3'))x+xTP(3)B(3')u+.tT§a;[P(3')x]§:+

+2[ 5P (8) 84 (x) + 5P (3) AB (u) -§)s-9).

Since parameter s is unknown, the only way to eliminate the last term above is by choos-
ing the parameter estimator to be

15



: Tone o ™ To oo = T -T T
s= [xXP(5)AA(x) +x P(8)AB(u)] = AA (x)P(5)x+AB (u)P(5)x.
Then (33) becomes

W=x"(ATG)PBE) +P(HAB))x+x"P(3)B(B)u+
+ P (3)x] [A4" () P (3)x+AB () P (3)x] =

=x"(AT()P(5) +P(5)A (3))x+xr%[}’ ®)x1A4" (x) P (§)x+
+2xTP (3) [ (®)u+AB () (x’;% (P®))] =
=x"(ATG)P(3) +P(3)A (3))x+x’%[f' )24 (%) P(8)x+
+2xTP (§) [Bou+ AB ()3 + AB () ("L [P (3) ] )]
Using (3) we get
W=xT(AT(5)P(5) +P(3)A (3))x+x7%[P(3')x] AL ()P (B)x+

+2xTP(3)B (3 +x7% [P(5)x])u.

B(x3) = B(gu’%[}o (3)x]).
Therefore we can see that we can not influence the sign of (36) if
xTP(:c)B(su"%[P(s)x]) = 0.

When this happens, the following lemma shows that it is necessary to have both

34)

35)

(36)

)

(38

L (AT PB) +P(3)A(3))x<0and xT%[P(s)x]AAT(x)P(s)K 0, for W to be

negative.

Lemma 6.

When (38) holds, the necessary and sufficient conditions for (36) to be negative Vx # 0

are the following:

@) x (AT()P(3) +P(3)A(3))x<0;

16



(ii) xT%[P (3)x]1 A4 (x) P (§)x<0.

Proof of Lemma 6.

The sufficiency of the above statement is trivial.

To prove necessity we notice that the first term is quadratic in x, and the second is of

fourth power of x, since AA (-) is linear in x. Now suppose the necessity is false, i. e.
T, uT rar b ra a4 ra _ TJ =T Ao
x (AP +P(5)A(8))x=a>0, xa[P(ﬁ)x]AA (x)P(8)x = b<0,

and a+ b <0. Then for x = ox, x# 0 (38) still holds and (36) will become
W(x) = cla+0’b = o® (a+0®b).
Clearly for sufficiently small o, W (x) > 0, hence contradiction. O

Based on this observation we can now prove the following theorem, which is the main
result of this section.

Theorem 7.

Consider linearly parametrized uncertain system X, then it can be adaptively stabilized
using parameter-dependent Lyapunov function (32) if and only if there exist continuous

mappings P (-): R* = R"*" and u,: R

*"s_y R™, such that P (3) is positive definite

Vs € § and we have following properties

L AT PG) +P(3)AB))x+2x"P(3)B (§+x7% [(P(3)x])u,(x3) <
@
< —af|x|?

for some o> 0;

and

~T
(i) xT%[P (5)x]AA (x) P(3)x<0, for V3 e § and Vx # 0 such that

17



xTP(s)B(:wa%[P(s)x]) = 0.

Proof of Theorem 7.
Necessity.

The necessity of (ii) follows from Lemma 6. Condition (i) implies when
P (5)B(3+ xT% [P(3)x]) = 0,wehave x” (AT(8) P (3) + P (3)A (§) ) x<O0, hence

the necessity of (i).
Sufficiency.
Since the case when x” P ($)B(s+ xT%[P (8)x]) = 0 is already taken care of in a view

of conditions (i) and (ii). We consider the case when x” P ($)B(s+ xréa} [P(§)x]) =0.

A control which achieves condition (i) can be chosen to be the minimum effort control i.e.

u=min{|ju,| |x"P ) BGE+XLIP®)x))u, =-alx?-
.T (39)
- (AT (5 P(3) +P(§)A(§))x—xr-£—s[P(3)x]AA (x)P(3)x}.

Hence we have that W< —all|x[|?, Vx and so by LaSalle’s Invariance Theorem [27],
x () = 0, and |3l is bounded. So X, is adaptively stabilized based on parameter-depen-

dent Lyapunov function (32). O
Note that (i) implies pointwise stabilizability condition (9).
6. Uncertainty Structures

In this section we explore in greater detail the uncertainty structures allowed by various
robust and adaptive designs outlined in Section 2. We apply the robust stabilization results
of [16, 17, 20, 26] to adaptive stabilizability and point out interesting hierarchy of uncer-
tainty structures. We limit ourselves to single input systems whose entries of (4, b 1)
matrices vary independently. As shown in [16, 17, 20, 26), the class of this type of uncer-
tain systems which possesses controllability invariance, and yet has the minimal number

1. We use lower case to emphasize the single input case.

18



of sign invariant entries is a subset of the so-called standard form, denoted by Zis
defined below.

Definition 7.

A single input uncertain linear system {A (s), b(s)} is said to be in standard form Ioif

the entries of {A (s), b(s)} are independent of one another and the n % (n + 1) associ-
ated matrix M (s) defined as

M(s) = [A(s) b(s)] = {m;(9)} @0)
has the following property: m;; , 1 (8) is a sign-invariant function of s for each
i, 1<i<n.
Definition 8.
An uncertain structure in X is a set of uncertain systems in £ s Whose uncertain entries

have the same locations.
Definition 9.

An uncertainty structure is said to be RQS (or AQS etc.) if and only if every uncertain sys-
tem in the set is RQS (or AQS etc.).

In Z, the class of the systems which satisfies the antisymmetric stepwise configuration
[16] (denoted by X 4s) OF the generalized antisymmetric stepwise (GAS) configuration
(25 45) is of special interest. For ease of reference, we define £ 4s below. The definition of

Z ;45 is somewhat involved and we refer to [17, 20, 26).

Definition 10. Antisymmetric stepwise configuration [16].

We say X ; has antisymmetric stepwise (AS) configuration if its associated matrix M (s)

satisfies following condition.

If k2h+2 and my, (s) is not identically zero, then m,, (s) =0 forall

uzv,u<k-1,and v<h+1.

The following results shown in [16, 17, 20, 26] are relevant.

19



Theorem 8.

(i) An uncertainty structure with bounded uncertainties in Z is RQS if and only if it is in

..

(ii) An uncertainty structure with bounded uncertainties in X s is robustly stabilizable by

linear control if and only if itisin Z;, ..

(iii) An uncertainty structure in X possesses controllability invariance if and only if it is

mZGAs.

It is particularly revealing to note that for uncertain systems in standard form, the follow-
ing interesting hierarchy is true.

Strict matching condition [23] < extended matching condition [9] <
pure feedback form [3] < AS configuration [16] < GAS configuration [17, 26).

This hierarchy is illustrated for third order systems in terms of their associated matrices M
in Figure 1.

Since AQS is equivalent to RQS when restricted to Z, and when linear parametrization
and some compactness and convexity conditions hold, as shown in Section 4 we have the

following theorem.

Theorem 9.

An uncertainty structure with bounded uncertainties in Z is AQS if and only if it is in

Z,s

Proof of Theorem 9.

We first note that 2, c Z, and linear parametrization and the convexity condition holds
automatically. Hence every uncertainty structure in Z¢ which is AQS (therefore RQS by
Theorem 4) has to be in X, ¢ by Theorem 8. Conversely every uncertain system with

bounded uncertainties in X, ¢ is RQS, hence AQS. O



*0O O
* O ®
*$ DO
OO O

Strict matching condition structure.

* * O
* *# D

00
00
* 0

Extended matching condition structure.

*+ 000
*+ %00
* % * @
Pure feedback form structure.
* 9 00|06 * * 06 * 0|06 * *
* » 60|00 6 * 0060|0060
* % x @ 0006 * % % @ 00 * 0
Antisymmetric stepwise configuration structures.
*0o0o0|[oe*=*]loe*o0lloe*=*|[0o60*
* * 0|00 6 * 0060006 0}|[0=*9060
* « + 6|1 000 0 ** x 0|]l00*06jl00O0F®O

Generalized antisymmetric stepwise configuration structures.

Here O denotes sign invariant entry and “+” denotes “do not care” entry.

FIGURE 1. Uncertainty structures for third order system.

As shown in [12], for certainty equivalence adaptive control to stabilize an uncertain sys-
tem, it is enough to have pointwise stabilizability, hence we have the following theorem.

21



Theorem 10.

Every uncertain system in Z ., ¢ can be stabilized by certainty equivalence adaptive con-
trol.

7. Concluding Remarks

In this paper, we have attempted to give a full picture of the inter-relationships among
several approaches to robust and adaptive stabilization for uncertain continuous time lin-
ear time invariant systems using state feedback. In this process, we have noted a revealing
hierarchy of uncertainty structures.

The inter-relationships and the hierarchy are summarized in Figure 2. It is interesting to
note that adaptive stabilization based on parameter-independent Lyapunov function can
accommodate uncertainty structures larger than the pure feedback form. This suggests that
it may be possible to adaptively stabilize nonlinear systems with uncertainty structures
broader than the pure feedback form considered in [2, 3].

Besides differences in allowable uncertainty structures, other differences between robust
and adaptive stabilization include that the robust approaches may require larger control
gains, and that on the other hand robust quadratic stabilization allows arbitrarily time
varying parameters.

It is worthwhile pointing out that many results here can not be extended to discrete time
systems. It is not too difficult to see that unlike continuous time systems, the set of discrete
time uncertain systems which are RQS or AQS or RQLC are substantially smaller than the
sets which possesses controllability invariance or which can be stabilized by certainty
equivalence adaptive control. This is the reason why results of [1-10, 13-25] can not be
easily extended to the discrete time systems.

Much further works remain along the direction of this paper. These includes tracking and
disturbance rejection problems, output feedback and nonlinear systems.



Strict matching | __ | Extended matching | _,| Pure feed-
condition condition back form
" Restricted 0 "
\l} oSF V \"
RQS Restricted to SF and BU
<=>
Antisymmetric
RQSSC <=> RQSDC
Restricted to A
Z,adcC I 3
Restricted to SF and BU Step
LP —
AQS <=> CLF <>
configuration
v
]
Necessary and lf AQS by parameter depen- v
sufficient cond. <=>
dent Lyapunov function
given by Theorem 7
Generalized
{ll Restricted
to SF Antisymmetric
Stabilizable by N
Certainty Equiva- Controllability => .
lence Adaptive | <=, .. Stepwise
Control <= .
configuration
0
v
Restricted to I"\
Pointwise SFendBU v
stabilization

LP = Linear Parametrization = BU = Bounded Uncertainties

SF = Standard Form  CC = Compactness and Coavexity condition of Theorem 4

FIGURE 2. Summary of Inter-relationships.




References

[1] L. Praly, et al. “Adaptive stabilization of nonlinear systems,” in “Foundation of Adap-
tive Control” P.V. Kokotovic (Ed.). Springer-Verlag, 1991, pp. 347-433.

[2] L Kanellakopoulos, P. Kokotovic, S. Morse, “Systematic design of adaptive controllers
for feedback linearizable systems,” IEEE Transaction on Automatic Control, vol. 39, no.
11, 1993, pp. 1241-53.

[3] P. Kokotovic, I. Kanellakopoulos, S. Morse, “Adaptive feedback linearization of non-
linear systems,” in “Foundation of Adaptive Control” P.V. Kokotovic (Ed.), Springer-Ver-
lag, 1991, pp.311-346.

[4] D. G. Taylor, “Feedback Control of Uncertain Nonlinear Systems with Applications to
Electric Machinery and Robotic Manipulators,” Ph.D. Thesis, University of Illinois,
Urbana, IL, May 1988.

[5] D. G. Taylor, et al., “Adaptive regulation of nonlinear systems with unmodeled dynam-
ics,” IEEE Transactions on Automatic Control, vol. 34, 1989, pp. 405-412.

[6] J. -J. Slotine and J. A. Coetsee, “Adaptive sliding controller synthesis for non-linear
systems,” Int. J. Control, vol. 43, 1986, pp. 1631-1651.

[7] G. Campion and G. Bastin, “Indirect adaptive state feedback control of linearly param-
etrized nonlinear systems,” Int. J. Adapt. Control Sig. Proc., vol. 4, 1990, pp. 345-358.

[8] 1. Kanellakopoulos, P. Kokotovic, and R. Marino, “An extended direct scheme for
robust adaptive nonlinear control,” Automatica, vol.27, no. 2, March 1991 pp. 247-255.

[9] I. Kanellakopoulos, P. Kokotovic, and R. Marino, “Robustness of adaptive nonlinear
control under an extended matching condition,” Prepr. IFAC Symp. Nonlinear Control
Syst. Design, Capri, Italy, June 1989, pp. 192-197.

[10] R. Marino, 1. Kanellakopoulos, and P. Kokotovic, “Adaptive tracking for feedback
linearizable SISO systems,” Proc. 28th IEEE Conf. Dec. Control, Tampa, FL, Dec. 1989,
pp. 1002-1007.

[11] S. Morse, “Towards a unified theory of parameter adaptive control: Tunability,” IEEE
Transaction on Automatic Control, vol. 35, no. 9, 1990, pp. 1002-1012.

[12] S. Morse, “Towards a unified theory of parameter adaptive control - Part II: Certainty
equivalence and implicit tuning,” IEEE Transaction on Automatic Control, vol. 37, no. 1,
1992, pp. 15-29.



[13] M. Kiristic, et al. ““Adaptive nonlinear control without overparametrization”, technical
report, University of California at Santa Barbara, 1991.

[14] P. Kokotovic, R. Freeman, “Robust control of nonlinear “interval plants”, technical
report, University of California at Santa Barbara, 1992.

[15] B. R. Barmish, “Necessary and sufficient conditions for quadratic stabilizability of an
uncertain system,” J. Optimiz. Theory Appl. vol. 46, no.4, 1985, pp. 339-408.

[16] K. Wei, “Quadratic stabilizability of linear systems with structural independent time-
varying uncertainties,” IEEE Transactions on Automatic Control, vol. 35, no. 3, 1990, pp.
268-2717.

[17] K. Wei, “Asymptotic stabilization of single-input linear systems having unknown but
bounded parameters,” ACC/WP3, 1992, pp. 1004-1008.

[18] I. R. Petersen, “Structural stabilization of uncertain systems: necessity of the match-
ing condition,” SIAM J. Control and Optimization, vol. 23, no. 2, 1985, pp. 286-296.

[19] L. R. Petersen, “‘Quadratic stabilizability of uncertain linear systems containing both
constant and time-varying uncertain parameters,” J. of Opt. Theory and Appl. vol.57,
No.3, June 1988, pp. 439-461.

[20] T. Tsujino, T. Fujii, K. Wei, “On the connection between controllability and stabiliz-
ability of linear systems with structural uncertain parameters,” Automatica, vol. 29, no. 1,
19931 pp- 7’12.

[21] R. Barmish, G.Leitman, “On ultimate boundedness control of uncertain systems in
the absence of matching assumption,” IEEE Transaction on Automatic Control, vol. AC-
27, no. 1, 1982, pp. 153-158.

[22] B. R. Barmish, “Stabilization of uncertain systems via linear control,” IEEE Transac-
tions on Automatic Control, vol. AC-28, no. 8, 1983, pp. 848-850.

[23] G. Leitman, “Guaranteed asymptotic stability for some linear systems with bonded
uncertainties,” ASME J. Dynamical Systems, Meas. and Control, 101, 1979, pp. 212-216.

[24] B. R. Barmish, C. V. Hollot, “Optimal quadratic stabilizability of uncertain linear sys-
tems,” Proc. 18th Allerton Conf. Commun., Contr., Comput., Univ. Ill. Monticello, 1980,
pp. 697-706.



[25] M. Rotea, P. Khargonekar, “Stabilization of uncertain systems with norm bounded
uncertainty - a control Lyapunov function approach,” in SIAM J. Control and Opt. vol.27,
n0-6, 1989, pp. 1462'1476.

[26] K. Wei, “Stabilization of linear time-invariant interval systems via constant state
feedback control,” IEEE Transactions on Automatic Control, vol. 39, no. 1, 1994, pp. 22-
32.

[27]1 M. Vidyasagar, “Nonlinear System Analysis,” 2nd edition, 1993, Prentice Hall.

(28] L. R. Petersen, “Notion of stabilizability and controllability for a class of uncertain
linear systems,” Int. J. Control, no. 46, 1987, pp. 409-422.

[29] E. Sontag, “A “universal” construction of Artstein’s theorem on nonlinear stabiliza-
tion,” Systems & Control Letters, vol. 13, no. 2, Aug. 1989, pp. 117-123



	Copyright notice 1994
	ERL-94-23

