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Arnold Diffusion in Many Dimensions

B. P. Wood,* A. J. Lichtenberg, and M. A. Lieberman

Department of Electrical Engineering and Computer Sciences
and the Electronics Research Laboratory
University of California, Berkeley, CA 94720

Abstract

When several standard maps are coupled together, KAM surfaces cannot isolate
stochastic regions, and particles diffuse along stochastic layers by the process of
Arnold diffusion. For the case of two coupled standard maps the rate of Arnold
diffusion has previously been calculated both locally around a particular KAM curve
and globally across many cells of the 2r periodic mapping. When more than two
standard maps are coupled, the Arnold diffusion rate increases, depending on the
total number of maps, N, and the number of phases in each coupling term, m, where
2<m < N. As N is increased, the diffusion rate increases as N1/2, the length of the
diagonal in the action space. As m is increased, the diffusion rate increases because
the phase of the coupling term for a particular map becomes less correlated with the
phase of the map itself. In the limit of large m, the coupling term is randomized with
each iteration. When the effect of N is removed by dividing the diffusion distance
Al by N'/2, a global diffusion Alms versus m is found which is determined by the
effect of m on the local rate of Arnold diffusion and the relative volume occupied

by the various stochastically accessible regions in the coupled phase space. For

* Currently at Los Alamos National Laboratory MS-E526, Los Alamos, NM 87545
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local Arnold diffusion, the increase in Al for a particular m depends strongly
on the stochasticity parameter K. An analytic calculation of this K dependence
for the cases of two and three coupled maps and an analytic calculation for the m
dependence at fixed K are presented, which are in good agreement with numerical

results.

Dedication

We dedicate this paper on Arnold diffusion to our former colleague and friend,
Jeff Tennyson. It is very fitting that the paper is about Arnold diffusion, as we
first wofked on the subject with Jeff when he was a graduate student in our group.
Jeff was looking for a mechanism to explain the very puzzling phenomenon of beam
blow-up of intersecting beams in storage rings and came up with Arnold diffusion
as a possible mechanism. Taking a simple model for study his work led to the first
calculation and numerical comparison of the diffusion in mappings. The work has
stimulated our continued interest in this very fascinating universal instability of
nonlinear Hamiltonian systems.

Jeff went on to look at beam blow-up in more detail, and concluded that dissi-
pative mechanisms were a more likely cause of the phenomenon. However, his initial
inclination to use a simple mapping model to study a complex process, illustrates
an important characteristic of Jeff’s approach to science. He was always searching
for the most fundamental methods to describe physical phenoména. We shall all
miss his stimulating questioning of our understanding. We shall also miss his kind

nature and his friendship.
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1 Introduction

In non-integrable Hamiltonian systems of more than two degrees of freedom,
KAM curves cannot isolate the stochastic layers that lie along the separatricies of
system resonances. Stochastic layers lie along an inter-connected web of resonances
such that initial conditions in any part of the web can ultimately diffuse to all parts
of it. The process, first proved to exist by Arnold (1] and now known as Arnold
diffusion, has been studied in a variety of problems.

If three resonances can be locally isolated to be of dominant importance, then
a method exists for calculating the rate of diffusion along a local resonance layer,
known as the three resonance model [2] or the stochastic pump model [3]. The
model has been used to analytically calculate the local diffusion rate for coupled
maps (2, 3, 4], and for two coupled standard maps, in particular [5, 6], with good
agreement obtained with numerical results. The three resonance model predicts
D = (AI)?/t x e=A/<""* where ¢ is the perturbation parameter and A ~ 1.

If many resonance layers overlap then the three resonance model is not adequate
to describe the diffusion, which can be much larger than that calculated using a
three resonance model. An upper bound on the diffusion rate has been obtained
by Nekhoroshev [7] of the form D o e=4/¢"(A ~ 1) where for the number of degrees
of freedom N, v = (3(N-1)N+2)"". By allowing a somewhat more restrictive
Hamiltonian, but still encompassing most physical problems, this upper bound can

be improved such that [8, 9]
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Do el yx VL (1)

Nevertheless, if N is large it is clear that such an exponentially small diffusion could
only hold for very small ¢, otherwise the exponential factor would be essentially
unity. It should also be pointed out that an upper bound must be related to
the fastest local diffusion. This may be much more rapid than an average global
diffusion, which would be controlled by the portions of the phase space where the
diffusion is slowest.

~In a model problem in which many resonances overlap, for N = 3, Chirikov et
al. [10] numerically investigated the scaling of the diffusion with ¢, finding that it
agreed with (1) for ¢ small, while it followed the three resonance model v = 1/2 for

larger . However, the important N-dependence was not investigated.
To investigate global diffusion it is useful to employ a system that has uniform
properties in a coarse-grained sense. The standard map, described by the equations

Ing1 = In + K sin 6,
(2
Ontr =0 + Inyy, mod 27,

where I is the action and 6 is the phase, has this important property as it is 27
periodic in both angle and action. This latter property has been used for the study
of diffusion in a single map [11, 4]. As can be seen in Figure 1, generated by
iterating a number of initial conditions with stochasticity parameter K = 0.8, the
phase space consists of regions of stochasticity (area filling trajectories) surrounding

island chains of rational frequency. The regions of stochasticity are separated by
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regular motion on phase-spanning KAM curves. The largest region of stochasticity
(thick dark region), we refer to as the “primary stochastic region,” and the thinner
regions around smaller islands are “secondary stochastic regions.” The KAM curves
consist of two types, librational motion about fixed points (closed curves on the
phase plane) and rotational motion (open curves spanning 2= in the phase 6). For
K 2 0.9716... the final rotational KAM curve is destroyed, such that global diffusion
in a coupled set of mappings is across resonances rather than Arnold diffusion along
resources. Konishi and Kaneko [12] studied global diffusion in a set of coupled

standard mappings of the form

Pt +1) = pit) + - {sinl2n(zis(t) — zi(0)] = sinf2m(zs(t) - zena O]},

zi(t+1)=z;(t) +pi(t+1), modl, i=12,...N.
This form of nearest neighbor coupling is analogous to the FPU oscillator chain that
has been used to study the closely related problem of th.e approach to equilibrium
in many degree of freedom systems [13, 14, 15]. Konishi and Kaneko investigated
the diffusion for 0.2 < K < 1, over a range of N values, and found for N > 3 that
the diffusion coefficient D fitted an exponential with the power of ¢ = K given by
v = 0.45 and independent of N. This is quite different from the estimates obtained
from the rigorous upper bounds, and is, in fact, close to ¥ = 0.5 predicted from
a three-resonance model. However, the form of the mapping studied by Konishi
and Kaneko does not distinguish how many resonances are driving the diffusion.
A non-nearest neighbor coupling was also investigated, and the diffusion coefficient

was fitted to a power law €7 finding v ~ 5.
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We have adopted an alternate procedure of linking simple standard maps to-

gether through a coupling term:

Inyy =1} + K'sin6} + psin(6} + ...+ 67),
0% 41 =01 +1I.,,, mod 2m,

(3)
IV, = IV + KV sin0Y + usin(6) + ...+ 6771,

o'l‘v_}_l = 05 + I’I:J_l,l, mod 21!',

where a total of N maps (the N is an index, not an exponent) are coupled together
in groups of m, with 2 < m < N. In other words, each map is coupled to itself
and the next m — 1 maps in cyclical order. Note that this system has N = N +1
degrees of freedom. In this form we leave the structure of the individual maps
nearly unchanged by making the coupling strength u small, and control the number
of interacting resonances through the number of coupling phases. The nonlinearity
parameters K*, 1 < i < N, can also be varied independently of the coupling.

Using this formalism we have investigated the diffusion for two coupled maps
[5]. For two coupled maps the action space can be exhibited by plotting (in action)
the crossings of a surface of section in the phases. Taking the surface at §; =6, = =,
for parameters K! = K2 = 0.8 and g = 0.01, in Figure 2 the positions of 10 particles
are shown after 2 x 10° mapping iterations for each particle. The widths of the
primary stochastic regions are shown in gray, and positions of a few other secondary

stochastic regions are noted by lines, but their widths are not resolved. Although
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not completely obvious from the figure, the positions of the particles are all in the
connected web of stochasticity, some being in the thinner secondary layers (not
shown). The region labeled A is a primary librational region in both maps, and
the two regions labeled B are in a librational region of the period 2 island chain
in one map and in a primary librational region in the other map. The regions on
combinations of librational and rotational KAM curves in both maps are on KAM
tori in the coupled map and hence are inaccessible from the stochastic web.

From the structure of a phase space divided between regular and chaotic motion
it is evident that the fraction of the phase space volume on regular curves decreases
with an increase in the number of degrees of freedom. We would expect, provided
p is small enough that the coupling does not greatly perturb the phase space of
a single map, that the fraction of the volume of the coupled system occupied by
KAM curves would scale as fV, were f is the fraction of regular phase space in a
single map. This would affect the diffusion rate if the initial conditions are placed
randomly in the phase space, but not if the initial conditions are all placed within
the stochastic web. If 4 is not sufficiently small, then the coupling, itself, can be the
primary determinant of the thickness of the secondary stochastic layers, as found
in a previous study [5]. We will return to these questions in Section 2.

For N = m = 2, the local rms diffusion distance across rotational KAM curves

has been previously derived to be [5]:
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Al 2.”“ n1/2Q0 ero/2
rms = 172 sinh(7Qo)
K} [g In K; + 772 = 4.27]
~ 4unt/2Qqe~"0/? (4)

where the particle is on the KAM curve with action I in the driven map and in the
primary stochastic region of the driving map, which has a stochasticity parameter
K;. Qo is the ratio of the unperturbed rotational frequency w; of the driven map
(wi = I;) to the linearized librational frequency w; = Kjl’ % about the fixed point of

the driving map,

Qo=

EE

Tk ®
where the subscript i and j refer to the driven and driving maps, respectively, and
n is the number of iterations. The value of Alms from (4) is plotted versus Kj in
Fig. 3 (solid line), showing good agreement with the numerical values for K; < 0.9.
Each numerical value was determined for 218 iterations of 256 particles started on
a rotational KAM curve in the driven map, for p = 10-%. Note that for K; 2 1.0
the numerical values fall approximately on a line determined by choosing a random
phase in the coupling term of the driven map (dashed line). This suggests a way to
look at the local diffusion. Although the motion in the primary stochastic region
is chaotic, there is a correlation between its phase and the phase of the driven
map. This correlation is strongest for small K;, in which the stochastic region
is exponentially thin. At K; ~ 1.0 the correlation time becomes comparable to a

single iteration of the mapping, and the phase of the coupling term is effectively
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randomized on every iteration. This interpretation suggests further that anything
which randomizes the phase of the coupling term, such as coupling to additional
maps, will increase the diffusion toward the random phase value. As we will shortly
see, this is indeed the case.

The remainder of this paper is organized as follows. In Section 2 we consider the
effect on the local diffusion of increasing the number of maps coupled together, and
derive a value for the increase in diffusion in going from one to two driving maps. We
use the result to develop a formalism for an arbitrary number of coupling phases.
Then in Section 3 we examine the effect of coupling many maps on the global
diffusion across the entire coupled phase space.

2 Local Arnold Diffusion in Many Coupled Maps

To explore the effect of the number of driving terms on the local diffusion, the

driven map is coupled to all the driving maps, but the driving maps are not coupled

to any other maps, as described by the equations

I}, =1} 4+ K;sin6} + psin(6} +...+6™),
0r1z+1 = orl: + Irlx+1:
I, =12+ K;sin 62,
012:4-1 = 9121 + Ir:;+1:
(6)
I, =17 + Kjsin 07,

m - gm
he1 =00 + 104,
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This allows us to isolate the effect of adding additional phases into the coupling term
while not permitting the driving maps to drive each other out of their respective
primary stochastic regions. For a fixed N, increasing the number m — 1 of driving
maps increases the rate of Arnold diffusion, as shown in Fig. 4, where we have
plotted the local diffusion distance Al.,s versus the number of driving maps for
three values of Kj, the stochasticity parameter of the driving maps. In each curve
of Fig. 4, the same value of K; is used for all the driving maps. A very small value
of K; = 0.1 is used for the driven map to reduce the effect of nearby island chains.
The value Alm is that across the single driven map, determined for 2! iterations
of 256 particles with u=10-4 and I; = 2.35.

The asymptotic part of the curves, i.e., the approach to the random phase value
(dashed line) has been explored by plotting the normalized distance (R — Alms)/R
between Al and the random walk distance R = (!‘2-’ . 2‘3)1/2, versus m — 1, as
given in Fig. 5. The asymptotic results fit reasonably well to a single empirical

function of m — 1 and K, the straight lines being determined by the relation
Alims =R (l - ae’pka(""l)) ) (M

with o = 1.1 and 8 ~ 1.5. The fit breaks down for small m — 1 where an asymp-
totic value is inappropriate, and also for large m — 1 where the variability of the
numerically calculated diffusion does not allow R — Al.ms to be determined.

Of fundamental importance for understanding the effect of an increased number
of coupling terms is the calculation of the increase in local diffusion when we go from

one to two driving maps. Consider a model in which each driving map individually
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delivers kicks to the driven map. We see that the doubly driven map effectively
receives kicks at twice the rate of the singly driven map. Since the two driving maps
are not correlated (they are not coupled together) the mean square local diffusion
rate doubles. Occasionally by chance, the two driving maps are approximately in
phase, and deliver a single large kick to the driven map. These two effects are added
to give the total increase in the diffusion rate.

We combine these two effects in the following calculation. The mean square
size of the kick per half revolution along the separatrix of the primary stochastic
region of a single driving map is proportional to the square of a Melnikov-Arnold
integral [4]:

Az = / = cos[@Qos + ¢(s))ds, (8)

-0
where s = w;t is a non-dimensional time, @, is the ratio of rotational driven fre-

quency to driving frequency, as defined in (5), and
#(s)=4atan (e’) -~ 9)

is the evolution of the angle along the separatrix. For two driving maps, we alter
(9) to

#(s) = 4 |atan (e""’/z) + atan (e"’elz)] (10)

Where 6 is the phase difference between the two driving maps. Using (10)in (8), and
integrating the result numerically gives the result plotted in Fig. 6 as a function
of § for Qo = 3.71, corresponding to K; = 0.4. The large value of (8) when the

two driving maps are in phase is evident. The oscillation of (8) away from 8 =~ 0
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represents the effect of the two individual out-of-phase driving maps. We determine
the range of # to include in the calculation as follows: in (9), 4(s) represents motion
on the separatrix of the primary stochastic region, so ¢(s) — x7 as s — xoo. In
reality, the particle in the primary stochastic region is not exactly on the separatrix,
and so ¢(s) oscillates irregularly between . The average period of this oscillation
in s = wjt will be w;T, where T is the average period (in mapping iterations) within

the separatrix layer of the primary stochastic region [4]

T=21]32%| (1)
wj w)
with w; = K;/ ? and with
or \°
1/2
w; = 87 % e 1K} (12)
K]

the normalized thickness of the stochastic layer. Equations (11) and (12) combine

to give

2n2 32eK;/?
w;T = K;/z +2In et (13)

The second term is negative, relatively small and slowly varying. For small values
of K; we can appropriate w;T » 272K j'l/ 2, The procedure is then to take the ratio
of the root mean square value of the entire curve in Fig. 6, taken over values of ¢
corresponding to one average period w;T of the oscillation in the stochastic layer,
to the single phase Melnikov-Arnold integral. For the case of K; = 0.4 (Qo = 3.71)
shown in Fig. 6, using (13), the ratio of the mean square values is taken over
approximately § = s = +3x. Doing this yields a result for the diffusion enhancement

factor which is plotted versus K; as the solid line in Fig. 7. The values determined
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by iterating the mapping are denoted by diamonds, showing reasonable agreement
with the analytical result.

Consider now the procedure for going to more driving maps. We must sum the
probabilities of the various kinds of interactions when one or more of the driving
terms coincide to give one large kick. We develop a probabilistic formula and then
analytically calculate the terms in the resulting sum. Taking the most general
case of p driving phases, d = r + s rotation and secondary stochastic phases, and
£ libration phases (m = p+ d + £), the local diffusion coefficient along any of the d

actions I = (I,...I;) can be written in the form of a modified binomial expansion

man e £(2) (3 (-4)”

X %/T cos?P=9) ¢ dg' A, (p+ 1 —4), (14)
-3

where T is obtained from (13), T ~ 27%/K;, and Q4 = wd/Kjl/z, withwi=hL + L+
«+++ I3 mod 27 for 0 < wg < 7 and wg = 27 — [(I) + I + - - - + I3) mod 27] otherwise.

Ama(k) is the peak value of the M-A integral for ¥ = p+ 1 — i stochastic drives.
For # = 0 in (10) we see that this coincides with the usual set of M-A integrals as

defined in Refs. 2 and 4

Ama(k) = Az,
where A,; is determined by the recursion relation for MA integrals

2
Ar= Z?OIAC-I - A2, (15)




14 B.P. Wood et al. Arnold Diffusion in Many Dimensions
where A; = 27¢*9°/2/sinh 7Qo and A, = 2QoA,;. For large Qo this can be expressed
in the closed form

A= %Az. (16)

The binomial coefficients in (14) give the number of coincidences of the phases,
that lead to the coincidence enhancement of the MA integrals. Specifically, the
factor (At/T)™=2 (i = 1) is the probability of all p— 1 enhancement peaks of width
At occuring simultaneously within the interval T, and the integrals represent the
sharpening of the peaks with increasing number of coincidences. The last (i = p)
term in(14) is due to the incoherent summing of the kicks of the p driving phases,
and is a factor of two lower than the coherent sum of the two driving phases shown
in the wings of Fig. 6, because of the incoherent summing of squared quantites. In
(14), the effect of the ¢ libration phases on D4 is neglected, which is valid in the
limit of small K;. The ratio of the peak of the MA integral with two driving phases,
to the value of the single drive MA integral, for X = 0.4 (Qa4 = 3.7, Ama(1) = 0.278)
is, from Fig. 6,

Ama(2)/Ama(1) = 8.

Using (15), we obtain Ama(2)/Ama(l) = 7.8, which is in agreement with this nu-
merically determined ratio. This good agreement holds for all values of K. We
also find that the width of the central maximum in the MA integral, A = w;At, is
proportional to K}/ %, with the actual width found numerically as in Fig. 6. The
average total phase in the separatrix layer varies according to (13). The ratio At/T

as a function of K is given in Fig. 8. The integrals in (14) heuristically account
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for the sharpening of the peak by additional coincidences and can be evaluated in

closed form

%‘/_i cos?* 9 df = Q—’;T_kl'—)" (17)

Using these relations we plot in Fig. 9 the enhancement factor for K; = 0.2
and m — 1 between 1 and 5, corresponding to the numerical values found in Fig. 4.
For comparison, we repeat the numerical results in Fig. 9. The theoretical curve
(solid line) is in good agreement with the numerical values, indicating the essential
correctness of the method. The enhancement of Al,s with increasing m follows
closely the numerically determined enhancement.
3 Global Arnold Diffusion in Many Coupled Maps

We now examine the global diffusion in action across the higher dimensional
phase space over long times. The N maps are coupled together in groups of m.
As a special case, we choose the same value of K for every map. The distinction
between driven and driving maps is lost, because a single map may be both driven
and driving at different times in the diffusion process. For this reason, and because
the diffusion rate varies greatly with the region of phase space a particle occupies, it
should be noted that determining the global diffusion is a more complicated problem
than determining the local diffusion.

We formulate an intuitive model of how the global diffusion proceeds. Assume
a particle starts in the primary stochastic regions of all the maps (the intersections
of the thickest shaded regions in Fig. 2). The particle will explore this multiple

stochastic region, each map delivering kicks to the other maps, until it is kicked
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out onto a nearby KAM curve in one or more of the maps (the thick shaded re-
gions between intersections). The stochasticity in the remaining maps will then
drive Arnold diffusion across these KAM curves (along the thick shaded regions).
Eventually, the particle will encounter another stochastic region in one of the driven
maps (one of the thinner shaded lines). The particle will then explore this stochastic
region (the intersections of shaded lines), until it is again kicked out onto a nearby
KAM curve to continue its Arnold diffusion (along one of the shaded lines). Occa-
sionally the opposite happens and the kicks from a thin stochastic region will kick
the particle out of a larger stochastic region in another map. It is by this process
that the stochastic portion of the phase space will become populated. This process
is elucidated with additional detail for two coupled maps in reference [5).

The dependence of the global rms Arnold diffusion distance Al on N and
m is shown in Fig. 10, for K = 0.8, u = 0.01, and 22! iterations of 256 particles.
For each curve with a particular N, the diffusion distance approaches an asymptotic
value with increasing m, as was the case for local diffusion. Larger values of N result
in longer diffusion distances, because the phase space is larger. We can remove the
effect of N by dividing each of the curves in Fig. 10 by v/N, which is the length
of the diagonal in the action space. The diffusion is then normalized to a single
diffusing direction. The result, shown in Fig. 11, is that all that curves in Fig.
9 lie approximately on a universal curve, which is dependent only on m, with the
exception of the points representing fully coupled sets of maps (m = N). These
points lie along a lower curve, shown as the dotted line in Fig. 11, to which we have

added the fully coupled cases for N = 3, 5, 6, and 7. We do not have an explanation
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for why these points lie below the universal curve, although we speculate that
additional correlation due to the symmetry is introduced when the coupling term
has the same value for all maps, which is the case for a fully coupled system.

We now calculate a global diffusion for N > 2. We use the local diffusion
coefficient (14) and phase space considerations. Qur fundamental assumption is the
ergodic assumption; that is, in the steady-state all accessible phase space is equally
populated. To apply the assumption to a non-steady-state global diffusion problem
we use the approximation that the more accessible portion of the phase space, which
fills on the time scale required to calculate the diffusion, is sufficiently close to the
total accessible phase space that a reasonably accurate calculation can be made. The
" hypothesis of asymptotic ergodicity has been checked for a simpler 2-D mapping
(16]. Following the reasoning in reference [5], we assume that in a coupled map the
primary stochastic region (which we will denote P) can drive Arnold diffusion across
rotational orbits (R) and across the stochastic regions associated with the secondary
resonances (S). It can also drive diffusion across a librational region (L), but this
does not contribute to global diffusion because the motion averages to the location
in action of the fixed point of a librational region. We determine the probabilities
of a particle being in the various accessible regions of phase space, and the effect of
the diffusion in each region.

Before considering the probabilities of the different types of phase space in
which diffusion is taking place, we must first define appropriate averages over the
diffusing (driven) direction. If there is only one regular phase in the coupling term,

d = r+s = 1, which must then be the phase along the diffusing direction, then
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the average diffusion coefficient D, for the diffusing action, say I, is obtained by

averaging the reciprocal of D,;(I) over I

L1
Epl mJo DPI (I ) .
D,, for stochastic orbits is large and librational orbits only store particles. Therefore

we perform the average only over rotational orbits, yielding

1 1 dI
=== —. 18
Dpy 7"/}! Dp1, (1) (18)
The form of Dy, g for the rotation orbits was given in reference [5]. Since the R

and S regions are closely intermingled in action while Dj,, g varies slowly over these

regions, we can approximate (18) by

R 1 dI

—_— —_— 19
R+S 7 Jrys Dpr,res)(1) (19)

L
D,
If there is more than one regular or secondary stochastic phase in the coupling term,
d > 2, then these phases add to give a combined sum of actions I; = wq, as described
previously. Since all values of action for the phases other than the diffusing phase

are possible, an average must first be performed over these other actions. In this

case
D)= [ Dpmar/ [ar (20)

where I' is an integration over all of the I’s except the diffusing one, and the subscript
p2 indicates that d = r + s > 2 in the coupling term. As discussed earlier, we
assume that only actions in the R and S regions contribute, while the L actions

are considered to oscillate about zero. To evaluate D,;, we note that two or more
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regular phases appear as a sum in the coupling term; hence, they can be considered
as a single regular phase in evaluating the MA integral. This has been confirmed
numerically. Performing the integral in (20) over the allowed ranges of all actions
I’ yields the result that Dy(I) = const, independent of the diffusing (driven) action
I. Performing the final average of D;;' as in (19) to yield Dy, is then trivial.

In terms of Dp; and D,s, we can now express the global diffusion rate for m

phases in the coupling and all mappings and couplings having the same form, as

Dy(N, m)=N ?R++SL)~ Z {Dpz( )PP [(R+ S+ Lym=1-P — [m=1-7]
| + D,,l( » )P”L”‘""’} (21)

where, as previously (R+S) is the fractional volume of the diffusing phase space, N
is the number of maps in which diffusion can independently occur, P is the fractional
volume of the phase space of the primary drive, and 1 — (R+ L) is the fractional
volume of the accessible phase space. For N large, Dy o« N, and thus Al & NY/2,
as found numerically.

We illustrate the method with a particular example, that of X = 0.8 for all
maps and g = 0.01. This case has already been used to calculate the diffusion for
two coupled maps, in reference [5]. The fractions of phase space in these various
regions were found to be P x 0.19 primary stochastic, S =~ 0.30 secondary stochastic,
R ~ (.11 rotational, and L = 0.40 librational. To calculate the diffusion for two and
three coupling phases we use the example of N = 4, so0 as to avoid the complications

of a fully coupled system. (The subdivision of phase space is shown in Fig. 12 for
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two coupled maps and one driving phase; N = 2, m = 2.) Using (21), the global
diffusion is

P(R+S) —
T-(R+ Ly O (22)

Dy(4,2)=4
where the first subscript 1 indicates that p= 1. Since d = 1 (one regular phase), the
first type of average (19) over the reciprocal of Dy; is to be taken. Calculating Dy,
from (19), numerically,

D;; =3.5-1078, (23)

Then, using (22) to calculate D,, with the values of P, R, S, and L for K = 0.8, we

have

D,y(4,2) =1.17-1075. (24)

To compare this theoretical result with the numerical value, we use
Alms = (Dgn/N)'/?, (n = 2%, N = 4)

to find Alms = 2.5 somewhat smaller than the numerical result in Fig. 11, as
expected, because the numerics have not yet reached their asymptotic values [5].
We compare this with the result for three phases in the coupling. The global
rate of diffusion for N = 4, m = 3 is given by the sum of the diffusion rates times
their respective phase space volumes, each divided by the accessible volume. Using

(21), we obtain

4(R + S) < [Pzﬁzl + 2P(R + S)D-l2 + 2PL-D.11] . (25)

Dy(43) = 1=y

The evaluation of D,; was given above. The evaluations of D,, and Dy, are, in

general, quite complicated. For the purposes of this comparison we will make some
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simplifying assumptions. We assume that almost all frequencies (actions) associated
with the second (non-diffusing) driving phase exist at each frequency (action) of
the diffusing (driven) phase. Since the frequency in the MA integral is the sum
of all the regular (rotational) frequencies, all actions of the driven phase have the
same average and consequently the same average MA integral. This is obtained by
averaging the MA integral over the driven phase. Explicitly, using A, as defined

from (15), we can write

Aun = & [ anQo S 2
MA—;/O 7rQom , (26)

where Qo = I/K'/2. The integral has been evaluated numerically for K = 0.8 to
give Ama = 3.1. Using this average value of the MA integral, it is then trivial to
evaluate (19) to calculate an approximate value of D, as follows. Substituting Ama

into (14) we only have a single term giving

Dip = A, = 117- 1075
12= 9T MA =

and from (19), we obtain
dI

J __R1 / 4L
512 - R+Sﬂ' 0 Dl2,
giving
D2 =3.6-107%. (27)
To find D2, we perform the average of 1/D;; as in (19), with the local Dy

obtained directly from (14),

2
Day(I) = 5= [%%Aﬁm(z) +2 (1 - %) A‘g’M(l)] (28)
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Numerically integrating (19), using (28), with the Ama integrals obtained from (15)

(note Qo = I/K'/?), we obtain
Dy =1.5-1074. (29)

Substituting (23), (27) and (29) in (25), with values of P, R+ S, and L obtained

for K = 0.8, we have

4(0.4)
1-0.07

D,(4,3) = 0.04)1.5-107% + (0.16)3.6 - 10~ + (0.16)3.5- 10~% = 2.9- 10~5. (30)
g

Dividing by D,(4, 2) as given in (24) and taking the square root, we find the global

enhancement factor

Alps(m = 3)
Alims(m = 2)

~ 1.6 (31)
which is in reasonable agreement with the numerical enhancement factor of 1.9
obtained from Fig. 11.
4 Conclusions and Discussion

We have shown that the local Arnold diffusion in a system of coupled standard
maps is enhanced as the number p of maps driving the diffusion is increased. For
sufficiently large p the rms diffusion distance saturates at a value consistent with
a random walk produced by randomizing the phase of the coupling term on every
iteration. The number p of driving phases in the coupling term introduces two ef-
fects, a simple increase in the number of kicks by the number of stochastic driving
terms, and an occasional large kick when two or more stochastic phases coincide.

The latter effect dominates at small values of the stochasticity parameter K. We

have calculated the diffusion enhancement factor as a function of the stochasticity
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parameter K when the number of driving maps is increased from one to two, by
generalizing the Melnikov-Arnold integral to include two driving phases. This ap-
proach was generalized to more driving phases, without performing the numerical
integration, by assuming an analytic form of the MA integral that gives results in
agreement with the numerical integration for two driving phases.

When the system diffuses globally, we have shown that the diffusion distance
increases as the square root of the number of maps in the system. The global
diffusion also saturates with increasing m for large m, which can be associated with
the value at which the phase in the coupling term is randomized. A calculation of
the global diffusion enhancement based on local diffusion enhancement and phase
space volume considerations produces a result which is in reasonable agreement
with numerical calculations. However, assumptions were made in the calculation
that have not been checked in detail. Further work is necessary to confirm the
relations as a function of the driving nonlinearity parameter K.

The scaling of K and p found in the local diffusion can be compared to the for-
mulas bounding the diffusion from above. Because of the limit to the diffusion rate
at the value at which the coupling phase is randomized on every mapping period,
K must be kept sufficiently small with respect to m to see the proportionalities. We
use (1), with e = 1/Q3, y = 1/2N, and A = %, to match the exponent to the MA inte-
gral for N = 2 (N = N-1). We set the constant of proportionality to match Aliys at
N=2(m-1=1)in Fig. 8, and plot the fully coupled (m = N) scaling as a dashed
line. The result lies everywhere above the calculated curve, as expected. However,

we caution that we have not applied the “upper bound” formula for the sufficiently
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small K to which it rigorously applies. This is quite difficult to do numerically, but
is accessible from (14) and (15).

In a recent calculation Chirikov and Vecheslavov [17] have estimated that the
rate of global diffusion for N sufficiently large and ¢ not too small behaves as a
power law in ¢, D  €", 7 =~ 6.5, and to be independent of N. Since from (21),
Dy(N, m) saturates with increasing m, for a given K-value, the possibility is open
of obtaining a power law variation of D with K. It is clear from the numerical
results of Fig. 4 that the range over which such a formula could hold is limited, and
not fully accessible with the numerical data. Equations (14), (15) and (21) can be
used to extend the work into this power law regime, as described in the previous

paragraph. We leave these comparisons for future work.
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Figure Captions
Figure 1. The standard map for K = 0.8 and 2 number of initial particle positions.

Figure 2. Arnold diffusion in the 27 periodic (I, I;) phase plane for a surface
of section at 6, = 6, = =, with K! = K2 = 0.8 and u = 0.01. 1000 particles were
started in the primary stochastic region of both maps, and run for two million iter-
ations. The particles are superimposed upon a grid showing the primary stochastic
region and the stochastic regions around the period 2, 3, and 4 island chains in the
uncoupled map.

Figure 3. Local rms Arnold diffusion distance Alm, versus K; for two coupled
maps. The solid line is the theoretical value. The dashed line represents the ran-
dom walk value obtained by randomizing the phase of the coupling term on every
iteration. The circles are the numerical calculations. (= 10-4, n = 218)

Figure 4. Local rms Arnold diffusion distance Al versus m — 1 for three dif-
ferent values of K;. The dashed line represents the random walk value obtained by
randomizing the phase of the coupling term on every iteration.

Figure 5. Normalized difference between the local rms Arnold diffusion distance
of Figure 4 and the random walk diffusion distance. The straight lines are an
empirical fit.

Figure 6. The value of the Melnikov-Arnold integral versus the phase difference
6 between two driving maps, for K; = 0.4.

Figure 7. The local Arnold diffusion enhancement factor versus K;. The points

are determined from iterating the mapping, and the solid line is the theoretical
value.

Figure 8. The ratio of At, the peak of the two-driving-phase Melnikov-Arnold
integral, to the average period T of the separatrix layer, as a function of K.

Figure 9. Local rms Arnold diffusion distance versus m—1 for K ; = 0.2, compared
to the theoretical prediction. The dashed line is a global “upper bound.”

Figure 10. The global Arnold diffusion distance versus m for several values of N,
the total number of maps (K = 0.8, u = 0.01, n = 221),

Figure 11. Same data as in Figure 10, but each curve has been normalized by
dividing by N'/2. The solid line is the universal curve. The dotted line is drawn
through the data points representing fully coupled maps (K = 0.8, u = 0.01).
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Figure 12. Phase space areas of the various regions of two weakly coupled maps;
K =0.8.
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