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1 Introduction

Recently, Dill [Dil89] and Alur and Dill [AD90] proposed a method for incorporating timing re-
striction into a model of communicating finite-state systems by introducing the notion of a timed
automaton, containing fictitious time-measuring elements called clocks [AD90] or timers [Dil89]. The
verification problem is shown to be equivalent to the speed-independent verification problem on an
appropriate automaton. The fundamental problem with both approaches is state space explosion,
i.e. state space growing exponentially in the number of timers (clocks).

Kurshan [Kur91] suggested to carry out the verification process on timed systems with COSPAN
[HK88], a verification system for untimed processes, by relaxing the time constraints, verifying the
relaxed system and if the verification is unsuccessful check whether the run that violates the property
to be verified is infeasible under the timing constraints. If this is so, Kurshan removes the run and
repeats the process. This strategy is appealing but heuristic in nature. There was no proof that the
process would eventually converge to provably the correct answer.

In this paper, we introduce the notion of pauses, and construct an equivalent (non-pausing)
automaton. In contrast to previous approaches, we build an equivalent automaton as a composition
of the speed-independent (or unrestricted) automaton and many small automata. This enables us
to build simple abstractions of the equivalent automaton that are still detailed enough to eliminate
certain undesired behavior. This leads to a verification strategy similar to the heuristic proposed
by Kurshan, where a verification process is started with the unrestricted automaton, which is then
composed with simple automata imposing timing constraints, but only after the verification has
failed, and imposing only those constraints which are violated in the failure report. In the worst
case, all constraints must be used, so that the verification is performed with the automaton of full
complexity. However, some preliminary experiments have shown that the worst case is not the
common case and that this strategy can indeed lead to considerable time and space savings.

The rest of this paper is organized as follows. L-processes [Kur90] are shortly discussed in
section 2. In section 3, we introduce the notion of timed L-process, and then we construct the
equivalent (not timed) L-process in section 4. In section 5 two main steps of the proposed verification
strategy are described: extracting timing violations from the failure report, and imposing that subset

of timing constraints to the model of the system. Final remarks are provided in section 6.

2 L-processes

An L-process [Kur90] is an automaton defined over the alphabet S(L), where L is a Boolean algebra

with product *, sum +, complement ~, multiplicative identity 1, and additive identity 0. A partial
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Abstract

At high levels of design, the task of formal verification is to prove that the design satisfies some
properties. Designs are usually presented in some form of a finite-state system. Verification of many
properties can be done without regard to the speed of the components of the system. However, some
of the properties can be verified only under certain timing constraints. It has been shown that timing
constraints can be expressed in the framework of finite-state systems, at the expense of exponential
explosion of number of states. We propose a new verification strategy for timing constrained finite-
state systems. The strategy is to start the verification process on the unconstrained system, and then
add incrementally timing constraints, but only after the verification process has failed and adding
only those constraints that have been violated. The strategy can avoid the state space explosion
problem for a class of systems. We use our strategy in the context of timed L-process, a new model
that we propose for timing constrained systems.
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order < in L is defined by: = < y if and only if z * y = z. Aloms are minimal elements with respect
to this ordering. If L is finite (and we will consider only those), it is completely specified by a set of
its atoms, denoted by S(L).

Atoms of L corresponds to the input alphabet in classical automata-theoretic terms. Introducing
algebraic structure on the alphabet enables us to describe easily various sets of letters. For example if
z is a letter (an atom), Z denotes a set containing all other letters. Boolean algebras are particularly
convenient, when the alphabet contains different alphabets of separate automata. In this case, in
automata-theoretic terms the alphabet is a Cartesian product of components. In Boolean algebra
terms atoms are just products of atoms of independent subalgebras.

Let L = L - L' where L and L+ are independent subalgebras of a Boolean algebra L. Then, for
any a € S(L) it must be true that @ = a; * a; where a; € S(L) and a; € S(Lt). We say that a; is
a projection of a to L, and write Il (a) = a;.

The L-process P is a 5-tuple (Lp, Mp, I(P), R(P), Z(P)), where Lp (output subalgebra of P)
is a subalgebra of L, V(P) (a state space of P) is some non-empty set, Mp (a transition matrix of
P) maps V(P) x V(P) to L, I(P) (initial states) is some non-empty subset of V(P), R(P) (recur
edges) is some subset of V(P) x V(P), and Z(P) (cycle sets) is some set of subsets of V(P).

Let @ = (a1,a3,...) € S(L)¥ be an infinite sequence of atoms of L, and let v = (vy,vs,...)
be an infinite sequence of elements of V(P). We say that v is a run of a in P if and only if
ar * Mp(vk,vi41) # 0 for all & > 1.

We say that a € L* is in the language of P, and write a € L(P), if and only if there exists a run
of a in P, starting at some of the initial states, which neither crosses any of the recur edges infinitely
often, nor remains forever in one of the cycle sets.

A projection is naturally extended to sequences of atoms and languages, i.e. a projection of a
sequence is a sequence of projections of its elements, and a projection of the language is a set of
projections of sequences in the language.

It can be verified automatically [HK88] whether the language of an L-process is contained in the
language describing some properties. If this is not the case, there exists at least one loop of states
reachable from the initial states, that does not contain any recur edges, is not fully covered by any

cycle set and is not in the language of the task. Usually, one such a loop is included in the failure

report produced by automatic tools.

3 Timed L-processes

First we introduce the notion of a simple timed L-process. Intuitively, we describe one pause by a

pair of states {v®, v#}, as shown in Figure 1. When a system enters a state v®, a pause begins. An



Figure 1: A pair of states representing one pause

atom p;, uniquely associated with that state indicates that a pause is in progress. A pause finishes

when a system exits a state v¢. An interval d; contains the allowable durations of the pause.
Formally, a simple timed L-process T is a pair { P, d), where P is an L-process (called unrestricted

process of T) and d is a set of pauses. A pause i € d is a quadruple (v®, v, pi,d;) satisfying the

following:

e d; is an integer bounded interval of positive real numbers (it can be open or close on the left

or right, it can also be unbounded from above),

e v® and v are states of P and p; is an atom of the output subalgebra of P, such that
Mp(v®,v®) = Mp(v®,v¢) = pi, no other transitions are conditioned on p;, v¥ has no other

fanouts and v has no other fanins,
o V@ (aset of all v®), V4 (a set of all v%i) and the set of initial states of P are mutually disjoint.

Figure 2 shows three examples of simple timed L-processes. The set of atoms of output subalgebra
of the process Ty (the output alphabet of T}) is {1, p1,b1}. Similarly, output alphabets of T2 and
T; are {a3,pz, b2} and {as, ps, b3}, respectively. Each process contains one pause, with associated
intervals (2, 00), [1,2) and [1, 3], respectively.

For each pause i we define a set of feasible elapsed times in that pause, by: !
F; = [0,inf(d;)] U d;.

It is also useful to define a discretization function D; for each pause i. The domain of D; is F;. We set
Dj(z) = zifz is an integer and D;(z) = | x|+ otherwise. The exception is made if F; is not bounded

from above when we set D;(z) = inf(d;) + § whenever £ > inf(d;). We also define a discretization

linf(d;) and sup(d;) denote infinum and supremum of d ;



function for a pair of pauses (i,j) such that D;j(z) = Di(z) if z > 0 and D;j(z) = —Dj;(-z) if
z < 0. For the example in Figure 2 F; = [0,2), the range of D; is {0,0.5,1,1.5,2,2.5} and the range
of Dy 2 is {-2,~1.5,—1,-0.5,0,0.5,1,1.5,2,2.5}.
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Figure 2: Examples of simple timed L-processes

Let T = (P,d) and assume e = (a,a2,...) € L(P). Also, let v = (v1,vs,...) € V(P)“ be
some accepting run of a in P. Then, for each vz € V4 U V@ let first(vy) be the element of v
where that pause has started, i.e. first(v) = v; € V@ if and only if v; # vi—; and v; = vy, for all
m=I1+1,...,k—1.

Given a sequence a, we define a {imed sequence (a,t) where ¢ is a function assigning a real
positive time ¢; to every a; in a. We can extend naturally a timing function to some run v of
a by: t(vx) = t(ar) = t;. For each v, element of pause i we define the elapsed time of pause i:
5 = t(ve) — t(first(ve)). It is convenient to extend this definition to the whole v by setting 73 =0,
if v is not element of pause i.

We say that a t is a proper timing of v if all of the following consistency conditions hold:
1. t; =0, tg41 > Uk, for all k > 1 (time is non-decreasing),

2. if vp & V4 and vg # ve_1, then #; = t;_; (all state changes outside a pause are instantaneous,



the time can advance only inside a pause, or in a self-loop),
3. if vx = vf € V4 then 7} € d; (pause-finishing times are in d;).

4. 7} € F; (elapsed times are feasible, this condition is not redundant only if v; = v® for all k

greater then some k'),

For example, for the run (vaq, v§, v, v4,vs1,...) in T3 from Figure 2, (0,0,0.2,2.8,2.9,2.9,...)
is a proper timing, while (0,0.2,...) violates Condition 2, and (0,0,0.2,0.8,0.9,0.9,...) violates
Condition 3.

Now, we can define the language of a simple timed process. We say that a timed sequence (a,t)
is in the language of a simple timed L-process T = (P,d), and write (a,t) € £(T), if and only if
there exists v such that v is an accepting run of @ in P, and ¢ is a proper timing of v.

A timed L-processis a N-tuple of simple timed processes (7},...,Tn). WesaythatT,,1<n< N
are the components of T. A language of the timed process T is defined to be an intersection of
languages of T},’s.

For some timed L-process, let V4, V@, d be unions of corresponding sets of its components. We

say that P is the unrestricted process of T if P is a product of unrestricted processes of components
of T.

We define an untimed language of T by:
Untime(L(T)) = {a|3t, (a,t) € L(T)}.

Generally, Untime(L(T)) € L£(P) holds. It is easy to check that for simple timed L-process the
equality holds.

Figure 2 shows an example of a timed L-process. Processes T; and T3 starts pausing immediately,

while process T; starts pausing when process 7 finishes. One of the properties we might be interested

in is:
“Is the state (v11,v91, v§) reachable?”
We can rephrase this question in terms of the language:
“Does by appears before b3 in any sequence in the language?”

It is easy to see that the answer is negative. However, if we remove timing restrictions, the answer
is positive, i.e. the language of the unrestricted process P contains the sequence in which b; appears

before bs.



4 Equivalent L-process

We will show that for every timed L-process T there exists a process P, such that Il (L(P)) =
Untime(L(T)). We will define such a process in some extension [ of algebra L, as a product of
the unrestricted L-process U, satisfying I (L(U)) = L(P), and the region L-process R, imposing
timing constraints by tracking down the possible values of elapsed times of pauses. Both U and R
are constructed by forming the product of several smaller processes.

In the rest of this section we assume that T = (T7j,...,Tn) is a timed L-process, P is its
unrestricted L-process, F,..., Py are unrestricted L-processes, and d,...,dy are sets of pauses of
its components. We also assume that L is a subalgebra of L.

We construct the process U from the process P by adding to its output information required by
the process R. The first piece of information we need to add is whether or not a transition in P can
take some time, as required by consistency condition 2. Formally, we assume that there exists? B(t),
a subalgebra of L independent of L, and for n = 1,..., N we define a L-process U; with output
subalgebra Lp, - B(t), state space, initial states, recur edges and cycle sets all the same as in F, and
transition matrix:

Mp, (v,w)*i fv#wand wg V4

MU,', (vyw) = { Mp, (v, w) otherwise

We have introduced a new symbol t and labeled with # all transitions in P which must not take
any time. Later on, we will mark transitions in R that must take some time with {, making sure
that they can not happen simultaneously.

Another piece of information required by R is when pauses are finishing. Therefore, we will add
one “flag” for each pause in P signaling when that pause is finishing. Formally, we assume that
B(f;) for alli € U,’:;l dn are subalgebras of I mutually independent and independent of L and
B(t), and forn = 1,..., N we define a L-process U, with output subalgebra Ly; -[lica, B(fi), state
space, initial states, recur edges and cycle sets all the same as in P, and transition matrix:

My, (v, w) = My: (v, w) * H f;» where f; = { ‘}—'3 :)ftz:wtge .
i€d, '

Finally, let: U = ®£’=1 Un. It is easy to check that U behaves exactly like P, i.e. that I (C(U)) =
L(P). Processes U, for the example in Figure 2 are shown in Figure 3.

Before we formally define the region process R, let us consider a simple example. Consider pauses
3 and 2 in the example from Figure 2. In Figure 4 we record on the 73-axis an elapsed time in pause

3, and on the 72-axis, an elapsed time in pause 2. For any sequence a € L(Us ® Uz) and any timing

2B(z) is a subalgebra of L containing x, with fewer elements than any other subalgebra of L containing z.



Figure 3: A process U for the example in Figure 2

t of a, we can construct a trajectory. The trajectory is constructed incrementally, adding a segment

from (72, 7Z) to (2,,,72,,) according to a; and t. The construction rules are as follows:

Rule 1 : we begin at point (0,0) and stay there as long as neither T3 nor T, are pausing, i.e.

ax < P3 * Py,
Rule 2(3) : if T3 (T3) is pausing and T (T3) is not, i.e. if ax < p3 * P2 (ar < P3 * p2), we move
forward, along the 73 (72) axis,

Rule 4 : if both T3 and T, are pausing, i.e. if a; < ps * p2, we move forward, along a 45° line,

Rule 5(6) : if T, (T3) is finishing pausing and T3 (T3) is not, i.e. if ax < fo * fa (ax < fo * f3) we
move to the point (73, 0) ((0, 7?) respectively),

Rule 7 : if both T3 and T are finishing pausing, i.e. if ax < f2 * f3, we move to the point (0,0).

The length of all forward movements is determined by tx4+1 — tx. One possible trajectory is shown
in Figure 4. Each segment of the trajectory is labeled with the number of the rule thatlgenerated
it. Note that for a proper timing of a rule 5 can only be applied in the region F3 x dz. Similarly,

rules 6 and 7 can only be applied in regions d3z x F; and d3 x d2, respectively.
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Figure 4: One trajectory in the feasible rectangle

We can partition the feasible values of (73, 72) into regions r* such that (73, 72) € 7 if D3 o(73 -
72) = z. It is easy to see that such partition exist, and that it is unique and finite. A partition
of the feasible rectangle in Figure 4 is shown in Figure 5. In this case, there are 10 regions: the
region r2 contains only a point (3,0), regions r2, 1,10 and r~! contain segments of lines 73— 72 = 2,

3-72=1,73~72=0and 73 — 72 = —1, respectively, and finally regions r2-5, r1-3, #0.5 »=05 a4

r
=15 contain strips 2 < - 72<3,1< P -72<2,0< 3 -72<1, -1 <73 -72 < 0and

—2 < 73 — 12 < —1, respectively.

tz

Figure 5: A partition of the feasible rectangle

We will construct the region L-process for each pair of pauses by mapping the regions into states,
and mapping the movement rules into transitions. The region process “observes” processes U and
Us and changes states according to the rules above. A transition between regions r* and r¥ exists if
a segment of some proper trajectory connects two points in those regions. The transition is enabled
if the conditions stated in the rule that generated the segment are met.

We don’t have to construct such processes for all pairs of pauses. If two pauses belong to the



same simple timed process they can never be active simultaneously, so they have no interaction.
Pairs of pauses not belonging to the same component process are called interesting pairs of pauses,
and the set of such pauses for some timed L-process T is denoted by IPP(T).

Generally, there will be more than one region process associated with the same pause. Obvi-
ously, all of these processes must agree on the value of elapsed time in that pause. To accom-
plish this we introduce one “multi valued variable” for each pause taking values in the range of
associated discretization function and label each transition in every region process with the pos-
sible discretized value of the elapsed time in the next state. Formally, we assume that for each
i€ Ufy:x d,, there exists L; independent of any other L; and all other subalgebras mentioned before,
with the set of atoms: S(L;) = {If|z in the range of D;}. For example, for pause 1 in Figure 2
S(L) = {8,195, 4,115, 1, 85}

The process Ra,z resulting from a partition in Figure 5 is shown in Figure 6. All states are shown
(with names v, abbreviated to z), but for simplicity only few transitions are shown. Enabling

conditions for transitions shown in Figure 6 are:

Mp,,(v35,v35) = txpaxpaxif®+10+ (1)
Txfax foxl3S 13, 2)

Mg, . (v;;,;'s, v;,:.‘l,'s) = tapz*pa*13° % I;'s + (3)
T# fa* fox (3% 13° 4+ 13° + 135), (4)

MR, (v35:03,) = Ixfasf2r 3415 (5)

We now formalize the notion of a region process. For each interesting pair of pauses (i,j) €

IPP(T) we define a pair region L-process R;j. States of R;; are regions described above, i.e.:
V(Rij) = {vf; C Fi x Fi|(Y, ) € vj; if and only if D;j(t! —1%) = z}.

Formally, R;; is an L-process with output algebra L; - L;, state space V (R;;), unique initial state
vY; (as required by Rule 1), no recur edges nor cycle sets.
We now define the transition matrix of R;;. First we consider transitions that take time. By

Rule 1, we can stay in the initial states as long as neither pause is active. Formally,
Mgij(v%,v?j)=t*ﬁ,-*pj *l?*l?. (6)

Possible discretized values of elapsed times are obviously zero in this case. By Rule 2, if 1 is active

and j is not, we can move from some state v¥;, z > 0, to any state v satisfying y > zory > z if

3
z is not an integer. Clearly, the discretized elapsed time of j in v,-j is 0 and of ¢ is y. Formally, for



<,

Figure 6: A part of the region process

any z and y satisfying y > 2 > 0or y > z > 0,z ¢ Z we define a transition:
MR,,-(vfj,v?j)=t*p,~*ﬁj *l?*l}), )

An example of such a transition is (1). Similarly, by Rule 3, for z and y satisfying y < z < 0 or
y<z<0,z¢&Z we define:

MR, (v, o) = tx pi v pj » I 7Y, (8)

Finally, by Rule 4, if both i and j are active, R;; remains in the same region. However, if vf; is an
one-point region (like 73 in Figure 5), Rule 4 can not be applied. Actually, no transition that takes
time is possible from that state. Let E;j(z) be a set of pairs of discretized values of points in region
vfj, ie. Eyj(z) = {(w, z)lw = Di(r!),z = Dj(7?) for some (1,72) € vf;}. The possible next-state
values when both i and j are pausing and some time has passed, are all (w,z) € E;;j(z) with both

w > 0 and z > 0. Now, we define formally:

Mp,(vfj,v5) =txpixpix 3 sl )
(w1 Z) € El](z)
T w>0,z2>0
and assume that the sum over an empty set is 0. That is the case if z = sup(d;) or = = — sup(d;).

An example of such a transition is (3).

Next, we consider transitions that do not take time. It follows from all the rules that for 0 time

10



step R;; remains in the same region, if neither i nor j are finishing. Formally:
Mp,;(vf;,v5) =T fi % fj » Z I+l (10)
(w,2)EE;;(z)
An example of such a transition is (4). Rule 5 can be applied between vf; and vf; if for some point
(1,7 e vf; both D;(7!) = y and 72 € d;. In this case a discretized value of elapsed time in vf; is
y for i and 0 for j. Formally, if there exists (71, 72) € v; such that D;(!) = y and 72 € dj, then:

MR..,-(vfj,v?j =Txfi*f; *I?*I;-’. (11)

An example of such a transition is (2). Similarly, by Rule 6, if there exists (7}, 72) € v; such that
r! € d; and D;(72) = —y, then:

MRij(v?jav?j)={* f;‘*fj *I?*I;y, (12)
Finally, by Rule 7, if there exists (71, 7%) € v§; such that 7! € d; and 72 € dj, then:
Mp;(vfj o)) =T fix S5+ D+ 13, (13)

An example of such a transition is (5).

Some of the pairs (v;,v};) may satisfy conditions for more than one of (6)-(13). In that case
Mg, (v;, vf{i) is the sum of all applicable expressions, as in (1)-(5).

Next, we define processes @; which track whether the elapsed time in pause 7 can be zero or not.
For each pause i we define an L-process @Q; with two states vQ and v}, the first one being a unique
initial state, output subalgebra L;, no recur edges nor cycle sets and transition matrix:

Mo (o9,v9) = (xpi+Ixfi)x1f Mo,(f o) =txpis) If
z#0

Mo, (v, o) = fixToplf  Mo,(v},0]) = fixl)

Intuitively, Q; is in v? if 7/ = 0 and in v} if 7¥ > 0. A transition from v? to v} must absolutely
take some time. A transition from v} to v? occurs if the pause i has finished. Note that f; is not
accepted in v.

Finally, let R be a product of all R;;’s and all Q;’s and let P = U ® R. It should be intuitively
clear that any sequence that has a run in U and can be properly timed, has also a run in R. The
opposite is also true, although not at all obvious: if a sequence has a run in P, it can be properly
timed. In the next section we described how abstractions of region processes can be used to eliminate
from the language any sequence that can not be properly timed. These observations are formalized
in the following theorem.

Theorem (equivalence theorem): II 1 (£(P)) = Untime(L(T)).

The proof is given in appendix.
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5 Verification strategy

Verifying a task on P can run into difficulties, due to the large size of the state space that has to be
searched. We propose a verification strategy to avoid this problem. We start a verification process
with the unrestricted L-process U. If the verification succeeds, we have verified the task. If the
verification fails, there is at least one sequence in S(L)* which is in the language of the current
abstraction of P, but not in the language of the task. We analyze one run of such a sequence. If
that run violates no timing constraints, we stop the verification unsuccessfully. However, if the run
does violate some timing restrictions, we compose the current abstraction of P with some simple
abstraction of process R, which is guaranteed to eliminate that run. We repeat this process until the
verification is terminated, either successfully or unsuccessfully. This strategy can lead to significant
savings in time and space, provided that the behavior of the system is not heavily dependent on the

timing constraints. The verification strategy is outlined in Algorithm 1.

Algorithm 1: verification strategy
procedure verify_task()

initialize P, = U

while not stop
try to verify a task on P,
if success then stop, the task is verified
find a timing violating loop G
if such a loop does not exist then stop, the task is not verified
P. =eliminateloop(G, P.)

end while

end procedure
5.1 Identifying timing violation

Assume that the error report from the verifier contains a loop and a path to that loop from the
initial state. We can unfold the loop, thus forming a sequence of states. We form a graph with nodes

being states in the sequence and the following set of edges:

e If some pause 7 begins at node k and is still active at node k’ and sup(d;) exists, we add an
edge from k to k' and label it with u; = (~o0, sup(d;)] if sup(d;) € d;, and u; = (—o0, sup(d;))
otherwise. We denote these edges with Ji and call them forward pause edges. These edges

represent upper bounds on time distance between k and ¥, required by consistency condition
3.
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e If some pause i begins at node k and is finishing at node %', we add an edge from &’ to k and
label it with I; = [inf(d;), 00) if inf(d;) € d;, and I; = (inf(d;), 00) otherwise. We denote these
edges with bi‘,, p» and call them backward pause edges. These edges represent lower bounds on

time distance between k and ¥',required by consistency condition 4.

o We add a edge from k to k — 1 and label it with lo = [0,00). We call these edges backward

non-pause edges. They correspond to consistency condition 1.

o If My(vk,ve+1) <7 we add an edge from k to k + 1 and label it with ug = (—00,0]. We call

these edges forward non-pause edges. They correspond to consistency condition 2.

We say that a loop in the graph is overconstrained if every sum of numbers satisfying upper-bound
constraints in forward edges is smaller than any sum of number satisfying lower-bound constraints
in backward edges. An overconstrained loop indicates a timing violation. A loop that is not over-
constrained can be properly timed. An overconstrained loop can be found by some modification of
the standard constrained graph solver (e.g. [New87]). A modification is necessary to handle both
included and excluded bounds correctly. Without loss of generality, we assume that the loop is
minimal, in the sense that removing any edge enables proper timing of nodes.

Once a loop has been identified, we can collapse all non-pause edges, by merging their incident
nodes. However, we mark nodes obtained by collapsing forward non-pause edges. Such a loop is an
input to the algorithm which eliminates a timing constraint, described in the next subsection.

For example, for the timed L-process in Figure 2, a sequence of states:

v10 v vf v v
vi=| vao |,v2a=| v2o |sva=]| v20o |sva=| 0§ |,vs= vg@ yeer  (14)
V30 v? vi? v:? 03

is a run in U of a sequence that does not satisfy the property that b, can not appear before b3.
However, this sequence is not possible under the timing restrictions, because the time difference
between v, and vs must be at most 3 (due to pause 3), but the time difference between v, and v3
must be greater than 2 (due to pause 1), between v; and v4 must be at least 0 and between v4 and vs
must be at least 1 (due to pause 2). The corresponding overconstrained loop (with non-pause edges
collapsed) is show in Figure 7a. It has one forward edge fi'3, where u3 = (—oo, 3] (corresponding to
the requirement that the distance between v, and vs is at most 3), and two backward edges: bf,’,z,
where l; = [1,00) (corresponding to the requirement that the distance between u and vs is at least
1), and b!f,v where I = (2,00) (corresponding to the requirement that the distance v and v3 is
greater than 2). k

The constrained graph, as we defined it, is infinite. However, we can build it incrementally,

adding one node at a time. While solving the constrained graph, we can easily compute possible
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Figure 7: An overconstrained loop in two steps of the algorithm

discretized values of 7* — 77, and we can establish whether ¥ can be 0. This, together with the state
of U, determines the state of P. Consequently, we can stop building the graph if we have repeated

a state of P. In this case, the run violates no constraints, so the verification process is unsuccessful.

5.2 Eliminating timing constraints

Given an overconstrained loop G, we want to build some abstraction of R which eliminates that run.

The procedure is outlined in Algorithm 2.

Algorithm 2: eliminating a timing violation
procedure eliminate_loop(G, P.) /* G - an overconstrained loop, P, - a current abstraction of P */
for each edge bi',m, m marked do P, = P.® Q;
for each pair of edges f}:,, b n, m marked do P, = P, ® R;}""” ® Q;
while there exist a pair fi'! , biin
P.=P.@ R}y
remove from G edges f}'; and bl n
if £ < n then add to G edge fﬁ;wu("""')
if k> n then add to G edge ka,;wL(“"" )
end while
return P,

end procedure

We start with an overconstrained loop G, and consider a pair of edges f;""m, bi{.',.. For a moment,
assume that m is not marked. Then, we can divide a feasible rectangle of i and j into two regions. A
region where both constraints u; and I; could be simultaneously satisfied is called a “good” region.
In other words, the good region contains all regions intersecting u; x l;. A “bad” region contains all
other regions. If u; and I; are as originally defined, the finish of pause j is not accepted in the bad

region.
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Figure 8: Two abstracted pair region processes

An abstracted pair region process R}‘j”r". tracks whether the elapsed times of a pair of processes
are in a good or bad region. Formally, it is a L-process with output algebra L; - L;j, two states
Vi = {vf; € V(Ri;)|vf; intersects (w; x I;)} and Vi = V(Ryj) — V%, a unique initial state being the
one containing v%, no recur edges nor cycle sets, and transition matrix defined by:

Mo; (VW)= 3" 3" Mg, (v, w).
' veEV wew

The state V% corresponds to a good region, while the state V% corresponds to a bad region. We

compose R:‘J-”r" with the current abstraction of P, to distinguish between the two regions of elapsed
times.

States of the abstracted pair region process for the overconstrained loop in Figure 7a are shown
in the Figure 8a. The bad region is shaded. It contains states v3, and v}:3 of Ra,. This process
accepts the finish of pause 2 only in the good region.

Node marking complicates the procedure slightly. For example, if in the original G, we have
edges f};‘y‘m,bﬁf’;,n and m is marked, then pause 7 finishes before pause j, but all transitions between
these two events are subsets of {, so no time can pass in between. In this case a process }ﬁ‘j"“ is
not enough, because even if it is in a bad state, when i finishes it will move into a good state. We
need to combine R:-*j"l" with R}}”"" and Q;. While R:}”“ is in the bad state, R:v‘j"'!" must also be in
the bad state. When ¢ finishes, R;}“’I" will be in the bad state, and must remain there as long as

subsequent transitions are subsets of f. Note that R:‘J-"‘!" will not accept the finish of j if the elapsed
time of 7 is 0. But, @; accepts only 0 elapsed time as long as subsequent transitions are subsets of f.
In some cases we also need processes ); to ensure that the elapsed time can not be greater than

0, before some transition intersect t.
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Next, we propagate this partition backwards. For example, since the process in Figure 8a accepts
the finish of pause 2 only in the good region, we request that the elapsed time of pause 3 to be larger
or equal to 2 when pause 2 starts. Therefore, we remove the original edges and add an edge with
the new constraint on pause 3, as shown in Figure 7b. Generally, for edges f;"‘m and bﬁ{.,,., ifk<n
and the elapsed time of ¢ is in the region NewU(u;,[;) when j starts, where:

NewU(u;,l;) = { ﬁ:zﬁggzg - :Etf”g;;]) :)ft;:f“(;z € u;,inf(l;) €

then the elapsed time of i and j are, and will remain in the good region. But, if the elapsed time of
i is outside the NewU(u;,[;), they will remain in the bad region. In this case we remove f}: and
b#;,n from G and add an edge describing a new constraint on i.

Similarly, if £ > n and the elapsed time of j is.outside the region NewlL(u;,l;) when i starts,

where:

gy _ J [inf(l;) — sup(u;),00) if sup(u;) € u;,inf(lj) € I
NewL(ui, ;) = { (inf(l;) — sup(u;), 00) otherwise

then the elapsed time of i and j will remain in the bad region. In this case we remove Jim and bf},,,.
from G and add an edge describing a new constraint on j.

We repeat this process until we process all constraints. For the example in Figure 7 this means
just adding the process whose states are shown in Figure 8b. One can check now that a sequence
that has a run (14) does not have a run in the product of processes in Figure 8. Initially, the process
in Figure 8a (process A for short) is in the good state, while the process in Figure 8\b (process
B for short) is in the bad state. Process B remains in the bad state when pauses 1 and 3 start
simultaneously, while process A can either stay in the good state or move to the bad state. The
process B accepts the finish of pause 1 only if the elapsed time of pause 3 is larger than 2, but as
long as pause 2 is not active, the elapsed time of pause 3 larger than 2 leads the process A into
the bad state. Since 4 does not accept the finish of pause 2 in the bad region, we have eliminated
a sequence that has a run 14 from the language. Thus, we have verified the property using the
abstraction of R that has only 4 states, in contrast to the full process R that has 960 states ((12 of
R3,1)x(10 of Ra2)x(2 of Q1) x(2 of Q3)x(2 of Q3)).

Generally, after we have finished, at each state of the original error run, at least one of the
abstracted region pair processes is in the bad state. Eventually, one of the processes will not accept
the finish of some pause. In this way, we have removed the error run from the language of the current
abstraction of P.

It is easy to see that L(R;;) C ,C(R:-‘j""'). Therefore, by composing some abstraction of P with

processes Q; and abstracted pair region processes, we are iteratively approaching the language of P.
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Since there are only finitely many abstracted pair region processes, the iteration will converge in a
finite number of steps.

This approach also offers some insight into the nature of the somewhat restricting assumption of
integer bounded pauses. If we allow arbitrary real numbers to be the bounds for pauses duration,
we can still use the procedure outlined in Algorithm 2 to iteratively approach the language of some

timed L-process. However, in that case we are not guaranteed to converge in a finite number of

steps.

6 Conclusions

To model timing behavior of finite-state systems, we have propcsed timed L-processes. We believe
that timed L-processes offer two major advantages over previous approaches. First, an equivalent
L-process is defined as a composition of an unrestricted L-process and many smaller processes. We
provide a transition matrix for each of these processes. In this way, the automatic generation of
the equivalent process is simpler than in [Dil89] where there is one big region automaton and the
computation of the next state function includes non-trivial matrix manipulation, and in [AD90)
where the equivalent automaton is defined as a single automaton with very large state space.

More importantly, we propose a verification strategy to deal with the state space explosion
problem. Basically, we propose a “trial and error” strategy, starting with the unrestricted process,
and using at each step only the minimum subset of timing constraints necessary to eliminate the
reported error. In the simple example discussed in this paper a reduction of two order of magnitudes
in the number of the states has been achieved. Besides time and space saving, this strategy could
have positive impact on the design. Indeed, to perform the required task, a design does not have to
meet all timing constraints, but only those used in the verification. Relaxing of constraints could be

used to optimize the design.

Appendix: Proof of the equivalence theorem

Throughout this appendix we assume that T = (Tl,....,TN) is a timed L-process, P is its unre-
stricted L-process, P,,..., Py are unrestricted L-processes of components of T and d;,...,dy are
sets of pauses of its components. Furthermore, let d = UnN=1 d, and let P and all of its component
processes be as defined in section 4, except that for simplicity, we assume that P P(T) contains all
pairs of pauses, not only interesting ones. This assumption does not change the complexity of the
proposed verification strategy, because by following the procedure in section 5, only abstractions of

interesting region pair processes will be generated.
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We have not completely defined the algebra L, but only assumed that it has some independent
subalgebras. It is convenient (although not necessary) to assume that these subalgebras completely
specify L, i.e. that the following definition holds.

Definition: L = L - B(2) - [T;cq(B(f;) - L;), where L, B(t), B(f;) and L; for all i € d, are all
independent subalgebras of L.

The following two lemmas are direct consequences of the definitions of processes U, (Lemma 1)
and P, (Lemma 2). In fact, they can be regarded as alternative definitions of transition matrices of
those processes. Therefore, we state them here without a proof.

Lemma 1: For all n = 1,...,N and all (v,w) € V(U,) x V(U,), My, (v,w) = Mp, (v,w) *
M (v, w) * Mg;n(v, w), where Mp, (v, w) € L, M{; (v,w) € B(2), M!n(v, w) € [L;eq, B(fi) and

. [ ifvevd

Mg, = { 1 otherwise '’ (15)
5 z :_[ fi fo=1vf

MUn - ig f” where ft - { fi otherwise ° (16)

Lemma 2: For all (,j) € IPP(T), all (v,w) € V(Ri;) x V(R;;), all z in the range of D; and
all y in the range of D;:

a) Mg, (v,w) 2t+p;*pj +IF xl{ ifand only if v = w=00; and 2=y =0,

b) Mg (v, w) >t *p; % pj *IF * 13'.’ if and only if z = 0 and there exists (0, 72) € v and § > 0 such
that (0,72 + 6) € w and y = Dj(72 + §),

¢) Mg ;(v,w) > t*p;*p;+If +l{ if and only if y = 0 and there exists (7,0) € v and § > 0 such
that (7! + 6,0) € w and z = D;(r! + §),

d) Mg, (v,w) > t *p; +p; *If x IY if and only if v = w and there exists (71,7%) € v such that
z = D;(r') > 0 and y = D;(7?) > 0,

e) Mp,;(v,w) 2T+ fi* f; I +1{ if and only if w = v{;, z = y = 0 and there exists (1!,72) € v

$)?
such that 7! € d; and 72 € d;,

£) Mp,;(v,w) 2 T+ fi+ f; #17 + I if and only if = = 0 and there exists (71, 72) € v such that ! € d;,
(0,7%) € w and y = Dj(7?),

g) Mg (v,w) > T fi* fi+ ¥ +1{ if and only if y = 0 and there exists (7!, 72) € v such that 72 € dj,
(r1,0) € w and z = D;(}),

h) Mp;(v,w) > T* f; * f; # If « I if and only if v = w and there exists (71,72) € v such that
z = D;(r!) and y = Dj(7?).
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Intuitively, Lemma 2 states that there exist a transition between two regions (under certain
conditions), if and only if there exists a segment of some proper trajectory connecting two points in
those regions (under those conditions). We can now prove the first half of the equivalence theorem,
i.e. Untime(L(T)) C My (L(P)). First, for every (a,t) € L(T) we define @ € S(L)* such that
a =T (), and then we prove that & € L(P).

Definition: Assume (a,t) € £(T) and assume v, = ((v3)1, (¥n)25--+s (¥n)ky...), for n =
1,..., N, are accepting runs of a in P,, such that ¢ is the proper timing of all of these runs. Then,
let @ € S(L)* be such that for all k > 1:

N )
- Di(ry
Gr = ap *a} * (H Mé“) * HI; (i),
n=1 i€d

where M{,ﬂ is as in (16) , and:

al = t ?ftk+1 >t
k T ftep1 =1

Lemma 3: For every n=1,...,N,a € L(U,).
Proof: We show that v, from the definition of @ is an accepting run of & in U,. Since initial
states, recur edges and cycle sets are the same in B, and U,, it is enough to show that v, is a run

of @ in Up,i.e. that ax * My, ((vn)k, (vn)r+1) # 0. By Lemma 1, we have:

ar * My, ((vn)k; (¥a)k41) =

N
ar * Mp, ((vn )i, (vn)k+1l*?;c * My, ((va)rs (vn)k+1)J* H M!" *HI?‘(f"*‘) .

€L n=1 i€d
eB() S N !
En,ea B(s) Gnled Li

To show that the left hand side is different from 0, it is enough to show that each of the underbraced

parts of the right hand side is different from 0, since they belong to independent subalgebras of
L. Last two parts (elements of [[;c,B(f;) and [];eq Li) are themselves products of atoms od
independent subalgebras of L, hence different from 0. The first part (element of L) is different from
0 by the assumption that v, is a run of a in P,. Finally, the second part (element of B(t)) is
certainly different from 0 when M{,ﬁ = 1. Since by consistency condition 2, {;4+; must be equal to
i1 whenever one of the processes P, changes states outside a pause, a}, must be equal to { whenever
M{; =1, hence their product is different from 0.0

Lemma 4: For all (¢, j) € IPP(T), a € L(R;;).

Proof: We will show that r = (ry,72,...,7,...) where r; is such that (1',;,1',Z) € ri, is an
initialized run of @ in R;j. Since R;; has no recur edges nor cycle sets, r is also an accepting run
of @ in R;j. First, we check that r; is an initial state of R;j. This is true because by consistency

condition 1, 7 = 0 for all i € d, so ry = v{; € I(R;;).
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Next, we show that:

ar < MR,;(resTe41) (17)

Generally, (17) follows from Lemma 2. More specifically, let § = 341 — tx (where t; is a proper

timing of a, from the definition of &@). Then:
(1} Di(r?
o ifap < txp;*pj *I'_D-(‘rk-n)*lj (i)

41 =0, 80 ¢ = 14 = vl and (17) holds by Lemma 2a,

, then by the definition of elapsed times, 7§ = 7} = , =

) ifakSt*i),-*pj*I?

holds by Lemma 2b,

(7k4a) *Ifj(f"‘+‘), then § >0, 7{ = 7§, , = 0 and 1{“ = 1{ + 6, s0 (17)

(i () . . .
Pilrin) 1 D900s) hen 65 0, 7,y = 7 = 0 and 1, = f +6, 50 (17)

o ifar <txp;*xpj=*|
holds by Lemma 2c,

D

§ () . . . .
o ifar <txpixpj*l; '(7*'*‘)*1?’(1*"“), thend > 0,7, =7+6>0,70,, =1 +6 > 0,80(17)

holds by Lemma 2d,

Ar! (1) . .
o ifay < Txfixf; *I?‘(T"“)*I;)’(T"“), then 7{,, = 71, = 0, by consistency condition 3, r{ € d;
and 1-;: € dj, so (17) holds by Lemma 2e,

- (o} (1) ) . . .
oifar <Txfi*fj* I?'(T"‘“) * If'(r"""), then 7{,, =0, 7., = 71 and 7{ € d; by consistency

condition 3, so (17) holds by Lemma 2f,

:

i T T £y (DT P3E4) i 0. =i l € d; i
o ifay <T*fixfi*l; *l; , then 7., =0, 7§, = rf and 7{ € d; by consistency
condition 3, so (17) holds by Lemma, 2g,
o ifap < T#fx fj x (20 Pil7hi) i —riandrl,, =1
E St fixfixl; *1; y then 75, = 7} and 7§, = 7] so (17) holds by
Lemma 2h.0

Lemma 5: For all i € d, a € £(Q;).
Proof: We will show that ¢ = (¢1,92,...,9%,...), where:

_ [ ifri=0
w={d {30
is an initialized run of @ in @Q;. Since @Q; has no recur edges nor cycle sets, g is also an accepting
run of @ in Q;. Initially, 'r,‘; =0, so q; = v is indeed an initial state of Q;. Next, consider a case
-r,f_,_, = 1} = 0. It is possible only if ¢;+1 > t; and pause i is inactive (i.e. ax <t * p;), or tet1 =tk
(i.e. ax < 7). In either case a; < f; must also hold, because of the consistency condition 3 and the

fact that 0 & d; for any i. So, we have:
ar < (i + 1+ fi)* I = Mo, (v, vf) = Mq, (g, qr+1)-
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The case 7§, > 7{ = 0 is possible only if ¢;4; > ¢ and pause i is active. So,
<t . IDi(Tl';+l) < M 0 1y
A S THP;x < Mo, (v?,v}) = Mq,(9k» gk +1)-
The case 7{,, > 7§ > 0 is possible as long as pause i does not finish, so in this case:
< f ID‘(7:+1) <M 1 .,1) M,
ar < fi*l; < Mg, (vi,vi) = Mq,(ak: qx+1)-
Finally, 7} > r,';+1 = 0 is possible only if pause 7 finishes, in which case:
< f. lDi(T;+1)_M 1,0 =M (]
ap < fi* i = Qn(viavi) = Qi(‘Ikka+l)-

Lemma 6: Untime(L(T)) C ML (L(P)).

Proof: It is easy to check that II;(d¢) = a, and by Lemmas 3-5 @ € L(P). So for every
(a,t) € L(T), hence also for every a € Untime(L(T)) there exists @ € S(L), such that H.(a) = a
and @ € L(P).D

We now turn to the proof of the second part of the equivalence theorem, i.e. we need to show that
Untime(L(T)) 2 M. (L(P)). In other words, we need to show that every sequence in the language of
P can be properly timed. In the rest of this appendix we assume that & = (G1,@2, ... 8ky...) € S(L)*
is in the language of P and that ((ri;)1,(rij)2s.-+s (7ij)ks...) is an accepting run of @ in R;;. We

also assume that @ is partitioned into subsequences according to the following rules:

e @, is in the epilogue of subsequence 1. We say that &, begins subsequence 1 and write beg(1) =

1. We also say that a,; begins the epilogue of subsequence 1 and write epi(1) = 1.

o If @; is in the epilogue of subsequence m and @, < #, then a4 is also in the epilogue of

subsequence m.

e If @, is in the epilogue of subsequence m, @, <t and a; < l? for all pauses i, then @g41 is in
the prologue of subsequence m + 1. In this case, we say that d;+; begins subsequence m + 1

and write beg(m +1) = k+ 1. We also say that a; ends subsequence m and write end(m) = k.

e If a; is in the epilogue of subsequence m, @ < t and @, < {? for some pause #, then @41
is in the epilogue of subsequence m + 1. In this case, we say that é;4; begins subsequence
m + 1 and its epilogue and write beg(m + 1) = epi(m + 1) = k + 1. We also say that é; ends

subsequence m and write end(m) = k.

e If G, is in the prologue of subsequence m, and ;. < l-? for all pauses i, then @4 is also in the

prologue of subsequence m.
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e If 4, is in the prologue of subsequence m, and & < I? for some pause i, then a4, is in the
epilogue of subsequence m. In this case, we say that @+, begins the epilogue of subsequence

m and write epi(m) =k + 1.

In summary, subsequences have a prologue, which may be empty and an epilogue, which always
has at least one element. All pauses are active in all but last elements of the prologue, and all but
last elements of the epilogue are contained in {. If the prologue is not empty, at least one of the
pauses finishes at the end of the prologue. The prologue is empty if at least one pause is inactive at
the end of previous sequence, 0 Gepi(m)—1 < I? always holds for some pause i. If end(m) exists, then
@end(m) < t holds. A sequence has infinitely many finite subsequences, or the last subsequence has
infinite prologue or epilogue. We will show that there exist a proper timing of any @ € £(P), such
that all elements of the subsequence are assigned the same time. Furthermore, for any two pauses i
and j elapsed times at step k will be in the region (r;;)x. In the proof, we use the following property
of discretization functions.

Lemma 7: Let 71, 72,041,032 be such that:
Dij(ry = 1) = Djj(01 — 02). (18)
Then there exists é such that
D;(oy + 6) = Di(m1) and Dj(o2 + 8) = Dj(2). (19)
Proof First, consider a case where both D;(r;) = 7 and Dj(72) = 7, are integers. Then:
Dij(n — n) =1 — 12 = D;j(01 — 02) = 01 — 03,

implying that § = 7, — 01 = 7, — 03 satisfies (19).
Next, consider a case D;(r1) = m is an integer and Dj(73) is not, i.e. loj(12) < 72 < upj(m2),

where:

if d; unbounded and z > inf(d;)

loi(z) = Di(z) — %, upi(z) = { <Bo,.(;,_-) +1  otherwise

Then:

11 — upj(m2) < 11 — 72 < 1y — loj(72). (20)

Since 11 — 72 and 0 — 03 belong to the same region, the bounds on 7; — 7; in (20) must also hold

for 01 — 09, i.e.:

71 — upj(m2) < 01 — 02 < 711 — loj(72).
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which in turn implies that § = 7 — o, satisfies (19), rewritten as:
o1+é=mn,

IOj(Tz) —03<é< up_,'('rg) - 0.

Similarly, if D;(7;) is not an integer, i.e. lo;(11) < 71 < up;i(n1) and Dj(72) = 72 is , then:

loj(n)—mn<n-n<up(n)—-n=
loj(1)) — 12 < 01 — 03 < upi(n1) — 72,
and § = 1, — o7 satisfies (19).

Finally, if neither D;(m;) nor Dj(7;) are integers, i.e. loj(n1) < 71 < upi(n1), loj(m) < 72 <
up;j(72) then:

loi(11) — upj(12) < 11 — 72 < upi(m1) — loj (1) =

loi(11) — upj(72) < 01 — 02 < upi(n1) — loj(72),
imply that (19), rewritten as:

loi(11) — o1 < 6 < upi(my) — o1,

IOj(Tz) -0 < 6 < up; (Tz) - 02.

has a solutions, because lower bounds on § are strictly smaller than the upper bounds.O

The following result follows easily from Lemmas 2 and 7, and the simple fact that for any pause
i z €d; if and only if D;(z) € d;.

Corollary 1: For any (i, j) € IPP(T) and any é € £(P):

a) ifar <pi*pj 5+ I, then for every (7!,72) € (rij)r there exists § such that: Dy(7! +§) = =z,
D;(7% + 6) = y and for any such &: (7! + 6,72 +6) € (rij)k+1 = (rij )k,

b) if @ < f; * fj * If then for every (!,72) € (ri;)i there exists § such that: D;(r! + §) = «,
72+ § € dj and for any such é: (! + 6, 77:+1 =0) € (rij)k+1 = V5

13!

c) if @ < f; * f; then for every (7!,72) € (rij)i there exists 6 such that: 7' + 6 €d;, T2+ 6 €d;

and for any such &: (r{,, = 0,7, = 0) € (ryj)e+1 = v;.

Intuitively, Corollary 1 states that if i and j are both active, then for any point in (r;;)x, there
exists a point on the same 45° line connected to some point in (7;j)x+1 by a segment of some proper
trajectory. This result is useful to prove the existence of proper timing of subsequence m + 1, once

a timing for subsequence m has been chosen.
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We also need the following result.
Lemma 8: For any (i,j) € IPP(T) and any & € £(P):

a) if ax < I? and @x41 <7, then Gr41 < f; + 19,

b) ifdr < p; #If + 1Y and Gr41 <7, then dryy < pi* fj 17 # 1D or ey < fi * i %1 + 19, the letter
being possible only if z € d;,

c) ifar <IF= I}’, dp < p; for all k' = k,...,k" and @i < t for at least one such k', then ézn < If

where y is such that for every 7 satisfying D;(7) = z there exists § > 0 satisfying D;(7+46) = v.

Proof: Part a) follows immediately from the definition of processes Q;.

By part a), ar41 < fj * I_‘,’ in part b). Furthermbre, if @g41 < pi, then by Lemma 2h (rjj)e+1 =
(rij)k+2, 502 @r41 < If. By Lemma 2 (parts c), g) or f) can be applied in this case) (rij)e4+1 = Fis
so by Lemma 2f, ax4+1 < fi * f; can be possible only if there exists 7 € d; such that (7,0) € vf;. But
the statement 37 € d; : (7,0) € vf; is equivalent to 37 € d; : D;;j(t — 0) = z, hence equivalent to
3r € d; : Di(7) = z, and finally, the last statement is equivalent to z € d;.

For the proof of part ¢) we first consider a case ax: < fj for all k < k' < k”. If j is not active,
part c) follows from parts ¢) and h) of Lemma 2. If j is active, then by parts d) and h) of Lemma 2
(rij)ee = v; for all k. Furthermore, after the first ¥’ satisfying a;/ < t, Q; will go to v} and remain
there until at least k". So, a < If +1}, where, (¥, 2) € E;j(z) (by parts d) and f) of Lemma 2) and
z > 0 (due to the state of Q;). It is easy to check that any such y satisfies the condition in part c).

If ax: < f; for some k < k' < k", we first apply the same argument to the subsequence k, ..., ¥'—1.
We can do that because by Lemma 9a at least one element of @ between k and ¥’ must be contained
in t. It follows from Lemma 2g and the fact (ri;)i—1 = vg-, that apr < ! where y satisfies the
condition in part c). Since @ < f; implies ay: < I}’, we can now repeat the same argument for the
rest of the sequence (this time with relaxed condition é > 0).0

Informally, part a) states that if elapsed time of pause ¢ is 0, ¢ can not finish as long as the
following elements of the sequence are contained in { (e.g. in the epilogue of some subsequence).
Part b) states that a pause can finish in the epilogue only if the signaled discretized value of elapsed
time (i.e. z in I¥) satisfies consistency condition 3 (z € d;). These two result are useful to show that
we can indeed assign the same time to all elements of some subsequence. Part c) states that the
signaled discretized value of elapsed time in pause i can only grow between beginning of epilogues

of two consecutive subsequences, unless i finishes in between. We use this result to show that the

3Here, we use the fact that for all regions, if we fix the discretized value of elapsed time in one pause in the next

state (in this case we fix j to 0), then the discretized value of elapsed time in the other pause in the next state is
uniquely determined.
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time assigned to subsequence m+1 (following the procedure described bellow) is indeed larger than
the time assigned to subsequence m.

The next Lemma provides a basis for an inductive construction of proper timing of a.

Lemma 9: Assume that @ € £(P) has been partitioned into subsequences and assume that
subsequences 1,...,m (all finite) have been properly timed with t;,...,¢,, (the same time for all
elements of subsequence). Also, assume that subsequence m + 1 has a finite (possibly empty)
prologue, and that all elements of subsequence m + 1 have been assigned the time #y41 = tm + 6,

where § satisfies:

6 > 0 (21)
D,-(Te‘nd(m) +6) = =z; whenever G.pi(m) < pi * If* (22)
T:,,d(,,,) +46 € d; whenever Gepiim) < f; (23)

Then, the following holds:
a) t1,...,m+1 is a proper timing of subsequences 1,...,m + 1,
b) if for all (i, j) € IPP(T):
(Tina(mys "’f,,d(m)) € (7ij)end(m)» (24)

then there exists é satisfying (21)-(23),

c) if (24) is satisfied and § satisfies (21)—(23), then

(Teind(m+1)’ "fnd(m“))) € (7ij)end(m+1)»
for all (¢,5) € IPP(T).
Proof:

Part a) : Consistency condition 1 is trivially satisfied by (21). Consistency condition 4 is trivially
satisfied by (22)-(23) for pauses that satisfy respective conditions. If the prologue is not empty,
every pause must satisfy either the condition in (22) or the condition in (23). If the prologue is
empty, there might be some pauses satisfying @.pi(m) < Pi * f; * [, but for these pauses elapsed

time is 0 throughout the subsequence, so consistency condition 4 is satisfied for all pauses.

Consistency condition 2 is trivially satisfied for all k in the subsequence, except k = end(m+1),
because ;41 = tx. From the definition of processes U, it follows that enabling condition of
all changes of states outside a pause are contained in #. Since @.nd(m+1) < ¢, we conclude that
no changes of state outside a pause can occur in U at d.na(m+1), S0 consistency condition 2 is

satisfied for k£ = end(m + 1) as well.
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Consistency condition 3 is obviously satisfied for all pauses that meet the condition in (23). By
Lemma 9b it is satisfied for all of the pauses that meet the condition in (22), and by Lemma 9a

no other pauses (i.e. pauses satisfying @epi(m) < Bi * fi *I?) can finish in this subsequence.

Part b) : Each expression of type (21)-(23), defines an interval of possible values of §, so to show
there is a solution satisfying all of these constraints, it is enough to show that each pair of
constraints has a solution. First, we observe that (rij)epi(m+1)-1 = (Tij)end(m) either because
the prologue is empty, i.e. end(m) = epi(m + 1) — 1, or by repeatedly applying parts d) and
h) of Lemma 2 through the prologue of subsequence m + 1 (since all pauses are active in the

prologue, only these two cases apply). Hence, we can rewrite a condition (24) as

( ”d(m)’ end(m)) € (rlJ)cpt(m-}-l)- (25)

Now, we can apply Corollary 1, to show that if (25) is satisfied, there exists é satisfying any
pair of constraints, each being either of type (22) or (23).

The constraint (21) obviously has a solution with a constraint of type (22) if 7}

end(m

)= 0. Also,
for such i it must be true tha a.n4(m)-1 < 19, because it either has finished in the epilogue of
subsequence m, or was not active at the beginning of the epilogue of m. In either case, at least
one a; in the epilogue of m was contained in {? (by the definition of Q;), and s0 is @end(m)-1
by Lemma 8a. Note that there always exists at least one such pause.

If this is not the case, then re‘nd(m) > 0, and there exist j such that @.pdq(m)-1 < l?. From (24)

D (7end(m))

and parts b) to d) of Lemma 2, it follows that a.nda(m)-1 < {; . Now we can apply

Lemma 8¢ to show that there exists § satisfying (21) and any constraint of type (22).

The constraint (21) obviously has a solution with a constraint of type (23) if i d(m) # sup(d;).
But, if 73 d(m) = sup(d;) the only region satisfying (24) is a region containing a single point
(sup(d;), 0), and from Lemma 2 all edges from that state are contained in {. Since @cnd(m) <,

we conclude that the case 75, dim) = sup(d;) is not possible.
Part c) : First we prove:
(. Pi(m+l)-l’re]pt(m+l) 1) € (7ij)epi(m+1)-1-
If the prologue of m is empty it is trivially true because epi(m + 1) ~ 1 = end(m). If the

prologue is not empty all pauses are active, so none of the R;; change state, and:

(7end(my’ cnd(m)) € (Tij)end(m)
(rlq)cnd(m) (ru )ep,(m+1)_
T:pi(m+l)—1 = ;_nd(m) +6
"'e’m'(m+1)-1 = Te]nd(m) +4

=>( pz(m+1) 11 T:p:(m-i-l) I)G(T;J)cps(m+1) 1.
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Next, we show:

(7 p:(m+l)’ ep;(m-}.l)) € (7ij)epi(m+1))- (26)
If the prologue is not empty, it is true by Corollary 1, however if the prologue is empty we need
to consider cases @eng(m) < Pi * Pj * fj and aendm) < Bi * Pj * fi * f;. The latter case is simple

because 7, ) = Lo d(m) = Tepi(m+1) = ﬂpi(m +1) = 0 and (rij)end(m) = (Tij)epi(m+1) = fj-
H@endim) < pi#Pj* fi 17 » 12, then (22) is equivalent to

Dii((Tenagm) + 6) = 0) = i,
and since 7% tpi(m1) = ‘nd(m) + 6 and T’w(m +1) = 0, this is equivalent to:

( m(m+1)’ T.e’pg(m+1)) € vu
and finally, by Lemma 2 (73j)cpi(m+1) = vii.

Finally, we observe that (26) implies (7}, ‘ri ) € (rij)x for all k in the epilogue of m (hence, also
for k = end(m), because of the part b) and c) of Corollary 1 and the fact that if ax < f; * f;

neither elapsed times of i and j nor the state of R;; can change in the prologue of m.O

Now, we are able to prove the second part of the equivalence theorem.

Lemma 10: Untime(L(T)) 2 M (L(P)).

Proof:We need to show that there exists a proper timing for every I () € I (L(P)), or
equivalently, for every @ € £(P). Lemma 9 provides basic inductive argument for the construction
of such a timing. However, we yet need to prove the base case, i.e. that ¢; = 0 is a proper timing of
subsequence 1 satisfying (24) with m = 1, and the case where the last subsequence has the infinite
prologue.

A timing ¢; = 0 is a proper timing of subsequence 1, because consistency conditions 1 and 4
are obviously satisfied, consistency condition 2 is satisfied by the same argument as in the proof of
Lemma 9 and we claim that the consistency condition 3 is satisfied because no pauses can finish in
subsequence 1. This is true, because all processes @; are initially in the state v?, which does not
accept the finish of pause 7, and Q; will remain there until at least end(1) (since all other elements
of subsequence 1 are contained in f).

Since ax < f; * f; 1 for all k < end(1), (rij)i = vY; for all k < end(1), so (24) is satisfied,
because:

(Tznd(l)’ 7':,,4(1)) =(0,0) € "% = (7ij)end(1)-

If the last subsequence (say m) has an infinite prologue, we assign it a time t,, = t,-1, which

obviously satisfies consistency conditions 1 and 2, but also consistency condition 4 by inductive

hypothesis, and consistency condition 3, because no pauses can finish in the infinite prologue.D
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Finally, Lemma 6 and Lemma 9 prove the equivalence theorem.
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