Copyright © 1991, by the author(s).
All rights reserved.

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation

on the first page. To copy otherwise, to republish, to post on servers or to redistribute to
lists, requires prior specific permission.



CELLULAR NEURAL NETWORK
A/D CONVERSION

by

Lin Yang and Leon O. Chua

Memorandum No. UCB/ERL M91/20

6 March 1991



CELLULAR NEURAL NETWORK
A/D CONVERSION

by

Lin Yang and Leon O. Chua

Memorandum No. UCB/ERL M91/20

6 March 1991

ELECTRONICS RESEARCH LABORATORY

College of Engineering
University of California, Berkeley
94720



CELLULAR NEURAL NETWORK
A/D CONVERSION

by

Lin Yang and Leon O. Chua

Memorandum No. UCB/ERL M91/20

6 March 1991

ELECTRONICS RESEARCH LABORATORY

College of Engineering
University of California, Berkeley
94720



Abstract

In this paper, we develop a design theory of A/D conversion using a cellular
neural network (CNN) architecture [3, 2]. We consider the A/D conversion
issue as an optimization problem, and develop a systematic method to design
a CNN A/D converter. In spite of its parallel architecture, we observed an
intrinsic serial computing phenomenon during the analysis of the dynamics of
the CNN A/D converter. By studying the steady state behavior of the circuit,
we developed an algorithm to design an N-bit CNN A/D converter for any
required conversion error. We summarize our results into two theorems, thereby
providing the theoretical foundation for CNN A/D conversion.

This work was supported in part by the U.S. Office of Naval
Researcp under Grant no. N00014-89-J-1402, and the National Science
Foundation under Grant no. MIP 8912639.



1 Introduction

In the paper [3], we introduced an analog computing architecture called cellu-
lar neural networks(CNN). In that paper, the nearest neighbor interconnection
features of cellular neural networks have been emphasized. However, as a gen-
eral computing architecture, cellular neural networks can be also used to model
other neural networks, such as that due to Hopfield. Since the nonlinearity of
the sigmoid function in a cellular neural network is piecewise-linear, it is much
easier to analyze the dynamics of these networks.

An analog-to-digital (A/D) converter of Hopfield neural network has been
proposed in (5, 8]. Nevertheless, because of the lack of a rigorous analysis, the
Hopfield’s A/D converter is very difficult to implement. Also, some implemen-
tation difficulties for Hopfield’s A/D converter have been pointed out recently
[7]. In this paper, we design an A/D converter circuit using a cellular neural
network architecture and analyze its dynamical behavior under some conditions.
In spite of the parallel computing architecture, the serial computing mechanism
has been observed during the analysis of the dynamics of our CNN A/D con-
verter. Furthermore, we explore this serial computing mechanism to develop an
optimization method so that we can design a CNN A/D converter for any given
conversion error.

The paper is organized as follows. In Section 2, we specify the CNN archi-
tecture and give its related theoretical results for designing the A/D converter.
In Section 3, we describe a digital representation system which is more suitable
for cellular neural networks. In Section 4, without loss of generality, we use a
4-bit CNN A/D converter as an example to illustrate our design procedure. In
Section 5, we analyze the dynamics of a relazed CNN A/D converter by using
linear system theory and computer simulations, and demonstrate some com-
puter simulation results. In Section 6, we study the steady states issues. In
Section 7, we provide an optimization method for designing an unrelazed CNN
A/D converter with any prescribed A/D conversion error. Finally, in Section 8,
we summarize the results presented in this paper.

2 The CNN Architecture for A/D Conversion

As discussed in (3], we can design and characterize a cellular neural network by
specifying its cell circuit and the corresponding cell circuit equations. In this
section, we will specify the circuit parameters presented in order to design a
CNN A/D converter.

An N-bit A/D converter can be considered simply as N cells, namely; an
N x 1 cellular neural network. For this one-dimensional cellular neural network,
let us use the simpler notation C(i) to denote the cell ”3”.

The cell circuit of the one-dimensional CNN is shown in Figure 1. There is
a small difference between the parameter values in this cell circuit and the one
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Figure 1: Cell circuit of CNN A/D converters



in Figure 3 of [3]; namely, the values of the cell capacitor C; and the resistor R;
in the CNN cell circuit of Figure 1 depend on the ith cell C(i), indexed by the
subscript ¢, but those in [3] do not.

The cell circuit equations are as follows,

N-1

C;dv;—it(t) = %v;;(t) + Z Aijvyi(t) + bivy (1)
j=0

vyi(t) = 0.5 (| vzi(t) + ve | — | vzi(t) — ve |) (2)

for i,j = 0,1,2,..and N — 1, where A;j = Aj; is the interactive parameter,
b; is the control parameter, v; is the state voltage of cell C(i), and vy; is the
output voltage of cell C(i) which corresponds to the output value of bit i of an
N-bit A/D converter. Comparing the above equations with (2a) and (2b) of (3],
we see that the circuit parameters defined in [3] now assume the values I = 0
and vy; = vy which is the analog input voltage. Notice too that in the output
equation (2) we allow an arbitrary cutoff voltage v., instead of v, = 1.0, as in
(2b) of [3). This modifications is useful for scaling the physical parameters in
the implementation of the circuit. Nevertheless, we alway use v, = 1 in our
theoretical development.

We can easily prove that the main results presented in [3] still hold for our
present CNN, by using the same methods presented in [3]. For convenience, let
us rewrite some of these results without proofs.

The Lyapunov function, E(t), for our CNN A/D converter is given by

1Nt N-1
E(t)= - 3 Z Z Aijuyi(t)vy;(t) + Z "Z'E”;i(t)

(i) =0 i=0
N-1
- > bivgi(t)va. (3)
1=0
If the circuit parameters satisfy
1
Ay > -R:, (4)

then each cell of our cellular neural network must settle to a stable equilibrium
point after the transient has decayed to zero. Moreover, the magnitude of all
stable equilibrium points is greater than 1. In other words, when a CNN settle
to its steady state, the following properties are true:

2250 = o, Q
oui®) | 2 1 | (©
vyi(t) = £l ' (1)
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-1 -1 -1 1
-11 -1 -1 1 -1
-9 -1 -1 1 1
-7 -1 1 -1 -1
-5 -1 1 -1 1
-3 -1 1 1 -1
-1 1 1 1
1 -1 -1 -1
-1 -1 1
1 -1 1 -1
1 -1 1 1
1 1 -1 -1
1 1 -1 1
1 1 1 -1
1 1 1 1

Table 1: A digital representation system

3 The Digital Representation System for CNN
A /D Conversion

From the previous section, we know that for a given analog value v, the output
voltage vy; of each cell C; of a CNN will have a binary value; namely, £1
according to (7). This implies that we should use -1 and 1 as our bit values in
the digital representation. For an N-bit CNN A/D converter, a digital number
represented by the circuit steady outputs can be expressed as

N-1 .
Noyt = Z 2'vysa' (8)

=0
where vy, = £1. As an example, for a 4-bit CNN A/D converter, Nou: rep-
resents 16 distinct numbers, which are all odd numbers, and are listed in Ta-
ble 1. The ideal input-output analog-to-digital transfer function is shown in
Figure 2(a). Here, the adjective ideal means that the maximum A /D conversion
error is minimized. If we define
€ideal = MAaX min | ¥4 = Nout |, (9)

out

then we will have
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Table 2: Conventional binary digital representation

€ideal =1 (10)

for the ideal input-output A/D conversion. We will discuss the A/D conver-
sion error in more detail in the following sections. Observe that the lengths
of the horizontal steps in the staircase graph in Figure 2 are uniform for ideal
conversion to occur.

Ovserve that the digital representation of (8) can be transformed into any
other digital representation system. For instance, if we assume that

ve =20, — 15 Vo, € [-0.5,15.5] (11)
and
N;Bf = 0.5(Nou‘ + 15), (12)

then we would obtain the conventional binary digital representation, whose bit
values are represented by 0 and 1, as shown in Table 2. The corresponding
input-output relationship between the analog value v/, and the digital number
N!,. is shown in Figure 2(b), which was used in [5, 8]. One advantage of our
digital representation (8) is that it can represent both positive and negative
values. For convenience, we use the representation system (8) in the following
discussion.
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Figure 2: The A/D transfer functions. (a) for our CNN A/D converter; (b) for
Tank and Hopfield’s A/D converter.



An immediate requirement for our A/D converter from the digital repre-
sentation (8) is that the output digital N,y should be a function of the input
analog voltage v, as indicated in Figure 2(a). Let us define the conversion error,
¢, of an N-bit CNN A/D converter characterized by (1) and (2) as

€ = vy — Nous, (13)

where v, = 1 is assumed as mentioned before.

It will be shown in the following sections that our CNN A/D converter
seeks to minimize the conversion error, . For a good A/D converter, the A/D
conversion error € should be less than AN,y: = 2, where AN, is the difference
between two adjacent steps in Figure 2(a). We will show that we can design a
CNN A/D converter for a maximum conversion error less than 2.

Another requirement of our digital representation (8) is the symmetry prop-
erty of our CNN A/D converter. For instance, if a digital output value N},
corresponds to an analog input value v/, then it is reasonable to require that
the digital output value should be equal to —N},, for an analog input value of
—v!,. If we define a map from the input, v, to the output, Noy:, as

G: Nout= G(vu)a (14)
then, the symmetry property can be represented analytically as
-Nout = —G(vu) = G('—vu)- (15)

We claim that the symmetry property is true for a relazed CNN A/D con-
verter. Here, a relazed CNN A/D converter is defined by adding zero initial
conditions to (1) and (2); namely,

vzi(0) = 0, (16)

where 1 < i < N for an N-bit converter.

The proof of this symmetry property can be divided into two steps. First,
we will prove that if v(t) is a solution of (1) and (2) for an input v, then
—v2(t) will be a solution of (1) and (2) for the input —v},. Since the system (1)
and (2) satisfies the Lipschitz condition, the uniqueness of its solution for any
given input v, follows from the fundamental ezistence and uniqueness theorem
for differential equations [4]. Therefore —v} is the only solution of (1) and (2)
for the input —v;. Then, by considering the obvious odd symmetry properties
of equations (2) and (8), the symmetry property follows immediately.

Now, let us prove the first step. By multiplying the equations in (1) and (2)
by —1, we obtain the following equivalent equations,

. _ 3
A = Zhna0]+ 3 Al 0] + b= (a”)
—vgi(t) = 0.5 (= | —vai(t) — ve | + | —vai(t) + ve |) (18)



—v2(0) = 0. (19)

Let
v = —vu,  OL(t) = —vn(t),  v)u(t) = —vyilt), (20)
then it follows that
dvli(t) _ -1, N
G5 = Frvlt) + ;A.'jvyj(t) + b, (21)
gi(t) = 0.5 (| vi(2) + ve | = | vzi(t) — v |) (22)
v.;(0) = 0. (23)

Comparing (1) and (2) with (21) and (22) and assuming zero initial conditions,
we can claim that if v3(¢) is a solution of (1) and (2) for an input v}, then
—~v2(t) is a solution of (1) and (2) for the input —v.

By using this symmetry property, we need only present our results for posi-
tive v, in the following disccusions.

4 How to Design a CNN A/D Converter

In the previous sections, we have described our CNN A /D converter architec-
ture, and defined a digital representation system corresponding to it. In this
section, we will illustrate how to design the circuit parameters for our CNN
A/D converter. Similar to the method used in [8], we consider the analog-to-
digital conversion problem as a dynamic optimization issue; namely, given an
analog input v, after the CNN A/D converter settles to its steady state, the
error between the converted digital number N,y: and the analog input v, will
be minimized.

For simplicity, we will design a 4-bit CNN A/D converter and use it as a
vehicle to illustrate our design procedure. Let us assume the input value satisfies

vy € [-16,16], (24)
and
3 -
Nout = Ez.vyu'a . (25)
i=0 -

where vy,; = 1 is the corresponding discrete number resulting from the A/D
conversion. Let us also define the A/D conversion error at time, ¢, as

3 .
e(t) = vu — Y Zyilt). : (26)

i=0



We can use the square of the A/D conversion error function

e’(t) = (vu — 23:2"%'(0)2 (27)

i=0
as a part of the cost function of the associated analog-to-digital conversion

optimization problem. In order to guarantee a binary-value output; namely,
vyi(00) = +1, we need to introduce an additional cost function

3

- Z a,-v:,-(t) (28)

1=0

where a; is an arbitrary positive weighting coefficient. It will be shown that
condition (4), which guarantees binary outputs of CNN, introduces a term like
(28) in the Lyapunov function of out CNN A/D converters automatically. Com-
bining (27) and (28) together, we can define the following cost function for our
analog-to-digital conversion problem as

3 3
£ = (v = 3 Poga()? = 3 aini(0): (29)

i=0 i=0

In order to compare the cost function (29) with the Lyapunov function (3),
let us rewrite (29) in the following form

3 3 3 3
f(8) =02 =200 3 Zui(®) + ) D 2Hui()vyi (8) — D aivgi(t)- (30)
i=0 §=0 =0 i=0

Comparing the second term of (30) with the third item of (3), we can deter-
mine the circuit parameter b; as

b; = 241, (31)

To determine the circuit parameter A;; and R;, let us partition the third
item of (30) into two parts as follows

3 3 3 SR
S ()i (1) = Y 2P o)+ Y. Y 2Huu(t)u;(2). (32)

i=0 j=0 i=0 =0 ;_p
i£j
Comparing (30) (with N = 4) and (3), and making use of (32), we obtain
Aij = =24, fori# . (33)
From (30) and (3), we also have
-%Aii + 2_1-RT =2% —a;. (34)



To satisfy condition (4) and R; > 0, let us intuitively, for now, choose
Ri=2"% (35)
and
Ay = 2%+, (36)

We will describe a method for an optimal design of A;; and R; later.
Solving equation (34) for a;, we obtain

a; =3 x2%"150, 37

which meets the requirement of the cost function (28). As mentioned before,
this shows that the stability condition (4) will guarantee that (28) is included
in the cost function.

Substituting all of the circuit parameters we have determined into the Lya-
punov function (3) for a 4-bit CNN A/D converter, we obtain

-1

E(t) = - 22'“ HORS E z 24+ Ly ()vy; (1)
i=0 l‘—O j =0
i#j
+ = 2022=v,,,(t) §2'+lvy.(t)vu
3
= [vu - 22‘1:,,.(1!)] -= 222‘ 5(8) = 2. (38)
=0 3-0

The first two terms in the above function is exactly the cost function, f(t),
defined in (29). The last term of (38) is a constant for a given value of v, which
has no other effects on the optimization problem except that of normalizing the
Lyapunov function to zero for a relazed CNN A/D converter. We will analyze
first the dynamic behavior of a relazed CNN A/D converter in the following
section, before considering the general CNN A /D converter having arbitrary
initial conditions.

5 Dynamics of a Relaxed CNN A /D Converter

In this section, we analyze the 4-bit CNN A/D converter circuit designed in the
previous section using linear system theory. We study the transient behavior of
the circuit, that is, the dynamics of the A/D converter from its zero initial state
to the steady state. We refer to a CNN A/D converter having zero initial states
as relazed because its Lyapunov function is zero at the initial time ¢ = 0. Based
on both theoretical analysis and computer simulation, we will present some -

10



qualitative and quantitative results for our CNN A/D converter, which are also
very informative for understanding other neural network A/D converters, such
as Hopfield’s.

The main result in this section is that although neural network A/D con-
verters, such as Hopfield’s circuit and ours, are thought to be parallel processing
circuits, they actually perform serial computation internally without external
control signals.

5.1 Analysis of the dynamic behaviors of CNN A/D con-
verters

The circuit parameters of the 4-bit CNN A/D converter designed in the preced-
ing section are given by

Ay = 2%+ : (39)
Ay = =2H¥ for i (40)
b = 2°+1 (41)
R;=2"% (42)
Ci=C=1, (43)

where 0 < i< 3.

Substituting these parameters into (1) and (2), and using the assumptions
ve = 1, vx(0) = 0, and | v, |< 16, we can write the system equation of the 4-bit
CNN A/D converter as follows:

State equation:

Vz0 1 0 0 0 V20
d ‘U:l _ 0 4 0 0 1)31
Gl v |® = oo 16 0 e | OF
V23 0 0 0 64 V3
( 2 -4 -8 -16 vyo
-4 8 -—16 -32 vy
t | 8 —16 32 —64 || v, B
\ -16 —32 —64 128 vy3
( 2
+ 15 | (44)
\ 16
Output equation:
vyi(t) = 0.5 (| vzi(t) + 1| — | vzi(t) — 11) (45)

11



Initial condition:

v2i(0) =0 (46)
Input dynamical range: )
| vu |< 16, 47

where 0 < i < 3.

First, let us examine the dynamic behavior of the CNN A /D converter over
a short time interval [0, At) where At is sufficiently small. From equations
(46), the state voltage v:; equals zero at the initial time ¢ = 0 for all four
cells. By considering the piecewise-linear output function in (45), we see that
the nonlinear differential equations (44) — (47) are in fact linear at the starting
time, since vz = vy; for |vzi| < 1. Let us define

Ty=min{t : |v(t)| 21, fori=0,1,2,and3}. (48)

Observe that T; > 0 exists in view of (6). Therefore, for ¢t < T}, equations (44)
- (47) can be rewritten as

100 0
d 04 0 0
x® =~ o0 16 o |V
00 0 32
(Y e | (1)
t | 8 16 32 —e4 |VEOF| g |
\ -16 -32 —64 128 ) \ 16 )
(1 -4 -8 -16) [ 2)
] -4 4 -16 -32 . 4
= | -8 —16 16 —64 |V(OF]| g |
\ -16 —-32 —64 64 ) \ 16 )
= Gv(t) + b, (49)
vz(0) =0, and  |vy| < 16. (50)

This is a linear differential equation and can be solved analytically. The zero-
state response of (49) is given by

t
vo(t) = / eGU-by,dr
()
¢
/ G- drby,
0

= [eG("’)]; (-G Y)bu,

= [eG‘ - I] G~ lby, A (51)

12



where G is a time invariant, symmetrical and nonsingular matrix; and G-! is
the inverse matrix of G.

In order to analyze the dynamical behavior of the solution v, let us study
G further. Since G is'a symmetric matrix, it can be decomposed into the form -

(6]
G=QAQT, and G-'=QA-'QT, (52)

where QT is the transpose matrix of Q, and QTQ =1I; A is a diagonal matrix
with the eigenvalues of G as its components.

G can be decomposed numerically by using EISPACK, a popular numerical
analysis package for solving eigenvalue problems. The result of the decomposi-
tion of G is

-52.8
( 112

A= 4.37 ; (53)

\ 21.4

( 0.286 0.0765 0.934 —0.201
0.493 0.167 —0.334 -0.786

Q=1 0634 052 -0.17 0559 (54)
\ 0.522 —0.833 —0.0544 0.174
Now, the result in (52) allows us to recast (51) as follows [6]:
vs(t) = Q (eA‘ - 1) A-'QTbu,. (55)

Before we analyze (55) further, let us examine first an approximate solution
for very small t. If t <|| A~1 ||, then

eAM I+ AL (56)
Therefore,
ve & Q(At)A~1QT by, = buy,t. (57)

Note that the above approximation can also be obtained directly by assuming
vz = 0 in (49). From (57), we have the following observations:

(a) the sign of v,3 is the same as that of vy;

(b) the maximum absolute value of the components of v is [vz3|, because the
maximum component of b is b3.

We claim that the above observations are true at time 77, that is,

vz3(T1) = sgn(vy). (58)



To see this, substitute the parameters from (53) - (54) into (55), and obtain

vz0 0.400 — 0.00570e113t — 0.0348¢314* — 0.273¢%-37¢ — 0.0867¢~52-8¢
0.200 — 0.0124¢ 113t — 0,136e314* 4 0.0977e*-37¢ — 0.149¢~52-8¢

Uzl -
Vz2 (t) - 0.100 — 0.0389¢ 112t 4 0.0967¢21-4¢ 4 0.0342¢4-37 — 0,192¢~52.8¢ vu(59)
V3 —0.0922 + 0.0621e 112 4 0.0301¢214¢ 4 0.0159¢%-37¢ — 0.0158¢~52-8¢

Examining the above zero-state response, we see that the state variables v.;
is dominated by the term 12!, Observe that v,3 has the largest weight, 0.0621,
for the dominant term. This implies that the value of vz3 will change faster
than the other state variables. Therefore, our claim (58) follows.

From the above discussion, we see that the most significant bit, namely bit-3,
is first determined, and its value depends on the sign of the analog input v,.

Now, let us continue to analyze the dynamics of the circuit. Suppose that

lvza(®) 21, VE2Th, (60)
then we will have
lvyal =1, Vt>Th. (61)

Since vy3 is a constant value for ¢ > T}, the first three equations in (44) can be

rewritten as
vz0
Vz1 (t) +
Vr2

d Uzo
a ( Vz1 ) ()=
Vr2
2 -4 -8 Vyo
—4 8 -16 vy1 (t) +
-8 -—-16 32 Vy2

]

|
N
S O M
(=2 —]
[y
oo

2
+ ( 4 ) sgn(vy) | v — 81, (62)
) 8

where we have substituted w3 = sgn(v,). As before, let us define
T, =min{t : t>Ty, and |v;(t)|>1, fori = 0, 1,and2}. (63)

14



Over the time interval T} < t < Ty, equation (62) is once again a linear differ-
ential equation and can be written as

d 1 -4 -8 2
Ev’,(t) -4 4 -16 Jvi®)+| 4 |
-8 -16 16 8

G'v/z(t) + b'v), (64)

where

vy = sgn(vy) [Jou| — 8]. (65)
The solution of (63) is

Vo (t) = €GV(Ty) + [eG" -1] G by, forTi < t<Ti (66)

Equation (66) has the same form as (51), except for the additional first term
which is due to the non-zero initial condition v/-(T}).
Again let us decompose G' into

G’ =QA'Q”. (67)
The numerical solution of (67) is
5.18
A= -12 ; (68)
27.8
0.831 -0.530 -0.169
Q' ={ —0.530 —0.662 —0.530 |. (69)
~0.169 -0.530 0.831

It is clear that the solution (66) depends not only on the input v, but also
on the non-zero initial condition v/;(7}). Therefore, we can not directly apply
the previous results (58) for bit-3 to bit-2. Substituting (68) and (69) into (66),
we obtain

vz0 (0.667 — 0.0254¢27-8¢ _ (,29¢5-18¢ _ 0.35 le‘u‘)v{‘
—0.169¢,¢27-8¢ 4 0.831cqe518¢ — 0.53cze~12¢
(0.334 — 0.0799¢27-8 4 0,185¢5-18¢ — 0.4396‘12‘)0:‘

Vz1 _
(t) = —0.53¢c1€278¢ _ 0.53c.€5-18 — 0.662cze~12¢ »(70)
Vz2 (0.167 + 0.125¢27-8 4 0.06e5-18 — 0.351e~12t)/,
+0.831¢,€?™8¢ — 0.169c2€%18* — 0.53cze~ 1%
where
c = —0.1690;0(T1) - 0.530,1(T1) + 0.831!),,-2(T1); (71) )

15



¢z = 0.831v:0(T1) — 0.53v21(T1) — 0.169v-2(T1); (72)
c3 = —0.53v0(T1) — 0.662v21(T1) — 0.53v9(T1). (73)

In order to uncover some useful results from the solution (70), let us assume
that

lvzi(Th)| €1, for i = 0, 1, and 2. (74)
In this case, the solution (70) can be approximated by
V0 (0.667 — 0.0254e27-8¢ — 0.29¢5-18¢ — 0.351e~1%¢)y/,
ver | (8) & | (0.334 — 0.0799¢27# 4 0.185¢5-18¢ — 0.439¢~12¢)y!, | .(75)
vz2 (0.167 4 0.125¢27-8 4 0.06¢5-18 — 0.351e~12*)/,

The dominant term in (75) is €278, Applying the same reasoning as that
used for (59), we can say that the state voltage of bit-2, v;2, increases faster
than that of bit-1 or bit-0, and has the same sign as v),. Therefore, under the
assumption (74), we have

vz2(T2) = sgn(v)). (76)

It remains for us to analyze the last two bits. Suppose that for ¢t > T3,
|vz2(t)| > 1, and let

Ts=min{t : ¢t > T3, and |v5(t)|>1, fori = 0andl}. (77)

Then, we obtain a two-dimensional linear differential equation for T2 <t < T3,
that is,

a(vm)o = (L 3)(m)o(D)w-
= ()= ()
- () (m)ox

+ ( i ) [vu — 8sgn(vy) — 4sgn(vy)],

= G'v'(t)+b"vl, (78)
where
v = v, — 8sgn(vy) — 4sgn(v),)
= sgn(vu) [lvu| — 8 — 4sgn(|vu| — 8)]
= sgn(vy)sgn([vu| — 8)(| lvul — 8 | —4). (79)
Also,

16



G"=Q" AIIQIIT’ (80)
where
w_ [ =177 o [ —0.822 057
AT= ( 6.77 )’ Q= ( —0.57 —0.822 ) (81)
The solution of (78) is

vi(t) = eG"'v",(Tz) + [eG"' - I] G" by,

(2 -0.181e8-77 — 1.82¢= 177t )y
+0.57¢,e87Tt _ 0.822che-1 77"

= (1.01 4 0.261e57™ — 1.27e-17)l |° (82)
~0.822¢€%7™ — 0.57che= 177
where,
¢} = 0.5Tvzo(T2) — 0.822v,1(T2); (83)
&y = —0.8220,0(T}) — 0.57v51(T3). 84
2
Again, if we suppose that
lvzi(T2)| €1, fori=0and]l, (85)
then, we have
w oy o [ (2—0.181e877 — 1.82¢=177¢)ylt
vis(t) ~ ( (1.01 4 0.261¢577 — 1.27¢=177)yt0 (86)

Therefore, under the assumption (85), we obtain
vz1(T3) = sgn(v},). (87)

Finally, we consider the last bit, bit-0. Suppose that for ¢t > T3, Jvz1(2)] > 1.
It can easily be shown that, for ¢t > T3,

2200 — o)+ 21 &

where

1!

Yy

sgn(vy)sgn (Jvu| — 8) sgn (| lvu| — 8| —4)
(lvul -8 -4} -2). (89)

The solution of (88) can be obtained, giving
vzo(t) = vzo(Ts)et + (e — 1)l ' (90)
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As before, if we assume that

lvz0(T3)] < 1, (91)
then we obtain
vzo(T4) = sgn(vy'), (92)

for some Ty > T3.

Our preceding analysis yields the following two important results. First, by
considering Table 1, we observe the following relationship between the output
voltages of the four bits and the output digital numbers.

vy3 = Sgn(Nout); (93)
vy2 = sgn(Nous )sgn (| Noue| — 8); (94)
vy1 = sgn ( Nout) sgn (INout| — 8)sgn (| (|Noue| — 8) | —4); (95)

vyo = 5gn(Nous)sgn (|Nout| — 8)sgn (] (INout| — 8) | —4)
sgn (| (| (INoutl —8) | —4) | —2). (96)

On the other hand, we have shown that, under the assumptions in (74), (85),
and (91), the relationship between the output voltages vy; of the four bits and
the input analog voltage vy has the same form as (93) - (96) if Noy; is replaced
by v, as follows

vy3 = sgn(vu); . (97)
vy2 = sgn(vu)sgn (Jvu] — 8); (98)
vy1 = sgn (vu)sgn (|vu| — 8) sgn (| (|vu| — 8) | —4); (99)

vyo = sgn(vs)sgn(|va] —8)sgn(| (lvu|-8)|-4)
sgn (| (| (fvul - 8) | -4) | -2). (100)

Here, we have ignored the values of v, such that vy; is zero, because vy; = 0 is
an unstable value and can not be observed in a physical circuit as discussed in
(3]. We can immediately see that (97) — (98) represent the ideal A/D conversion
shown in Figure 2(a), Therefore,-it follows that, under our above assumptions,
the CNN A/D converter can linearly transform an analog input into a digital
output via a dynamical transition. From the optimization view point, it follows
that under the assumptions we have made, the Lyapunov or energy function
E(t) will settle down to its global minimum point.

Observe that the A/D conversion is performed in a serial manner, that is,
the most significant bit comes out first, then the next most significant bit, and
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so forth. This observation is of fundamental theoretical importance even though
it is not a desirable property of A/D conversion, because our neural network
A/D converter was originally thought to have a parallel processing capabil-
ity. Although we discussed only a neural model with piecewise-linear sigmoidal
characteristics here, we believe that the above observation holds for any neural
network A/D converter with a finite gain transition sigmoidal function.

Unfortunately, the assumptions (74), (85), and (91) which we made in the
above analysis are not always true. Violation of any of these assumptions will
cause conversion errors, and therefore drive the energy function E(t) to a stable
local minimum.

An analysis of the general case without assumptions is very difficult, if not
impossible. Instead, we will present a set of computer simulations in the follow-
ing subsection and show that our above simplified analysis is consistent with
computer simulations. Furthermore, the results of our simplified analysis will
provide some guidelines on how to reduce the A/D conversion errors, which will
also be presented in the following subsection. Finally, a constructive algorithm
for designing an N-bit A/D converter having any prescribed conversion error
will be presented and proved in Section 7.

5.2 Computer simulations of the A/D converter

In this subsection, we present a set of computer simulation results to verify our
analysis of the previous subsection. Because of the symmetry property of our
CNN A/D converter circuit, as proved in Section 3, we will choose only positive
values for the analog input v, in these simulations.

Again, the circuit simulator we used is PWLSPICE [1]. The simulated CNN
A/D converter circuit is characterized by the system equation (44) — (47) except
that we have used the following more practical resistor and capacitor values:

R, =2"%R=2"%kQ for i=0,1,2, and 3 (101)
C;i=C=1pF  for i=0,1,2,and3 (102)

where R stands for a constant resistance, and C stands for a constant capaci-
tance. Let us define the time constant

Tre = RC, (103)

which has no effect on the steady state response but will affect the transient
speed of the circuit.
The eight graphs in Figure 3 are simulation results of the zero-state response
vz(t) for analog inputs v, corresponding to the eight positive numbers in Table 1.
Observe that the output digital number N,y is exactly the analog input
value v, coded according to the digital representation (8), or Table 1. In the
parlance of A/D conversion, this means that our A/D converter performs a
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linear transformation. Here, the term linear transformation means that if two
analog inputs satisfy v4; < vy2 then the corresponding digital outputs satisfy
Nout1 € Noyea. It also shows that the A/D conversion error ¢ is less than 2.
Another observation from Figure 3 is that the transient behaviors of the
eight cases are exactly what we have predicted in the previous subsection, that
is, the state voltage vz of bit-3 has the fastest transition speed, and vy¢ has
the slowest speed. To be more specific, let us look at the case v, = 5.0 in
Figure 3(c). The critical time values, which are defined in Section 5.1, are:

T, = 0.012ns; (104)
T; = 0.056ns; (105)
Ts = 0.38ns; (106)
T, = 0.78ns. (107)

Observe from Figure 3(c) that

vz3(Th) =1 and v3(t) > 1 for t > Ty; (108)
vz2(T2) = =1 and vz2(t) < =1 for t > To; (109)
vz1(T3) =1 and vz(t) > 1 for t > Tz (110)
vz0(T4) = =1 and vz0(t) < -1 for t > Ty (111)

These observations are consistent with our analysis in Section 5.1.

Table 3 lists 160 simulation results. From Table 3 we can construct the A/D
transfer function of our A/D converter, as shown in Figure 4(a). The maximum
CONVersion error €py,q, calculated from Table 3 is

€mas = MaxX le] = 1.8. (112)

This occurs when v, = 7.2. For an ideal A/D converter, the maximum conver-
sion error should be 1, which is half of AN gy;.

How can we improve the accuracy of the A/D conversion ? In Section 7, we
will discuss this issue in general. For now, let us restrict to the relaxed CNN
A/D converter.

From the analysis in the previous subsection, we know that if conditions
(74), (85), and (91) were satisfied, then the A/D conversion would attain the
minimum error. This suggests that we should optimize the circuit parameters
of our A/D converter in order to enhance the possibility of satisfying those
conditions.

In order to see which circuit parameters affect these conditions, let us define
the bit transient time constant 7; for the ith bit as
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Nout Nout Nout IC | Vu Nout |€ I
1 3 9 09 || 12.1 13
1 3 9 0.8 12.2 13
1 3 9 0.7 12.3 13
1 3 9 0.6 || 124 13
1 5 9 0.5 12.5 13
1 5 9 04 || 12.6 13
1 5 9 0.3 || 12.7 13
1 5 9 0.2 || 12.8 13
1 5 9 0.1 || 12.9 13
1 5 9 0.0 || 13.0 13
1 5 9 0.1 || 13.1 13
1 3 9 0.2 13.2 13
1 5 9 0.3 13.3 13
1 5 9 0.4 134 13
1 5 9 0.5 13.5 13
1 5 9 0.6 13.6 13
1 5 9 0.7 13.7 13
1 5 9 0.8 13.8 13
1 7 9 0.9 13.9 15
1 7 9 1.0 || 14.0 15
1 7 9 1.1 14.1 15
3 7 11 0.8 || 14.2 15
3 7 0.7 || 14.3 15
3 7 06 || 144 | 15
3 7 0.5 || 14.5 15
3 7 0.4 || 14.6 15
3 7 0.3 14.7 15
3 7 0.2 14.8 15
3 7 0.1 14.9 15
3 7 0.0 15.0 15
3 7 0.1 15.1 15
3 9 0.2 15.2 15
3 9 0.3 15.3 15
3 9 0.4 154 15
3 9 0.5 || 15.5 15
3 9 14 || 15.6 15
3 9 1.3 15.7 15
3 9 1.2 15.8 15
3 9 1.1 15.9 15
3 9 1.0 16.0 15

Table 3: Input/output mapping list of A/D converter
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7 = R;C;. (113)
For the parameters in (39) - (43), we have

70 = RC = Tre; (114)
11 =2"3RC = 2"3rp¢; (115)
7 =27*RC = 2" 41pc; (116)
T3 =2"8RC = 2"87p¢. (117)

From these time constants, it becomes clear why the four bits have different
transient speeds. The ratio of the time constants between two contiguous bits

is
rp= —- =23 =4, (118)
Ti+1
Since the transient speed of the state variable u; is proportional to its time
constant, if the ratio r, is increased, then conditions (74), (85), and (91) will
hold for more input analog values. Let us verify this by changing the capacitor
values in (43). let

Ci=2%%C fori =012 3. (119)

Note that after this change, the matrix G in (49) is no longer symmetric. Nev-
ertheless, it can still be decomposed as

G = QAP, where G-1=P-!A-1Q°}, (120)

as long as its eigenvectors are linearly independent.
The ratio r, becomes

r,=23=8, (121)

for this case.

The simplified theoretical analysis of this circuit is the same as in Section 5.1.
To save space, we only present here the computer simulation results; see Table 4,
or Figure 4(b). From this table, the maximum A/D conversion error emqz is:

Emaz = 1.3, ' (122)

which is much better than that in (112), and is very close to 1, the ideal conver-
sion error. This significantly improved performance is manifested by the step
lengths in Figure 4(b), which are now of almost uniform length. However, the
transition or conversion speed of the latter circuit is slower than that of the
former, because of the larger values of the capacitors. Thus, we must trade
accuracy for speed.

In this section, we have analyzed the dynamics of a relaxed 4-bit CNN A/D
converter, and have shown that by increasing the ratio r,, we can reduce the
analog-to-digital conversion error. In the following two sections, we will study
the steady state behavior of the CNN A/D converter, and use a similar method
to improve the performance of the circuit.
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Figure 4: Input/output functions of the A/D converter
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E(vy)

-2y, — 126.5
—6v, — 118.5
—10v, — 102.5
—14v, — 78.5
—18v, — 46.5
—22v, — 6.5
—26v, + 41.5
—30vy + 97.5

Table 5: The steady state Lyapunov functions

6 Steady State Analysis of CNN A /D Convert-
ers

In Section 5, we have analyzed the transient dynamic behavior of the 4-bit CNN
A/D converter under zero initial conditions, and have verified our results by
computer simulations. In this section, we focus on the the steady state behavior
of the CNN A/D converter under arbitrary initial conditions. Again without
loss of generality, we still take the 4-bit CNN A/D converter as an example.

For a given analog input value,v,, any output digital number, N, corre-
sponds to a value of the Lyapunov function of the CNN A/D converter. The
correct analog-to-digital conversion is the digital number N, which has the
minimum Lyapunov value for the given v,. This N;,, therefore corresponds to
the global minimum of the Lyapunov function. All the other N,,: corresponds
to a local minimum of the Lyapunov function.

In Section 5.1, we have shown that if the assumptions in (74), (85), and
(91) were satisfied, then the Lyapunov function would settle down to its global
minimum. To prove this, let us examine first the Lyapunov function at steady
state, which has the form as

E

3
3 N
(vu -— ng)z -_— -2- E 22‘ -_— ‘03
i=0

= —2vyNous + N2, — 127.5. (123)

The steady-state Lyapunov function for all positive N,y: are shown in Ta-
ble 5. Based on this table we can determine the region of v, in which an N,
coincides with the global minimum of the Lyapunov function. Since the functions
in Table 5 are linear functions of v,, we can determine the boundary points of

the regions from each adjacent pair of functions. The result is shown in Table 6.
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Uy

1 74 € (0,2.0)

3 vy € (2.0,4.0)

5 va € (4.0,6.0)

7 vy € (6.0,8.0)

9 vy € (8.0,10.0)

11 | v, €(10.0,12.0)
13 | vs €(12.0,14.0)
vy € (14.0,16.0)

Table 6: The range of v, for which Nyy; corresponds to the global minimum of
the Lyapunov function.

Comparing Table 6 and Figure 2(a), we know that an ideal A/D conversion,
which would be achieved under assumptions (74), (85), and (91), has all Noy;
corresponding to the global minimum of the Lyapunov function of the circuit.

From our simulation results in Figure 3, we have observed that some Noyt
(e.g., Nous = 9) correspond not to the global but to a local minimum of the
Lyapunov function.

What are the necessary conditions for an Nyy¢ to be a local minimum of the
Lyapunov function for a given input analog value v,?

To answer this question, let us consider a particular case. For example,
suppose Noy: = 3; namely, v,390 = 1, vsy1 = —1, vsy2 = —1 and vyy3 = 1,
corresponding to a steady state of the circuit described by (44) — (47). Since
the circuit is in the steady state, it follows from (5) that

/{1 0 0 O vz0(00)
04 0 0 v21(c0)
00 16 0 v22(c0)
\ 0 0 0 64 vz3(00)
| -4 8 -16 -32 Vsy1 4
= | -8 -16 32 —64 || vy |T| 8 | ™ (124)
\ -16 —32 —64 128 Vsy3 16

Substituting the above v,y; and ixsing (6), we obtain the following inequalities

24448164 2v, > 1, (125)
—4 -8+ 16 — 32 + 4v, < —4, (126)
—8 +16 — 32 — 64+ 8v, < 16, (127)
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vy € [-16,16]

1

3 | v.€[15,6.0]
5 vy € [2.0,6.5]
7 | va €[5.5,13.0]
9 | v, €[3.0,105]
11 | v, €[9.5,14.0]
vy € [10.0, 14.5]
va € [13.5,16.0]

Table 7: The necessary condition region for Ny to be a local minimum of the
Lyapunov function

~16 + 32 + 64 + 128 + 16v, > 64. (128)

Solving these inequalities, we obtain the following necessary condition of v,
for Nout = 3 to be a local minimum of the Lyapunov function:

1.5 < v, <6. (129)

Following the same procedure, we can determine the necessary conditions
for all other positive Noy:, as shown in Table 7. Figure 5 displays the N,,: and
vy relationship of Table 7. Observe that for any given analog value v,, we can
have 2 or 3 digital representations, as illustrated by the values v,, and vy in
Figure 5. This means that without the zero initial state condition (16), a CNN
A/D converter will settle down to a local minimum of the Lyapunov function
such that the A/D conversion error maybe as large as 6.0 (i.e. if we choose
Nout = 7 and v, = 13.0), which is 3 times larger than the digital representation
value of the least significant bit.

The above problem is called hysteresisin the neural network A/D converter
literatures [5, 8, 7). In the implementations of neural network A/D convert-
ers, some researchers have used digital and analog mixed control methods to
overcome this hysteresis problem. They attempt to use various techniques to
control the A/D converter such that the conversion is accomplished one bit after
another, starting from the most significant bit.

We have already pointed out in the previous section that a CNN A/D con-
verter has a serial computing property. In the next section, we will exploit this
property to minimize the conversion error.

Before going into the next section, let us try to extract some more infor-
mation from Figure 5. Observe that Figure 5 exhibits some regular patterns.
First, notice that the horizontal segments, which correspond to the region of v,
where an N,y exists, have some symmetry. If we fold the picture first along the
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Figure 6: The necessary condition region for Noy: to be a local minimum of the
Lyapunov function (3-bit)

vertical line v, = 8, and then along the horizontal line Noy: = 8, we would see
that all segments will overlap exactly. We can interpret this folded picture to
be the same as that of a 3-bit CNN A/D converter. Figure 6 shows the picture
corresponding to a 3-bit CNN A/D converter with the same circuit parameters,
which confirms the above interpretation. If we fold the picture in Figure 6 again
along v, = 4 and Noyu¢ = 4, we would have a picture which is the same as that
of a 2-bit CNN A/D converter with the same circuit parameters. This property
is consistent with our analysis result in the preceding section, namely; if the

most significant bit of an N-bit A/D converter is determined, then the convers ion of the
remaining bits will functionm similarly as an (n-1) bit A/D Conver-
tel".Secondly, noticed that the segments in Figure 5 have different lengths. This

means that the maximum conversion errors are different for v, in different re-

gions. The segments for Noy¢ = 7 and Nou¢ = 9 are the longest, whereas those

for Noy: = 1 and N,u: = 15 are the shortest. Can we design a CNN A/D

converter such that the necessary condition regions for an Ny to be a local

minimum of the Lyapunov function are the same? The answer is yes. In the

next section, we will optimize our CNN A/D converter to force the segments in

Figure 5 to have equal lengths.
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7 Optimization of CNN A /D Converters

Based on the analysis and simulations in the previous sections, we have obtained
a deep understanding of the dynamical and steady state behavior of the CNN
A/D converters. In this section, we will present a design method which can be
applied to a general CNN A/D converter without the relazed condition (16).
In our design, we will provide an algorithm which guarantees our CNN A/D
converter will operate with any prescribed mazimum conversion error €mqz,
where emaz > €ideal-

Similar to the procedure given in Section 3, we start our design by con-
structing an appropriate cost function for the optimization problem for analog-
to-digital conversion.

Without loss of generality, we still continue to use a 4-bit CNN A /D converter
as an example. We will summarize this design method in the forms of theorems
for an N-bit CNN A /D converter at the end of this section.

Suppose that we just want to determine the most significant bit; namely,
bit-3 in the conversion. In this case, we would include

(ve — 23vy3(2))? (130)

as a part of the cost function.
For the same reason, if we only want to determine the first two most signif-
icant bits, then we would include

(ve — 23vy3(t) - 2%vy2(t))? (131)

into the cost function.
Following the same kind of reasoning, we define the cost function as follows

3 3 2 3
HOEDIPN (v., -3 2%,,.-(:)) =D aiki(2), (132)
k=0

i=k i=0

where, A; > 0 and a; > 0.

Comparing (132) with (29), we see that in the cost function of (132) we
consider not only the 4-bit conversion, but also a 3-bit conversion for the first
three most significant digits, a 2-bit conversion for the first two most significant
digits, and a 1-bit conversion for the most significant digit. The parameter
Ar > 0 serves as the weighing coefficient, which will be determined in the design.
Clearly, (29) is a special case of (132) for Ao =1, A\; =0, A2 =0 and A3 = 0.

If we choose Ao = 0, \; = 0, A\ = 0 and A3 = 1, then we will have a
cost function like (130), from which we can design a 1-bit CNN A/D converter.
Furthermore, if we choose A; such that

Ao € A1 € A2 K A3, (133)
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then the most significant bit will be emphasized for correct conversion, and then
followed, in decreasing emphasis, the next two most significant bits, and so on.

In order to compare the cost function (132) with the Lyapunov function (3),
let us rewrite (132) into the following form

3 3 3 3 3
M = Yon (v?, — 200 ) Zv(t) + D Y 2 ity (t)) =) aivdi(t)
k=0 i=k i=k j-k i=0
3 .
= 02) M—2u, Z A 2 2vyi(t) + Z Ak Z Z 2+ vy (t)vy;(2)
k=0 i=k k=0 i=k j=k
- Z a;v3i(t)
'-ao min(i, )
= v Z Ak — vy E 2i+1y,i(t) Z A+ Z Z 2+ vy, (t)vy; (2) Z
k= i=0 j=0
- Za,-vg,.(t). (134)
=0

Comparing the corresponding terms in (134) and (3), we obtain:

1 3
bi =241 "y, (135)
and
min(i,j)
Aij = =2+ 3" (136)
k=0
for i # 3.

We have some freedom in choosing the circuit parameters A;; and R;, as
long as they satisfy the condition (4). Let us choose

Ri=2"%R>0 (137)
and
2 22:’+l
A= E = T (138)

Using the same procedure as before, we can show that the results in Table 6
are still true for our latest 4-bit CNN A/D converter design withthe cost function
given by (132). In other words, for all A/D conversion results, if Noy¢ correspond
to the globalminimum of the Lyapunov function (132), then the ideal conversion
shown in Figure 2(a) will be achieved.
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Now, let us derive the necessary conditions for an N,y to correspond to a
local minimum of the Lyapunov function.
At steady state, we have

10 0 o0 vz0(00)

1104 0 0 vz1(00)

R] 0 0 16 0 vz2(00)

0 0 0 64 vz3(00)
( 2/R —4)g —-8Xo —16A9 Vsyo
_ —4)g 8/R =16(Ao + A1) —32(Xo+ A1) Vsy1
= —8Xo —16(0+ A1) 32/R —6432_ oM Vsy2
\ —16d0 —32(No+ A1) —6432_ N 128/R Vsy3

2)o
4(do + A1)
* 8 22=o Ak o (139)

\ 16 22:0 Ak

Since our goal is to minimize the A/D conversion error, let us rewrite (139)
in order to introduce the conversion errore as a variable by defining:

3
Vy = 22"0,,,,- —e. (140)

=0

Substituting (140) into (139), we obtain the following equations

1 1

I—z‘v,,-o(oo) =2 (E + z\o) Vg0 + 2)X0¢, (141)
4 - !

5021(00) = 4Mvpy0 +8 (ﬁ + kz_g,\,,) Vsy1 + 4§Ake, (142)

2 2 2
16 Z 1 E Z
k=1 k=0 k=0

3 3
64
ﬁv,,s(oo) = 16 Z AkVsyo + 32 Z AkVsy1 + 64A30,y2
k=1 k=2

2 3
1
+ 128 (E + kzﬂ,\k) Voy3 + mgo'\k& (144)

In the following, we will.show how to determine the parameters A; and R
for any prescribed maximum A /D conversion error €maz > €ideat = 1.

Let us first consider (141). Since v,y0 is a function of v;0(c0), there is only
one variable in (141). For v,y0 = —1, we will have v,0(00) < —1, and hence
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1 1
R > —2(§ + o) + 2X¢e. (145)
Therefore, we obtain the following upper-bound for ¢ :
14+ 2R\
€S TR,\O. (146)
For v,y0 = 1, we obtain the following lower-bound for ¢ :
14 2R)\o
D ——
€2~ (147)
Therefore,
14+ 2R\
lel< TV (148)

Let us consider next (142). Since there are two output variables in (142),
we have four choices for the different combinations of v,y0 and v,y1. We have
found from the derivation of (146) and (147) that if v,y0 and v,y; have the
same value, then the conversion errors computed from (141) and (142) will be
bounded in the same direction. For example, if v,y0 = vsy1 = —1 then ¢ will
have two upper-bounds derived from (141) and (142). In this case, we should
choose the minimum upper-bound as the upper-bound of €. Unfortunately, we
do not know which upper-bound is the minimum at this moment. Nevertheless,
we have developed an algorithm to deal with this problem. We will provide a
theorem later to justify the validity of our algorithm.

Algorithm 1

(1) Solve the equation involving the state variable vo, (141) in this case, for
the upper-bound of | € | using v,y0 = £1;

(2) Solve the equation involving the state variable vz; (i > 0), (142) - (144)

in this case, for the upper-bound of | ¢ | using vsy; = £1, and v,y; = —vsy; for
j<i.

Applying the above algorithm to (142), there are only two cases to consider;
namely, (vsyo = 1, vsy1 = —1) and (v5y0 = —1, v4y1 = 1). For the case of
v;y0 = 1 and v,y3 = —1, we found the following upper-bound :

. 14+2R(Mo+ M) — R\
- R(z\o <+ /\1) .
14+ 2RAo + RA;
149
R(Xo + A1) (149)
For the case of v,4y0 = —1 and v,y; = 1, we found the following lower-bound :
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14+ 2R\ + R\,

> -
€2~ (150)
Therefore,
1+ R(2\o + 1)
151
lels R(Xo + A1) (151)
For (143) and (144), we can obtain the following inequalities
2+ R(4Ao +3X1 4+ A2)
< 152
e 1S —Rpe+ o+ 3a) (152)
and
4+ R(sz\o + TA1 4572 + /\3)
< ) 153
- 7§ P P P v (153)

respectively, by using the same procedure as that for (141) and (142).
Now, let us examine these inequalities. Suppose that the following assump-
tion

1€ €M €A <K A; (154)

is true. Then, by estimating (148), (151), (152) and (153), we found that the
bound of | € | is very close to 1, which is the ideal A/D conversion error €;geqi-
This means that by choosing a sufficiently large value for the parameter ); we
can design a CNN A/D converter arbitrarily close to the ideal case.

Now, let us determine ); and R for a given maximum A /D conversion error
€maz. Let us set the right hand side of the inequalities (148), (151), (152) and
(153) to be equal to emq:

14 2R\
Emaz = Wgo; (155)

. 1+ R(2h0 + A1)
mar — R(Ao + Al) '

o2+ R@ho+3h+ )
TET T RMDo+ M+ Ag)

c _ 44+ R(S/\o + 721 + 52 + /\3)
mET TR0+ A F A2+ A3)

(156)

(157)

(158)

Since we have only four equations involving five variables, one of them can be
arbitrarily valued. For convenience, we choose R as a variable to be determined
later. Then we can solve the equations iteratively as follows:

1
X = —————, 159
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A= , 160
1 R(emaz - 1) ( )
24 RAO(4 - Emaz) + R/\1(3 - emat)
Ag = , 161
2 R(Smaz - 1) ( )
A3 = 4+ RAo(8 — emaz) + BA1(7 — €masz) + RA2(S — €mas) ) (162)
R(emaz - 1)
We can also recast the above ); as a function of R and €4, as follows:
1
Ay = ——m———, 163
0 2R(5maz - 1) ( )
Emaz
A = ——28F 164
dp = Sz ___ (165)
R(Emac hand 1)3’
2
Aa - zemaz(emaz + l) (166)

R(emaz - 1)4 )

In order to verify the above derivations, let us work out an example. Suppose
we want to design a 4-bit CNN A/D converter having a maximum conversion
error of 1.5; namely,

Emaz = 1.5. (167)

Using (163) - (166) and choosing R = 1 for convenience, we obtain:

R=1; (168)
do =1 (169)
AL =3; (170)
Az = 18; (171)
3 = 180. (172)

Substituting these parameters into (141) — (144), we can determine the neces-
sary condition shown in Figure 7 for N,,; to be a localminimum of the Lyapunov
function. It should not be surprising that all horizontal segments in Figure 7
have equal lengths. This is one of those rare situations where it is possible to
design a nonlinear dynamical system such that the basins of attraction of all
local minima are uniformly distributed! ‘
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Figure 7: The necessary condition region for Nyy: to be a local minimum of the
Lyapunov function (optimized)
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Let us summarize the system equations describing the CNN A/D converter
which we have just designed.
State equation:

vz0 100 0 vz0
d| v 04 0 0 v
Gl o |® =100 1 o vy | OF
Vz3 0 0 0 64 Vz3
(2 -4 -8 -16 vy0
-4 8 -—64 -128 1
+ | s —64 32 —1408 || v, | DT
\ -16 —-128 -1408 128 vy3
( 2
16
+ 176 | v (173)
\ 3232

Output equalion:

vyi(8) = 0.5 (| vai(®) + 1] = | vsi(8) = 1) (174)
Input dynamical range:

| vy |< 16. (175)

Observe that there are no longer any initial conditions stipulated in the
above system equations. Indeed, no matter what the initial condition is, this
CNN A/D converter is guaranteed settle down to a steady state such that the
conversion error is less than or equal to emqz = 1.5.

We have simulated this optimized CNN A/D converter using PWLSPICE. If
we increase the input analog value v, from 0 to 16, we would obtain the sampled
results shown in Table 8. If we decrease the input analog value v, from 16 to 0,
the corresponding results is shown in Table 9. Figure 8 depicts the results listed
in Table8 and Table9. From Figure 8 we observe a hysteresis phenomenon which
has been restricted into a region having a width of 2(¢maz — €ideai) = 1. From
the simulation results in Figure 8, we see that the maximum A/D conversion
error is 1.5 (corresponding to v, = 4.5 and vy = 1.5, for example, in Table 8
and Table 9, respectively). This confirms the validity of Algorithm 1.

From physical point of view, the hysteresis phenomenon is due to the basins
of attraction of the local minima of CNN A/D converters. In order to transfer
from one local minimum point of the Lyapunov function to another local mini-
mum point, the system needs extra energy, which is provided by v, in our case,
from the outside of the circuit. If the system state is not in its local minimum
point at the initial time, then it will be relatively easier to settle down to the
global minimum point.
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Vu Nout Vu Nout Vu Nout Vu Nout
0.1 1 4.1 3 8.1 7 12.1 11
0.2 1 4.2 3 8.2 7 122 ]| 11
0.3 1 4.3 3 8.3 7 123 | 11
04 1 4.4 3 84 7 124 | 11
0.5 1 4.5 3 8.5 7 12,5 11
0.6 1 4.6 5 8.6 9 126 | 13
0.7 1 4.7 5 8.7 9 12.7 13
0.8 1 4.8 5 8.8 9 128 | 13
0.9 1 4.9 5 8.9 9 129} 13
1.0 1 5.0 5 9

1.1 1 5.1 5 9

1.2 1 5.2 5 9

1.3 1 4.3 5 9

14 1 5.4 5 9

1.5 1 5.5 5 9

1.6 1 5.6 5 9

1.7 1 5.7 5 9

1.8 1 5.8 5 9

1.9 1 5.9 5 9

2.0 1 6.0 5 9

2.1 1 6.1 5 9

2.2 1 6.2 5 9

2.3 1 6.3 5 9

2.4 1 6.4 5 9

2.5 1 6.5 5 9

2.6 3 6.6 7

2.7 3 6.7 7

2.8 3 6.8 7

2.9 3 6.9 7

3.0 3 7.0 7

3.1 3 7.1 7

3.2 3 7.2 7

3.3 3 7.3 7

3.4 3 74 7

3.5 3 7.5 7

3.6 3 7.6 7

3.7 3 7.7 7

3.8 3 7.8 7

3.9 3 7.9 7

4.0 3 8.0 7

Table 8: Input/output mapping list of the optimized CNN A/D converter when
vy increases from 0 to 16 40



Nout Nout
4.1 8.1 9 12.1 13
4.2 8.2 9 122 | 13
4.3 8.3 9 123 | 13
4.4 8.4 9 124 | 13
4.5 8.5 9 125 | 13
4.6 8.6 9 126 | 13
4.7 9 127 | 13
4.8 9 128 | 13
4.9 9 129 | 13
5.0 9 13.0 | 13
5.1 9 13.1 | 13
5.2 9 13.2 | 13
4.3 9 13.3 | 13
5.4 9 134 | 13
5.5 11 135 | 15
5.6 11 136 | 15
5.7 11 13.7) 15
5.8 11 13.8 | 15
5.9 11 139 | 15
6.0 11 140 | 15
6.1 11 141 | 15
6.2 11 142 | 15

11 || 143] 15
11 || 144 15
11 |[145] 15
11 |[ 146 15
11 [|147] 15
11 || 148] 15
11 | 149 15
11 || 150] 15
11 J| 151 15
11 || 152 15
11 || 153 15
11 [ 154 15

6.3
6.4
6.5
6.6
6.7
6.8
6.9
7.0
7.1
7.2
7.3
74

U O U QU U U GO GO G0 GO G0 GO G0 GO G G0 G0 GO G D o GO O O b bt b e b et et b e e el el e

7.5 13
7.6 13
7.7 13
7.8 13
7.9 13
8.0 13

Table 9: Input/output mapping list of the optimized CNN A/D converter when
vy decreases fro'm 16to 0 41
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Figure 8: Input/output functions of the optimized CNN A/D converter

Table 10 and Figure 9 show the simulation results of the optimized CNN
A/D converter under the relazed condition. Here, the A/D conversion error is
less than 1.1 (corresponding to v, = 2.0 in Table 10. The improved conversion
accuracy is due of course to the relazed condition.

Let us now formalize our main resulus into the form of theorems. In the
following, an N-bit CNN A/D converter means a circuit described by the system
equations (1) and (2), and the digital representation (9). Also, when wesay A/D
conversion errors, we mean the errors based on the digital representation (9).

Theorem 1

For any prescribed maximum A/D conversion error varepsilonm,., where
1 < €mar < 2, and any integer N, there exists an N-bit CNN A/D converter
with its conversion error absolutely bounded by 4.

Remark:

Note that for CNN A/D converters, the ideal and hence minimum A/D
conversion error is 1, and that the linear A/D conversion requires the conversion
error to be less than 2. We use a constructive method to prove this theorem.

Proof:
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Vu | Nout || Vu | Nout | Vau | Noue || Vau

0.1 1 4.1 [ 8.1 9 12.1
0.2 1 4.2 5 8.2 9 12.2
0.3 1 4.3 5 8.3 9 12.3
04 1 44 5 8.4 9 124
0.5 1 4.5 5 8.5 9 12.5
0.6 1 4.6 5 8.6 9 12.6
0.7 1 4.7 5 8.7 9 12.7
0.8 1 4.8 5 8.8 9 12.8
0.9 1 4.9 5 8.9 9 12.9
1.0 1 5.0 5 9.0 9 13.0
1.1 1 5.1 5 9.1 9 13.1
1.2 1 5.2 5 9.2 9 13.2
1.3 1 4.3 5 9.3 9 13.3
14 1 54 5 9.4 9 134
1.5 1 5.5 5 9.5 9 13.5
1.6 1 5.6 5 9.6 9 13.6
1.7 1 5.7 5 9.7 9 13.7
1.8 1 5.8 5 9.8 9 13.8
1.9 1 5.9 5 9.9 9 13.9
2.0 1 6.0 7 10.0 9 14.0
2.1 3 6.1 7 10.1 11 14.1
2.2 3 6.2 7 10.2 11 14.2
2.3 3 6.3 7 10.3 11 14.3
2.4 3 6.4 7 104 11 144
2.5 3 6.5 7 10.5 11 14.5
2.6 3 6.6 7 10.6 11 14.6
2.7 3 6.7 7 10.7 11 14.7
2.8 3 6.8 7 10.8 11 14.8
2.9 3 6.9 7 10.9 11 14.9
3.0 3 7.0 7 11.0 11 15.0
3.1 3 7.1 7 11.1 11 15.1
3.2 3 7.2 7 11.2 11 15.2
3.3 3 7.3 7 11.3 11 15.3
34 3 74 7 114 11 154
3.5 3 7.5 7 11.5 11 15.5
3.6 3 7.6 7 11.6 11 15.6
3.7 3 7.7 7 11.7 11 15.7
3.8 3 7.8 7 11.8 11 15.8
3.9 3 79 7 11.9 11 15.9
4.0 3 80}|. 9 12.0 13 16.0

Table 10: Input/output mapping list of the relaxed optimized CNN A/D con-
verter 43



Figure 9: Input/output functions of the relaxed optimized CNN A/D converter

Our proof is a direct generalization of the 4-bit CNN A/D converter example.

Let us choose the following circuit parameters for (1) and (2) :

Ay = 284
min(i,5)
A ==2H+ 3" A for i)
k=0

]

b = 2i+1 Z Ak
k=0

R‘_ = 2—2!'
C;i=C=1
ve=1

where 0 < i, j < N, and A; > 0, which will be determined below.

(176)

(177)

(178)

(179)
(180)

(181)




Substituting the above parameters into (1) and (2), we obtain the following
state equation :

di(t) ) ] N-1 mingihj)
:';t = - 22'v,,-(t) + 23'+‘vy;(t) - Z 2i+i+1 z Arvyi(t)
j =0 k=0
i#
i
+ 213 Mo, (182)
k=0
where 0 < i < N. In the steady state, we have
N-1  min(i) B
2%y, = 22"“0,,,{ - E 2i+i+1 Z ArVsyj + 20+ Z/\gvu (183)
j =0 k=0 k=0
i#]
where v,zi = v4i(00), ¥,yi = vyi(00) = £1, and 0 < i < N. Substituting
N-1 )
v =) Vvite (184)
j=0

into (183) and rearranging terms, we obtain

[ i—-1 ] [
2'.1),,.- = 2i+l‘v,y.' +2i+lv,y,‘ Z Ak +Z 27"“0,,”‘ Z Ar+2¢ z: Ak, (185)
k=0 j=0 k=j+1 k=0

where 0 < i < N. Equation (185) is of crucial importance. First, it tells us that
in the ith equation, only v,y; for j < i and A for k < 7 are present. This means
that we can solve the equations iteratively. Secondly, it shows us that for any
N-bit CNN A/D converter, whose N is any integer, the equation corresponding
to the ith bit, { < N, has the same form. This allows us to use an inductive
method in the following proof.

For the case i = 0, we obtain

142X

< 1
lels 5 (186)
by following the same procedure as that for (148).
Defining
142\
€mazr = .—2-A-o_o’ (187)

and solving for A¢ we obtain
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1
2(€m¢z - 1)
which satisfies the condition \g > 0 because gmqz > 1.
Suppose that we have determined A; > 0 for j < i. We must show how to
calculate )\;; where i = j + 1 and i < N. Using Algorithm 1, we obtain the
general inequality :

2+ 2T oM — E,-—o okl Ek—;+1

Ao = (188)

lel< (189)
23 k=0 M
Again, defining
2 421V A — YIRS
Emas = Ek 0 "k E, =0 Ek =i+1 ) (190)
23 %0 M
and solving(190) for A;, we obtain
jo 22 Eho M = Tino¥ Bhchua M~ emer Dol g,
€maz — 1
Since
i-1 -1 di-1
> 2 A = 222”“,\,3—22 1
J=0 k=j+1 n=0k=n
i-1 k i-1
= Y Y =) 2
_0 n=0 n=0
= 2(2" = DA, (192)
k=0
Y&
i—1 i-1 9 9k 11—
A= 2 + Zk=o AIc ( + Emaz) . (193)
Emaz — 1
Because A\x > 0 for k < i and 1 < g4 < 2, we have
A >0, (194)
wherei=j+ 1. It follows from our induction hypothesis that A; > 0 for all
i < N. This completes the proof. u]
Theorem 2

Algorithm 1 guarantees that the minimum upper-bound of || can be chosen.

46



The

Proof:
From (185), we have

2 42T oA — Ej';lo 2*1y,,; Ei.—_j-i-l Ak
2 E;:O Ak
Here we do not apply any assumption on v,y; for j < i{. The right hand side of

(192) is obviously larger than or equals t0 €maz, Which is defined in Algorithm 1;
namely,

lel<

(195)

2‘ + 2£+l 2‘;:0 ’\k - ;;}) 2j+l I Vsyj I Ei:j-l-l '\k
2 Z;c:O Ak
Since the above statement is true for all 0 < i < N, the proof follows. O

) (196)

€maz =

Corollary 1

preceding CNN A/D converter design is optimal in the sense that all
the necessary condition regions of v,, in which Ny is a local minimum of the
Lyapunov function of the circuit, have equal lengths.

Although our CNN A/D converter design is optimized to achieve the min-
imum A/D conversion error, it is not optimized for implementation. As we
have noticed that there are some freedom in choosing the circuit parameter R,
C;, and v.. This kind of freedom allows us to transform the above CNN A/D
converter into an equivalent circuit so that it is not only optimal for minimizing
the conversion error, but also optimal for implementation. We will present the
implementation issues of CNN A/D converters in a future paper.

8 Concluding Remarks

In this paper, we have presented an analog-to-digital conversion architecture
using a cellular neural network. We have developed a systematic method to
design CNN A/D converters. We have provided an algorithm to optimize the
system performance. We have proved that we can design a CNN A/D converter
for any prescribed and feasible A/D conversion error and any number of bits.
We have verified our theoretical results using simple examples and computer
simulations.

One of the main contributions of this paper is the uncovering of the in-
trinsic serial computing mechanism in this parallel computation architecture.
Theorem 1 is another significant contribution. It is so general and practical
that most of the important theoretical issues concerning CNN A/D conversion
is solved. Furthermore, the same method may be used to design other neural
network A/D converters, such as Hopfield’s.
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9 Figure Captions

Figure 1 : Cell circuit of CNN A/D converters.

Figure 2 : The A/D transfer functions. (a) for our CNN A/D converter; (b)
for Tank and Hopfield’s A/D converter.

Figure 3 : Simulation results for the CNN A/D converter.
Figure 3 : Simulation results for the CNN A/D converter.(Cont.)
Figure 4 : Input/output functions of the A/D converter.

Figure 5 : The necessary condition region for N,,: to be a local minimum
of the Lyapunov function.

Figure 6 : The necessary condition region for Ny to be a local minimum
of the Lyapunov function (3-bit).

Figure 7 : The necessary condition region for Ny to be a local minimum
of the Lyapunov function (optimized).

Figure 8 : Input/output functions of the optimized CNN A/D converter.

Figure 9 : Input/output functions of the relaxed optimized CNN A/D con-
verter.
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