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1 Introduction

The current allocation of electric energy is based on a system of fixed
prices. In such a system the gap between marginal cost of energy gener-
ation and the marginal value of energy consumption, hence the resulting
inefficiency, is quite large [10]. One scheme that closes this gap is that of
spot pricing, [11], (3], [2].

Spot pricing is impractical today because the necessary communica-
tions infrastructure is not yet in place. A more practical scheme might
employ future prices: the power company announces prices a day (or
week) in advance and consumers then have the lead time to adjust their
demand. The announced future price would depend on forecasts of some
of the determinants of supply (e.g. scheduled generator shutdown times)
and demand (e.g. weather).

Future prices can more easily be implemented than spot prices, see
[1]. However, since a price is announced in period 1 (now) for energy
to be delivered and consumed in period 2 (later), and since significant
unanticipated fluctuations in supply and demand can occur in the interim,
some consumers will be rationed when the actual period 2 demand exceeds
the supply. The model we develop in this paper recognizes the cost of
rationing borne by frustrated consumers who have their electricity cut
off.

Thus a future pricing scheme must take into account rationing loss,
and it must ration on the basis of available information. Also there must
be a balance between raising prices to reduce rationing-caused losses and
lowering prices to increase welfare gains from increased consumption. The
interruptible service coniracts proposed here incorporate both aspects.
These are contingent contracts that condition service on particular events
or contingencies. A model for the market operation can be described as

*Supported in part by NSF grants ECS-8715132 and IRI-8302813
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{(pes 2 )} {k(1),d()} {S(w)} {R.(8)}

<+—— Periodl —— +—— Period2 ——

Figure 1: Market operation

a two-step process as depicted in Figure 1. In this paper we assume the
supply is random, but the consumer preferences are deterministic.

Step 1. At the beginning of period 1 the power company announces
a set of contracts (pg, pr), k£ = 1,---. Each consumer ¢ chooses one type
of contract k(t) and a quantity d(t) kWh of energy for which ¢ pays
Pr(2)d(t) dollars. In period 2 the company will deliver d(t) kWh of energy
to consumer ¢ with probability py(;). With the complementary proba-
bility 1 — pi(s) our consumer will not receive electricity. Thus p; is the
guaranteed reliability of service if the kth type of contract is purchased.
Note that it is immaterial whether customer ¢ selects the quantity d(t) in
period 1 or 2; it is important that the type k(t) is selected in period 1.1

Step 2. At the beginning of period 2 the company finds out the ac-
tual value of energy supply, S(w). Here w denotes the sample point or
contingency. The company has to decide which customers to ration so
that (i) the total energy delivered does not exceed the available supply
for each contingency, and (ii) each customer’s contract is fulfilled. The lat-
ter decision is represented by the 0-1 valued function R, (t). If R, (t) =0
customer ¢ will not receive service, if it is 1 she will receive d(t) kWh of
energy. Hence conditions (i) and (ii) are respectively given by:

ZRw(t)d(t) < S(w), forallw (1)
t

Prob {w | Ry(t) = 1} = pr(y), forallt (2)

LIf there is randomness in demand, the consumer selects her demand in period 2
after her preference is revealed [9).
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The optimal contracts are obtained by first formulating a welfare prob-
lem. We then show that the optimum can be sustained by interruptible
service contracts. The welfare problem for N types of consumer groups
is formulated in §2. In §3 and §4 we consider the consumer and supplier
decision problems. In §5 we show that the optimal contract prices are
the fixed point of a point-to-set mapping. In §6 we examine several im-
portant properties of the fixed point. In §7 we obtain the structure of
optimal contracts. The structure turns out to be remarkably simple, and
the contract reliabilities are given by an ordering of the contingencies.
Some concluding remarks are collected in §8.

The interruptible service contracts discussed here bear a family resem-
blance to the priority service contracts presented in [4], [7). However, our
consumer model is significantly different, and there are some differences
in interpretation.

Part of this work was done while the second author was visiting the
International Institute of Applied Systems Analysis in Laxenburg, Aus-
tria. He would like to thank Alexander Kurzhanski for the opportunity
of working at ITASA.

2 Problem formulation

The structure of optimal contracts is obtained indirectly by first formu-
lating a welfare maximization problem and then by showing that the
optimum can be sustained by interruptible service contracts offered to
consumers in a decentralized market. We assume that the demand is
deterministic and there is no variable supply cost.

We first model the supply side. The total energy supply available (in
period 2) is a random variable that takes values s; > 0 with probability
7; > 0, i = 1,---,n. The set of values {(s;, 7;)} is known in period
1. However, the actual realization or “contingency” that will occur in
period 2 is known only at the beginning of period 2.

Next we model consumer welfare. A consumer is characterized by her
preference which consists of a utility and a loss function. We assume
there are N distinct types of consumers. The demand of any individual
consumer is assumed to be infinitesimal compared with the total demand
of all consumers. This permits us to model the set of customers as a
continuum indexed by t € [0,1).2 Since there are N types of consumers,
the set t € [0,1) is partitioned into N sets Gy,--+,Gx. Let the Lebesgue
measure of the set G; be ﬁ;, j=1,--4N;so Ef;l ﬂ; = 1. Suppose a
consumer ¢ € G; is allocated energy d(t) with reliability p(t). The net

2With this convention the total number of customers is 1, so the supplies s; are
measured in average kWh per customer.
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benefit to this consumer is her welfare. It is given by

w(t) = p(t) U;(d(t)) - [1 - o(?)] L;(d(t)) (3)

The interpretation is that if consumer t actually consumes energy d(t)
her utility is U;(d(t)), and since this occurs with probability p(t), the
first term in (3) is the expected utility. But if service is interrupted she
suffers a disutility of L;(d(t)), and since that happens with probability
1 — p(t), the second term in (3) measures the expected rationing loss.
The disutility will generally depend on d(t) since the customer planned
on using that amount. It is assumed that

U;(0) = L;(0) = 0; U;(d) >0, U (d) < 0; Lj(d) >0, Lj(d)>0

These are standard assumptions: U; is strictly concave and L; is convex,
and both are increasing. The total social welfare is the integral

1 N
w= [ = > / IREOLICORIEFORFCONNT

We now consider the allocation problem. In period 1 each t is allocated a
pair (p(t), d(t)). At the beginning of period 2, the contingency is revealed.
Suppose it is s;. The power company now decides which, if any, consumers
are to be rationed. This is given by a rationing function R; : [0,1) —
{0,1} defined as

Ri(t) = 0 if ¢ is rationed in contingency i
Y71 1 otherwise

The rationing function must satisfy the physical constraint
1
/ Ri(t)d(t)dt < s; for all i (5)
o

which simply says that supply meets rationed demand. The rationing
functions must also meet the contracts, that is,

zﬂ: 7 Ri(t) = p(t) forallt (6)

i=1

The welfare maximization problem is to find functions d, Ry, -+, R, sub-
ject to constraints (5) and (6) so as to maximize the total social welfare
W. This can be reformulated as an optimal control problem. Introduce
the ‘state’ vector = and the ‘control’ vector z,

2(t) = (21(t)y - s 2a(t))y 2(2) = (d(2), 7(2))
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where

1
ri(t) := mRi(2), r(t) = (ri(t), -+ ra(?)), zi(t) :=/(; n',.'lr.-(r)d(r)d-r

Then the welfare problem can be reformulated as

1 N
max W= [war=3 [ REOLCORIEOPACONE

t

i=1
(7
subject to
a(8) = %d(t)r,-(t), £€[0,1), i=1,mn 8)
zi(0) =0, z;(1) < 8 i=1,..,n (9
d(t) 20, ri(t) € {0,m}, p(t) = D ri(?) (10)

=1
This is a standard optimal control problem with state equations (8), state
constraints (9), and control constraints (10).
The Maximum Principle [8] gives necessary conditions for a solution
of (7)-(10). However, we are interested in sufficiency which will be needed
for contract design. For each j = 1,---, N, define the Hamiltonian

n n n
Hj(dyrp) = Y riUs(d) = [1 = Y rilLi(d) = [D_mirdd (1)
i=1 i=1 i=1
where d > 0, r; € {0,m;}, and p = (g1, ptn) With p; > 0. The term
wip; is the adjoint variable associated with the supply constraint (9). It
is the scarcity cost of an additional unit of capacity in contingency i.

Theorem 1 (Sufficiency conditions) Suppose there ezist u* > 0 and
Hi,---,H) > 0 such that for each j = 1,--+,N, and for alld > 0 and
r; € {0, 7},

Hi(d,r,p*) < H; (12)
Then the mazimum social welfare W* satisfies
N n
W* = max WsZﬁ;H;+Zwm;s; (13)
j=1 i=1

Moreover, if there is a feasible control z* = (d*,r*) which satisfies
Hij(d*(t),r*(t),u*) = H}, t€Gj, j=1,--+,N (14)

and
wi(si—2z;(1))=0, i=1,--yn (15)
then this control is optimal.
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Proof. Let z be any feasible control and z the corresponding trajectory.
Let W be the welfare attained when control z is applied. From (7), (8),
(11), we get

t

N N
wo= 3 / e, Hj(d(t),r(t), 4 )dt+,-§ /‘ eG,-Z”i ri(t)d(t)dt

j=1
N n
< Y BH;+ ) muizi(1)
i=1 =1
N n
< DBH;+) muisi (16)
i=1 i=1

where the two inequalities in (16) follow from (12) and (9), respectively.
The second part of the assertion follows since (14) and (15) yield equalities
in (16). m]

Thus an optimal solution z* maximizes the Hamiltonian H;(d,r, 4*)
for each t € Gj, j =1,:-+, N. Condition (14) means that the net benefit
is the same for consumers of the same type. Condition (15) is the comple-
mentary slackness condition. It implies, as will be seen later, that at the
prevailing prices the power company cannot increase its profit by offering
a different set of contracts. Hence (14)-(15) are conditions for consumer
equilibrium and supplier equilibrium.

To obtain the optimum, we must find 4* and H = (Hy,--+, Hy) that
satisfy (14) and (15). We briefly outline the ideas here. First, for d > 0,
1>p>0,p>0, and for each j = 1,---, N, define

hi(d,p,p) := p Uj(d) — (1~ p) Lj(d) —pd (17)

This is the net consumer surplus derived by a consumer in group G; who
purchases d kWh of energy with reliability p at unit price p.

Next we order the contingencies in decreasing order of severity so
that 8; < +++ < 8,. The contracted reliability levels are py,-- -, pn, Where
Pm =Y ;> m Ti- Thesearch for I can be formulated as a resource alloca-
tion problem in which we seek for a fixed point. The fixed point is a vector
of prices p* = (p},-- -, ), where p}, is the price for the contract with reli-
ability p,. We begin with an arbitrary price system® 5 = (py,+++, pn) > 0.
The power company offers the n contracts {(pm, Pm)}%=,- Each consumer
will choose one of these contracts. For this set of prices, the best contract
for consumers in group G; is the one that gives the highest net surplus.
However, there may be more than one best choice for consumers in Gj.
Hence there is more than one way to allocate contracts to consumers in

3The price system in our formulation also includes the price index of all non-
electricity commodities. This will be elaborated later.
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Gj. Therefore we need to deal with demand correspondences (or point-
to-set mappings) rather than demand functions. Note that since every
consumer in G; picks one of her best contracts, they will all end up with
the same surplus. Thus (14) is satisfied.

The next step is to derive the supply correspondence, and hence, the
excess demand correspondence. We say that a given price system is an
equilibrium if the supply meets the demand in all contingencies. Our
goal is to show that there is an equilibrium price system for the allocation
problem by adjusting the prices appropriately. The idea of the adjustment
scheme is to reduce positive excess demands by increasing the prices of
those commodities for which the excess demand is the greatest. Suppose
the equilibrium prices are pi,---, p,. We show that it is possible to con-
struct an optimal solution z* to the welfare problem from the contracts
{(Prs Pin) } =1 Hence the contracts offered at the equilibrium prices sus-
tain the optimal solution of the welfare problem. Our desired u* and H
can then be computed from these equilibrium prices.

3 Consumer behaviour and allocation of contracts

The main purpose of this section is to describe situations in which the
desired actions of the consumers are mutually compatible and can be
carried out simultaneously (i.e. in a decentralized market), and for which
we can prove that there exists a set of prices that will cause consumers
to make mutually compatible decisions.

3.1 A decentralized consumer decision problem

In period 1 the power company offers the n contracts {(pm;, Pm)} =1,
where p,, > 0 is the price of the contract with reliability p,,. Each
consumer selects one of these contracts. Consider a consumer in group
Gj. To decide which contract to pick, she needs to compute the net
surplus derived by purchasing a contract (pm,pm), m = 1,--+,n. Since
each consumer in G; picks only one contract, she will be faced with the
following decision problem if she decides to purchase contract (pm, Pm):

0<dSM. beR PmU;(d) = (1 - pm)L;(d) + b (18)

subject to the constraint
Pmd+pod < I (19)

The constant I, measured in dollars, is the income of each consumer.
A consumer in G; spends her income on electricity and other commodities
such as food. The price pg > 0 is a price index for all commodities other
than electricity, and b is the amount of this composite commodity. Thus
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(19) is the income constraint. Let the optimal consumption of problem
(18)-(19) be denoted by djm(po, pm, I) and b(po, pm, I). We shall assume
M >> s,. Note that if we allow the demand to be a free variable in
[0,00), it may be unbounded if p,, = 0. However, since the supply that
is actually available to a consumer is bounded above by s,,, the exclusion
of extremely large demand from consideration is justified. Moreover, the
limitation of the choice of demand not to exceed the quantity M will not
alter the results of our analysis.

Remark 1. The demand djm(po, pm, I) is homogeneous of degree zero
in (Po, Pm, I). That is, djm(Apo, Apms AI) = djm(pos Pm, I) for any A > 0.

Remark 2. It is not difficult to see that the optimal solution of problem
(18)-(19) always satisfies the income constraint with equality. That is, we
always have

pmdjm(va Pm» I) + POb(pO’Pm’ I) =1
Then problem (18)-(19) is equivalent to

02X, Po{pmUj(d) = (1 = p)L;j(d) + I — pmd} (20)

Since I is a constant, (20) reduces to

0<aEH pmU;j(d) = (1 = pm)L;j(d) — pmd (21)

Thus the demand for electricity is independent of income I. From now
on, we let djm, := djm(Pm) = djm(po, pm,+ I). Note from (21) that djm =
arg maxgyo0 h;j(d, pm, Pm).

3.2 Allocation rule

If consumer ¢ € G; purchases contract (pm, pm), then her surplus is
Hjm = hj(djrm Pmnpm) 20

Let H; := maz1<mgn Hjm. Suppose the contracts {(pm, pm)}me[_,-, where
I; € {1,---,n}, achieve the surplus H;. Then each consumer in G; will
pick a contract from {(pm, Pm)}mer;. Since the contracts indexed by el-
ements in I; are indifferent to consumers in G;, we see that in case the
cardinality of I; is greater than one, there is more than one way to allo-
cate the contracts to consumers in G;. Let Bjm, 1 < m < n, denote the
number of consumers in G; who are assigned the contract (ppm, pm). The
Bim are chosen by the following rule:

Allocation rule:

ﬂjmzo; ﬂjm :=0iijm<Hj (22)
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and n
Y Bim=5; (23)
m=1

The allocation rule ensures that each consumer in G; gets the same net
surplus. It also implies that each consumer is allocated only one contract.
Thus an individual demand for electricity is a point in R} (since there are
n types of electricity to choose from) with at most one positive component.

For a given price system (po, B) := (o P1,** *» Pn ) let
®;(po, D) := {B; = (Bj1, -+ Bjn) | Bj satisfies (22)-(23)}  (24)

be the set of preferred allocations for group G;. Let djm := djm(po, D) =
djm(pm). The aggregate demand for electricity of type m (i.e. electricity
to be delivered at reliability p,,) is the set

N
dm(porB) := {D_ Bimdjm | Bjm satisfies (22)-(23),j = 1,---, N} (25)
i=1

The demand for the n types of electricity from group G; is the set
DJ'(PO’ p) = {(ﬁjldjh *c ﬁjndjn) I E € QJ’(?O’ 5)} (26)

The demand correspondence (or consumption set) for electricity is given
by

N
D(po, P)

D;(po, p)
j=1

N N
= {(Q_ Bndjr,-++ Y Bindin) | B € ®;(p0rP)s

j=1 i=1
j=l’29"'aN} (27)

Remark 3. By Remark 1 the demand correspondence is homogeneous
of degree zero in (po, 5, I).

4 Supplier’s production plan

We consider the supplier’s plan of action. The production plan of the
supplier is constrained to belong to the technology set, which represents
all feasible supplies of electricity of each type. Let ¢, be a supply quantity
for electricity of type m. That is, the amount g, will serve exclusively
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those consumers who have chosen contract (pm,pm). Since only those
consumers who have chosen one of the contracts in {(om, pm)}ms.- will
be served in contingency i, we must have 0 < q; + -+ + ¢; < s;. So the
technology set T is described by

T:={7=(q1qn) | gm20; 1+ -+ <8;,1 <i<n} (28)

The supplier chooses a production plan in the technology set T that
maximizes profit for given prices (po,p). For a given price system p
and production plan 7 for electricity, the profit is given by < 5,7 >:=
Y m=1Pmdm. The supply correspondence is given by

S(p,P):={7€T| <pT>2<pT > forallg7 €T} (29)

Remark 4. The supply correspondence S(py,p) is homogeneous of de-
gree zero in (po,p). Let m(po, p) be the maximum profit when the price
system is (po,p). Then 7(po, ) = maxzer < 5,7 > is homogeneous of
degree one in (po, B).

The following lemma characterizes the set S(py, §). By this lemma, if a
contract with higher reliability is offered at a lower price than a contract
with lower reliability, then it is more profitable for the supplier not to
supply electricity of the higher reliability type.

Lemma 1 Suppose § € S(po,p) and py < pi for some 1 <l < k < n.
Then 1 = 0.

Proof. Suppose by contradiction that ¢; > 0. Consider the alternative
production plan § = (g1,--+ ¢) given by

m ym#ELE
gn=1< 0 ym=l
a+qg ,m=k

To see that g’ is technologically feasible, we let Q; := ¥, ;¢
Qi = Y ngidm- Then we get Q} = Q; for 1 < i <l and —2 nd
Qi< Qi<siforl<i<k.Soq €T. Next

<BI>-<PT >=a(m—p) <0
which contradicts the hypothesis that § € S(po, p)- a
5 Existence of equilibrium prices

To define an equilibrium we must have a “closed” economy. So we must
model what happens to the company profits. We do this by assuming a
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private ownership economy [5). Let 0; > 0 be the share of the supplier’s
profit for group G;. The shares 6y, -+, 0y satisfy E ;=1 0; = 1. Suppose
g € S(po, p) when the price system is (po,P). Since the profit 1r(po,‘) =

< P,q > is distributed to shareholders, the income of group G; is given
by

BiI= /t eG.I’o”j(t) + 0;7(po, ) (30)

where b;(t) is the quantity of the composite commodity that consumer
t € G; has purchased.
For each (po, p), define the set

X (po, P) := D(po, p) — S(po, D) (31)

This is a nonempty set of excess demands compatible with the selection
by each consumer of a consumption optimal for her income constraint and
by the supplier of a supply optimal for that price system. The point-to-set
map (po, p) — X(po,p) is called the ezcess demand correspondence. We
say that (po,p) is an equilibrium price system for electricity if T < 0 for
some T € X(po, ). That is, there is an allocation given by the allocation
rule (22)-(23) such that the supply meets the demand for each type of
electricity. We will show that an equilibrium price system exists and it
induces a set of contracts that is optimal for the welfare problem. This
is done by showing that a certain correspondence has a fixed point. The
fixed point is our desired equilibrium price system. We appeal to the
Kakutani Theorem [6] to show the existence of such fixed point.

By Remarks 3 and 4 the excess demand correspondence is homoge-
neous of degree zero in (po,p). Hence we may fix the level of (po,P)
arbitrarily without restricting our analysis in any way. For our purpose,
this is most conveniently done by considering those points that belong to
the n-dimensional simplex X,, where

n
Zn = {(0, D) | Zpi= 1, p; 20}
1=0

When 7 # 0, the set X(po,p) is below the hyperplane through the
origin and orthogonal to §. This is given by the next result.
Lemma 2 For each (po,p) € Zn, <HT> < 0 for all T € X(po,p)-

Proof. Let T € X(po,p). Then ¥ = d — g for some d € D(po,p) and
g € S(po, p)- From the definition of the demand correspondence there are
By ﬁN such that ﬂ_, € <I>, (po, p) is a feasible allocation for group G; and

d = (21_1 ﬂlldﬂ’ 21 lﬁJﬂ Jn) Let d = (ﬁ]ldjl9 »ﬂ)n )n)sJ =
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1,.-+,N. The income constraint gives

n
> prbimdim+ [ byt < B1 (32)
t€G;

m=1

Then (30) and (32) imply < 5,d; > < 6;7(po, 5). Summing over j gives
<pd>< Ejv:I 0;7(po, P) = (po, P) since E;N=1 0; = 1. Finally, since
7(po, ) =< 5,7 >, we get < B, d— g >< 0 as desired. (]

Lemma 3 For each (po,5) € Z,, and j = 1,-++, N, the set ®;(po,p) is a
nonempty, compact, and convez subset of R}.

Proof. The set I; = {1 < m < n | Hj, = H;} is clearly nonempty. Then
by the allocation rule the set ®;(po, p) is nonempty. It is also compact
since those nonzero S, are determined by (23). The convexity property
is obvious since (23) is a linear constraint. a
The notion of upper semi-continuity was introduced in proving the
Kakutani Theorem. We repeat the definition for completeness.

Definition 1 Let ¥ be a correspondence from X toY, andz € X. ¥ is
upper semi-continuous (u.s.c.) at z if for every sequence {zn} 21, {¥n} 1)
the conditions , — z, yn — Y, yn € ¥(z,) imply y € ¥(z). ¥ is u.s.c.
if it is u.s.c. at every z € X.

Lemma 4 For each j=1,--+,N, the correspondence (po, p) — ®;(po, D)
18 upper semi-continuous.

i’;"of' Let (po, P) € £ and {(ph, 7) = (g Phs++ P} C En'_‘?lso let
B; = (ﬂ;'v ) jn)_S @j(%v .ﬁ‘) Suppose (P{)’ﬁ) — (o, P) and B; — B;.
We need to show 83; € ®;(po,p). Let I; = {m | H;, = H;}. Also let
H}m = hj(djm(Phy B)s Pms Pl) and H! = maXj<m<n H}m. From (18)-
(19) it is easy to see that h,-(d,-m(po,l‘)s, Pm, Pm) i8 continuous in (po, P).
So there is a positive integer I* such that H},, < H; for all m ¢ I; and
{ > I*. The allocation rule then gives B}m =0form¢gIjandl>{*. In
particular, we get

B =2 B =0, mg I (33)

Next consider m € I;. We have g}, = 0 if H},, < H}. If H}, =
H}, then }m 2> 0 is determined by (23) (see allocation rule). Since

{,B}m}?;l converges and ﬂ,’-m = 0 is also a solution of (23), we must have
Bim — Bim 2 0, where [}, is a solution of (23). This observation and

: " . - = s T a.
(33) Eply B; = (Bj1r:*-Bin) € ®j(po,p). Since g; — p;, we get
B; = B; € ®;(po,P). So the u.s.c. property is established. o
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Lemma 5 For each (po,p) € I, the set X(po,P) is nonempty, compact,
and convez. Moreover, X (po,D) is upper semi-continuous.

Proof. S(po,p) is clearly nonempty and convex. Its compactness follows
from that of the technology set T. Next since ®;(po,p) is nonempty and
convex, the set D(po, p) is nonempty and convex. By Lemma 3 ®;(po, p)
is compact. Also since 0 < dj, < M, and dj,, is continuous in (po, ) for
all j and m, D(po,P) is compact.

It is immediate that the supply correspondence is u.s.c. So it remains
to show that D(po,p) is u.s.c. The demand djm(po,p) is continuous in
(po, p) for each j. This and Lemma 4 imply that D;(po,p) defined in (26)
is u.s.c. The claim follows since D(po,p) = 2:1:1 D;(po, ). (m}

We would like to adjust the current price system so that an equilibrium
price system can be obtained. The idea of the adjustment scheme is
to increase the prices of those types of electricity for which the excess
demand is the greatest. We begin by considering the excess demand
correspondence. By Lemma 5 the set X(po, p) is compact for all (po, p) €
Zn. So there is a compact and convex set £ C R” such that X(pg,p) C Z
for all (po,P) € Zn. Let T € . Define the set A(Z) by

AE@):={(P0P)ELn | <BHT>2<F,T> forall (py,7) € Tn} (34)

If T € X(po,P), then A(T) adjusts (po, p) to a set of price systems given
by (34). Define the correspondence ¥ from X, x I to itself by

((P0, ), Z) — ¥((Po, ), 7) := A(F) x X(po, P) (35)

Lemma 6 For each T € X, the set A(T) is nonemply, convez, and com-
pact. Moreover, the correspondence ¥ +— A(ZT) is u.s.c.

Proof. Since X,, is nonempty and compact, the set A(T) is nonempty and
bounded. From the definition of A(Z), the set is clearly closed. So A(T) is
compact. The convexity property follows from that of X, and the linear
constraint in (34). The u.s.c. property is straightforward to check. o

Proposition 1 The correspondence U has a fized point, i.e. there ezxists
a point ((p3,P°),T") € T, X T such that (p3,p°) € A(Z*) and T €
X(p5:7°)-

Proof. The product set £,, x £ is nonempty, compact, and convex since
L, and X are. By Lemmas 5 and 6 the set A(Z) x X(po, P) is nonempty,
compact, and convex for all ((po,P),Z) € £, x E. These two lemmas
also imply the correspondence ¥ is u.s.c. Therefore all conditions of the
Kakutani Theorem are satisfied, and ¥ has a fixed point. (m]

Lemma 7 There ezist (p3, ") € Tp and T° = (2}, 25) € X(p5 T")
such that z;, <0 forallm=1,---,n.
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Proof. By Proposition 1 there exists ((p5yP°)T*) € Tp x T with the
property .
(Po,7°) € A(Z") and Z° € X(p5,7") (36)

The first relation in (36) implies < 5*,Z* > > < 7,z* > for all (p, ) €
Z,.. By Lemma 2 the second relation in (36) implies < 7*,7° >< 0.
Hence

<p,T° > < Oforall (pp,7) € Ep (37)
For each m = 1,.- -, n, consider the point in £, with p,, =1 and p; =0
for i # m. Then (37) gives z},, < 0. This completes the proof. (n]

Hence the fixed point (pg, p*) obtained in Proposition 1 is an equilib-
rium price system. We obtain further properties of this price system.

Lemma 8 (Walrasian property) The prices 3° = (p},--, p,) and the
excess demand vectorT" = (z},--+, z},) satisfy p},z;, = 0 for allm. Hence
< 17,5‘ >= 0.

Proof. By Lemma 7 we have z;, < 0. So pj,z;, < 0, and it suffices
to show that for each m, p) z;, < 0 is not possible. We prove this by
contradiction. Suppose p; > 0 and z; < 0 for some [. Consider the new
price system (pp, 7’) defined by

P ym#0,1
Pn=4¢ 0 ,m=1{

PB+P; ym=0

Then (py, 7) € Zn, (p0:7) # (P57’ )y and < 7", > - < P\, T >=
piz; < 0. Clearly this contradicts (p3,5°) € A(Z"). o

By Lemma 8, if z}, < 0 so that there is a positive excess supply of
electricity of type m, then the contract (p},, p},) is free and offered at
price p}, =0.

6 Properties of an equilibrium price system

In this section we derive some important properties of the equilibrium
price system obtained in §5. These results will be used in §7 to construct
a set of contracts that sustain the optimal solution of the welfare problem
(7)-(10). The next lemma is useful for several of the subsequent results.

Lemma 9 If p}, < p;, where k > m, then no consumer will purchase the
contract (px, pt)-

Proof. Since py, > pi, the strict inequality

pmU;j(d) = (1 = pm)L;j(d) — pnd > pUj(d) — (1 — pr) Lj(d) — pid
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holds for all j and 0 < d < M. So Hj,, := hi(djm(pss B), pms Bla) > H}
for all j. Therefore 3;; = 0 for j, and hence, di = 0. o
The following result gives an ordering on the equilibrium prices.

Lemma 10 The prices * = (p},--* p},) are monotonically decreasing in
the order of decreasing contingency severily, i.e. p} > p3 > +++ > ph.

Proof. We prove the assertion by contradiction. Suppose p; < pj,, for
some 1 <i<n-1. Letd € D(p5,7) and 7 € S(p},7°) be such 7 =
d - 7. Then Lemma 9 gives di,, = 0. Since p},; > p{ > 0, Lemma 8
implies ¢j,; = dj,; = 0. We need to consider two cases.

Case 1: q;, =0 forallm > i+ 1. (If i + 1 = n, take g;,,, = 0.) Consider
7 = (91 qp) with g, = ¢, for m# i+ 1, and ¢}, = si41 — si. Since
Y om<i@m < si and g, = 0 for all m > i + 1, we see that 7 € T. Next we
obtain

<PHT > —<PHT >=piya(sis1 —5i) >0

But this contradicts §* € S(p}, 7")-

Case 2: There exists m > i + 1 such that g}, > 0. Let k := min{m >
i+1] g, > 0}. Weclaim that pf,, > p;. If p; > pi,, > 0, then by
Lemmas 8 and 9 we get g = d; = 0. This contradicts g; > 0. So we
must have pj_, > p;. Consider §' defined by ¢}, = q;, for m & {i + 1, k},
¢iy1 = min{s;41 —$i, ¢;}, and ¢ = max{g; —(8i+1—5:),0}. ThenT € T
since ¢}, = 0 for i + 1 < m < k. Next we obtain

<phT>-<P,7T > Pip19ie1 + PrO: — PROE

> pilgiyr + o) — Prai
= pi max{qE, si+1 — 8i} — Prdk
> 0
Again this contradicts g* € S(p, 7°). (m}

The next result is useful for obtaining the complementary slackness
condition (15).

Proposition 2 Consider the fized point (p5,5°). Letd € D(p3,7") and
T € S(p5,7°) be such that T =d —§. Then for each1<i<n,

p; > 0 implies s; = Z = E d;, (38)
m<i m<i

Proof. The proof is carried out by an induction on i.
Step 1: i = 1. Suppose p; > 0. We claim that ¢ = s;. We show this by
contradiction. So suppose ¢} < s;. By Lemma 10 the prices are ordered
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as p} > -+ > p;, 2 0. There are two cases to be considered.

(i) If p} = --- = p},, then by Lemma 9 we get d},, = 0 for all m > 2. Now
by Lemma 8 we obtain ¢, = d},, = 0 for all m > 2. So the production
(s1,4%,++ 1 q,) is feasible and yields a profit strictly greater than that of
g". This contradicts 7 € S(p§, 7°)-

(ii) If there is 1 < k < n such that p} =--- = p} > pt,, > -+ > p},, then
g3 =---=¢q; =0. (If k =1, we simply have p{ > p; > -+ > p},.) Next if
Emz,,“ ¢ < s1 — q}, then the production § := (s1,0,:-+,0) is feasible
and

<F.T>-<P.T > Pils1=ai) = D Dt

m>k+41
> pisi—-a))-n1 D, ¢
m>k+1
> 0

This contradicts 7* € S(p5,5")- Nowif 3- 54,1 ¢m > 81— 41, then there
is a smallest integer hin {k + 1,---,n} such that 34 1) ¢ puch Im = 5161

Let
b= Y. gh-(s1-4q)
k+1<m<h

By our definition of the integer h, we have 0 < 6 < gj. Next consider q'"
defined by g, =81, ¢; =-+- = q;,'_l =0, q;: =6, and g, = g, for m > h.
It is easy to check that § € T. We also obtain

<PV >—<FT> = pilai—-a)+mé— Y. phdh
k+1<m<h
= pls1—a)— Y. P —ri(gi—9)
k+1<m<h
> pisi—a)-pi Y, @—rilai—96)
k+1<m<h
=0

where the strict inequality follows from the monotonic property of the
prices and the fact that g > 6. Again we get the same contradiction.
The equality g7 = dj follows from Lemma 8.

Step 2: Induction assumption. Assume (38) holds for all i = 1,2,---,1.
Step 3: ¢ =1+ 1. Suppose pj,, > 0. By Lemma 10 we get pj > 0. So the
induction assumption gives sy = 3 ., qm. Hence 0 < gy ) < 5141 — 51,
By the same argument used in Step 1, we infer that Q41 = Si+1 — 81
Consequently, we get si41 = X, <i4y m- The other equality in (38)
follows from Lemma 8. This completes the proof. (=]
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Corollary 1 iet g be as given in Proposition 2. If p; > 0, then g}, =
Sm — Sm-1 >0 for allm < i. (Take s =0.)

Proof. Since p; > 0, Lemma 10 gives p},, > 0 for all m = 1,-.-,i. The
claim then follows from Proposition 2. a

Lemma 11 If p; > 0, then p} > pi,,.

Proof. Let d and § be given as in the proof of Lemma 10. By the
same lemma it remains to show that p; = pj,, is not possible. Suppose
P} = pi41- Then by Lemma 9 we get di,, = 0. On the other hand, since
Pi+1 = p; >0, Corollary 1 implies ¢, > 0. Hence we get z7,, < 0. This
contradicts Lemma 8 since pj,; > 0. o

An immediate consequence of Lemma 10 and Lemma 11 is the follow-
ing corollary.

Corollary 2 Let k be the smallest integer in {1,--+,n} such that p; = 0.
Then p} > «++ > pp_y > pp = +++ = ph = 0. If this integer k does not
ezist, then p} > --- > pj, > 0. o

Lemma 12 Consider the fized point ((p5, 7" ),Z"). If p;} > 0, then con-
tract (p;, p;) will be purchased by some consumers in [0,1).

Proof. Let d and G be given as in the proof of Lemma 10. Lemma 8 and
Corollary 1 imply di = ¢; > 0. Since d} = E;; 1 Bjid};, we must have
Bji > 0 for some j. |

Corollary 3 (i) If the contract (pi,p;) is purchased by some consumers
in [0,1), then so will be the contracts (p1,p}), -+ (Pi-1,Pi_1)-

(i) Let 1 < k < n be the integer such that p} > --- > pt_, >pt =+ =
pn = 0. Then none of the contracts in {(pm, Pjy)}m>r+1 will be chosen
by any consumer in [0,1).

Proof. (i) Lemma 9 implies p;_, > p; > 0. Next by Corollary 2 we get
pi > -+ > pi_; > 0. The claim then follows from Lemma 12.
(ii) This is immediate from Lemma 9 since p}, = p} forallm >k +1. O

7 Optimal contracts and allocation

In this section we construct an optimal allocation for the welfare problem
and show that a set of contracts of the form {(pm,p},)} sustains this
optimum.

Consider the fixed point ((p3,7'), *) obtained in §5. The power com-
pany offers the contracts {(om, p),)}5=1. Contract (pm, p},) is a winning
contract if some consumers in [0,1) pick this contract. By Lemma 12
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and Corollary 3, if pj > -+ > p;, > 0, then all the n contracts are win-
ning contracts. If thereis 1 <! < n such that p} > --- > p} = .-- =
P, = 0, then contracts {(pm, p},)}m<: are winning contracts, and con-
tracts {(om,Pjn)}m>i are not. By Corollary 3 there is 1 < k < n such
that {(pm,p,)}5,=1 are the only winning contracts. The prices are or-
deredasp] > - >pp 2piy = =P, = 0._‘To construct an optimal
allocation we first compute the surplus vector H = (H7y,---, Hy), where
H; = maxigmgn Hjy, and Hj,, = hj(djm(P5y P )y PmyPm). Let d and °
* . e, 0 b .
be given as in Proposition 2. Then d is of the form

—

d = (d, d,0,---,0)

N N
(Z ﬁjld;l”"aZﬂjgd;k,O,..., 0)
ji=1

=1

where E = (Bj1r+* Bjx, 0,+++,0) € ®;(py,P°)y = 1,-++, N. For each j,
let a; be the cardinality of the set I; = {m | H},, = H;}. Denote the
Lebesgue measure of a set Z C R by £(Z). We partition the group G;
into a; sets Gji, - -+, Gj,qo; such that m € I; if and only if £(G;i) = Bjm for
some 1 <! < a;. This is clearly a one-to-one correspondence between I;
and the partition sets {Gji}2,. Also, Y12 L(Gji) = L me 1; Bim = B;.
Moreover, a consumer in Gj; is assigned to contract (pm, py,), m € Ij, if
and only if £(Gji) = Bjm-
For each m = 1, .-, n, define the vectors r™ = (+*,---, r*) by

r={0 i @)
We construct an allocation (or control) z* = (d*,r*) as follows:

& (t):=dj,, r*(t):=r™, if t € Gji and L(Gj1) = Bjm (40)
Also let u* = (pi,---, uy) be defined by

= "
”;‘:=&n#’m=l’--o,n (41)
m

where p,,, := 0. Since p} > -+ > p} > ppyy =+ =0, we get
Bm >0, 1Sm<k—1; pp 205 gy =---=pp=0 (42)
We will show that the yx},’s are ordered as pj > --- > un > 0. To

establish this ordering, we need to introduce the concept of bid prices.
For H > 0, define the bid price p;(p) := p;j(p; H) for group G; as

max{p > 0 | there exists d > 0 with hj(d, p,p) > H}

pi(p) = { undefined if there is no d > 0 with h;(d,p,p) > H (%)
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This is the maximum price that a consumer in G; is willing to pay for
energy with reliability p if she is to attain surplus H.

It follows from the definition of A;(d, p, p) that a bid price curve p+—
pi(p) is increasing and defined on a set of the form 1 > p > o, (H),
where g/, (H) is positive and increasing in H. Since Remark 2 gives
H;,, = maxocagm hj(d, pm, Phn) = maxayo hj(d, pm, pjy), it follows easily
from (43) that p}, = p;(om; Hj},,) for all m. We have the following useful
lemma which says that a bid price curve is convex.

Lemma 13 The map p — pj(p) is convez over the set1 > p > p’;n,-n.

Proof. For each d > 0 define the function p — P;(p; d), with d as param-

eter, by

Uj(dy—[1-p] Lj(d)— H
This is an affine function of p, and since by (43), p;j(p) = sup4 P;(p; d), it
follows that p;(p) is convex. a-

Lemma 14 The scarcity costs are ordered as u} > -+ > uy, > 0.

Proof. From (42) we get ui_; > pg 2 pipy = =+ = py, = 0. So it
remains to show pup, > up. ., for all 1 < m < k —2. Suppose uf < uf,,
for some 1 < 1 < k—2. By Lemma 13, the bid price curves p;(p; H})
and p;(p; H3,,,) are convex. So yj < yj,, implies

Piy1 > min{p;(or41; Hj) 5 Pi(p141; Hj 149)} (44)

Since the bid price curves are decreasing in surplus, (44) implies H;,, ; <
max{H}; , Hj; o} Therefore I+ 1 ¢ I;. This holds for each j, so no
consumer will choose the contract (p, pi). This contradicts Lemma 12
since p; > 0. o

We now show that the allocation z* is optimal for the welfare problem.

Theorem 2 The allocation (or control) z* given by (40) is optimal.

Proof. Let t € Gj. Then t € Gj; with £(Gj1) = Bjm for some m € I;.
By (40) d*(t) = d;,, and p*(t) = pm, and the consumer gets surplus H;.
Also since Y ;7 L(Gy) = B;, every consumer in G; gets surplus H;.
Condition (14) is thus satisfied.

Next we check the complementary slackness condition (15). By (42)
this condition clearly holds for ¢ > k. For ¢ < k, the total demand in
contingency i is z}(1) = 3 . ; d%,. By Proposition 2 we get z}(1) = s;.
So condition (15) holds for i < k. For i = k, we see that pu} > 0 implies
P > 0. So it follows from Proposition 2 that condition (15) also holds for
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i=k.
It remains to show that

H; =

J = dZo,r’!}:’{‘omi}Hj(d,T,# ) yj=11,--4N (45)

Now suppose (d*, r+) maximizes

Hi(d,r,p*) =D ri Us(d) = [1= Y _ri) Li(d) = D miri}ld  (46)

i=1 i=1 i=1

Since the term involving r; in (46) is linear in r;, it follows that

0 + = 5
vty + L@ - et { 20342 (a1)

Now let m = min{i | r} = m;} and consider the control value (d, #) given
by

-

d=d*t; fi=m,i>mand#=0,i<m

It is straightforward to verify using the ordering of 4, in Lemma 14 and
(47) that

Hj(d+’ rt, u)= Hj(d: yu*)
But from (40) we see that

(d, #) = (d*(t),r*(t)) for some t € Gjiand1 << aj

which shows that H ; is the maximum value of the Hamiltonian as required
in (45). o

8 Concluding remarks

In this paper we have considered a two-period pricing model for an electric
power system. The power company offers a set of contracts in period 1.
Each customer picks a contract in period 1 and then decides her demand.
This is a decentralized decision problem. The supplier, on the other hand,
needs to design a rationing scheme so that the demand can be met by the
supply available in period 2, and each contract can be fulfilled. We have
shown that it is possible to design a set of contracts that induce customers
and the supplier to act optimally. The reliability levels of these contracts
are given by an ordering of the supply contingencies.

In §7 we have shown that the optimal contracts are (py, p}), ** ) (Pns B3)s
where the reliabilities pm = 3,5, 7i are obtained by ordering the sup-
ply contingencies such that s; < -+ < s,. That is, the mth contract
guarantees delivery under contingencies m,m + 1,.--,n. The price vector
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(P}, -+ ph) is shown to be a fixed point of a certain correspondence. They
are ordered as p] > -+ > pi, hence a higher price is tagged to a more
reliable service. If p; > p;,, = 0, then customers will only demand the
first k — 1 and possibly the kth contracts.

By using the complementary slackness condition (15), it can be shown
that the prices pj,-- -, p}, are market equilibrium prices, [10]. That is, the
contracts {(pm, Pj;)} =y is a feasible allocation of contracts that simul-
taneously maximizes consumer surplus and company profits.

In this paper we have neglected the variable cost of supply and as-
sumed that consumer preferences are deterministic. Extensions of the
present model to include these situations can be found in [9] where it is
shown that the structure of optimal contracts is similar to that obtained
in this paper. However, the reliabilities are no longer given by orderings
that coincide with that of the magnitudes of the contingent supplies, and
algorithms that search for these orderings are more complicated.
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