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Abstract

In this paper the robustness of a class of learning control algorithms to state distur-
bances, output noise, and errors in initial conditions is studied. We present a simple
learning algorithm and exhibit, via a concise proof, bounds on the asymptotic trajectory
errors for the learned input and the corresponding state and output trajectories. Fur-
thermore, these bounds are continuous functions of the bounds on the initial condition

errors, state disturbance, and output noise, and the bounds are zero in the absence of
these disturbances.
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Robust Learning Control

Greg Heinzinger, Dan Fenwick, Brad Paden, Fumio Miyazaki

1 Introduction

Learning control is a name attributed to a class of self-tuning processes whereby the system
performance of a specified task improves based on the previous performances of identical
tasks. This is an advantage when controlling systems that can not be modeled accurately.
But the idea of a self-learning system is in itself aesthetically appealing in that it represents
a significant step in the development of an intelligent, fully autonomous control system.

Consider the “learning” system depicted in Figure 1. u;(-) denotes an input trajectory.
P represents a plant whose desired output trajectory is y4(-) and whose actual output due
to u;(-) is %;(-). ! is a learning operator which compares y4(-) and yi(-) and adds an update
term to u;(-) to produce u;41(-). These trajectories are taken to be functions of ¢ € [0,T] and
the updates occur sequentially in time. The trajectories are supported on finite intervals of
the time axis and the iteration from i to i + 1 occurs from one interval to the next. In a
sense, u;(+) is a parameter which is adaptively tuned. In contrast to typical adaptive control
schemes, the parameter u;(-) belongs to an infinite dimensional space.

As an example, a learning control scheme for a robot manipulator would record mea-
surements as it moved an object from point A to point B; it would then use this data to
improve its performance the next time it moved the same object from point A to point B. In
some applications the need to repeat a trajectory multiple times is a distinct disadvantage of
learning control. However, in many applications repetitive tasks are commonly perforrhed
making learning control a very natural solution. Another advantage of learning control is
that it is easy to implement and allows simple models and control schemes to be used while
compensating for unmodeled dynamics and complex phenomenon such as stiction. It is also
appealing because it is similar to some of our own learning processes; we may practice a
task (say throwing a ball) many times before we are able to find inputs to a complex system

(our body) to accomplish the task.
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Figure 1: Basic learning system

Recently-there have been-a-number of efforts toward-defining--and- analyzing.learning... .

control schemes [1,2,3,4,5]. In model-based learning schemes (Atkeson [4]) the inputs cor-
responding to the desired and actual trajectories are computed from estimated system
parameters and the resulting input errors fed to the learning operator. In this scheme, the
performance of the algorithm depends on the quality of the parameter estimates. A more
common approach is to operate on the output errors directly, and the model-based learning
scheme in [4] is shown in [5] to be a special case of this more general approach. The basic
strategy of these techniques is to use an iteration of the form ui41(-) = 1(ui(), ya(+) = 9i (),
where the operator I(-,-) remains to be specified.

For time-invariant mechanical systems Arimoto et al. [1] and Craig [2] present conditions
on the learning operator which guarantee system convergence upon repeated application of
the learning algorithm. One shortcoming of these analyses is that they are small signal
analyses which require the assumption that the initial trajectory (and thus all subsequent
ones) lies in a neighborhood of the desired trajectory. In addition, no investigation is
presented on the size or existence of these neighborhoods. Both Hauser (5] and Bondi et
al. [3] remove this assumption by developing global analyses, proving convergence of the
input sequence u;(+) with any initial trajectory. Another extension of Hauser [5] allows
time-varying systems. This is important because we wish to improve the performance of
the plant as much as possible using conventional feedback control methods. The learned
input, ui(-), is a feed forward term which further improves the performance for a specific
task. Thus, for most applications we have the situation shown in Figure 2, and the learning
algorithm operates on the system between u;(-) and y;(-) which is time-varying.

In this paper we consider the robustness of the learning algorithm. Specificaliy, does
the performance of the algorithm continuously degrade as errors and disturbances are intro-
duced? For a practical implementation we would like to know that the learning algorithm
causes the input, state, and output trajectory errors to be asymptotically bounded when

there are (1) errors in the initial state, (2) bounded state disturbances, and (3) bounded
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Figure 2: Learning control application for a plant with a feedback controller attached.

output disturbances. In addition, we would like to understand how these bounds depend
on the disturbances, and they should decrease to zero as the disturbances do.

In the last few years researchers have begun to answer these questions. Arimoto et al. [6]
deal with time-invariant mechanical systems and use a small signal analysis to demonstrate
robustness to initial state errors and differentiable state disturbances; the proof once again
assumes the initial trajectory is in some small neighborhood. In (3] Bondi et al. present
a global analysis of robustness for time-invariant mechanical systems. However, neither
of these papers answers all the questions posed above and both deal with time-invariant
mechanical systems.

In this paper we consider the following class of nonlinear, time-varying systems described

by the following state space equations:

£(t) = f(z(t),t) + B(z(t), t)u(?)
y(t) = g(z(2),t).

As mentioned before, this is significant because we can apply our results to a plant and

(11)

feedback configuration as shown in Figure 2. The form of the learning operator studied
often and the one we study operates on the derivative of the previous output error in a

memoryless linear fashion:

ui1(t) = wi(?) + L (9a(t) - 9(1)) > (1.2)

where L is a memoryless linear map. We choose L to be linear and memoryless because
this is sufficient for robust convergence and it allows for a very simple implementation. It
is also shown in this paper that we can include terms in the update law which act on the
previous output error and its integral.

The inclusion of this more general class of systems represents the main contribution of
this paper. In addition, the global proof of robustness we present is simple, concise and
complete, and it makes explicit the dependence of the bounds on the disturbances and

€ITOorIS.



The remainder of the paper is structured as follows: Section 2 presents a simple learning
control example. Section 3 states the problem formally and presents our results. Section 4
examines additional examples and implications of our conditions. Section 5 discusses some

implementation issues.

2 An Example

In this section we present a simple example to illustrate the concept of learning control.

Consider the one degree-of-freedom spring-damper system given by. the differential equation.
mi + cd + h(g) = v, (21)

where g is the position, m is the mass, ¢ is the damping coefficient, and the continuous
function h(-) represents the (possibly nonlinear) spring force. We rewrite (2.1) as a first

order dynamical system:

. q 0
z = + v
( —m (h(g) + cd) ) ( 0 ) (2:2)

y = (01)z=4

q
g
continuously differentiable trajectory, g4(2) for t € [0, T, is followed.

where z = ( Our objective is to find an input, v(t), such that a desired twice

If the system parameters are known exactly and ¢(0) = ¢4(0) and ¢(0) = da(0), we can
write down the solution from (2.1) and use the control law v(t) = mga(t)+cda(t) +h(ga(t))+
ko(da(t) — d(2)) + kp(ga(t) — g(t)) + uo(t) where ug(-) = 0. However, in many situations we
have only estimates of the parameters (772, é, h(-)), the initial state may vary (¢(0) ~ q4(0),
4(0) = ¢a(0)), and there may be unmodeled dynamics. The basic idea of learning control
in this example is to attempt the task (following g4(t) starting from a given initial state
(4:(0), 4i(0)) ), compare the output with the desired output, and adjust the “learned” input
u;(+) for the next attempt. We use the following update law:

uip1(t) = wi(t) + m(Ga(t) — Gi(2)).

In this situation the learned input is updated by the difference between the desired and
actual forces exerted on the mass. In the next section we show that gi(-) = qd(’) as i
increases if |1 —mX| < 1. This implies that to guarantee convergence 7 must be in (0,2m).

As expected the better the estimate of m the better the convergence rate will be, as shown



in the next section. Intuitively we expect this algorithm to work since we are adjusting the
force exerted on the mass to be that required to follow the trajectory (mgq(t)). Requiring
#m > 0 implies that we are updating in' the correct direction and 7 < 2m prevents the

algorithm from “over-correcting”.

3 A Robust Learning Control Algorithm

In this section we present a robust learning algorithm for a class of time-varying, nonlinear
systems. By robust we mean that when state disturbances are present or there are errors
in the initial conditions our learning algorithm generates a sequence of inputs such that
the asymptotic trajectory errors for the input, state, and output are bounded. In addition,
these bounds are continuous functions of the bounds on the initial condition errors and the
disturbances, and we quantify the degradation due to each of these factors.

The description of the system, assumptions, notation, and update law are similar to
those in [5]; and the proof technique is similar to many in that it proceeds in a straight-
forward manner showing that we have a “contraction” on the input sequence implying the
convergence results.

As specified in Equation (1.1) the class of nonlinear, time-varying systems considered is

described by the following state-space equations:
&i(t) = f(zi(t),t) + B(zi(), )ui(t) + wi(?)
vi(t) = g(zi(?),?)

where, for all ¢ € [0,T], zi(t) € R", ui(?) € R", () € R™, and w;(¢) € R". The functions

f:R*x[0,T] » R” and B : R" x [0,T] — R"*" are piecewise continuous in #; and

(3.1)

g :R" x [0,T] = R™ is differentiable in z and t, with partial derivatives 9z(+,-) and g¢(,+).
We consider inputs u; : [0,7] — R", not necessarily continuous. In addition, we assume the

following properties:

(A1) For each fixed z;(0) with w;(-) = 0 the output map O : C([0,T],R") x R* —
¢([0,T),R™) and the state map S : C([0,T],R") x R* — C([0, T],R") are one-to-one.
In this notation %i(-) = O(u:(), 2(0)) and i(") = S(ui(-), 2(0)).

(A2) The disturbance w;(-) is bounded by b, on [0,T] (i.e. [|wi(t)|| < bw on the interval
[0, T]).

(A3) The functions f(:,-), B(:,+), gz(-,*), and ge(-,-) are uniformly globally Lipschitz in z
on the interval [0,T]. That is, ||k(z1,t) — h(z2,t)|| < kallz1(t) — z2(t)]] YVt €[0,T]
and some kp < 00 € R (k € {f, B, gz, 9:})-
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(A4) The operators B(-,-) and g:(-,-) are bounded on R" X [0, T].
(A5) All functions are assumed to be measurable and integrable.

Assumption (A1) implies that given an achievable, desired output trajectory (y4) and initial
state (£4(0)), there exist unique input (u4) and state (zq) trajectories corresponding to this
output trajectory. Assumption (A4) on g;(-,) implies that g is uniformly gioba.lly Lipschitz
in z on [0,T).

The fanction wi(t) represents both deterministic and random disturbances of the sys-
tem; it may be stiction, non-reproducible friction, modeling errors, etc. _This is. important .
to include since these are present in physical systems. Assumption (A2) restricts these
disturbances to be bounded, but they may be discontinuous (e.g. stiction in mechanical
systems).

We consider the update law given by

wigr(8) = (1 - V)ult) + 10(t) + Lw(®), O]ga®) - 58] 0<v<1,  (32)

where L : R™ x [0,T] — R™*™ is bounded. This learning operator is similar to those used
in [5,6,1,7,8] in that it updates the system input in an affine fashion.

We include 7 to allow the influence of a bias term. This may prevent the input from
wandering too much initially. In addition, 7 may be allowed to vary with the iteration to
further improve performance; we leave it fixed for simplicity of presentation. The use of v
will be discussed in Section 5, and for an initial reading v is best ignored (i.e. ¥ = 0) since
its inclusion does not alter the proof in any essential way.

The following norm is used to simplify the expression of our results.

Definition 8.3 We define the A norm for a function h : [0,T] — RF by
a -
IBC)lIa = sup e *[|R()]l- (33)
telo,T)

Remark: From this definition we can see that [|h|x < ||klle < €*T||R|lx for A > 0 (where

1Al oo = sup ||h(t)|]), implying that these two norms are equivalent. Thus convergence
t

¥

results can be proved using either norm.
For clarification of the remaining discussion, function parameters will be shown in sub-

script notation with the dependence on time implied unless otherwise stated. In particular,

A A A
gzi = ba;g(z’t)lz:x,-(t)9 9zd = 38;9(33 t)lz:zd(t)’ gt = %g(z’t)lamz.-(t)a

02 29 omsuiyy i S fmiD),2), fa 2 f(za(t),1),
u; = u; (1), uqd 2 ud(2), w; = wi(t),
B; 2 B(zi(t), 1), Ba 2 B(za(t),t), L; £ L(w(t),t)



and kgz.kgt, kg, kB, kg are the Lipschitz constants for gz(s+)s 9e(5+)y f(+5+), B(+,+), and
(-, -) respectively. We now state the main result of this paper.

Theorem 8.4 Let the system described by (3.1) satisfy assumptions (A1)-(A5) and use
the update law (3.2). Given an attainabdle ya(-), if

| =01 - Lio(, 1), 0942, B, )| < p < 1 V(zt) €R" X [0,T]

and the initial state error is bounded (]|z4(0) — zi(0)]| < bzo), then as i — oo the error
between u; and uq i3 bounded. In addition, the state and output asymptotic errors are
bounded.. These bounds. depend. continuously.on the bound on the initial state error, bound
on the state disturbance, and v; as byo, by, and v tend to zero, these bounds also tend to

Zero.

The main idea of the proof is to show that ||6u;41]lx < Al[6ui|ln + € where 0 < p < 1
(Ju. = ug—1u;). This implies that hm sup llouilla < <
proof is a calculation to show that thls rela,tlonsh1p holds The results follow quickly once

- ¢. Thus the main portion of the

we have established this. Intuitively, the condition on L says that if we push on the system
(through u), we can observe a change in the output, and we take an appropriate action to
reduce the error.

Proof. From (3.1) and the update law (3.2), the error for the iterate ¢ + 1 can be

written as

Ug—Uip1 = ud—(1—7)ui—vuo—Li [3'/4 - 37.'] (3.5)
(1 = 7)(ud — w) + 7(ua — uo)
- L [gzd(fd + Byug) + ged — 92i(fi + Bivi + wi) — gu] (3.6)
= [(1 - - LigziBi] (ud — u;) + 7(ua — uo)

- L [gzd(fd + Baua) + gta — gzi( fi + Biva + wi) — gg,-]. (3.7)

Taking norms, using the bounds, and using the Lipschitz conditions yields

llug — wigall < |I(1 =) = LigeiBillllwa — will + vllua — uoll
lgza — 9zillll fa + Baudll
+ Ll + llg=ill ["fd - fill + 1 Ba = Billl|udll + Ilw-'ll] (3.8)
+ ||ged — geil|
< pllua = uill + 7llua = voll
kgzllza — =illba
#0038 + bga[kyllea — zill + kpllea - zillbua + bs] 2 (39)
+ kgtllzd — =il

9



where bf,, by, are the norm bounds for L(-,-), gz(-, ) respectively and

A A |
by = sup ||fa+ Baudll and bua = sup |ludl|.
t€(0,T) : tefo,T]

Defining k1 2 bz [kgzbd + bgz(k + kBbud) + kgt] equation (3.9) simplifies to
llea — vita]l < pllva — will + kullza — zill + drbgzbw + vlltd — uoll- (3.10)

Now writing the integral expression for z(t) (with the quantities in the integral being
functions of 7) and taking norms we obtain

loa==ill = [=a(0) - 2:(0)
+ [ (Ua+ Bava) = (fi+ Bovi + i) | (3.11)
< Jlza(0) - =i (Ol
v ( 12~ 5l +11Ba ~ Billua ) i (3.12)
+11Billfa — wal + llwil

IN

I24(0) ~ (Ol
+ [ (ks + kabuadllza = mill + bollua = will + ba)dr,  (313)

where bp is the norm bound on B(-,:). Defining k3 = (kg + kBbua), ||6zl = llz4 — zil|, and
using a basic integral inequality (see [9] p. 96) we have that
6zl < llza(0) - wi(O)lle™*
t
+ [ et (bsllua(r) - wi(ll + bu)dr- (3.14)

Combining equations (3.10) and (3.14) yields
t
vl < il + (IO + [ O balow(r)] + bu)ir
+ brbgrbew + v 6uol| (3.15)
t
plfuil + kb [ =D ou(rldr
0

¢
+ Eq[|62:(0)||e**t + k1b / eks(t-")dr
0
+ brbgzbu + 7ll6uoll. (3.16)

IA

Multiplying (3.16) by e~*¢, defining k 2 max{k,bp, k3}, and assuming A > k we have that
¢
Mol € pe sl +k [ e ou (eI dr
()

t
+ El6z () + kb [ eNellrN0=rlgr
(V]
+ brbgzbuwe™ + ve~M||8uo||. (3.17)

10



Noticing that the integrals are strictly increasing and that for a constant [|k||» = k we

obtain

k
l6uiralla < [P+ - e(k"A)T)] louilla
k1bw (ks—NT
+ k160 + 3 (1 - elts=NT)
+ bpbgzbw + ‘7"6‘!!0“,\. (3.18)

Defining 5 = p + 3ig(1 — e*-7) and k4 = brbgz + ;\—ft; (1 - e(""“)T) , we have that

l6uisalla < Alléuilla + kall6zi(O)l + kabe + vlI6uolln (3.19)
l6uitalla < All6uilla+e. (3.20)
Where ¢ combines the norm bounds of the initial state errors, state disturbances, and bias

contribution. Since p < 1, we can find a A > k which makes j < 1. By Lemma A.1, u;
converges to the neighborhood of ug of radius (11735) ¢ with respect to the A norm. Thus

lim sup [|§uil]» < ( - ﬁ) . (3.21)

$—00

Using equation (3.14), and similar manipulations we obtain
t
Iozdla < oz + [ e guiladr (3.22)
()}
1
. — (1 — plks=NT .
< ||é6z:(0)|| + s (1 el )Il&u:ll,\. (3.23)

So limsup oz < (0) + 3= (1= €=7) (5 -)e.
s —
To obtam the result for y; we use the fact that g is Lipschitz in z. Thus ||6y;||, <

kg||6z||a, with ||6z;]|x being bounded as above. |
Equation (3.19) clearly illustrates the influence of the initial state error, state distur-
bance, and bias term in degrading our bound on the asymptotic errors. We see that this
bound on the degradation is continuous in these factors. Furthermore, in the absence of
these terms ¢ = 0, and we have convergence of the algorithm to the desired trajectories.

We now state and prove robust learning for a few useful extensions of our update law.

Corollary 8.24 If we replace (3.2) with

waa(®) = (1= )uilt) + vuo(t) + L(wit),t) [da(2) - 5:(2)]
+ K(%(2),1) [ua() - 5:(0)]

with K(-,-) bounded, then Theorem 3.4 still holds.

11



Proof. Using the fact that g is Lipschitz in z and the condition on K it follows that
| Ki(va — 9i)ll £ bkkgllza — zill. Thus we modify &y in (3.10) by adding bxk, and proceed
exactly as in the proof of Theorem 3.4. - [ |

Remark: This update law is referred to as a “PD” scheme.

Corollary 3.25 If in addition to the conditions in Corollary 3.24 we have measurement
noise, yi(t) = g(zi(t),t) + vi(t), such that ||v;(2)|| < bn and [l9:(®)]] < bo2, then we obtain

the same results as in Theorem 3.4.

Proof. The proof proceeds the same as in the proof of the Theorem 3.4; equation
(3.19) is modified by adding the term bxby1 + brbvz- |

Corollary 8.26 If we modify the learning operator as follows

waa®) = (1= 7)ul) + vu0(t) + L(w(t), D) [at) - ()]
+Qult),1)] [ (autr) - ()]
with Q(-,-) bounded, then we obtain the same results as in Theorem 3.4.

Proof. From the bound on @ we have that

¢ t
19: [ (walr) = s(rY)arl < bak [ llza(r) - =il (327)

Letting RHS(t) denote the right hand side of (3.14) evaluated at time %, we see that
RHS(s) < RHS(t) for s < t. This together with (3.27) and the fact that ¢t < T, al-
lows us to modify k; in (3.10) by adding bgk,T. Then we proceed exactly as in the proof
of the Theorem 3.4. [

These corollaries are proved independently so they could be combined to show that a
“PID” update law, operating on a system satisfying the conditions of Theorem 3.4, is robust

to initial state errors, state disturbances, and output noise.

4 Examples and Implications

In this section we apply the learning algorithm to the dynamics of a robot manipulator and
examine the implications of our results. In addition, we present an example to demonstrate

the need for differentiation in the update law.

12



4.1 Robot Example

I © € R" is the vector of joint angles of a robot manipulator, then we can write the dynamics
as
M(0)6 +C(0,0)0 + F(0)+G(O)=T (4.1)

or as

z = © s . + 0 T
( -M-l(e)(c;(e)+C(e,e)e+F(<-))) ) ( M-1(©) ) (4.2)
y = (C1 Ci)s, '

o
where z = ( 6 ) and T is the vector of joint torques which we assume are bounded. M(©)

is the bounded, positive definite inertia matrix for the manipulator, C(©, ©)0 is the coriolis
and centripetal forces, G(©) is the gravity forces, F(O) is the viscous friction forces, and

Ci,C; € R™*r (all are assumed to be smooth). The update law examined is

rin1 = 7+ D(uit), 1) [3a(2) - :(8)]. (4.3)

To apply our results we need to check that assumptions A1-A5 are satisfied. For open-
kinematic-chain manipulators with bounded configuration space (i.e. 8; € [ai, bi] for pris-
matic joints) we know that Al is satisfied, we assume A2 & A5, and we see that A3-A4 are
satisfied provided we establish a bound on ©. The bound on © implies that the state space
is bounded and contained within a compact set. This guarantees that the desired functions,
which are continuously differentiable, are Lipschitz on the state space. Thus we are left to
show that © is bounded. This is done by noticing that the power dissipated by friction,
< F(©),0 >, increases as ||©||?, whereas, the power added to the system, < M(©)r, o>,
increases as ||©)|, implying a bound on ||@]| since ||7]| was assumed to be bounded. In
addition, if a particular joint torque exceeds the torque bounds we project back into the
allowable set of torques, this is discussed further in Section 5.

Theorem 3.4 implies that given a desired trajectory the torques will converge, even in
the presences of disturbances, to a neighborhood of the desired torque trajectory providing
that ||I — Lg.B|| < p < 1. Thus we ask, what does this condition imply?

We observe that g, = (C; C;), and looking at the structure of B we have

Lg.B = LC; M.
For ||I — LC2M 1| to be less than one we observe that it is necessary for C; to have full

13



column rank, which requires that m (the number of outputs) is greater than or equal to

7 (the number of joints). In essence we need measurements of each joint velocity, so for
0 .
simplicity we let C3 = ( I ) , 50 the last r entries of y are ©. Letting L = (L, L2), where

L, € Rrx(m=r) and L, € R™, we see that the condition becomes || — LeM~!|| < p < 1
which gives a condition on the accuracy of the dynamical model of M that we must have.
We are free to choose L; without destroying the convergence of the algorithm. Since the
update law differentiates the output, we are using acceleration data for each of the joints

to insure robust learning.

4.2 Another Example

Through the use of a simple example we hope to make plausible the claim that for robust
learning with mechanical systems the update law must contain derivatives of the output.?!

We consider the one degree-of-freedom system described by (2.1) and (2.2). We specify the

0
desired trajectory to be gq4(-) = 0, implying z4(:) = o | Consider the update law
wia(t) = i) + K(a:(®), () [aa(t) - 6()-

If ;(0) = ( : )and ug(-) = 0 then

%1(0) = 0- K(0,v)v

1t is possible to consider systems for which the relative degree between the input and the output is
not one (see [10] for definitions), however, since we are mainly interested in mechanical systems with force
inputs and assume we can measure velocities we concentrate on relative degree one systems. For a SISO
system, if the relative degree between the input and the output is v, we could use the update law w41(t) =

ui(t) + L(yi(2),?) [a‘*,i,yd(t) - a"‘l,,y.-(t)] and the condition on the learning operator becomes |1 — L(g(z, t),1)-
LoL%™'g| = |1 = L(g(=, t),2) - L’;“gbl < p < 1. To obtain the results in Theorem 3.4 we would need to add

additional conditions on the derivatives of f, g, and B (e.g. %g(z, t) is Lipschitz in z). For MIMO systems
the conditions are analogous. In these analyses we must also be concerned with the relative degree between
the state disturbances and the output. If the state disturbances are discontinuous we can’t differentiate y
more than the relative degree between the state disturbances and the output.
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u2(0) = -K(0,v)v— K(0,v)v

ua(0) = —nK(0,v)v,

which is a divergent sum. In addition, adding terms depending on z4 — z; or on / Tq— 2
to the update law would not improve the situation since these would both be zero at ¢t = 0
in the example considered. In the literature update laws such as the one above have been
proposed, and convergence can be proven in the absence of disturbances. However, these

update laws are not robust.

5 Discussion

The learning update laws presented in Section 3 guarantee robust learning providing certain
conditions are met, and this is the main issue which we have researched. However, in practice
there may be modifications which improve the performance of the algorithm.

If at any time the update law produces an input that we know to be out of range, and
the allowable set of inputs is a convex set, then projecting back into this set will improve
performance. This is evident from our analysis since this will further decrease [lug — ui41]l-
For many robot manipulators the allowable set of joint torques is a hypercube and projection
is easily implemented.

Theorem 3.4 implies that as the iteration number approaches co the trajectory errors
are less than certain bounds. However, in many applications we desire to stop the process
in a finite time and we desire the error to be as small as possible at this time. For this
situation the bias term may be helpful, and varying the update operator as the iterations
progress may improve performance. The bias term is initially useful to keep the input from
wandering excessively if we have a reasonable expected trajectory for the input, but with
time we want to decrease its influence by decreasing y. Once the input has converged fairly
well we may want to begin decreasing the learning gain (the size of L) to cause the input

.l';o average out random disturbances, thus improving the accuracy of the final input that
we choose after a finite time. It is easily seen that these modifications do not change the
results of Theorem 3.4 provided that the condition on the update law is satisfied for all L;
and 7;.

The class of systems considered is fairly general, and a closer examination of the results
reveals that what is essential is that when we apply an input to the system, we can observe

a corresponding output, and we act upon this output with the learning operator. The
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stability of the system may affect the convergence rate but not the actual convergence of
the learning algorithm.

It is important to remember that learning control is not a form of dynamic feedback. It
can’t be used to stabilize a system nor to change its performance for a general trajectory.
Thus in applications it is desirable to use a robust feedback controller to improve the
system performance, and as explain earlier this is the motivation for considering time-
varying systems. Learning control iteratively updates a feed forward term to provide a finer
and finer “open loop” performance along a specific trajectory, it is not intended to make
up for a poor feedback controller design.

In conclusion, we believe that the learning algorithm presented is applicable to a wide
variety of problems. The proof of robust learning allows us to use the learning algorithm
with confidence in applications. Moreover, for a particular system and task our results allow
bounds to be calculated on the degradation in performance due to each disturbance. We
further conjecture that these results can be extended to other update laws, allowing the
differentiation to be replaced by say a lead filter with better noise response; this constitutes

an interesting area for future research.
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Appendix A
Lemma A.1 If {a;}2, is a sequence of real numbers such that
lais1] < plail +e 0L p<1

then

1
lim ;| < .
sup |a;] < (l—p)e

i—o00
Proof. Iterating equation (A.2) we obtain

lar] < plaol +€
laz] < pPlaol + (1 + p)e

i-1

1-p

. . . 1 ]
lail < Plaol+Y e = p‘lao|+( p)e-

=0

So as i — 00, p* — 0 implying that lim sup |a;| < (1 1 p) E.

=00
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