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Abstract

Optimizing observations is an important issue in the control of systems whose state is
partially observed. This paper presents a general theorem for the computation of the
optimal solution to discrete-time stochastic control problems, when the decision makers
have the additional possibility of choosing at each step among different sets of observa-
tions on the system, each set incurring a different cost. Dynamic programming is
employed to determine the optimal observations and controls. The result is applied to the
special cases of: (i) finite-state controlled Markov chains, and (ii) linear Gaussian systems
with a cost function quadratic in the states and controls.

Keywords: stochastic optimal control, observation selection, partial state information,
dynamic programming, controlled Markov chains, LQG.

1. Problem statement

We consider the problem of the optimization of discrete-time stochastic systems,
where at each step two consecutive decisions must be taken: (i) a decision on what type of
observation to make on the system, and (ii) a decision on what control action to exert.
The cost criterion depends on the state and these two control actions. We shall only con-

sider finite-horizon problems.

Our aim is to present a general theorem for systems of the form:

X1 = foCopome, ue . wy ), (1.1a)
Ve =h(xp,mp,v), (1.1b)
for £ 20, with initial condition xo. X¢ Wg,..., Vo, ..., are mutually-independent
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larship from the Natural Sciences and Engineering Research Council of Canada.
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random variables defined on an underlying probability space. Their probability distribu-
tions on R", R", and R™, respectively, are known. x; € R" is the state. m; and y; are
control variables taking values in M CR! and U CR™. In particular, m; parametrizes

the observation equation (1.1b), where y, € R? is the observed process.
Let
Ik = {yo,...,yk.mo,...,mk.uo,...,uk} (1.2)

denote the information available to the decision maker at step k. k 20. By convention,
I_) =@. At each step k. the values of the control actions m; and u; are determined by

feedback in the following way:

m =glI-y) €M, 1.3)
u. = gkz(lk_l, my .yk) €U. (1.4)
Let the control strategy be denoted by g = (g, g2). where g’ ={g),..., gk }. and let

G denote the set of all admissible strategies. We define
N=1
J(@):=E8[ X e e oy ) +ep(xy)] 1.5)
k=0

to be the cost function associated with the control strategy g. The superscript g in the
expectation emphasizes the fact that the stochastic processes x,m,u,and y become well-
defined only when g is given.! We want to find an optimal strategy g° € G, i.e., a stra-

tegy satisfying (a.s.)
J@ =7 =inf J(g). (1.6)
g€G
my is an additional control variable parametrizing the observation equation. The

choice among different sets of observations can be as simple as deciding whether or not to

observe, in which case card (M) = 2. For the sake of generality, we shall also allow the

! In the following, we will use the two notations E€ ¢; (x; , m; , u; ) and E ¢ (x§, mf, ug) in-
terchangeably.
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possibility that the state equation depends on m, . For example, in section 5, we consider
linear Gaussian systems where the matrix C; in y, = C,x; + v, and the variances of the
processes w and v depend on m; . Another point is that at each step k, the decisions on
my. and ¥, are made sequentially, and therefore u; is allowed to depend on m; . whereas
the converse is not true. In short, this problem corresponds to optimizing the trade-off
between the increased performance resulting from better observations (via better state

estimates) and the higher cost of making better observations.

2. Information state for the system

We are dealing with a stochastic control problem with partial state information. We
want to determine a suitable information state (in the terminology of Kumar and Varaiya
[1D), or sufficient statistic (in that of Bertsekas [2]). for the system (1.1), i.e.. a function of
I, that possesses the Markov property.2 For simplicity, we assume that densities exist.
Let po(xo) denote the probability density (p.d.) of the initial condition x ¢, and, for a given
control strategy g. let pf,_1(x; | Iy y) and pf i (x; | I _y. m; .y, ) denote the condi-
tional p.d. of x; ., given I, _; and I} _; U{m, y, }. respectively.

Lemma 2.1 : pf -, (| I, _,) is an information state for (1.1). It does not depend expli-
citly on g (and therefore we can drop the superscript g ). There exists a function S; such

that
Perre CLL) =Sl pryeaCV L))oy oy 1 (2.1)
with initial condition pg|-; = po. S; can be broken into two functions &, and ¥, :
Pec Gl Lyom oy ) = @l prig—1 Gl L) my v 1 (2.2)

o CL L) = ‘I’k[Pk TGV /A me .y d)omg . u ] (2'3)

2 The organization of this paper and the proofs it contains were inspired by the treatment of standard
stochastic systems (no my, in (1.1)) in [1), chapters 2 to 6.



Proof: Given in the Appendix. O

The dynamics of the information state are illustrated in Figure 2.1.

Peix—1C1 I —q) Pt Gl Iygomye, i) Pe+r G L)
— & Yy —
myy Y my U

Figure 2.1 - Information State

For simplicity, we shall often denote p; ;-1(*| I, _;) by piix—3. and, similarly,
Peie Gl Iy —y.my .y ) by piix. Observe that although the functions p; |.—; and p,; do
not depend explicitly on g, the processes x, m, u.and y, and consequently /; , do depend
on g. For this reason, it will sometimes be necessary to write J§_; in the arguments of
Pr k-1 and p; | to emphasize the strategy considered. Observe also that (2.2) and (2.3)

imply that
et n1Cl L omy v e s)) S Tl oo CU Loy me 3 ) my o o my g yin 1 (2.4)
and SO p; 4114 +1 is not an information state, because, due to the explicit dependence of x;

on ;. via (1.1a), m; has to appear as an argument in T} 4;. even though it is already in

Pi ik -

3. Optimal control

The sequentiality assumption for the decisions on m; and y; suggest that the optimal
strategy g° could be determined by a dynamic programming algorithm, where the dynamic
programming equation (d.p.e.) would contain two nested minimizations. From Lemma
2.1, we expect that restricting attention to separated strategies is sufficient. Such strategies

are of the form:

m =gt (Lp—1) = gMpru-1) €M ; (3.1)
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U = 8k2(1k-l- m .y ) = 8&2(Pk k=10 M Y ) = 8&2(171: wom) €U . (3.2)

The following theorem shows that these claims are true. P denotes the set of all probabil-

ity densities on R". We define the cost-to-go from step &

Jk(g):=E[Nz-;lck(x§. m. uf) + en(xg) | If_; 1. (3.3)
j=k

Theorem 3.1 : Define recursively the functions V, (), 0 £k <N ,and p € P, by:
V(p)=ElexGxy) | pyiv-1=p1: (3.4)

Vi(p) = ’j‘gg{E[.‘ig{,E{ck(xk.m-u) +Viua(¥peie.m.u D | peyp.m}
 prik—1 = P] . (3.5)

(a) Consider any g € G. Then
Vi(peie—1(1 I4)) €7, (g) as.. 0 Sk SN . (3.6)

(b) Let g* be a separated policy such that for all 0 k¥ SN —1 and forall p € P, g;(p)

achieves the infima in (3.5). Then

Vi e i1 CVIEL ) =T, (g°) as., 0 <k €N, (3.7)
and g" is optimal. In particular, Vo(py) = J" as.

Proof: (a) The proof is by induction. Consider any g € G. (3.6) is true with equality for

k = N, because
Jn(g)=E[CN(JCﬁ) ! Iﬁ—ll

= [enGOpyivoalx | I§oy ddx
= Vn(owviv-1(-1 I§-1)) . (3.8)

by definition of pyxy-;. and from (3.4). Now, suppose that (3.6) is true for k +1. We
show that it is true for &, thus proving (a). Using successively the smoothing property of

conditional expectations, (3.3), and the induction hypothesis, we get
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N=1
Jo(@)=Etlc, (xpomy . we ) + EEL X c;(xjomy.u;) +enlan) | It} | Ii4) as.
=k +1

=E&lc, (op oy ) + Jea(g) | 4]
ZE8[c, (xpomy 1) + Via(pe o1 CL L) | 1y] as.

=Eg[Eg{Ck (xk.mk.uk)-l- Vk+l(Pk+l|k(.l IL) | Ik} | Ik—l] a.s. (3-9)

But, by Lemma 2.1, we can replace the information sets by information states in (3.9):

Jie(g) ZES[Et{cy (xpomyp oy ) + Vi sd(W [pe i CV Loy oy Doy o 11 peee e} 1 Iy] as.
=ES[E¢{e, (xpomy ) + Vi d(Wlpe e e e oy o) ) prie oy} 1 i gi—al
Z Ve (P11 IE1)). (3.10)

the last inequality holding by (3.5).

(b) Again, we use induction to prove (3.7). First, we observe that (3.8) implies that (3.7)
is true for k¥ = N. Next, we repeat the development in (a), but with the given g° in place
of g. However, the two inequalities in (a) now become equalities: (3.9), by the induction
hypothesis, and (3.10), because, by assumption, g; achieves the infima in (3.5) for all
p € P. This proves (3.7). To show the optimality of g, we set ¥ = 0 in (3.7) and (3.6)

to get
J(@g ) =Vip(xp) S7(g) as..forallg €G. (3.11)
O
Remarks: (i) Observe that the V., term could be removed from the inner conditional
expectation in the d.p.e. (3.5).

(ii) (2.2) implies that, for each fixed m, the outer conditional expectation in (3.5) is an

integral over y; .
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The argument of the value function V; in (3.5) is a function, meaning that finding
the optimal g* is computationally difficult. In the next two sections, we consider two spe-
cial cases where the problem is more amenable because the information state is finite-

dimensional.

4. Special case I: finite-state controlled Markov chains

Consider a Markov chain whose state process x takes values in a finite set
S$={1,2,...,5}, and whose transition-probability matrix P(m,u) can depend on two

different controls m and u:
(P(n.u))i; = Pyy(m,u) = Prob(xp y=j | x, =i.my=m,u =u). (4.1)
Let the observed process y € S be described by the output probability
Pii.m):=Prob(y,=j | x, =i, m=m). (4.2)
These probabilities do not depend on k. It is convenient to define the SX S matrix
D(m, j) by

D(m, j):=diag[ P;GG.m) Jiz, .. | s - (4.3)

Let Probk lk—l(i | Ik—l) and ProbL 1k (i I ]lc—l' my 'yk) be the probabililies that
x; =i, given the respective information sets. Since the state space is finite, these probabil-

ities are completely described by the 1X § row-vectors:

etk =1T 1) 1= [Proby (1 1 I _y), ..., Proby 1, —o(S | L)) (4.4)
etk Te—1. my o 31 ) i= [Proby (o (1 ) Loy my 32 ), ... Proby i (S 1 Ii_yomy )] . (4.5)
To simplify the notation, we shall often omit writing the arguments of these two proba-
bilities. Also, 7 1z -1(j) will denote the jth component of 7 5 —;.

We write recursive relations for . and m,4;:. The initial condition is
Woi-1 = T, the given law of the initial state. It can be shown (cf: proof of Lemma 2.1,

(A.8) and (A.11)) that the functions &, and ¥ in (2.2) and (2.3) have the following



expression:

e 1 —1(T =1) Dy, 3 )

4.6
i k1T -1) DUy, y, L (4.6)

e 1. my 30 ) =

Tesaie (L) = Wy Qg myo mye 3 ) Pl 1) (4.7

1in (4.6) is the S X 1 column-vector (1, ...,1)7.

We now write the complete expression of the d.p.e. (3.5). Consider 7 € II, the set of

all 1X S probability row-vectors. Then, (3.4) and (3.5) become:

Va(@) = Y enG) i), (4.8)

i€S

Vlc (11’) = llg{lE [ llél{] { ch (lo , m, u)1rk & (L) + Vk.;.l(‘n'k 1k P(m ’ U)) } | Ty -1 = 71'](49)
m u i€S

Let u; = g2 (w1, . m) = g2 (m, 1 —1. m. v, ) achieve the inner infimum. We evaluate the

conditional expectation in (4.9):

Vk (77) = IELE [ ZCL’ (i,m. ll,:)'ﬂ'k 1k (l) + Vk+1(77'k 'k P(m.u[)) | T k=1 = "T]
m i€S

- . ., 7™D(m.y)
=, [ [ RaGom b o1 ®

Y&

ﬂD(m.yk)

+ Vk+l(mp(m’ u;)) 1 w D(m Ly ) 1dy, .

(4.10)

since

Prob(yk | ;. |k_1=11',m) = ZProb(y‘ | i.m)Prob(xk =i | 1Tk|k_1=7r) (4.11)
i€sS

2P, G.m)m()

i€S

wD(m.y, )1, (4.12)

where in (4.11) we have used (3.1).
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5. Special case II: linear Gaussian systems

Consider the case where (1.1) is of the form:
Xy 41 = Ak X + Bk /7% + Wy, (5.1&)
v =C; (mk )xk + v, (5.1b)

with x, ~N (X, Zo). wi ~N(0,Q, (m;)). and v, ~N(0, R, (m; )). Consider a cost-

function quadratic in the states and in the controls v :
N-1
J(g ) = Eg[ Z (kaMIc X + M[NL. U + Cr (mk )) + xAT,-MNxN] . (5.2)
k=0

(Here, we make the usual symmetry and positive (semi-)definiteness assumptions on
M, . N;.Q:.and R,.) We mention at this point that Aoki and Li [3] have studied a ver-
sion of this problem where the decision makers select the total number and the spacings
between each observation, which is quite different from our formulation. Also, their

model has no w term in (5.1a).

The derivation of the Kalman filter remains valid when the matrices A; , B, , and C;
are random, provided that they are measured at time %, i.e., that they are in /,, and that
they are independent of the noise variables (e.g., [1]). In our case, once m; is chosen, all
the parameters in (5.1) that depend on it can simply be regarded as time-varying, with the
important difference that their time variation can be altered. However, that decision is
based on past information, namely, /; _;. It follows that the p-d. Py 411+ and p;|; defined
in section 2 are Gaussian, and therefore the information state p, .,z is two-dimensional.

In fact, this remains true if A; and B, also depend on m, .

Consider a fixed feedback strategy g and the corresponding processes

x.m,u,and y .3 Then, using the notation

Prarie (e ar | ) ~N( Zpaqies Zearie) (5.3)

3 For simplicity, we omit writing the superscript g for these processes.
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PeieCxe | Doy e ) ~NCxp i, Zei) (5.4)

the Kalman filter equations corresponding to (2.2) and (2.3) are:

e = Xew-1 + L (e — Cp (my )24 14-1) (5.5)

Xesiie = ArXen + By (5.6)

Do = Lpe-1— L G (my )2 1 (5.7

Zean = AcSe i AN+ Qe (my ) (5.8)
where

Ly = Ep e —1Ci (my Y [Cp (me IE 14 —1Cic (my )T + R (my )]7) (5.9)

The interesting feature of this special case is that, due to the quadratic form of the
cost and the fact that only R, in (5.1a) depends on m, , the certainty-equivalence principle
still holds and the value function has a partially-closed form. This is not true for linear
Gaussian systems in general, and this was our motivation for these extra assumptions.

More precisely, it can be shown, by substituting (5.10) in (3.5), that
Vi Geig-1. T te-1) = 3 e—1Pe e i1 + Wi (B 1e-1) (5.10)
0 £k SN. P, is determined by solving the standard backward Riccati equation
P. =M, + AP, ,A, — KI(N, + BfP, ,1B,)K, . (5.11)
0 £k <N, with final condition Py = My. K, is the deterministic optimal control gain
K, := =[N, + B{P, 1B, ] 'B{ P, ;1A . (5.12)

ie.u; = Kpxpx = g2 (X 1) Pi and K, do not depend on m and that they can be com-
pletely determined beforehand. The other part of V, has no closed-form solution and

must be solved recursively as follows:

W, ()= "22,(4[‘:" (m) + Trace{M, X + [, (. m (P, —M, )}

+ W, (A4, TAT+Q, (m)—A, L, (Z. m)AD)] . (5.13)
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with final condition Wy (E) = Trace {My X}, where we have defined
L(Z.m):=ZC, (m ) [C, (m)ZC, (m ) + R, (m))'C, (m)E . (5.14)

The optimal sequence m' can be determined beforehand, but it depends on P, , and conse-
quently the Riccati equation must be solved first. If M is finite with card (M) = n, then

at step k , the domain of I in (5.13) can contain up to n* values.

As in the standard LQG problem, the control ¥ has no learning role, but the control
m has one, since it can influence the estimation covariance of the state. Clearly, if A; or
B, were dependent on my; ., V; would possess no separation property as (5.10) exhibits,
even with a quadratic cost. Thus. u; would in general also depend on I, |, -;, meaning

that it too would have a learning function.

Finally, we point out that the problem in this section was also treated by Deissenberg
and Stdppler [4] for the special case when card (M) = 2, corresponding to the decision:
observe / do not observe. However, the value function considered in that paper does not
have the estimation covariance matrix Z; ;—; as an argument, and therefore the solution
does not have the clear recursive form of (5.10) and (5.13), which glso provides for more

computational efficiency.
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Appendix - Proof of Lemma 2.1

The independence of all the noise variables in (1.1) and the fact that the values of m

and v are measured imply that
POy L x ) = plxpyy | X my ) (A.1)

PEe Vxp oy L)) =p(ye | x.my ), (A.2)
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where the densities on the right-hand sides do not depend on the strategy g. but only on

the values of m and u.

We now establish the precise form of the recursive relations (2.2) and (2.3).

ey | xp Ly my ) p8(xy, Iy my)

oo VLyomp 9 )= (A.3)
PR xe | Iy my, 3y P AT
- Pe | xe.my) p&(xp. f g my ) (A.4)
ng e Loy my Yk )dxlc
X
where (A.3) follows from Bayes' rule, and (A.4) by using (A.2). But
Po(xe Ly 3, ) = pye Ve, Loy my ) p8 (s, Iy my my ) (A5)
=pGe | xe.my) p8xy | Loy my ) p8 Ly oy ) (A.6)
by (A.2). Substituting (A.6) in (A.4),
(e 1 xp.me ) p8Qx, | I—y.my )
PRy | Lyumy .y, ) = s TP T e (A.7)
fP(}’k Vo om ) p&lxp | Iy, my Mdxy
*x
X my - | I, —
POk | xp.my ) pfri -y (xy k-1) (A.8)

fP()’k | xp ., my ) pfie—1 (o | 2y —1)dx;

Xk

because m; is a function of I, _; (see (1.3)) and x; only depends on m; via I,_;. (A.8)is

of the form given in (2.2). Next,

Phrii(xesr 1 ) = ng(xku | xe, L) p8(xp | 1) dxy (A.9)
K

= fP opar o my . u) p8Qxy | Loy my, yi o g ddxy (A.10)
Xk

= fP(xk+1 by, ) pBuc(xe | Loy my 3y Xy (A.11)
X

(A.10) is a consequence of (A.1). (A.11) is true because x; does not depend explicitly on
u; but only through I, _; U{m; .y, }, of which . is a function (see (1.4)). (A.11)

corresponds to (2.3). p; ;. and p;+1; do not depend on g because the functions ® and ¥
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of (A.8) and (A.11) do not. and the initial condition is p§;_; = po (recall that /_; = @)

and is therefore independent of g. O
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