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MARKOV PROCESSES ON THE PLANE

Eugene Wong'and Moshe Zakai?

Summary

In this paper we introduce a Markov property for processes parameterized by
paths in the plane, and illustrate the property by examples related to the Brownian
sheet and the free Euclidean field. Transformation of processes and transformation

of probability measures that preserve the Markov property are studied.

Ifey Words: Markov fields, Random fields, Two parameter processes.

1. Introduction

A natural definition of the Markov property for multiparameter random
processes is the following. Let {X, .z €R"} be a multiparameter random process tak-
ing values in some nice space. For any set D in R" let £, denote the sigma-field
generated by {X,, z €D}, i.e. ED=O'{Xz .z €DY}. The process X, is said to be Markov
(or Markov of degree 1, cf. [131.[15]) if for any bounded set U in R" with smooth
boundary and containing the origin z=0, F ; and E yc are conditionally independent
given F ., where U° and QU denote the complement and boundary of U respec-
tively. The Brownian sheet on R? , {W,,z€R2}, is a zero mean Gaussian process
with EW, W,.=min(s .s *)*'min(¢ .t ') where z=(s.). z'=(s"'.t*) and possessing continu-
ous sample functions. Is the Brownian sheet Markov? At first sight it seems that the
answer should be positive since the Brownian sheet is "the integral of white Gaus-
sian noise”. More specifically, consider a connected bounded set whose boundary is a
finite number of vertical and horizontal line segments, and containing the origin:

then obviously W, has the Markov property with respect to this boundary. To quote
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J.B. Walsh [20] "... intuitively. this should be a Markov process if any process is".
However, as shown in [20] (cf. also p.161 of [19]), the Brownian sheet is not Markov
in the sense of the above definition. A proof of this fact is as follows. Let U be the

triangle with corners (0.0).(0.1).(1.0), then F 3, =0{Wg 1_o: 09 <1}. Note that

EW L Ey)=WW) = [ aw,,
v
and assuming, temporarily, that W is Markov with respect to the set U then it fol-
lows that

E(Wl,ll_f_.’au) = W(U)

Since, in any case.

EWy1E g0) = EGWWU)IE g).
the assumption that W is Markov with respect to U implies that

EWW)—-EWWU)IE 3,))*=0 (1)
Now, since {Wg1-9.09 <1, W(U)} are zero mean and jointly Gaussian,
E(W(U)IE g ) is linear in {Wg ;_¢, 089 <1} and is characterized by the orthogonal-
ity condition

E{(WW)—EWWU)IE gy )Wp 10}=0 (2)
for all 0 in (0,1). A direct calculation shows that setting

EWWU)IEw)= 2]W9‘1_9d6
°
satisfies (2) but not (1) therefore the Brownian sheet is not Markov in the sense of
the above definition.

In order that the class of multiparameter Markov processes not be too small it
is customary to modify the definition of the Markov property and instead of condi-
tioning on the sigma fields generated by the values of the process on to the boun-
dary. to condition on richer sigma fields (cf. [14], appendix A of [1], [19]). A (very)
rich sigma field is obtained as follows, define the germ field X ;, associated with the

boundary §D of a set D by



-_—}:“BD = fb'{X,. t EOGD}
where the intersection is over all the open subsets O sp that contain §D . Now replace

Eap by Zgp as the splitting field in the definition of the Markov property, namely:
the random process {X,.t¢ €R"} has the germ field Markov property if for every
bounded set with smooth boundary and containing the origin, E p and E ;. are con-
ditionally independent given X;p (cf. [14] for equivalent definitions). Obviously,
the Brownian sheet has the germ field Markov property. Note that the germ-field

Markov concept is easily extended to generalized processes [10].

In order to point out the difference between the Markov and germ-field Markov

properties, consider a continuous one parameter Markov process X,.t20. Let
t

Y= f X.ds then Y, is not Markov but it is germ-field Markov and the germ-field is
o

Z.=0{Y,.dY,/ dt}. Another example is the following, let E denote the class of func-
tions {X,, —co<t <oo} that are the restriction to the real line of functions that are
entire functions on the complex plane; then, for any probability law on E, the pro-

cess {X,, —oo<t <od} is germ-field Markov.

The theory of one parameter Markov processes deals almost exclusively with
processes that are Markov in the ordinary sense and has very little to say on
processes that are Markov in a generalized sense (such as germ-field Markov or
processes that are the projection of a Markov process). On the other hand. the theory
of multiparameter processes is based mainly on the Markov property in a generalized
sense and deals mainly with Gaussian processes ([1], [19]). For other definitions of

the Markov property in the plane cf. [2]. [8], [12]. [16].

The purpose of this paper is to consider another definition of the Markov pro-
perty for multiparameter processes. The idea is as follows, instead of considering
processes that are a collection of random variables parameterized by points in RZ or
R? we consider processes parameterized by smooth curves in RZ2. The splitting

sigma-field for the Markov property is now the sigma-field generated by curves lying



in the boundary. Similarly a Markov process on R3 (R") can be defined by consid-
ering a collection of random variables parametrized by smooth curves and surfaces
(or 7 —cells where 05 <2 —1) and the splitting sigma-field for the Markov property
is that generated by points, curves, surfaces lying in the boundary. Stochastic
processes parametrized by paths (or cells) that have a certain additivity property can
be considered as stochastic differential 1-forms (r-forms) and are discussed in [27].
It is believed that the Markov property introduced here is a natural extension of the
one parameter Markov property and is of particular interest in the analysis of non-

Gaussian multiparameter processes.
Only the case of R? will be considered in this paper.

In the next section we introduce definitions of the Markov property in the plane
and show that the Brownian sheet is Markov under these definitions. We also note
(as was first noted in [22]) that the free Euclidean field, which is a generalized pro-
cess, can be considered a regular process parametrized by paths, and as such enjoys
the Markov property under our definition. In Section 3 we consider transformations
of measures via multiplicative functionals under which the Markov property is
preserved. As an application to the results of this section it is shown that the solu-
tion to the stochastic differential equation X (dz)=g (X, )dz +W (dz ) is Markov in the
sense defined in the paper. Section 4 deals with transformations of the state space
and the parameter z preserving the Markov property. As an application it is shown
that the solution to @§;X,, =— aX,, ds+9;W,, (the "infinite dimensional
Ornstein-Uhlenbeck process”, cf. [18]) is Markov. Let z;=(s,.t;). z2=(s2.22) be
points in the plane, introduce the partial order z,<z, if 5,55, and 2, ¥,. Let D bea
connected set in R? containing the origin, assume that D has the property if z,€D
and z,<z, then also z, €D, the boundary of D¢ is called a separating line. Section §
deals with the Markov property with respect to separating lines, and it is shown
that the solution to §; X, ,=g (X, )ds+9; W,, is Markov with respect to separating

lines. The Markov property with respect to separating lines can be considered as the



stochastic version of Huygen's principle. This section is concluded with a remark on
the extension of the notion of the Markov property with respect to separating lines
to the notion of the Markov property with respect to random separating lines, i.e.

the strong Markov property.

Remark: In addition to the partial ordering z,<z, defined earlier, and z,<z, if 5;<s,

and 71 <, we will use z;/\ z; to denote 5,5, and 212X 5.

2. Path Parameterized Markov Processes

Let 7y denote a continuous finite nondecreasing path in R? .i.e., y is defined by
the function y(0) from [0.1] to R2.,y(0) is assumed to be bounded continuous and
y={z:z=y(0). 09 <1: y(0 ,)<(0,) whenever 0,<0,}. Set
¥(0)=(5(0).£(6)); yo=y(0).y;=y(1) are the endpoints of y and let A (y) denote the
vertical shadow of ¥, i.e.

A(y) ={(o.1):0=5(0).7<(0). 09 <1}.
Similarly, B () is defined to be the horizontal shadow of ¥:

B(y) ={(o.7):05(0). 7=t (0), 09 <1}.
Let

WA= [W@e: wBGN = [ w@dé (3)
A®Y) B(y)

Also, let 7y denote a finite continuous nonincreasing path defined by
vy={z:2=y(0). 09 <1, v (6,)/\ v(0,) whenever 6,<8,}. The endpoints are again
vo=y(0) and vy;=v(1). the shadows A (y).B(y) are defined as before and so are
W (A (1)).W (B (y)): in this case W (A (y)) and W (B (y)) are not independent but this
will not be important to us. Let ¥ ,=(W (4 (¥)).W(B(y)). we want to consider the
Markov properties of such path parameterized processes, for this purpose we first
generalize as follows. let (LF .P) be a probability space and let Y, be a collection of
random variables parametrized by paths in R? that are continuous and either

increasing or decreasing. Also, let X,,z€R? be a collection of random variables



parametrized by ponts z in RZ. Let U denote a set in R? and let I'(U) denote the
collection of all continuous paths y that are either increasing or decreasing and y€U,
U will denote the closure of U. Let G vy denote the o-field generated by Y., where y
runs over I'(U ):
Gy =olY,. yer(@ )} (4)
and
Hy=GuV olX,.z€0} (5)

= olY,.X,,.X,,. v€N(T ))}.
A boundary of 9D of a set D will be said to be piecewise monotone if §D is the

union of a finite number of paths y;, i =1, - - ,m <coand vy; ET(R2).

Definitions:
(a) A path parameterized process {Y,, y€I(R?)} will be said to be y Markov if
for every connected open set D with piecewise monotone boundaries G o0 sPlits G p

and G ;.. i.e. G p and G ;. are conditionally independent given Gop-

(b) The process {Y,.X Yo X% yET(R2)} will be said to be y+ Markov if for
every connected set with piecewise monotone boundaries, X yp splits H p and H .
Obviously, a y Markov process is also y+ Markov with X, =0. We prefer however, to
define both concepts since the Brownian shee't induces both a y Markov process and a
Y+ Markov process and moreover certain generalized processes can be reparametrized
to become y Markov processes.

Setting Y,=(W (A4 ()).W (B (y))) we will show now that {Y,. y€[(R?)} is y
Markov (proposition 1) and {Y,.W, .W, ., y€[(R?)} is y+ Markov (proposition 2).
Proposition 2 is actually a rewording of theorems 3.11 and 3.12 of Walsh [20] in the
context of path parametrized processes, and proposition 1 is a modification of it.
Remarks: (a) It will be clear from the proof of proposition 1 that

{W(A(¥)).y € I(R2))} alone, or {W(B(y)) y €ET(R2)} alone, is also Markov. (b) If



y is increasing then W, =W, +W(A (y))+W(B(y)) and if y is decreasing then
W, +W(B(y))=W, +W(A(y)). Consequently the phrase “Y »Wy,W,, " is equivalent

to Y y.W,.o" etc.

Proposition 1: Let D CR? be a bounded connected set with piecewise monotone boun-
daries and Y ,=(W (4 (¥)).W (B (y))) then G p is the minimal splitting field for Go

and G

= D¢"

Proof: We will be considering subsigma fields generated by zero mean Gaussian ran-
dom variables and therefore orthogonality and independence are equivalent. Let O
denote the collection of all bounded open subsets of R2. Set

. 3 é p =a{W(@U nD), Ueo}

note that G , and G , . are independent and

Co=CpoV Gw (6)

G §8 = olW(D° MA ()).W(D°NB(y)). y€er(@D))}
Then G 3 and G §¥ are independent and

Gop SGHV G B

In the converse direction note that for y € I' (§ D). the set (A (y)N9D) can be decom-
posed into a finite union of paths vy;i=1,.k such that vy;€I(§D) and
(A(y)9D) = U, y; and W(D NA(y)) can be represented as a linear combination of

W (A (y;)) with non-random coefficients. Therefore,

similarly G §§ <G gp hence,

Note that G <G p and G §5<G 4p . therefore (6) can be rewritten as



o ‘ Q)

/i)

oV

0V Gib

"Q 2 "O ?
9]

D

o}

De
and G 5’1‘, is independent of G ,. and G §§ is independent of é p- Consider a path
YED(D), then W(A(y)) = W(A (y)ND) + W(A (y)ND°) . Now. W(A(y)ND) can
be represented by a finite sum If o; W(A(y;)) with «; non random and
Yi ST (§D ) therefore W(A (y)ND) is G sp adapted. Turning to W(A4 (y)ND°) ., it
is é pc adapted. independent of G; p and can be decomposed into the sum of two
Gaussian random variables one being G §5 adapted and the other orthoginal to G 3B
and to (é D hence by (7) orthogonal to G p. Therefore E(W(A(y))IGp) is G 3
adapted and equal to E(W (A (y))IG 4p). this proves that G 3p splits G p and G ..
In order to show that G ;p is the minimal splitting field note that by (6).
GCap L p NG pc and G gp G p- Since every splitting field for G , and G pc includes

G p NG ,c (cor. 2.2 of [15)) it follows that G 3p is minimal.

Proposition 2: ([20] theorems 3.11, 3.12) Let D CR? be a bounded connected set with
piecewise monotone boundaries. Y ,=(W (A4 (¥)).W(B(y))) and X,=W, then H yp is

the minimal splitting field for Z p and X ..

Proof: Note first that

Hp=GoV Hp @)

Hpe=CpeV Hpp
Let R, denote the rectangle {£:0<¢(<z} and let

Hp=oWDNMGD.WDNBYD.WDNR,): yeT(@D). z €D}
55 = olW(D* NA (Y).W(D° NB(y)).W(D°NR,); y€T(§D). z €YD}

Hj

then H §3 and H §¥ are independent and H yp=H % V H 4. Furthermore,
Hp=G oV L (9
Hpe=G pV Hgh

and the rest of the proof follc;ws along the same lines as the proof of proposition 1.

GO



We now turn to another Gaussian example. Let X,.z €R? a 2-parameter free
Euclidean field defined as a generalized Gaussian process with zero mean and a
covariance function given by: Ko(r) where K is the modified Bessel function.

Equivalently, its spectral density function is given by:

S =__Ot__
) = e

where « is a positive constant [22], [17]. For a path y in R2,
Xy =[x, 4,
Y

is a Gaussian random variable with variance

EiX(pI12= {,Tﬁullrl‘{exﬁ (w.z)dl, 1%dv
For a y of finite non zero length, the variance is finite. Thus, as a path-parametrized
process, X is an ordinary process, not a generalized process. As was shown in [22],
suitably interpreted. the free Euclidean field has a Markov property in the sense of
Levy [13]. In terms of the definition introduced in this paper. the path parametrized

process X, is y Markov.

3. Transformations of Path Parametrized Markov Processes I

The transformation of Markov processes via an absolutely continuous transfor-
mation that leaves the Markov property invariant ([6] chapter 10 section 4, [7]) will
be considered in this section. The transformation of measures is induced by the
exponential of additive functionals and known results on stochastic integration in
the plane yield a large class of such functionals. This will be applied to show that
the solution to the stochastic differential equation X (dz)=g(X,)dz+W(dz) is y+

Markov.
Let (Y,.X,.X,. YET(R?)) be a y+ Markov process and let O denote the col-

lection of all connected open subsets D of R? with piecewise monotone boundaries

and their complements. Let {a(D). D €Q} be a set parametrized collection of random



variables defined for every D €0 and such that for every D,;.D,.D€Q with
D1n02=¢:

(1) OI(DluDz) = a(D 1)+0((D2)
(2)  E{expa(D)} <, E{expal(R 2 )} <o

(3) a(D) isHp adapted.

Let

_ expa(R?)
" Elexpa(RZ))

Proposition 3: If {Y,.X, X, . y€ET(R?)} is y+ Markov under the original measure P

then it is also y+ Markov under P =LP.

Proof: The Proof follows along the same lines as in the one parameter case or the
germ field Markov property in the multiparameter case ([6]. [7]) and is as follows.
Let E,.E, denote expectations with respect to the measures P and ;’ respectively.
Let D be a bounded open set in R? with piecewise monotone boundaries and let Z
be a bounded random variable adapted to H p. Then «(R?)=a(D)+a(D°) where
o(D) is H p adapted and a(D¢) is H . adapted. Therefore

E,(LZ \H ,.)
E,(LTH ;o)

EZ\H )=

_ E(Zexp(a(D)+a(DNIH po)
~ "E, (exp(a(D)+a(DNIK ,.)

E,(Zexpa(D)IH ,.)
E,(expalD)IH ,.)

_ E.(Zexpa(D)IH 5p)
" TE,(expalD) |H 3p)

_ E,(Zexpa(R?)IH 3p)
E,(expa(R{)IH 4p)

10



= El(Z 'Ii aD)
and therefore {Y,.X, .X, . y€I(R?)} is y+ Markov under P .

Similarly, consider the y Markov process {Y,. Y€I(R?)}. Let (D) and L be as
defined above but with 3) replaced by: 3)' a(D) is G p adapted. Then it follows by

the same arguments (or by specializing proposition 3) that

Proposition 4: If {Y,, y€T(R2)} is y Markov under the original measure P then it is

also y Markov under P =LP.

As an example to the application of proposition 3, let E , denote the o-field
generated by (W, £<2). Let (6,.z €R2) be a measurable random process adapted to

E, and
Ef 0%z <o
R}

Let
[ 0,W(d¢). J [0eneWW@EW@E) = [ 0 :92W (9, W
z ZXRZ z
{ 0 :3.W ods . ! Opdz 9, W,  (£=(s.2))

denote the stochastic integrals of the first, second and mixed types (cf. [23], [24];

[3D. Let ¢;(-,) i=0.1.....4 denote measurable functions on R2 XR such that
E sz(w,- (EW))dE <o
Set )
a(D) = 4 YolE. W d £+ 4 WEWIW (A §) + (10)
+ £ Y2(E.W 32 W 19, W o+ { Y3(E.W )9, W s

+ [Ws(&.Wdr 9, W,
D
Assuming now that ¢;(:;), i=0.....4 were chosen so as to satisfy

Eexpa(D)<eo, a(D) as defined by (10) yields a large class transforming the

-n



Brownian sheet into a (generally non-Gaussian) y+ Markov process. If the ; CRUA)
in (10) are replaced by non-random ¢;(£) then (10) yields transformations of the

Brownian sheet into y Markov processes.

Returning to the case of y+ Markov processes, consider the stochastic
differential equation on RZ:
X(dz) =g(z.X,)dz + W(dz). X0 = 0 (11)
This is a special case of the equation dX,=g(z.X,)dz+0(z.X,)dW, which has been
considered by several authors (e.g. [2]. [9]).
Corollary 1: Let g(z.a). z € R%, a € R! be a bounded Borel function on R2 X R!

and g(z.’) = O for z outside a finite rectangle R, where zo € RZ. Further assume

that g(-.-) satisfies a uniform Lipshitz condition in z ie.

Ig(z..a)—g(z2.a) | K ((s4 — 520 + (¢, — tz)z)% z; = (s;, t;) then
the process {X (A (y)). X(B(y)). X,0. X,1. Y€ T(R?)}isy + Markov.

Proof: The existence of a solution to (11) follows by standard arguments (e.g. [9]).
Let W be the Brownian sheet under }~’ . set

L, = exp(—f g(f.Xg)de——;— fzgz (¢, X d§) (12)
R

R}

then E L; = 1 and {X, £€ R}} is Wiener under the measure P = L P (cf [25].

note that g (-, -) was assumed to be bounded). Consider now

WD) = [gt.Xdax;— L [e2ex)d ¢ (13)

D 29
then under P we have £ expa(R2) = 1, setting L = expa(R?) and P, = L P
then L = L{},P, = P and X, — fR g(£.X)d; is Wiener under P . Therefore,
for L defined via (13) the assumptions of proposition 3 are satisfied which completes

the proof.

12



4. Transformation of Path Parametrized Markov Processes 11

Two types of transformations are considered in this section. In the first we
consider a mapping z=f (£) of R onto R2; this mapping induces a reparametriza-
tion of points and paths and the transformation of the Markov property under this
reparametrization is considered. The second transformation deals with the case in

which the Markov property of the process { f dF (W), f dF (Wg), F(W, } is con-
Ay) B(y)

sidered. The results will be applied to show that the Ornstein~Uhlenbeck process

0sX;, = — aX; ,ds+§; W, , is y+ Markov.

A mapping z=f (£) of a subset of R? onto IR? will be said to be order
preserving if £, &, implies z,<z,, £;/\ £, implies that z,/\z, and £;7¢, implies that
Zz3#z,. Let y be the path y={y(0). 09 <1} then f~!(y) will denote the path
{f 2(y(6). 09<1}). Note that any order preserving map is of the form
z = (f1(£1) f2 (£2)) and therefore it transforms horizontal (vertical) paths into

horizontal (vertical) paths. Let {Y,.X, .X,} be a y+ Markov process and z=f (£)

order preserving. Let

A -

L. XK= Xaey YySYiag,
then, obviously, {Y ,.X , .X , . Y€T(R})} is also y+ Markov.

Let {X,, z€JR?)} be a real valued random process, assume that F; is a collec-
tion of subsigma fields satisfying the assumptions of [3] and X, is E. adapted.
Further assume that the stochastic integral in quadratic mean f d:X (d €) with
respect to the deterministic integrand ¢ is well defined, therefore the integral of
X(d€) over the horizontal and vertical shadows of ¢y is well defined. Set

X,=( f Xd§. f X(d§). X, will be said to be the path parametrized process
Ay) B(y)

induced by X,. Since X, is defined on paths. it may be considered an analogous to
the integral of a differential one~-form along paths: furthermore, as X, is induced by

X, which may be considered as a zero form, X, may be considered as the integral

13



along paths of the exterior derivative of X, cf [27]. We will use X to denote the

path parametrized process induced by the point parametrized process {X,, z €R?2).

Lemma 1: If X induces X , z=f (£) is order preserving, and X induces X then
X =X (and, as pointed out earlier if X is y+ Markov, so is X ).
The proof is straightforward since f (£) transforms rectangles with sides parallel to

the axes into rectangles with sides parallel to the axes.

Turning now to the second transformation, let
F(s.it.x), 05 <o0, 0 <oo,—oo<x <oo be a real valued function of its three variables,
we want to show that if F(-, ) is sufficiently smooth and under some additional
conditions, the process X, =F (s .t ,W,), z=(s,t). F non-random, induces a y+ Mar-
kov process. For this purpose we prepare the following lemmas. Note, however, the

remark after the proof of proposition 5.

Lemma 2a: Let F(*;,’) be defined on R . XR xR and assume that F and its partial
derivatives up to the fourth order are continuous and polynomially bounded. Let
0F/ §o. §F/ 97 denote the partials with respect to the first and second variable and
F'.F".F" F%) denote the first four derivatives with respect to the third variable.

Let X,=F(s.t.W,), z=(s.t) then, for every finite increasing path y, (¢=(0.7)):
X@A (‘)’))=f %2(0'(9 ).7(0).W¢(6))d o(0 )+fF'(0(9 ).7(0).W6))90 W (A (¥)NR )+
Y y

+ % S F(0(0).7(8).W y0))d o(6) (14)
Y

and

X(B@H) = f%rlid1'(0)+fF'-69W(B(7)nR§(e)) + %fF"'d'r(O) (15)
Y Y Y

Remark: the stochastic line integrals can also be interpreted as stochastic surface

integrals with respect to "weakly adapted” integrands (theorem 2.3 and section 4 of

[3D.



Proof: The Ito formula for two parameter processes ([25]) yields in this case:

BZF (O',T .Wg)
0097

F(s t.W,)—F(0.0.0)= k[ d ¢+ { FloaWIWWEE+[F Idp+  (16)
z 4 Rz

2[F"d§+[ Fa,.ngO'-l-f 'dfa‘,wg+%!§_a "drdo+

k[ ZFrdrdot [ F'd 19qW g+ % }[ F™y,Wed a'+% [ F)g ¢
Zz z z
where J, denotes
I, = k[ [W@eHW @ ¢)
Z RZ

and the arguments of F'.F" etc. are (0.7,Wy), and £=(0.7). Therefore

XAy = [ aF = €V))

Aly)

O%F (0.1, W) P 1 .
= + [ Floa W, WW@E)+ [ Frrdé&)+ = [ Fraé+
A‘([y) 0097 : .4[7) o ¢ A[y) ) Ay ¢

0 1 0 pu 1 0 oo
S rowdor [ drargwal [ S Fearacel [ O Fug.wado+
A{ OWed f)a 79:We A[)a hid 2A[y)6" 8- Wed

1
+o [ FraraWe+ o [ Frarwdo+ o [ Fag
2.4‘[) e f e A‘()

Turning now to (14) and applying the one parameter Ito formula to §F/ §o

yields for the first term in the right hand side of (14)

f (0(9) 7(0), Wg(o))d o(6) = (18)
= 62 w = F (oW
A'([,)BO'G (O'rW)d£+j;)a (do+ A_(f) 60(0'1' od €

For the second term in the right hand side of (14) we apply Green’s formula of [4]:

S F(0(0).7(0).W 6))36 W (A4 () NR o)) = (19)
Y

1
= [ FloaWdWw@® + [ Fraral [ Frarg w+ —F' d19.We
A‘{y) ¢ A‘([y) 3 A[ ) 7 f 7

and for the last term in (14) we have

s [ F*(0(0).7(0).W goy)d o(8) = (20)



1 1 oF " 1 1 .
= _ F(o.r.W )d §+— LAY §+_ F"8,Wed ot F(xv)dg

2A[v> y 2Aj<;) a7 2A'([y) e 4.4{»,)
Substituting (18), (19). (20) into the right hand side of (14) and comparing with

(17) proves (14) and (15) follows by a similar argument.

Lemma 2b: Under the assumptions of Lemma 2a, for every finite decreasing path

y. X(A (y)) and X (B (y)) are given by:
X(A (7))=f g—i(o(e ).7(0).W g5))d o(6 )+fF'(0'(9 ).7(0 ). We6))96W (A (¥)NR 59,00
Y Y

42 [ F*(0(8).7(0).W o)) o(6) (21)
Y

and, with A=1—0
X(B(y)= f -gg(ﬂ'(e ).7(0),W goy)d 7(0 )+ f F'(a(A). 7). W 00)0\W (B (¥)NR (1))
Y Y

+ o [P0 0).W ) 70) (22)
Y

The proof is the same as that of Lemma 2a and therefore omitted.

Proposition 5: Let F (-, ") satisfy the assumptions of Lemma 2a, further assume that
F'(-,>*) does not vanish on R XIR,.XIR and for every s.t)ER?, F(s.t,) is inverti-
ble in the third variable. Then

X, =F(G.t.W,) z=(s.t)

induces a y+ Markov process.

Proof: Let X (A ()).X (B (7)) be as defined by equations (14), (15). (21). (22) then it
suffices to prove that for any D CRZ, the sigma field generated by
(XA (XB{YN.X, .X,. ve[(D)} is the same as the sigma field generated by
w@a.w@EB.W, . w,. yer(D)}. From the definition of
X,.X (A (¥)).X(B(y)). the first sigma field is a subsigma field of the second. In the
reverse direction note first that by the invertibility of F(-.’) in the third variable
X, and z determine W, . For an increasing path vy, given X (4 (¥)NR,(p)). 09 S and

W (o) then W (A ()NR,(9)) can be recovered from equation (14) since it was assumed

16



that F' does not vanish. Similarly W(B(y)NR,(p)) can be recovered from
X(B(y)NR,(9)). 09 <1 and W, (o) and by the same arguments W (A (y)).W (B (y))

can be recovered for decreasing paths which proves the lemma.

Remark: Note that the result of proposition 5 holds if X (A (y)).X (B (y)) is defined
by equations (14), (15), (21). (22)  without requiring that

XA W)= f X(dz).X(B(y)= f X(dz) and Lemma 2 is needed only to assure
Aly) B(y)

that X (A (y)).X (B (y)) as defined by equations (14), (15), (21). (22) are induced by
X,.

Consider the process X, , on IR? satisfying the stochastic equation

6:Xs,t = O‘Xs,( ds + asWs,t
then

X, =Xope™ + ]e-“(’-‘”aewe,
o
We will consider the case a>0,X(, =0 and will show that the process X;, induces a
v+ Markov process. This cannot be done by the method of proposition 3 since the
measure induced by X, , on the space of continuous functions on [0.7]X[0.7] is not

absolutely continuous with that induced by the Brownian sheet. Setting

s =min(s,.55). ¢ =min(¢,.,t,). it follows by a direct calculation that

Y 5
E(Xsl,z,’xsz.tz) =t e—a(s1+sz)fezozﬂd9
o

~
t —olsq=sol —o(sq+s,)
(e 172 —e 172 )

2a

Consider now the process [20]:

1 -
Ver = gag® " Werons

Then EV; . V;,.,=EX; ; ‘X and since the two processes are zero mean and Gaus-

2t2™ sad2

sian they are identical in law. Setting (0.t )=(e?* ~1,¢) we have

A7



_ 1 1
Vet = o7 Tre o

Since W, induces a y+ Markov process, by proposition 5, (2m)™V 2(1+0)~W,,, is
also y+ Markov. Since (s .2 )=((20)"'0g(140).t) is order preserving it follows that
V;, and hence X, are y+ Markov. We do not know whether the solution to
0sX = g(x;)ds + 9,W is y + Markov, a weaker Markov property of this pro-

cess will be proved in the next section (proposition 6).

5. The Markov Property with Respect to Separating Lines

A path L={z(0).0<B <1} in IR? will be said to be a separating line if it is (a)
non-increasing (b) as 0 —0 either s (6 )—0 or ¢ (§ )= and (c) as 0 -1 either ¢ (7)—0 or

5(0)—0a Let L={z(0), 0< <1} be a separating line and let

zt(0) ={z:222(0)}. oA
z27(0) ={z:2<2(0)}, = R,(0). 0<h <1
Set

L= *(6) (23)

U z
0<b<1
L™= U z7(0
0<6 <lz ©®)
A separating line is, therefore, a non-increasing path separating /R ? into “past™ L~,

“present”” L and “future” L*.

Throughout this section, y will denote a decreasing path and }'(D) will denote
the collection of decreasing paths contained in D. A path parametrized process
v,x,.X,. 'y€~I‘ (IR2)} is said to be Markov with respect to separating lines if for
every separating line L. o{(Y,.X, .X, . ‘ye}' (L)} splits a{(Y,.X,.X, . 'yG} (L*)} and
ol(y yX yge Xy ye} (L7)}. Obviously every process that is y+ Markov is also Markov
with respect to separating lines.

Two separating lines L; and L, will be said to satisfy the relation L,<L, if
LiNL,=@ and Ly C Ly . Let L,, 0SSl be a one-parameter increasing collection

of separating lines, i.e., L, <L, whenever 7;<n,. Let

18



0r, = ol(¥,.X, X, . yCL,} (24)
Then oy , 0 <1, 0 €l is Markov in the sense that 0z, splits y«;oip and Y,,,"L.f
Conversely, if for every increasing one-parameter collection of separating lines
L, 0=ms1, oz, 0<nSl is Markov then (Y,X vo-Xy,) is Markov with respect to
separating lines.
Proposition 6: Consider the process X,, z €IR? defined by

0s X =g (X:,x )ds +9s W, (25)
where g(°) satisfies a global Lipshitz condition and X, ; is a smooth non-random

function of . For z=z(0), 09 1 set:

Yy=X(AO) = [g(Xo@)re))d0®) + W(A()). 26)
Then (Y,.X,,.X,,) is Mar;ov with respect to separating lines.
Proof: Note first that for every separating line L.o{W(A(y).ycL} splits
W (4 (). y€T (7)) and o{W (4 (). y€T (L*)} and

AW (4 (1)), y€T (L) =0iX (4 (y)).xyo.xn.ye} @y
Therefore a{W(A(y)). ycL} splits a{w (A4 (y)). yer (L)} and

olY,.X, .X, .y€T (L7)}. A lemma of F. Knight states:

Lemma [11]: Let A .B .S be subsigma fields of a sigma field and assume that S splits
A and B then (a) if S, satisfies S GS,G5\/ B then §, splits A and B. (b) if B,
satisfies B 1CB\/ S then S splits A and B ;.

Applying part (a) of Knight's lemma and (26), it follows that ofY,.X, X, .yCL}
splits o{W (4 (y)). ye} (L%} and oY,.X,.X,. 'ye} (L)} Applying part (b) of
Knight's lemma and (26) yields that o{Y,X,.X,.ycL} splits
olY . X, .X, .y er (L7)} and olY,.X, X, .vy er (L*)}. Hence (¥,.X,.X, ) is Mar-

kov with respect to separating lines.



The notion of a Markov process with respect to separating lines leads directly
to the notion of a strong Markov process as follows (cf. chapter 5 of [5] for a dis-
cussion of the strong Markov property for non-stationary Markov processes on IR.).
Let (Q.E.P) be a probability space and F,.z €R? a collection of subsigma fields of
£ that satisfy the conditions: (a) £, CF ,, whenever z;<z,, (b) NE ;/=F , where the
intersection is over all £>z and (c) F, contains all the null events of F.LetsS
denote the collection of all separating lines including the separating line "od". A stop-
ping line L (w) is a function from Qto S satisfying for every z €R 2

{w:zeLl (w)} € E,.
For every stopping line L () set

O'L = O'{Yy.Xyn.Xyl. ‘YCL (w)} .
For every 'yEI‘ (R 2) set:
L~(y) = yNL (), L*(y) = yﬂL*(m)
= Y- X -, X -y . Y€r (R2))

O+ = O ey X o, X oy yer (R2))
The process {Y,.X, .X, . €T (IR ?)} will be said to be strongly Markov if for every

stopping line L, 0y splits 0, and 7,
Remark: A strong Markov property for random fields has already been introduced

by Evstingneev ([7]. p. 85 of [19]) but it is different from the one introduced here.
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