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Abstract

We consider a MIMO nonlinear feedback system . 1S (P,C) which is assumed
to be S-stable. The plant P is subjected to an arbitrary additive (resp. muiltipli-
cative) perturbation Af (resp. zll) We prove necessary and sufficient conditions

for the S-stability of the perturbed system. As a special case, we obtain a gen-
eralization of our earlier result (on linear time-invariant systems) to linear

time-varying systems.
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L introduction

One of the main purposes of feedback is to reduce hhe sensitivity of the
closed-loop system to changes in the plant, and it is very important to deter-
mine whether a feedback system remains stable after being subjected to
changes in the plant. There is an abundant literature on this subject with vari-
_ ous restrictions imposed on the nature of i) the plant: linear lumped [Des. 1],
[Est 1], [Fra. 1] [Doy. 1}; linear distributed [Chen 1], [Chen 2]; nonlinear and
time-varying [Zam. 1], [San. 1]), ii) the perturbation: a) stable perturbation:
([Zst. 1], [Fra. 1], [Cru. 1] [Pos. 1], [Zam. 2]) -all giving only sufficient condi-
tions; b) a class of possibly unstable linear pertﬁrbations [Doy. 1], [Chen 1] with

necessary and sufficient.conditions (n.a.s.c.); c) linear fractional possibly

unstable perturbations [Chen 2] with n.a.s.c.

In an earlier pa'per [Bha. 1], we considered MIMO linear time-invariant sys-
tems (lumped or distributed, discrete- or continuous-time) and a simple alge-
braic proof of a n.a.s.c. for stability of }S(P,C), (Fig. 1, solid lines only), when P
is subjected to an additive perturbation AP which is proper but not necessary
stable. In this paper, we extend this result to MIMO nonlinear systems (Theorem
1.vSec. 3) and when we specialize this result to the linear case, (Sec. 4, Cor. 1),
we obtain a generalization of the result of [Bha. 1] which applies to time-warying
systems as well. We state and give a simple algebraic proof of a necessary and
sufficient condition for S-stability (see Sec. I for Defn. ) of the feedback system

1s (f,g) under arbitrary additive (resp. multiplicative) perturbations AP, (resp.

@. (ie., &P, (resp. M), is not required to be S-stable).

In Section III we formalize the following intuitive argument: (the nominal

system 15 (P,C) is assumed S-stable) a) the addition of AP to 'S (P,C) (as shown

by the dotted lines in Fig. 1) creates a new loop; b) the "gain seen by A.f’,"



through !S(P,C) is equal to -Q. . c) since the nominal system 'S(P,C) is S-
~ ~ ~ z ~ A~
stable, ng is S-stable, 'V ug€Lg*, d) view the new loop as !S (AP, Q, ) (Fig. 2):
3 ~ ~Ug

"clearly” S (E.AE.Q is S-stable <> W uzeLyt, 1S (A.f, g%) is S-stable.

II. Definitions and Notatiéns

U.t.c. means under these conditions. Let (L,|[+||) be 2 normed space of "time
functions": T ->.V where T is the time set (typically R, or IN ), Vis a normed
space typically R, IR*, C®, - - - ) and |} is the chosen norm in L. Let L be the
corresponding extended space (see e.g., [Des. 2]).

A function ¢:IR, » IR, is said to belong to class K'iff ¢ is ¢ continuous and
increasing. @ is said to belong to class K, iff p €K and ¢(0) =0. If ¥, and
¢2€K,, then 9;+ yo and a ¢ (gz(a)) €Ke. A nonlinear causal map

H:LgY » L;” is said to be Sstable if 3 ¢ €K s.t. V' 2 €L,V TEeT,

IHzllr = w(lizllr) -
His said to b incrementally S-stable (incr. S-stable)iff (i) His S-stable,

(I ek st. Vz.z e, VTeT
|tz -Hzlly = o(lz—='l)

Let B, 7, and ¥ be constants: if ¢(z) = B+7z, then S-stability reduces to
finite-gain stability [Sat. 1], [Des. 2]; if @(z) =%z, then incr. S-stability reduces
to finite-gain incr. stability. It can be shown that if the nonlinear causal maps

H and Ijz are S-stable, (inc. S-stable), then z§1+[j2 and 1:.71 ° .ﬁlg are S-stable,

~1

(incr. S-stable, resp.). (For simplicity, in what follows we drop the symbol "¢"



denoting the composition of the maps.)

A feedback system is said to be well-posed iff the relation from the exo-
genous inputs into each subsystemT variable (i.e., subsystem input and subsys-
tem output) is a well-defined nonlinear causal map between the corresponding

extended spaces. More precisely, the system s (E, E') of Fig. 1, where
E:L:" -»1:’. g:I:” ->L3n‘ are causal maps, is said to be wellposed iff
H: (wy,uz) b (€1,22Y,,Y2) is well-defined and causal. Note that 1S (€,~C') is
well-posed implies that! (,{*'59'1 and ([+ gf’)'l are well-defined and causal. We

say that a well-posed nonlinear feedback system is S-stable (incr. S-stable) iff
the map from the exogenous inputs to any subsystem variable is S-stable (inecr.

S-stable, resp.).

II. Statement and Proof of the Theorems
We will need the following assumptions:
. 1™ Ry 1% ny s -
Al. P:Lg* »Lg® and C:L;° » L' are nonlinear causal maps between the

appropriate extended spaces and the nominal system

1S(P.C) is well posed. (1)
1.5'(]3,9 is S-stable. | (2)
A2, 15({'3’9 is S-stable and ‘glz(ul,ug) b Y4, defined by 1S(P,C), is incr. S-

stable .

¢ TBy subsystem we mean any block of the block diagram of the feedback sys-
em.

TThe meaning of (J+PC)~! deserves clarification: the map g is composed
with E then the identity is added, and the resuiting map is inverted. Although

this formula has the same form as the linear case, it has a completely different
interpretation

3



A3. The additive perturbation A.f':L,,n‘ - L;" is a nonlinear causal map subject

only to the restriction that the perturbed system

] ,AP,C) be well-posed. (3)

Remark 1: f, 9 and AI:" are nonlinear, causal maps subject only to (1), (2),
and (3). None, some or all of these three maps may be unstable.

Remark 2: The nominal S-stable system 'S (P,C) with u, w2 as inputs and ¥y,
Yz as outputs, defines the S-stable maps :I:l oo X Lot » Ly¥ sit.

Y1 = ‘fl(upuz) = guz(ul) and ‘2’2 =L? xLg* > Lg® st yp = E’z(upuz) =
H (uj).

~Ug

Theorem 1: Let assumptions A1, A2 and A3 hold. U.t.c,,
(i) S(P AP, C) is S-stable <= WV uzeLt, 1S(AP Q, ) is S-stable.

(ii) If, instead of A2, the stronger assumption A2' holds and we let Qo denote

the partial map u, - \I'l(‘u. 1,0), then,

~

S(P,AP,Q)is S-stable <=> 1S(f,g°)is S-stable .

~

Proof of (i): (=>) Consider the system S (E,A{’, 9 (see Fig. 1), and write its

equations in terms of the outputs ¥, ¥2, and ¥ 3:
Y1 = Clu1—y3—Ya2) (4)

Yz = f("-'-2+'y1) (5)



Y3 = 8F(ugty,) - (8)
If, in Fig. 1, we delete the dotted part of the figure, we are left with !S5 (f. 9
driven by %), up with outputs ¥4, ¥z: 'S (P, () is described by

Y1 = Clu1—Y2) | (7)

Y2 = Pluaty) ' (8)

By assumption, 1S (5,9 is S-stable, hence

v =¥ (u1u) | (9)

where for i = 1,2, ¥ is a causal S-stable map on L:’ X L:‘. Using (9) in (4) and
~e .

(5) we obtain a new equivalent representation for S (PAP,C):

Y1 = ?l(ul"y3-u2) = @, (w1—ya) ('10)
vz =¥ (u1—ysue) (11)
Ys = AP(ugtyy) (12)

Note that (10) and (12) involve only the outputs ¥; and ¥3 and that (10) and (12)

describe the system S (AP, Q, ) shown in Fig. 2. Now we obtain, successively:
~ ~N z

S (f,AE,Q is S-stable hence the map (u;,%3,U3) = (¥1.Y2.¥3) is S-stable which

implies that the map (u;,u%3,%3) - (¥1,¥3) defined by (10) and (12) is S-stable,

which, in turn, is equivalent to ¥ u2€ Lg*, 1S (AP, q,,) is Sstable.



(<=) Assume that, V upelyt, 1S (A.f,gue) ié S-stable. Then, I) by the last
equivalence, (10) and (12) specify, for the system S (]3&?,9. an S-stable map
from (u;2zu3) to (¥1,¥3): II) since 1S (13, E‘) is S-stable by assumption, the
function :I:z m (11) is S-étable; 11I) consequently, the three equatiohs (10)-(12)
define an S-stable map from (u;,uzus) to (¥1,Y2¥3); equivalently 5 (E,Af,g

is S-stable.

Proof of (ii): (=>) By the theorem, S (P,AP,C) is S-stable, hence v/ ‘u.gel:‘

~ ~ ~

1s (4P, ng) is S-stable. In particular, for w3z = 0 we have that the system
1s (AE, go).is S-stable.
| (<=) By assufnption 15 (A.f. Qo) is S-stable.

We show that because (u;,uz) - :I:(ul,ug)=:gu8(u1) is iner. S-stable, then

4 uzél:‘. S (Af, gua) is S-stable. Then, by theorem 1, (i), S (E,Af, 9 is &

stable.
Consider 1S (AE, gug)
¥1= 9, (41va) (13)
y3 = AP(ugty,) (14)

We can rewrite ng(u 1=Y3) as follows
@, (e1=va) = @ (u1—ya) + Yi=yl +¥

where the last equalities define ¥; and y9, resp. Now V' (u;ug) eL,” x ™



and V' 7T, we have:

allr = 19, (ur-ve) = @ (sl = I, (uyyga) — ¥ (ws-y5.Olr
< P(llualy)
Since @ € Ko € K, for the system 1S(Af,§0). the map (wj,uzug)P g, is S

stable. (13) and (14) ean be rewritten as:
¥ =@ (u1—va) (15)

Y3 = AP(ug+y+y) | (18)

The systems (13)-(14) and (15)-(18) are equivalent. Since 1S(AP,Q ) is S-stable
~ ~°

and since (u,,u5,ug) & ¥, is S-stable we conclude that vV ug € Lt 1S (&P, Quz)

is S-stable hence S (P,AP,C) is S-stable, by Theorem 1, (i).

We replace assumption A3 by:

A3'. The multiplicative perturation 111 = L:" - L:' ° is a nonlinear causal map
subject only to the restriction that the perturbed system 5 (13,{4,9 (see
Fig. 3) be well-posed. Recall that yp = \gz(ul,ug) = é]uz(ul) (see Remark

2). We now state:

Theorem 2: Let assumptions A1, A2 and A3’ hold. U.t.c. 5 (P,M,C) is S-stable

~

= V uxclyt, 15(121.Hu2) ( see Fig. 2, caption ) is S-stable.



Proof: From Fig. 3, we write just as in Theorem 1,

Y1 = ‘fl(urya.uz) (17)
Y2 = ¥ (u1—yaug) =: A, (u1-y3) (18)
Y3 = M(uzt+ys) (19)

Then, observe that (18) and (19) define 1S (M.Hu) and follow the proof of
~ ~ a

Theorem 1, replacing AP by M, Que by Ijug and 5 (P.AP, 9 by S5 (P.4,C).

IV. The Liﬁear Case

Suppose that, in addition to assumption Al, A2, and A3 above, f, ,.C,: and Af’
are linear. (Note that we say linear, mot linear and time-invariant; thus
E:I:‘ - L;l isa linear' map (not necessarily represented by a transfer func-
tion), etc. ..). Consequently, S-stability and incr. S-stability are equivalent to

finite-gain stability. By linearity, \I'l is linear and an easy calculation shows that

Yluyug) = @ u1—@Q Pua (20)

~°~

where Qo and @ P are finite-gain stable (by A2) linear maps. Thus the second
~ ~° ~
part of Theorem 1 applies and we have: the linear system S (f,A.f,Q is finite-
gain stable <=> the linear system 'S (AP, Q ) is finite-gain stable. Now for the
~ ~°

closed loop system 1S (AP,Q ) we have:
~ ~o

Y1=Q ([-HQ Ju, - @ Mug (21)



ys = HQ uy + Hus (22)

where M = AP(I+Q AP)~!. Since @ is finite-gain stable, (21), (22) show that
1S(AP,@ ) is finite-gain stable if and only if M := AP(J+Q AP)™! is finite-gain
~ ~° ~ ~ ~

~ ~°

stable. We state this as:

Corollary 1: Let P, C, AP satisfy A1, A2, and A3 and let them be linear (but not
necessarily time-invariant). U.t.c., S (P,AP, () is finite-gain stable <> the
linear map AP(J+ QA{’) =1 is finite-gain stable.

Note: Similar considerations apply to the case for multiplicative perturba-

tions.
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Fig. 1.

Fig. 2.

Fig. 3.

Figure Captions

The figure shows the system S (IS,AP,Q) with inputs u;, U3 U3 and, ¥;,
Y2, Y. If the dotted part of the diagram is removed, we are left with
15 (f,g) whose inputs are %4, 43 and outputs ¥, ¥2.

1s (AP, ng): obtained from Fig. 1. The “gain seen by AP" going through

s (E,E) is -gug. To obtain 1S ({J.Ijuz) replace AP by M and gue by

Nug.

The figure shows the multiplicatively perturbed system 5 (f,%I,C) with

~

inputs ©, w3, g and outputs ¥, ¥z and ¥s.
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