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Abstract

In this report, derivation of the kinematic and d)niamic equations of PHANToM(TM)*
model 1.5 manipulator are presented.

1 Introduction

In this document, we will follow the notation of [1] in representing rigid body transforma
tions, and kinematics and dynamics calculations. The units are in MKS^ system unless
otherwise noted.

Notation

The matrix

0

l3x3 0
0

(1)

is used to convert from homogeneous coordinates to Euclidean coordinates.

2 Kinematics

2.1 Forward Kinematics

Using the zero configuration and the naming convention shown in figure 1, the kinematic
configuration of the manipulator is characterized by the following vectors and points:

Uii = [0 1 0 (2)
t02 =IU3 = [ -1 0 01 (3)

91 = [0 0 (4)
*Phantom is a trademark of SensAble Technologies, Inc. of Cambridge, MA.
^MKS: meter-kilogram-second.



spatial and Tool Frames

Figure 1: Zero configuration on the manipulator

92 = 93 = [0 ^2 -^1 '

=

~Wi X Qi
, i —1,2,3.

As it can be easily seen from the side and top view illustrations in figure 2, the forward
kinematic map is given as:

where

p(e)=:=H

In closed form,

9stW = m P{0)
0 0 0 1

R{0) =

0 0

X3x3 h 0
0 0

0 0 0 1 1

R{e) -h
0

0

cos(0i) -sin(0i)sin(03) cos(03) sin(^i) sin(^i)(/i cos(02) + ^2sin(03))
_ 0 cos(03) sm(03} i2-^2COs(^3) + hsin(^2)9st(. )— —cos(0i)sin(^3) cos(5i) cos(03) -/i + cos(0i)(/i cos(02) + ^2 sin(03))

0 0 0 1

(10)



Tool Frame

Four bar linkage

Spatial Frame

Tool Frame

Spatial Frame

Figure 2: Side and top views

2.2 Inverse Kinematics

As this is a 3 DOF manipulator, the inverse kinematics problem is to find the set of

(^1,^21^3) triples which move the manipulator to a desired end-effector position po =
-iT

Vox Poy Poz
61 can be calculated by inspections as

= atan2(poa:,Poz + ^i)- (11)

For, 62 and ^3 consider the figure 3. In this figure

By inspection

R = yPol + iVoz + hY

•r = y/pol + {Poy - hY + {Poz +

0 = atan2(poy -h^R)-



R

Figure 3: Side view for inverse kinematics calculations

If we write the law of cosines in the upper small triangle

if + r^ —2lir cos(7) = I2
_i//i+r2

In the physical workspace of the manipulator, 7 > 0, Then,

^2 = 7 + /?-

(15)

(16)

(17)

To calculate ^3, we write the law of cosines for the same triangle, but this time for the angle
a:

I1+I2 —2I1I2 cos(a) =

This angle is also positive in the physical workspace of the manipulator. Then,

9z —&2 + ot——.

2.3 Manipulator Jacobian

Spatial Jacobian of the manipulator is given by

n6) = [••• •••]
li —li sin(0i) sin(02) sin(0i)(Z2 + h sin(02))
0 Zicos(02) Zi(cos(0i) —cos(^2))
0 —h cos(0i) sin(02) cos(0i)(Z2 + h sin(^2))

—cos(0i)
0

sin(0i)

(18)

(19)

(20)

(21)

(22)



Spatial Frame

Figure 4: Segments used in dynamics analysis

Body Jacobian of the manipulator is calculated as

j\e) = [
•••

l\ COs(^2) + ^2Sin(^3)
0

0

0

C0s(^3)
sin(^3)

/i cos(02 - ^3)
-/i sin(02 - ^3)

0

0

0

3 Dynamics

Lagrangian formulation will be used to derive the dynamic equations of the manipulator.
For ease of analysis, we have identified the segments A through G shown on figure 4. For

each of the segments, or combinations of segments where appropriate, we will determine the
rotation and position vectors of the rigid body transformation between the body and spatial
frames, calculate and v®, derive the kinetic and potential energies of the segment(s) and
finally calculate the inertial parameters of interest.

Note that the spatial frame used in dynamics calculations is centered at a different point
than the one used in kinematic analysis. This is to simplify calculations, and does not effect
the results.

Due to this change of coordinate frames, the vectors, points and the twists which char
acterize the configuration are changed as follows:

= [0



<1\

Spatial Frame

Figure 5: Segment A

W2 = wz = [-10 oj^
=92 =93 = [0 0 0

A Frame

—

—Wi X Qi

Wi
, 2 = 1,2,3

Also, the following parameters of the manipulator are measured as:

/i = 0.215

h = 0.170

h = 0.0325

(26)

(27)

(28)

(29)

(30)

(31)

The material used in the manipulator is assumed to be aluminum , except where noted,
with a density of 1750kg/m^. Also, the motors used are estimated to be Maxon RE-025-
055035.

3.1 Segment A

The rigid body rotation and the translation between the body frame of segment A and the
spatial frame (Fig. 5) are given by

Ra.{e) =

VM = W

/ 0 ' 0 • ' 0

hx3 0
h

0

0
+

Ra(0) -I2/2
0

\ 0 0 0 1 1 0

Then the potential and kinetic energy of segment A are

Va{6) = ma9Pay{0)

TaiO) = \{vfMaVi +wflawi),

(32)

(33)

(34)

(35)



Spatial Frame

C Frame

V

Figure 6: Segment C

where Mq = mahxs and la are respectively the translational and rotational inertia matrices
and

K = Pa (36)

(37)

3.1.1 Inertial Parameters

Segment A is approximated as a hollow aluminum cylinder with internal diameter 3 mm,
and outer diameter 8 mm. Then, the mass of segment A and its rotational inertia matrix
are:

TTirt = 0.0202

^axx 0 0

la = 0 layy 0

0 0 ^azz

7(1!!.

0.4864 X IQ-''

0.001843 X 10"^

0.4864 X 10"^

(38)

(39)

(40)

(41)

(42)

3.2 Segment C

The rigid body rotation and the translation between the body frame of segment C and the
spatial frame (Fig. 6) are given by

Rc{e) =

Pc{») = n gCl®lg€3®3

\

hxz

0 0 0

0 0 0

-h 0
+

Rc{e) 0

0 0 -h/2
1 1 0

(43)

.(44)



n . Spatial Frame
y> ®3

BE Frame

Center of

Figure 7: Segments B and E

Then, the potential and kinetic energy of segment C are

Vc(9) = mc9Pcy(9) (45)

TcW = livfMcvl +wflcwl), (46)
where Mc = tUcIzxs and Ic are respectively the translational and rotational inertia matrices
and

3.2.1 Inertial Parameters

Vc = Pc

= {R^R^y.
(47)

(48)

Segment C is also approximated as a hollow aluminum cylinder with internal diameter 7.35
mm, and outer diameter 10.4 mm. Then, the mass of segment C and its rotational inertia
matrix are:

Trie = 0.0249 (49)

Icxx 0 0
Ic = 0 Tcyy 0 (50)

0 0 Iczz

= 0.959x 10-" (51)

Icyy = 0.959 X10-" (52)
= 0.0051 X 10-" (53)

3.3 Segments B and E

The rigid body rotation between the body frame of segment BE and the spatial frame (Fig.
7) is given by

RbeiO) =

8

(54)



The translation, however, is equal to zero. Then, the potential and kinetic energy of segment
BE are

Vbe{6) = mbegsm{62)k (55)

Tbe(e) = (56)

where rribe is the total mass of segment BE, is its rotational inertia matrix and

< = {RliibcV- (57)

3.3.1 Inertia! Parameters

Segment BE is the combination of segment B, which is approximated as a hollow aluminum
cyhnder with internal diameter 7.35 mm, and outer diameter 10.5 mm, and an aluminum
plate of dimensions 49x 13x31 mm offset from the center of the coordinate frame by 20 mm
in the —z direction, and segment E, which is the electric motor actuating axis 2. Then, the
total mass of segment BE and its rotational inertia matrix axe:

TUbe = 0.2359 (58)

^bexx 0 0
II

0 ^beyy 0 (59)

1

N

o

o

•

/jexx = 11.09 XlO-"* (60)

/6ero = 10.06X10"^ (61)

Ibezz = 0.591x10"^ (62)

The location of the center of mass of the segment BE is calculated as

I5 = —36.8mm (63)

3.4 Segments D and F

The rigid body rotation between the body frame of segment DF and the spatial frame (Fig.
8) is given by

%(e) = e"'«'e"'"'/3x3. (64)

and the translation is equal to zero. Then, the potential and kinetic energy of segment DF
are

Vi^(0) = mdf9Cos(e3)k (65)

7V(») = (66)

where rridf is the total mass of segment DF, I^f is its rotational inertia matrix and

(67)

*Motor inertia has been added to the inertia around the x-axis with a trsuismission ratio of 11.6:1.0 .

9



DF Frame „

y V ®3

Center of

Mass

Frame

Figure 8: Segments D and F

3.4.1 Inertial Parameters

Segment DF is the combination of segment D, which is the electric motor actuating axis 2,
and segment F, which is approximated as the combination of two stainless steel rods lying
parallel to the x-axis of length 63 mm, diameter 5 mm and offset from the origin by 32.5
mm in the + and —y directions, and two rectangular tubes lying parallel to the y-axis of
dimensions 7x39.5x9 mm, offset from the origin by ±28 mm along the x-axis. Then, the
total mass of segment DF and its rotational inertia matrix are:

(68)

(69)

rridf — 0.1906

XX
0 0

Idf = 0 0

0 0

—1
•4

7.11 X 10"''S

0.629 X IQ-''

6.246 X 10"''

(70)

(71)

(72)

The location of the center of mass of the segment DF is calculated as

Iq = 52.7mm (73)

3.5 Segment G - the Base

The base can only rotate around the y-axis of the spatial frame. Then, its potential energy
is zero, and its kinetic energy is given by

^base —n^l^baseyy^l- (74)

^Motor inertia has been added to the inertia around the x-axis with a transmission ratio of 11.6:1.0 .

10



3.5.1 Inertial Parameters

The base is composed of a flat semicircular plate of radius 88 mm and thickness 2.1 mm,
an aluminum ring of radius 88 mm and thickness 2.1 mm, a rectangular plate centered at
the point of rotation that is 154x2x13.3 mm, a similar rectangular plate of dimensions
120x8x9 mm, a cylinder centered at the point of rotation of height 21.3 mm and radiusl3
mm, two vertical shafts of dimensions 8x89x9 mm offset from the point of rotation by ±
55 mm in the x direction, a steel bar parallel to the x-axis of length 120 mm and diameter
6.5 mm, a circular plate lying in the y-z plane offset from the point of rotation by 51 mm
and thickness 2.7 mm, a ring lying in the y-z plane offset from the point of rotation by
41 mm of radius 57 mm, thickness 2.2 mm and width (x dimension) of 18 mm, and the
motor rotor inertia 0.11 x 10~^kg.m^ through a transmission ratio of 13.3:1.0. Then, the
only component of rotational inertia matrix of the base that is of interest is calculated as

Mil 0 0
0 M22 A/23
0 M32 M33

where

= 11.87 X 10Daseyy

3.6 Equations of Motion

Lagrangian of the manipulator is given by

L = T-V

= (Ta + TcTbeTbase) " {Ya + K + He + Kf/ + Hase)

Then, the dynamic equations are calculated as

ddL dL _ . _ . _
dtdOi

^.1 Cn

^2 + C21

^3 C31

C23
0

01 0 n

02 + N2 = T2

03 Ns T3

(75)

(76)

(77)

(78)

(79)

(80)

(4/oay +4/„,, +^lbaaeyy +^heyy +4/be,x +4/c„„ +4/c»» +4/,mn + +tiTUc +4l3tnc)

+ - (4/iieyy - 4/j,o,, +4/cyy - 4/e^, +Ji(4mo +mc)) cos(2fl2)

+—(4/oyy —4/0,, +4/^^^ —'jwio —4t3mc) 005(203) + +t3"*c) cos(02)sinCOa)^
M22 —-W^bexx + + little)

4

M23 = — ((2»na + isTTic) sin(02 —O3)

Af33 = ——(l ((awia + '3»nc) 8in(02 —O3)
2

M33 = —(4/oxi + 4/d/^^ + l^Ttla + 4l3mc)

^(-2sin(fl2) ((4/6eyy - 4/be„ +4/cyy - 4/c,. +4J,m„ +Jimc) co8(02) +2ii(l2m„ +(amc) sin(03)) O2
+2cos(03) ^2Ii(l2ma +i3»»c) CO8(02) +(-4/oyy +^lazz -^^dfyy +4/,i/^^ +l^ttln +4131710)8111(03)) O3)

11

(81)

(82)

(83)

(84)

(85)

(86)



Ci2 =—— ({4/6eyj/ —4/6ej;2 +^Jcyy —4/cx* +Ji(4mo +tnc))sin(202) +4Ji(l2Tn„ +ismc)ain(02)s>n(03)^ 0i (87)
Ci3 =-i(-4Ji(l2mo +ianic) 003(82) 003(83) - {-4Iayy +^lazx - +4j|mc) 8in(283))8i (88)
C2i=-Ci2 (89)

C23 = ({2tna + ismc) 003(82 —88)83 (SO)

Cai = -Ci3 (91)

C32 = —j'i{'2''»o + '3*nc) 003(82 —83)82 (92)

JV2 =^^(Zlimtt +Slsm^e +hmc) 003(83) (93)
N3 = —g(l2tna + 2t3mc —2lemd^)3Jn(83). (94)

Note that M{6) is positive definite and {M{0) —2C{6,$)) is skew symmetric.

12



Appendix - Mathematica Code
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phdyn.nb

m Initialization

We need to load variational methods, and matrix manipulation packages.

« Calculus ^VeuriatlonalHethods ^
« LlnearAlgebra^HatriXHaulpulatlon^;

We also need to load the screw calculus library of Murray, Li, Sastry (MLS) [1].

<< -/surgery/phantom/PhantCTipynasilcs/Screws,m
<< "/surgery/$)hantom/Phant;oinI)ynamics/Robot;Links.m

And some definitions...

133 sIdentityHatrlx[3]; 144 = ZdentltyHatrlx[4];
Origins {{0}, {0}, {0}, {1}};
Vedge[what_] := {{-what[[2]][[3]]}, {what[[l]][[3]]), {-what[[l]][[2]]}};
TopPart[a_] :=a[[{l, 2, 3), {1}]];
SE3inv[g_] := BlockHatrix[{{Transpose[Subnatrix[g, {1, 1}, {3, 3}]],

-Transpose[SuhHatrix[g, {1, 1}, {3, 3}]] . SubHatrix[g, {1, 4), {3, 1)]}/
{ {{0, 0, 0, 1)}} }]|

Let's try the exampleon pp. 164-5 of MLSto test theEulerEquations[] function.

f[u_, v_, t_] := {{u'[t], v'[t]}> . {{alpha+ 2 beta Cos [v[t]], delta + beta Cos [v[t] ]},
{delta-*• beta Cos [v[t]], delta)) . {{u'[t]), {v'[t]))/

2

BulerEquations[£[u, v, t], {u[t], v[t]), t]

{{{t betaSin[v[t] ] u' [t] v' [t] +2beta Sin[v[t] ] v' [t]^ -
2 (alpha +2beta Cos [v[t] ]) u' [t] - 2 (delta +beta Cos [v[t] ]) v" [t]) }} ==

0,

{{-beta Sin[v[t] ] u' [t]^ - (delta +beta Cos (v[t] ]) u" [t] - delta v* [t]}} == O}

uv[u_, v_, t_] := {{u[t]), {v[t]));
ff [u_, v_, t_] : =

D [Transpose [uv[u, v, t]], t] . {{alpha + 2 beta Cos [v[t] ], delta + beta Cos [v[t] ] ),
{delta + beta Cos [v[t]], delta)) .D[uv[u, v, t], t] /2

EulerE(iuations[££[U/ v, t], {u[t]f v[t]), t]

{{{-^ (4beta Sin[v[t] ]u' [t] V[t] +2betaSin[v[t] ]v' [t]^ -
2 (alpha +2beta Cos [v[t] ]) u' [t] - 2 (delta +beta Cos [v[t] ]) v" [t]) }} ==

0,

{{-beta Sin[v[t] ] u' [t] ^- (delta +beta Cos [v[t] ]) u" [t] - delta v' [t]}} == o}

• Phantom Kinematics

• Common Definitions

First, some common definitions:
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wfkl= {0, 1, 0); wfklh = AxisToSkew[wflcl]; qfkl = {0, 0, -11);
w£k2 = {-1, 0, 0}; wfk2h = AxiaToSkow[wfk2]; qfk2 = {0, 12, -11);
wfk3 = {-1, 0, 0); wfk3h = AxisToSkow[wfk3]; qfk3 = {0, 12, -11};

• Forward Kinematics

Rforkln[thl_, th2_, th3_] := Sk6wE;qp[w£klh, thl] . SkewE^[w£k3h, th3] .133;
pforkin[thl_, th2_, th3_] := Rforkinfthl, th2, tli3] . {{0}, {-12}, {0}} +

TopPart [T«d.8tBsp [RevoluteTwist [qfkl, w£kl], thl] .
Twi8tBzp[RevoluteTwist[qfk2, wfk2], th2] . RPToHomogeneou8[Z33, (0, 12, 0}] .Origin];

g8t[thl_, th2_, th3_] : =
Siiigpli£y[RPToHomogeneou8[Rforkin[thl, th2, th3]. Flatten[pforkin[thl, th2, th3]]]];

gat [eel, ee2, ee3]

{{Cos[eel], -Sin[eel] Sin[ee3], Cos[ee3] Sin[eel], Sin[eel] (llCos[ee2] + 12 Sin[ee3])},
(0, Cos[ee3], Sin[ee3], 12 - 12 Cos(ee3] + 11 Sin[ee2]}, {-Sin[eel],
-Cos [eel] Sin[ee3], Cos [eel] Cos [ee3], -11 +Cos [eel] (llCos[ee2] + 12 Sin[ee3])},

(0, 0, 0, 1}}

• Jacobian

Spatial Jacbian is given by

Jal = Transpose [ {HomogeneousToTwist [
Simplify[D[gst[thl, th2, th3], thl] . SE3inv[g8t[thl, th2, th3] ]]]}];

J82 = Transpose [ (HomogeneousToTwist [
Simplify[D[gst[thl, th2, th3], th2] . SB3inv[gst[thl, th2, th3] ]]]}];

J83 = Transpose [ {HomogeneousToT«d.st [
Simplify[D[gat[thl, th2, th3], th3] . SE3inv[gst[thl, th2, th3] ]]]}];

Js = BlockHatrix[ {{Jsl, Js2, Js3}} ]

{{11, -llSin[thl] Sin[th2], Sin[thl] (12 + 11 Sin[th2]) },
{0, llCos[th2], 11 (Cos[thl] -Cos[th2])},
{0, -llCos[thl] Sin[th2], Cos[thl] (12 + 11 Sin[th2 ]) }, (0, 0, -Cos [thl]}
{1, 0, 0), {0, 0, Sin[thl]}}

MatrixForm[Js]

11 -11 Sin [thl] Sin [th2] Sin[thl] (12 + 11 Sin[th2]
0 llCos[th2] 11 (Cos [thl] -Cos[th2])

0 -llCos[thl] Sin[th2] Cos [thl] (12 + 11 Sin[th2]
0 0 -Cos[thl]
10 0

0 0 Sin[thl]

Body Jacbian is calculated as
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Jbl = Transpose [ {HonogenecusToTwlst [
Simplify[SE3lnv[gst[thl, th2, th3]] .D[gst[thl, th2, th3]f thl]]]}];

Jb2 = Transpose[{HomogeneousToTwist[
Simplify[SE3inv[gst[thl, th2, th3]] .D[gst[thl, th2, th3], th2]]])];

Jb3 = Transpose [ (HomogeneousToTwist [
Simplify[SE3inv[gst[thl, th2, th3]] .D[gst[thl, th2, th3], th3]]]}];

Jb s BlockHatrim[ {(Jbl, Jb2, Jb3}} ]

{{llCos[th2] + 12 Sin[th3], 0, 0}, {0, 11 Cos[th2 - th3], 0}, {0, -11 Sin[th2 - th3], 12},
{0, 0, -1), {Cos[th3], 0, 0}, {Sin[th3], 0, 0}}

HatrixForm [Jb]

11 Cos [th2] -(• 12 Sin[th3] 0 0
0 11 Cos [th2 - th3] 0

0 -11 Sin[th2 - th3] 12

0 0-1

Cos[th3] 0 0

Sin[th3] 0 0 ,

Let's define the adjointof gst. We will use it to checkif the spatialand bodyJacobians of the manipulator are consistent.

Ad[thl_, th2_, th3_] := BloekHatrix[{ {Rforlcin[thl, th2, th3],
AxisToS)cew[Flatten[pforkin[thl, th2, th3]]] . Rforkin[thl, th2, th3]>,

{ 0*133, Rforkin[thl, th2, th3]} }];

Simplify[Js - Simplify [Ad [thl, th2, th3] . Jb]]

{{0, 0, 0), {0, 0, 0}, {0, 0, 0}, {0, 0, 0), {0, 0, 0), {0, 0, 0}}

Yes, they check out.

• Phantom Dynamics

Now, let's start calculating the equations governing the dynamics of the PHANToM.

• Common Definitions

First, some common definitions;

wl= {0, 1, 0}; wlh = AxisToSkewfwl];
w2 = {-1, 0, 0}; w2h = AxisToS]cew[w2];
w3 = {-1, 0, 0}; w3h = Axi8ToSkew[w3] ;
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Segment A

Ra[thl_, th2_/ th3_, t_] := SkewE^[wlh, t]il[t]] . Ske«Esp[w3h, tli3[t]] .133;
wab[thl_, t1i2_, th3_, t_] : =

Vedge [Transpose [Ra[thl, th2, tli3, t] ] .D[Ra[thl, th2, th3, t], t]];
pa[thl_, th2_, th3_, t_] :=Ra[thl, th2, th3, t] . {{0), {-12/2}, {0>> +

TopPart [TwlstEa9[RevoluteT«rist[{0, 0, 0}, wl], thl[t]] .
T«d.stE^[RevoluteTwlst[{0, h, tO), w2], th2[t]] .
RPToHomogeneous[Z33, {0, h, 11)] .Origin];

vas[thl_, th2_, th3_, t_] :=D[pa[thl, th2, th3, t], t];
Ha = ma * Z33; la = DiagonalHatrix[ (Zaxn, Zayy, Zazz) ] ;
Va[thl_, th2_, th3_, t_] : = ma * g * pa [thl, th2, th3, t] [[2]] [[1]];
Ta[thl_, th2_, th3_, t_] : =

Sixapli£y[l/2 * (Transpose [vas [thl, th2, tli3, t]] .Ha.vas[thl, th2, th3, t] +
Transpose [wab[thl, tli2, th3, t] ] .Za.wab[thl, th2, th3, t]) ];

Va[eel, ee2, ee3, t]

gma |h (1 - Cos [ee2 [t] ]) +hCos [ee2 [t] ] - 12 Cos [ee3 [t] ]+11 Sin[ee2 [t] ]|

Ta[eel, ee2, ee3, t]

(4 layy + 4 lazz + 4 11^ ma + 12^ ma + 4 11^ maCos [2 ee2 [t] ] +

4 layy Cos [2 ee3 [t] ] - 4 lazz Cos [2 ee3 [t] ] - 12^ ma Cos [2 ee3 [t] ] -
4 1112 ma Sin[ee2 [t] -ee3[t]] +4 1112 ma Sin[ee2 [t] +ee3[t]]) eel'[t]^ +

4 11^ maee2' [t] ^ - 4 1112 maSin[ee2 [t] - ee3 [t] ] ee2' [t] ee3' [t] +

(4 laxx +12^ ma) ee3' [t] |̂}}

• Segment C

Rc[tlil_, th2_, tli3_, t_] : = SkewB^ [wlh, thl[t]] . SkewExp[w21i, th2[t]] .133;
wcb[thl_, tli2_, th3_, t_] : =

Vedge [Transpose [Rc[thl, th2, th3, t] ] .D[Rc[thl, th2, th3, t], t] ];
pc[thl_, th2_, th3_, t_] :=Rc[thl, th2, th3, t] . {{0}, (0), {11/2}}

TopPart [TwistE3gp[RevoluteTwist[{0, 0, 0}, wl], thl[t]] .
Twists^[RevoluteTwist[{0, h, 0}, w3], th3[t]] .
RPToH«Bogeneous[Z33, {0, h-13, 0}] .Origin];

vcs[thl_, th2_, tli3_, t_] :=D[pc[thl, th2, th3, t], t];
He s mc*Z33; Zc = DiagonalHatrix[{Zcxx, Zcyy, Zczz}] ;
Vc[thl_, th2_, th3_, t_] := mc*g*pc[thl, tli2, th3, t] [[2]] [[1]];
Tc[tlil_, th2_, tlx3_, t_] : =

Sixnpli£y[l / 2 * (Transpose [vcs [thl, th2, th3, t]] .Hc.vcs[thl, th2, th3, t] +
Transpose [web [thl, th2, th3, t] ] .Ze.web[thl, th2, th3, t])];

Ve[eel, ee2, ee3, t]

gmc |h (1 -Cos [ee3 [t] ]) +(h-13) Cos [ee3 [t] ]+-^ 11 Sin[ee2 [t]
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Tc[ael, ee2, ee3, t]

[|-g- (4 Icyy +4Iczz +11^ mc +413^ mc +
(4 Icyy - 4 Iczz +11^ mc) Cos [2 ee2 [t] ] - 4 13^ mc Cos [2 ee3 [t] ] -
4 1113 mc Sin[ee2 [t] - ee3 [t] ] +4 1113 mc Sin[ee2 [t] +ee3 [t] ]) eel' [t]^ +

(4 Icxx +11^ mc) ee2' [t]^ - 4 1113 mc Sin[ee2 [t] - ee3 [t] ] ee2' [t] ee3' [t] +
413^ mc ee3'[t]^I}}

Segments B and E

Bbe[thl_, th2_, th3_, t_] : = SkewExp[wlh, thl[t]] . SkewBKp[w2h, th2[t]] .133;
wbeb[thl_, th2_, th3_, t_] : =

Vedge [Transpose[Rbe[thl, th2, th3, t]] .D[Sbe[thl, th2, th3, t], t]];
vbos[tbl_, th2_, tb3_, t_] := {{0), (0), {0}};
Hbe = xobe * 133; Ibe = Dlagonaliaatrlx[{Ibesac, Zbeyy, Ibezz} ];
Vbe [thl_, th2_/ th3_, t_] : = nibe * g * Sin[th2 [t] ] * 15;
Tbe[thl_, th2_, th3_, t_] : =
Sli^lify[1 / 2 * (Transpose[vbes[thl, th2, th3, t] ] . Elbe . vbes [thl, th2, th3, t] -i-

Transpose[^«beb[tbl, th2, th3, t]] . Ibe . wbeb[thl, th2, th3, t]) ] ;

Vbe[eel, ee2, ee3, t]

g 15 mbe Siii[ee2 [t] ]

Tbe[eel, ee2, ee3, t]

{{-^ ((Ibeyy +Ibezz +(Ibeyy- Ibezz) Cos [2 ee2(t] ]) eel' [t]^ +2 Ibexxee2' [t]^)}}

Segments D and F

Rdf[thl_, th2_, th3_, t_] := SkewEsp[wlh, thl[t]] . SkewExp [w3h, th3[t]] .133;
wd£b[thl_, th2_, tb3_, t_] : =
Vedge[Transpose[Rd£[thl, th2, th3, t]] .D[Rdf[thl, th2, th3, t], t]];

vdfs[thl_, th2_, th3_, t_) := {{0}, {0}, {0}};
Md£ = ind£*I33; Id£ s DlagonalHatrix[{Id£xx, Zd£yy, Id£zz}];
Vdf[thl_, th2_, th3_, t_] : = mdf *g*Cos [th3 [t] ] * 16;
Tdf[tbl_, th2_, th3_, t_] : =
Siivli£y[l/2 * (Transpose[vd£s[thl, th2, th3, t]] . Mdf . vd£s[tbl, th2, th3, t] +

Transpose[«d£b[thl, th2, th3, t]] . Zdf . wd£b[thl, th2, th3, t]) ] ;

Vdf[eel, ee2# ee3, t]

g 16 mdf Cos [ee3 [t] ]

Td£[eel, ee2, ee3, t]

{{y ((Idfyy +Idfzz +(Idfyy- Idfzz) Cos[2 ee3[t] ]) eel' [t]^ +2 Idfxxee3' [t]^) }}

Segment Base

Vbase[tbl_, th2_, th3_, t_] := 0;
Tbaso[thl_, th2_, th3_, t_] := Sinplify[l / 2 *D[tbl[t], t] * Ibasoyy*D[thl[t], t] ] ;
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Vba8e[eel, ee2, ee3, t]

0

Tba8e[eel, ee2, ea3/ t]

Ibaseyy eel' [t]

• Equations of Motion of the Whole Structure

The Lagrangian of the manipulator is

Slsqpli£y[ (Ta[thl, th2, th3, t] +Tc[t:lil, th2, th3, t]
TbeCthI, th2, th3, t] +Td£[thl, th2, th3, t] +Tba8e[thl, th2, th3, t]) -

(Va[thl, th2, th3, t] +Vc[thl, th2, th3, t] -i-VboCthl, th2, th3, t] +
Vd£[thl, th2, th3, t] ••• Vbaee[thl/ th2, th3, t])]

I{yt (layy +4 lazz +8Ibaseyy+4 Ibeyy+4 Ibezz +
16

4 Icyy + 4 Iczz + 4 Idfyy + 4 Idfzz + 4 11^ ma + 12^ ma + 11^ mc + 4 13^ mc +
(4 Ibeyy - 4 Ibezz + 4 Icyy - 4 Iczz + 4 11^ ma + 11^ mc) Cos [2 th2 [t] ] +
4 layy Cos [2 thS [t] ] - 4 lazz Cos [2 th3 [t] ] +4 Idfyy Cos [2 th3 [t] ] -
4 Idfzz Cos [2 th3 [t] ] - 12^ maCos [2 th3 [t] ] - 4 13^ mcCos [2 th3 [t] ] -
4 1112maSin(th2[t] - th3[t]] - 4 1113 mc Sin[th2 [t] - th3 [t] ] +

4 1112maSin[th2[t] + th3[t)] +4 11 13mc Sin[th2 [t] +th3 [t] ]) thl' [t]^ -
2 (8 g hma+8ghmc - 4g 12ma Cos [th3 [t] ] - 8g 13mc Cos [th3 [t] ] +

8 g 16 mdf Cos [th3 [t] ] + 8 g 11 ma Sin[th2 [t] ] + 8 g 15 mbe Sin[th2 [t] ] +

4 g 11 mc Sin[th2 [t] ] - (4 Ibexx + 4 Icxx +4 11^ ma +11^ mc) th2' [t] ^ +
4 11 (12 ma +13 mc) Sin[th2 [t] - th3 [t] ] th2' [t] th3' [t] - 4 Icocx th3' [t]^ -
4 Idfxxth3' [t]^ -12^ ma th3' [t]^ - 413^ mc th3' [t]^))}}

Let's write the Lagrangian as a function

L[thl_, th2_, th3_, t_] := Siiqpli£y[(Ta[thl, th2, th3, t] +Tc[thl, th2, th3, t] +
The [thl, th2, th3, t] +Td£[thl, th2, th3, t] +^a8e[thl, th2, th3, t]) -

(Va[thl, th2, th3, t] +Vc[thl, th2, th3, t] +^e[thl, th2, th3, t] +
Vd£[thl, th2, th3, t] +Vba8e[thl, th2, th3, t])] [[1]] [[1]];

This is the dynamics equaitons
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PyBq = FullSliivli£y[&ulerEquations[L[thl, tb2, th3, t], {thl[t]/ th2[t]/ th3[t]}, t] ]

{(2 thl' [t] (((4 Ibeyy - 4 Ibezz +4 Icyy - 4 Iczz +11^ (4ma +mc)) Sin [2 th2 [t] ] +
4 11 (12 ma + 13 mc) Sin[th2 [t] ] Sin[th3 [t] ]) th2' [t] +

(-4 11 (12 ma + 13 mc) Cos [th2 [t] ] Cos [th3 [t] ] -
(-4 layy + 4 lazz - 4 Idfyy + 4 Idfzz + 12^ ma + 4 13^ mc) Sin[2 th3 [t] ]) th3' [t]) -

(4 layy + 4 lazz + 8 Ibaseyy + 4 Ibeyy + 4 Ibezz + 4 Icyy +

4 Iczz + 4 Idfyy + 4 Idfzz + 4 11^ ma + 12^ ma+ 11^ mc + 4 13^ mc) thl" [t] -
(4 Ibeyy - 4 Ibezz +4 Icyy - 4 Iczz +11^ (4 ma +mc)) Cos [2 th2 [t] ] thl" [t] -
(4 layy - 4 lazz +4 Idfyy - 4 Idfzz - 12^ ma - 4 13^ mc) Cos[2 th3 [t] ] thl" [t] -
8 11 (12 ma + 13 mc) Cos [th2 [t] ] Sin[th3 [t] ] thl" [t]) == 0,

(-4g (2 11ma +2 15mbe +11mc) Cos [th2 [t] ] +
(- (4 Ibeyy - 4 Ibezz +4 Icyy - 4 Iczz +11^ (4 ma +mc)) Sin [2 th2 [t] ] -

4 11 (12 ma+13 mc) Sin[th2 [t] ] Sin[th3 [t] ]) thl' [t]^ -
4 11 (12 ma + 13 mc) Cos [th2 [t] - th3 [t] ] th3' [t]^ -
2 (4 (Ibexx + Icxx + 11^ ma) + 11^ mc) th2" [t] +
4 11 (12ma +13mc) Sin[th2[t] - th3[t]] th3" [t]) == 0,

8

(-4g (12ma +2 13mc-2 16mdf) Sin[th3[t]] + (4 11 (12ma+13mc) Cos[th2[t]] Cos[th3[t]] +
(-4 layy + 4 lazz - 4 Idfyy +4 Idfzz +12^ ma + 4 13^ mc) Sin [2 th3 [t] ]) thl' [t] ^ +

411 (12ma+13mc) (Cos[th2[t] -th3[t]] th2'[t]^ +Sin(th2[t] - th3[t]] th2" [t]) -
2 (4 laxx +4 Idfxx +12^ ma +4 13^ mc) th3" [t]) ==

0}

Withsignscorrected to follow the convention in MLS, themotortorques at each axisareequal to:

Taul =

Collect [-PyBq[[l]] [[1]], {thl" [t], th2" [t], th3"[t], thl'[t], th2'[t], th3'[t]}]

thl'[t] ("^ (-(4 Ibeyy-4 Ibezz +4Icyy-4 Iczz +11^ (4ma +mc)) Sin[2 th2 [t] ]-
4 11 (12ma + 13mc) Sin[th2[t]] Sin[th3[t]]) th2'[t] +

(4 11 (12 ma + 13 mc) Cos [th2 [t] ] Cos [th3 [t] ] +

(-4 layy +4lazz - 4Idfyy +4Idfzz +12^ ma +413^ mc) Sin[2 th3 [t] ]) th3' [t] j +
I (4 layy +4lazz +8Ibaseyy +4Ibeyy +4Ibezz +

4 Icyy + 4 Iczz + 4 Idfyy + 4 Idfzz + 4 11"^ ma + 12^ ma + 11^ mc + 4 13^ mc) +
I •>(4 Ibeyy - 4 Ibezz + 4 Icyy - 4 Iczz + ll'^ (4 ma + mc)) Cos [2 th2 [t] ] +

(4 layy - 4 lazz +4 Idfyy - 4 Idfzz - 12^ ma - 4 13^ mc) Cos[2 th3 [t] ] +

II (12 ma-I-13 mc) Cos[th2[t]] Sin[th3[t]]|
thl"[t]
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Tau2 =

Collect [-DyEq[ [2]] [[1]], {thl"[t], th2"[t], th3"[t], thl'[t], th2'[t], th3'[t]}]

g (2 11 ma + 2 15 mbe + 11 mc) Cos [th2 [t] ] +

1 ^-g- ((4 Ibeyy - 4 Ibezz +4 Icyy - 4 Iczz +11 (4ma +mc)) Sin [2 th2 [t] ] +

4 11 (12ma +13mc) Sin[th2[t]] Sin[th3[t]]) thl'[t]^ +

y 11 (12ma +13mc) Cos[th2[t] - th3[t]] th3' [t]^ +

y (4 (Ibexx +Icxx +11^ ma) +11^ mc) th2"' [t] -

y 11 (12ma +13 mc) Sin[th2[t] - th3[t] ] th3'' [t]

Tau3 =

Collect [-pyEq[ [3] ] [[1]], {thl"[t], th2"[t], th3"[t], thl'[t], th2'[t], th3'[t])]

1 1y g (12 ma +2 13mc - 2 16mdf) Sin[th3 [t] ] +y (-4 11 (12 ma +13 mc) Cos [th2 [t] ] Cos [th3 [t] ] -

(-4 layy + 4 lazz - 4 Idfyy +4 Idfzz +12^ ma+4 13^ mc) Sin[2 th3 [t] ]) thl' [t] ^ -

y 11 (12 ma +13 mc) Cos [th2 [t] - th3 [t] ] th2' [t]^-

y 11 (12ma +13mc) Sin[th2[t] - th3[t] ] th2' [t] +

y (4 laxx+4Idfxx +12^ ma +413^ mc) th3" [t]

Then these are the elements of the M, C and N matrices
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(1
Mil = I — (4 layy + 4 lazz + 8 Ibaseyy + 4 Zbeyy + 4 Ibezz +

4 Zcyy + 4 Zczz + 4 Idfyy + 4 Zdfzz + 4 11^ ma 12^ ma +11^ mc -i- 4 13^ mc) -t-
1 2
— (4 Zbeyy - 4 Zbezz + 4 Zcyy - 4 Zczz + 11 (4 ma + mc)) Cos [2 tb2 [t] ] -i-
8

1 2 2
— (4 Zayy - 4 Zazz 4 Zdfyy - 4 Zdfzz - 12 ma - 4 13 mc) Cos [2 th3 [t] ] +
8

11 (12 ma + 13 mc) Cos [th2 [t] ] Sln[tb3 [t] ] )'
H12 = 0;
M13 = 0;
M21 s 0;

1

H22 = — (4 (Zbesoc + Zcxx +11^ ma) 11^ mc) th2'' [t];
4

1
M23 = 11 (12ma + 13mc) Sin[th2[t] -th3[t]];

2

H31 = 0;

1
H32 = 11 (12 ma + 13 mc) Sin[th2 [t] - th3 [t] ] th2'' [t];

2

1 2 2
M33 = — (4 Zaxx + 4 Zdfxx -f 12 ma + 4 13 mc) ;

4

1 -
C21 = — ((4 Zbeyy - 4 Zbezz + 4 Zcyy - 4 Zczz + 11* (4 ma + mc)) Sin[2 th2 [t] ] +

8

4 11 (12 ma + 13 mc) Sin[th2 [t] ] Sin[th3 [t] ]) thl' [t];
C22 = 0;

1
C23 = — 11 (12 ma + 13 mc) Cos [th2 [t] - th3 [t] ] th3' [t] ;

2

1
C31 = — (-4 11 (12 xaa + 13 mc) Cos [th2 [t] ] Cos [th3 [t] ] -

8

(-4 Zayy +4 Zazz - 4 Zdfyy +4 Zdfzz +12^ ma +4 13^ mc) Sin [2 th3 [t] ]) tbl' [t] ;
1C32 =y 11 (12 ma +13 mc) Cos [th2 [t] - th3 [t] ] th2' [t] ;

C33 = 0;
Ml = 0;

1
M2 = — g (2 11 ma 2 15 mbe + 11 mc) Cos [th2 [t] ];

2

1
N3 = — g (12 ma -I- 2 13 mc - 2 16 mdf) Sin[th3 [t] ];

2

We will choose the first row of C so that (\dot{M}-2C) is skew symmetric.

C12 s-C21;
C13 = -C31;
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Then

Cllx =Collect [

Sixopllfy[|thl' [t] (- (4 Ibeyy-4Zbezz +4Icyy -4Iczz +11^ (4 ma +mc)) Sin[2 th2 [t] ]-
4 11 (12 ma + 13 mc) Sin[th2 [t] ] Sin[th3 [t] ]) th2' [t]

1
— (4 11 (12 ma •»-13 mc) Cos [tb2 [t] ] Cos [th3 [t] ] +
4

(-4 layy +4Zazz -4Zdfyy+4Idfzz 12^ ma +413^ mc) Sin[2 th3 [t] ]) th3' [t] jj-
C12 th2' [t] -C13 th3' [t]],

thl'[t]]

thl' [t] (-2 Sin[th2 [t] ] ((4 Ibeyy - 4 Ibezz + 4 Icyy - 4 Iczz + 4 11^ ma+ 11^ mc) Cos [th2 [t] ] +

2 11 (12ma+ 13mc) Sin[th3[tll) th2' [t] +
2 Cos[th3 [t] ] (2 11 (12 ma +13 mc) Cos [th2 ft] ] +

(-4 layy +4 lazz - 4 Idfyy + 4 Idfzz +12^ ma+ 4 13^ mc) Sin[th3 [t] ])
th3' [t])

Cll = — (-2 Sln[th2 [t] ] ((4 Ibeyy - 4 Zbezz +4 Zcyy - 4 Zczz +4 11^ ma-t-11^ mc) Cos [tli2 [t] ] +
8

2 11 (12 ma + 13 mc) Sin[tli3 [t] ]) th2' [t] -i-
2Cos[th3[t]] (2 11 (12ma +13mc) Cos[th2[t] ] +

(-4 Zayy+ 4 Zazz - 4 Zdfyy + 4 Zdfzz +12^ ma+ 4 13^ mc) Sin[th3[t] ])
tli3' [t]) ;

Let's check if (\dot(M}-2C) is skew symmetric:

Simplify[D[H11, t] - 2 *C11]

0

Yes, it holds!

Numerical Values

h= 0;
11=0.215; 12 = 0.170; 13 = 0.0325; 15 =-0.0368; 16 = 0.0527;
ma = 0.0202;
Za;B s 0.4864 * 10^-4; Zayy= 0.0018*10^-4; Zazz = 0.4864 * 10 ^-4;
mc = 0.0249;
Zcsoe = 0.959 * 10^-4; Zcyy = 0.959* 10*-4; Zczz = 0.0051*10^-4;
mbe = 0.2359;
Zbe»c= 11.09*10^-4; Zbeyy = 10.06 * 10^-4; Zbezz = 0.591*10^-4;
mdf = 0.1906;
Zdf»e= 7.11*10^-4; Zdfyy = 0.629* 10^-4; Zdfzz = 6.246* 10^-4;
Zbaseyy = 11.87 * 10 * -4;
g = 9.81;
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Taul

thl'[t] (-0.00905514 Sin[2 th2[t]] - 0.00364919 Sin[th2 [t] ] Sin[th3[t]]) th2'[t] +

(0.00364919 Cos [th2[t]] Cos[th3[t]] +0.00312962 Sin [2 th3[t]]) th3'[t]) +
(0.00283279 + 0.00113189 Cos[2 th2[t] ] -

0.000391203 Cos [2 th3[t] ] + 0.000912299 Cos [th2 [t] ] Sin[th3[t] ])
thr [t]

Tau2

-0.016298 Cos[th2[t] ] +

(0.00905514 Sin[2 th2[t]] + 0.00364919 Sin[th2 [t] ] Sin[th3[t]]) thl' [t]^ +
8

0.000456149 Cos [th2[t] - th3[t]] th3'[t]^ +0. 0024264 th2'' [t] -
0.000456149 Sin[th2[t] - th3[t] ] th3' [t]

Tau3

-0.0737552 Sin[th3[t]] +

4- (-0.00364919 Cos [th2 [t] ] Cos(th3[t]] - 0.00312962 Sin[2 th3[t]]) thl' [t]^ -
8

0.000456149 Cos[th2[t] - th3[t]] th2' [t]^ - 0.000456149 Sin[th2 [t] - th3[t]] th2"' [t] +
0.000931886 th3'[t]
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