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Abstract

Classical formulations of the portfolio optimization problem, such as mean-variance
or Value-at-Risk (VaR) approaches, can result in a portfolio extremely sensitive to
errors in the data, such as mean and covariance matrix of the returns. In this paper
we propose a way to alleviate this problem in a tractable manner. We assume that
the distribution of returns is partially known, in the sense that only bounds on the
mean and covariance matrix are available. We define the worst-case Value-at-Risk as
the largest VaR attainable, given the partial information on the returns’ distribution.
We consider the problem of computing, and optimizing, the worst-case VaR, and show
that these problems can be cast as semidefinite programs. We extend our approach to
various other partial information on the distribution, including uncertainty in factor
models, support constraints, and relative entropy information.
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Notation

For two n-vectors z,y, £ > y (resp. £ < y) means z; > y; (resp. z; < ¥;), ¢ = 1,...,m;
z, denotes the positive part of z, which is the vector with components max(z;,0). e is
the n-vector with all components equal to one. The notation S, denotes the set of n x n
symmetric matrices. For two n'x n symmetric matrices A, B € Sp, A > B (resp. A > B)
means A — B positive semidefinite (resp. definite). For S > 0, S/2 denotes the symmetric
square root of S. For symmetric matrices of the same size, (A, B) = Tr(AB) denotes the
standard scalar product in the space of symmetric matrices. For a non empty convex subset
Q of R"*, we denote by K(Q2) the cone of non negative distributions with support included
in Q. ® denotes the cumulative distribution function of a scalar, zero mean, unit variance
Gaussian random variable.

1 Introduction

We consider a one-period asset allocation problem. Over the period, the price of asset
i changes by a relative amount z;, with £ modeled as a random n-vector. For a given
allocation vector w, the total return of the portfolio is the random variable

n
rw,z) =Y wiz; = w'z.
i=1

The investment policies are constrained. We denote by W the set of admissible portfolio
allocation vectors. We assume that W is a bounded polytope that does not contain 0.
The basic optimal investment problem is to choose w € W, in order to make the return

high, while keeping the associated risk low. Depending on how we define the risk, we come
up with different optimization problems.

1.1 Some classical measures of risk

In the Markowitz approach [14, 13], it is assumed that the mean £ and covariance matrix
T of the return vector are both known, and risk is defined as the variance of the return.
Minimizing the risk subject to a lower bound on the mean return leads to the familiar
problem

minimize w? T'w subject to 27w > p, we€ W (1)

where p is a pre-defined lower bound on the mean return.

The Value-at-Risk framework (see, for example, [18, 9]) instead looks at the probability
of low returns. The VaR is defined as the minimal level « such that the probability that the
portfolio loss —r(w, z) exceeds - is below e:

V(w) = min 7 subject to Prob{y < —r(w,z)} <¢,

where ¢ € (0 1] is given (say, € =~ 2%). Contrarily to the Markowitz framework, which requires
the knowledge of the first and second moments of the distribution of returns only, the VaR



above assumes that the entire distribution is perfectly known. When this distribution is
Gaussian, with given mean Z and covariance matrix I', the VaR expresses as

V(w) = k() VwTTw — 7w, (2)

where k(e) = —P~1(e).

In practice, the distribution of returns is not Gaussian. One then can use the Chebyshev
bound to find an upper bound on the probability that the portfolio loss —r(w, =) exceeds ~.
This bound is based on the sole knowledge of the first two moments of the distribution, and
results in the formula (2), where now «(¢) = 1/y/e. In fact, the classical Chebyshev bound
is not exact, meaning that the upper bound is not attained; we can replace it by its exact
version, as given in [2], by simply setting x(€) = /(1 — €)/e (we will obtain this result in
section 2.1).

In all the above cases, the problem of minimizing the VaR over admissible portfolios
adopts the following form:

minimize kVwTTw — 27w subject to w € W. (3)

where k is an appropriate “risk factor”, which depends on the prior assumptions on the
distribution of returns (Gaussian, arbitrary with given moments, etc). When x > 0 (which
is true iff € € (0 1/2] in the Gaussian case), V(w) is a convex function of w, and the above
problem can be easily solved globally using for example interior-point techniques for convex,
second-order cone programming (SOCP, see [12, 21]).

The classical frameworks may not be appropriate for several reasons. Clearly, the vari-
ance is not an appropriate measure of risk when the distribution of returns exhibits “fat”
tails. On the other hand, the exact computation of VaR requires a complete knowledge of
the distribution. Even with that knowledge in hand, the computation of VaR amounts to a
numerical integration in a possibly high dimensional space, which is computationally cum-
bersome. Furthermore, integration techniques such as Monte-Carlo simulation [9] are not
easily extended to portfolio design. Assuming Gaussian returns is a practical, albeit quite
rough, approximation. The classical Chebyshev bound does not assume prior knowledge of
the distribution, but may be overly pessimistic. The exact version of the Chebyshev bound
is not realistic, as the optimal worst-case distribution turns out to be discrete [3]. Moreover,
Chebyshev bounds do not take into account support information, stemming for example
from the fact that prices are never negative, and hence, returns always greater or equal to
-1

1.2 The problem of data uncertainty

Despite their shortcomings, the above frameworks do provide elegant solutions to VaR anal-
ysis and design. However they suffer from an important drawback, which is perhaps not so
well recognized. As pointed out in [4, 17], these approaches require a perfect knowledge of
the data, in our case the mean and covariance matrix. In practice, the data is often prone to
errors. This hidden risk is compounded by the fact that the point estimates of the covariance
matrix sometimes have low (numerical) rank, and this may result in an optimal portfolio

4



with zero variance, quite an absurd result. In general, portfolio optimization based solely
on such inaccurate point estimates may be highly misleading, meaning for example that the
true VaR may be widely worse than the optimal computed VaR. This problem is discussed
extensively in [4], where a method is proposed to combine the classical Markowitz approach
with a priori information or “investor’s views” on the market.

Errors in the mean and covariance data may have several origins. It may be difficult
to obtain statistically meaningful estimates from available historical data; this is often true
for the means of stock returns [4]. These possibly large estimation errors contribute to
a hidden, “numerical” risk not taken into account in the above risk measures. Note that
most statistical procedures produce bounds of confidence for the mean vector and covariance
matrix; the frameworks above do not use this crucial information.

Another source of data errors comes from modelling itself. In order to use the variance-
covariance approach for complex portfolios, one has to make a number of simplifications, a
process referred to as “risk mapping” in [9]. Thus, possibly large modelling errors are almost
always present in complex portfolios. We discuss these errors in more detail in section 3.

Yet another source of data perturbations could come from the user of the Value at Risk
system. In practice, it is of interest to “stress test” Value at Risk estimates, to analyze the
impact of different factors and scenarios on these values. It is possible, of course, to come
up with a (finite) number of different scenarios (what happens if two usually uncorrelated
industry sectors become suddenly highly correlated?), and compute the corresponding VaR.
(We will return to this problem in section 2.3.) However, in many cases, one is interested
in analyzing the worst-case impact of possibly continuous changes in the correlation struc-
ture, corresponding to an infinite number of scenarios. Such an endeavour becomes quickly
intractable using the (finite number of) scenarios approach.

1.3 The worst-case VaR

In this paper, our goal is to address some of the issues outlined above in a numerically
tractable way. To this end we introduce the notion of worst-case VaR.
~ Our approach is to assume that the true distribution of returns is only partially known.
We denote by P the set of allowable distributions. For example, P could consist in the set of
Gaussian distributions with mean £ and covariance matrix I', where £ and I" are only known
up to given componentwise bounds.

For a given loss probability level € € (0, 1], and a given portfolio w € W, we define the
worst-case Value-at-Risk with respect to the set of probability distributions P as

Vp(w) := min+ subject to sup Prob{y < —r(w,z)} <, (4)

where the sup in the above expression is taken with respect to all probability distributions
in P. The corresponding robust portfolio optimization problem is to solve

VP := min Vp(w) subject to w € W. (5)

The VaR based on the (exact) Chebyshev bound is a special case of the above, with P the
set of probability distributions with given mean and covariance.



1.4 Main results and paper outline

Our main result is that, for a large class of allowable probability distribution set P, the
problem of computing, and optimizing, the worst-case VaR can be solved exactly by solving
a semidefinite programming problem (SDP). SDPs are convex, finite dimensional problems
for which very efficient, polynomial-time interior-point methods, as well as bundle methods
for large-scale (sparse) problems, became recently available [16, 23, 21, 19]. (For more details,
see Appendix A.) SDPs are now the subject of intense research and arise in a large number
of applications, ranging from statistics to control systems design [19].

When the mean and covariance matrix are uncertain but bounded, our solution produces
not only a worst-case VaR or an optimal portfolio, but at the same time computes a positive
semidefinite covariance matrix and a mean vector that satisfy the bounds, and that are
optimal for our problem. Thus, we select the covariance matrix, and the mean vector, that
is the most prudent for the purpose of computing, or optimizing, the VaR.

Some of the probability distribution sets P we consider, specifically those involving sup-
port information, lead to a seemingly untractable (NP-hard) problems. We show how to
compute upper bounds on this problem, via SDP.

Lobo and Boyd [10] were the first to address the issue of worst-case analysis and ro-
bustness with respect to second-order moment uncertainty, in the context of the Markowitz
framework. They examine the problem of minimizing the worst-case variance with (com-
ponentwise or ellipsoidal) bounds on moments. They show that the computation of the
worst-case variance is a semidefinite program, and produce an alternative projections al-
gorithm adequate for solving the corresponding portfolio allocation problem. Our paper
extends these results to the context of VaR, with various partial information on the proba-
bility distribution.

In our approach, we were greatly inspired by the recent work of Bertsimas and Popescu,
who also use SDP to find (bounds for) probabilities under partial probability distribution
information [2] and apply this approach to option pricing problems [1]. To our knowledge,
these papers are the first to make and exploit explicit connections between option pricing
and SDP optimization.

The paper is organized as follows. In section 2, we consider the problem of worst-case
VaR when the mean and covariance matrix are both-exactly known, then extend our analysis
to cases when the mean and covariance (or second-moment) matrix are only known within
a given convex set. We then specialize our results to two kinds of bounds: polytopic and
componentwise. In section 3, we examine uncertainty structures arising from factor models.
We show that uncertainty on the factor’s covariance data, as well as on the sensitivity
matrix, can be analyzed via SDP, via an upper bound on the worst-case VaR. Section 4
is devoted to several variations on the problems examined in section 2: exploiting support
information, ruling out discrete probability distributions via relative entropy constraints,
handling multiple VaR constraints. We provide a numerical illustration in section 5. Proofs
are in the Appendix B. '



2 Worst-case VaR with Moment Uncertainty

In this section, we address the problem of worst-case VaR in the case when the moments
of the returns’ probability distribution are only known to belong to a given set, and the
probability distribution is otherwise arbitrary.

2.1 Known moments

To lay the ground for our future developments, we begin with the assumption that the mean
vector £ and covariance matrix I" of the distribution of returns are known exactly. We assume
that T' > 0, although the results can be extended to rank-deficient covariance matrices. We
denote by ¥ the second-moment matrix:

===[1][1] -

From the assumption I" > 0, we have X > 0.

The following theorem provides several equivalent representations of the worst-case VaR
when moments are known exactly. Each one will be useful later, for various cases of moment
uncertainty. The proof of this result is in Appendix B.1.

z
1

AT ] , where S :=T + 22T, (6)

Theorem 1 Let P be the set of probability distributions that have a given mean T and
covariance matriz I' = 0. Let € € (0 1] and v € R be given. The following propositions are
equivalent.

1. The worst-case VaR with level € is less than vy, that is,
sup Prob{y < —r(w,z)} <,

where the sup in the above expression is taken with respect to all probability distributions

in P.
2. We have
k(e)IT 2wl — 27w < 7, (7)
where
1—c¢
k(€)= . (8)
€
3. There exist a symmetric matriz M € Sp+1 and T € R such that
M,y <re, Mzo, 720, M+| % ¥ |0 )
) —_ ) _Y — Y wT - + 2,), oY

where ¥ is the second-moment matriz defined in (6).



4. For every z € R" such that

r r—i
[ (€ —2)T K(e)? } =0, (10)
we have —zTw < 7.
5. There ezist A € S,, and v € R such that

aD+sov-u s |2, M) 0 (1)

Let us comment on the above theorem. The equivalence between propositions 1 and
2 will be proven in Appendix, but can be obtained as a simple application of the (exact)
multivariate Chebyshev bound given in [2]. This implies that the problem of optimizing the
VaR over w € W is equivalent to

minimize &(€)VwTTw — 7w subject to w € W. (12)

As noted in the introduction, this problem can be cast as a second-order cone programming
problem (SOCP). SOCPs are special forms of SDPs which can be solved with efficiency close
to that of linear programming [12].

The equivalence between propositions 1 and 3 in the above theorem is a consequence of
duality (in an appropriate sense; see Appendix B.1).

Proposition 4 follows from 3 via duality again, this time in the SDP sense. This connection
is not direct, as it involves some elimination of variables. Note that proposition 4 implies
that the worst-case VaR can be computed via the SDP in variable

Vp(w) = max —zTw subject to (10).

The above provides a deterministic, or “game-theoretic”, interpretation of the VaR. Indeed,
since I > 0, condition (4) is equivalent to z € £, where £ is the ellipsoid

£={z | (z-2)T" "z - 5) < x(e)?},

Therefore, the wort-case VaR can be interpreted as the maximal loss —z7w when the returns
are deterministic, known to belong to £, and are otherwise unknown.

Expressions (9) and (11) for the worst-case VaR allows us to optimize it, by making w
a variable. This is a SDP solution to the worst-case VaR optimization problem, which of
course is not competitive, in the case of known moments, with the SOCP formulation (12).
However, this SDP formulation will prove useful as it can be extended to the more general
cases seen in section 2.2, while the SOCP approach cannot.



2.2 Convex moment uncertainty

We now turn to the case when (T, £) are only known to belong to a given conver subset U
of S, x R", and the probability distribution is otherwise arbitrary. I could describe, for
example, upper and lower bounds on the components of £ and I'. We assume that there
is a point (I',£) in U such that ' = 0. (Checking this assumption can be done easily, as
seen later.) We denote by U, the set {(I',Z) € Y | T > 0}. Finally, we assume that U, is
bounded. We denote as before by P the corresponding set of probability distributions.

In view of the equivalence between propositions 1 and 3 of theorem 1, we obtain that the
worst-case VaR is less than v if and only if, for every z € R" and (T, Z) € U, such that (10)
holds, we have —zTw > 7. It thus suffices to make I and & variables in the above conditions,
to compute the worst-case VaR.:

Vp(w) =sup —zTw subject to (T',z) € Uy, (10).

Since I' > 0 is implied by (10), and the “sup” over a set (here, I{,.) is the same as the “sup”
over its closure, we can replace U, by U in the above, and the “sup” then becomes a “max”
since U is bounded. We thus have the following result.

Theorem 2 When the distribution of returns is only known have a mean & and a covariance
matriz I such that (£,T') € U, and is otherwise arbitrary, the worst-case Value-at-Risk is
the solution of the optimization problem in variables T, %, x:

r x-—i]

(z-2)T s(ep | =0

—_— ?

max —zlw subject to (T,%) € U, [ (13)

where k(€) is given in (8).

Solving problem (13) yields a choice of mean vector Z and covariance matrix I that
corresponds to the worst-case choice consistent with the prior information (T', Z) € Y. This
choice is therefore the most prudent when the mean and covariance matrix are only known
to belong to U, and the probability distribution is otherwise arbitrary.

To optimize over the allocation vector w, we consider the problem

r z—%
. T . 5 T .
min max —z' w subject to (£,I").€ UY, [ (z—2)T K(e)? J > 0.

It turns out that we can exchange the “max” and “min” in the above, since i, W are convex,
bounded and have non empty interiors. This yields the convex optimization problem in
variables z,Z and I':

—VZP = min ¢w(z) subject to (£,T) € U, [ (z _Pj):p :Z(z)f } > 0, (14)
where ¢w is a convex function, defined as the support function of the convex set W:

éw(z) := sup z’w.
weWw
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An optimal portfolio can be recovered from any optimal z by finding a w that achieves the
supremum in the above (the existence of which is guaranteed by boundedness of W); the
optimal worst-case VaR is the negative of the optimal objective.

We obtain an alternative expression of the worst-case VaR, using the formulation (11).
A given v is an upper bound on the worst-case VaR if and only if, for every (I',Z) € U
with T > 0, there exist A, v such that (11) holds. Thus, the worst-case VaR is given by the
max-min problem

maxrs min (A, T) + k(e)?v — 27
v

A w/2
wl/2 v

w

(15)

subject to [ l =0, (z,INelU, T >0.

The feasible set in the above problem is compact and convex, and the objective is linear in
[, % for fixed A,v (and conversely). It follows that we can exchange the “min” and “max”
and optimize (over w) the worst-case VaR by solving the min-max problem '

min max (A,T) + &(€)’v — £Tw
Apvw T
A

. w/2 ) (16)
subject to [ wT/2 v ] =0, @,T)elU, '=0, wew.
The above problem can be interpreted as a game, where the variables A, v seek to decrease

the VaR while the variables I', £ oppose to it. Note that in the case when U/ is not convex,
the above is an upper bound on the worst-case VaR, given by (15).

Theorem 3 When the distribution of returns is only known have a mean % and a covariance
matriz ' such that (£,T') € U, where U is convex and bounded, and the probability distri-
bution is otherwise arbitrary, the worst-case Value-at-Risk can be optimized by solving the
optimization problem in variables I', %,z (14). Alternatively, we can solve the “min-maz”
problem (16).

The tractability of problem depends on the structure of sets f and W. When both sets
are described by linear matrix inequalities involving Z,I" and w, the resulting problem can
be expressed explicitely as an SDP. The “min-max” formulation is useful when we are able
to explicitely solve the inner maximization problem, as will be the case in the next sections.

2.3 Polytopic uncertainty

As a first example of application of the convex uncertainty model, we discuss the case when
the moment pair (Z,I') is only known to belong to a given polytope, described by its vertices.
Precisely, we assume that (£,I") € U, where

u=CO{(jl’Pl))'“’(thl)}7 (17)

where the vertices (Z;, ;) are given. Again, let P denote the set of probability distributions
that have a mean-covariance matrix pair (£,I') € U, and are otherwise arbitrary.
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We can compute the worst-case VaR in this case, and optimize it, as a simple application
of the general results of section 2.2. The matrix-vector pair (£,I') is made a variable in the
analysis problem (13) or the portfolio optimization problem (14). Denoting by £ the vector
containing the independent elements of £ and I, we can express £ as

! !
E=Y"N& D=1, A>0,
i=1 i=1
where &; corresponds to the vertex pair (Z;,I';). The resulting optimization problem (13) or
(14) is a semidefinite programming problem involving the vector variable ).
It is interesting to examine the case when the mean and covariance matrix are subject
to independent polytopic uncertainty. Precisely, we assume that the polytope U is the direct
product of two polytopes: U = U, x Ur, where

L(x = Co{:“cl,...,:i:,} an, ul* = CO{Pl,...,Fl} gSn.

(We have assumed for simplicity only that the number of vertices of each polytope is the
same.) Assuming that I'; > 0, ¢ = 1,...,/, the worst-case VaR is attained at the vertices.
Precisely,

Vp(w) = mex wTTw — mingey, #Tw
= 1201, — 2T
= max w(e)lIT wll2 — £ w.

Thus, the polytopic model yields the same worst-case VaR as in the case when the uncertainty
in the mean and covariance matrix consists in a finite number of scenarios.

With the previous polytopic model, the computation of Vp is straightforward. Moreover,
its optimization with respect to the portfolio allocation vector w is also very efficient. The
optimization problem

ur’réivr‘x) Vp(w)
can be formulated as the second-order cone program in variables w, ¢:

né% t subject to k(e)||I  wlls <t +£Tw, i=1,...,L
w

As seen in appendix A, this problem can be solved in a number of iterations (almost) inde-
pendent of problem size, and each iteration has a complexity O(In®). Thus, the complexity
of the problem grows (almost) linearly with the number of scenarios.

The previous result is useful when the number of different scenarios is moderate, however
the problem becomes quickly intractable if the number of scenarios grows exponentially with
the number of assets. This would be the case if we are interested in a covariance matrix
whose entries are only known within two upper and lower values. In this case it is more
interesting to describe the polytope U/ by its facets rather than its vertices, as is done next.

2.4 Componentwise bounds on mean and covariance matrix

We now specialize the results of section 2.2 to the case when I',Z are only known within
componentwise bounds:

r_.<%#:=EBz<z, I_<T:=E@-%)(z-z)T <Ty, (18)

11



where z,,z_ and I';,T_ are given vectors and matrices, respectively, and the inequalities
- are understood componentwise.

The interval matrix [['_, I';] is not necessarily included in the cone of positive semidefinite
matrices: not all of its members may correspond to an actual covariance matrix. We will
however assume that there exist at least one non-degenerate probability distribution such
that the above moment bounds hold, that is, there exist a matrix I' = Osuch that I'_ < T' <
I'+. (Checking if this condition holds, and if so, exhibiting an appropriate I', can be solved
very efficiently, as seen below.)

The problem of computing the worst-case VaR reduces to

maximize —zlw
subject to z_ <Z<zy, I'- <T'<Ty,

[ r m—i]to, (19)

(@=2&)T ()

Note that the SDP (19) is stricly feasible if and only if there exist I' > 0 such that (18)
holds. In practice, it may not be necessary to check this strict feasibility condition prior to
solving the problem. SDP codes such as SeDuMi [21] produce, in a single phase, either an
optimal solution, or a certificate of infeasibility (in our case, a proof that no I' > 0 exists
within the given componentwise bounds).

Alternatively, the worst-case VaR is the solution of the min-max problem

T

min max (A,T)+ k(€)%v — 2Tw
subject to [ wT/2 ] =0, (20)

7. <i<zy I_<T<T,, T>0.

For fixed A, v, the inner maximization problem in (20) is a (particularly simple) SDP in
Z,T". We can write this problem in the dual form of a minimization problem. In fact,

max -—-w = min )\ﬁz.,. -z,
z_<i<zy A£20, w=A_-Ay

and a similar result for the term involving I':

(A,T) =

max
P_<r<ry, rxo A1 20, A-<A -A-

<A+’ F-l—) - (A—, P—)’

where we are using that property that both the maximization and minimization problems
are strictly feasible, which guarantees that their optimal values are equal (see appendix A).
We obtain that the worst-case VaR is given by the SDP in variables A+, A, v:

Vopt min (A+’ F+) - (A—’P—) + ""(6)2” + A-71:$+ - )\ZSL‘.. (21)
subject to AL >0, A >0, AL, >0, A_>0,

A+—A_ 'lU/z _ _
[ wT/2 " ]EO, ’w—)'\_ A+'

As noted before, the above formulation allows us to optimize the portfolio over w € W: it
suffices to let w be a variable. Since W is a polytope, the problem falls in the SDP class.

12



In the case when the moments are exactly known, thatis, 'y, =_ =T and £, = Z_ = %,
the above problem reduces to problem (3) as expected (with the correct value of & of course).
To see this, note that only the variables v, A := Ay — A_ and A_ — )\, (= w) play a role.
The optimal value of A is easily determined to be ww”/4v, and optimizing over v > 0 yields
the result.

2.5 Componentwise bounds on mean and second-moment matrix

We now assume that we have componentwise bounds on the mean # and second-moment
matrix S, specifically,

rz.<i=Ez<z,, S_.<S:=Ezz' <5, (22)

where z,,z_ and S,,S_ are given vectors and matrices, respectively, and the inequalities
are understood componentwise. We denote by ¥ the second-moment matrix defined in (6),
and by ¥, and X_ the corresponding componentwise bounds. Again, we assume that there
exist a ¥ > 0 within the interval matrix [Z_ X,]. As before this assumption can be checked
in a single phase, while computing (or optimizing) the VaR.
We observe that the constraint appearing in formulation (10) for the worst-case VaR can
be written as
S -z T
[ (z-2)T k()2 0 ] >0, (23)
2T 0 1
which is a linear matrix inequality involving z, %, and S. Note that this constraint implies
S > 0. Thus, we may compute the worst-case VaR by solving the SDP

max —z7w subject toz_ <& <z, S_<S<S,, (23).

To optimize the VaR, we turn to the formulation (9). The worst-case VaR is less than «
if and only if there exist 7 > 0 and M such that

0 w
P
Sgp(M,E)STC, M:O) TZO) M+|:wT _T+2,Y:l_01
where X is the second-moment matrix defined in (6), and the “sup” is taken with respect to
the componentwise bounds on X. As in section 2.4, we have

(M,Z) = in (M, Z,) — (M_,2_).

max m
E_<ELE,, B0 Mi20, MM, -M_

Therefore, the worst-case VaR can be optimized via the SDP in variables M, M_, A;, A_
and w:

VPt = min (M, T) — (M_,T2) + s(e)>v + Mzy — M z_ (24)
subject to Ay 20, A >0, M >0, M_2>0,

0 w/2 _
M+—M_+ 'l.UT/2 " :Ito,’w—/\_—/\_pew
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3 Factor Models

Factor models arise when modelling the returns in terms of a reduced number of random
factors. A factor model expresses the n-vector of returns z as follows

z = Af +u, (25)

where f is a m-vector of (random) factors, u contains residuals, and A is a n x m matrix
containing the sensitivities of the returns = with respect to the various factors. If S (resp.
f ) is the covariance matrix (resp. mean vector) of the factors, and u is modeled as a zero-
mean random variable with diagonal covariance matrix D, uncorrelated with f, then the
covariance matrix (resp. mean vector) of the return vector is I' = D + ASAT (resp. = Af).

Such models thus impose a structure on the mean and covariance, which in turn imposes
structure on the corresponding uncertainty models. In this section, we examine how the
impact of uncertainties in factor models can be analyzed (and optimized) via SDP.

3.1 Uncertainty in the factor’s mean and covariance matrix

The simplest case is when we consider errors in the mean-covariances of the factors. Based
on a factor model, we may be interested in “stress testing”, which amounts to analyzing the
impact of simultaneous changes in the correlation structure of the factors, on the VaR. In
our model, we will assume (say, componentwise) uncertainty on the factor data S and f.
For a fixed value of the sensitivity matrix A, and of the diagonal marix D, we obtain that
the corresponding worst-case VaR can be computed exactly via the SDP

maximize —zTw

subject to &= Af, T=D+ ASAT, f_<f<f,, S_.<S<S&,,
r T—I -0
(x-2)T K(e)? | =™

where fi and S; are componentwise upper and lower bounds on the mean and covariance
of factors. A similar analysis can be performed with respect to simultaneous changes in D,
S and f. Likewise, portfolio optimization results are similar to the ones obtained before.

3.2 Uncertainty in the sensitivity matrix

One may also be looking at the impact of errors in the sensitivity matrix A, on the VaR.

As pointed out in [9], the mean-variance approach to Value at Risk can be used to analyze
the risk of portfolios containing possibly very complex instruments such as futures contracts,
exotic options, etc. This can be done using an approximation called risk mapping, which is
a crucial step in any practical implementation of the method.

In general, one can express the return vector of a portfolio containing several different
instruments as a function of different “market factors”, such as currency exchange rates,
interest rates, underlying asset prices, and so on. Those are quantities for which historical
data is available, and for which we might have a reasonable confidence in mean and covariance
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data. In contrast, most complex instruments cannot be directly analyzed in terms of mean
- and covariance.

The process of risk mapping amounts to approximating the return vector via the de-
composition (25). In essence the factor model is a linearized approximation to the actual
return function, which allows to use mean-variance analysis for complex, nonlinear financial
instruments.

Because the factor model is a linearized approximation of the reality, it may be useful
to keep track of linearization errors, via uncertainty in the matrix of sensitivities A. In
fact, instead of fitting one linear approximation to the return vector, one may deliberately
choose to fit linear approximations that serve as upper and lower bounds on the return
vector. The risk analysis then proceeds by analyzing both upper and lower bounds, for all
the instruments considered. Thus, it is of interest (both for numerical reasons and for more
accurate modelling) to take into account uncertainty in the matrix A.

We assume that the statistical data S,D and f is perfectly known, with S > 0 and
D » 0, and that the errors in A are modeled by A € A, where the given set A describes the
possible values for A. We are interested in computing, and optimizing with respect to the
portfolio weight vector w, the worst-case VaR
51/2 AT ]

w

Vae(w) := max “[ D2 — wTAf. (26)

2

We will not compute the worst-case VaR exactly, but will come up with upper bounds.

Ellipsoidal uncertainty. We first consider the case when A is subject to ellipsoidal un-
certainty:

l
A= {Ao + ZuiAi

i=1

weR, Jul < 1} (@)

where the given matrices A; € R"*™, i = 0,...,[, determine an ellipsoid in the space of
n X m matrices. R
The worst-case VaR then expresses as —wT Ao f + ¢(w), where
d(w) == ugﬁ;aicl |C(w)u + d(w)]|2 + e(w)Tx,
for an appropriate matrix C(w) and vectors d(w), e(w), linear functions of w that are defined
in theorem 4 below. Our approach hinges on the following lemma. This lemma is proved in
appendix B.2.

Lemma 1 Let C € RV*, d € RY, e € R! and p > 0 be given. An upper bound on the
quantity

¢ := max ||Cu+d||s+eTu,
lufl2<p

can be computed via the SDP

My C d
20<min \y+ph+x : | CT X e | =0.
dT eT /\3
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The following theorem is a direct consequence of the above lemma, in the case p=1. It
shows that we can not only compute, but also optimize, an upper bound on the worst-case
Var under our current assumptions on the distribution of returns.

Theorem 4 When the distribution of returns obeys to the factor model (25), and the sen-
sitivity matriz is only known to belong to the set A given by (27), an upper bound on the
worst-case VaR given in (26) can be computed (optimized) via the following SDP in variables
Afandwew)

Mlpim C(w) d('w)
C(w)T /\ng e(w) ] >_' 0, (28)

min (A + A2 + A3) — wTAg f subject to
dw)T  e(w)T A3

where s AT
S/ A;

C’(’w)=[M1w M'll)],ﬂ)ithM,-:l: 0

], 1<i<
d(w)=l D1/20 lw, ei(w) = —wTA;f, 1<i<l.

Norm-bound uncertainty. We now consider the case when
A={A+LAR| AeR™, |A] <1}, (29)

where A € R™™, L € R™! and R € R™™ are given, and A is an uncertain matrix that
is bounded by one in maximum singular value norm. The above kind of uncertainty is
useful to model “unstructured” uncertainties in some blocks of A, with the matrices L, R
specifying which blocks in A are uncertain. (See [6] for details on unstructured uncertainty
in matrices.) A specific example obtains by setting L = R = I, which corresponds to an
additive perturbation of A that is bounded in norm but otherwise unknown.

The following result follows quite straightforwardly from lemma 1, and is proved in
appendix B.3.

Theorem 5 When the distribution of returns obeys to the factor model (25), and the sen-
sitivity matriz is only known to belong to the set A given by (29), an upper bound on the
worst-case VaR given in (26) can be computed (optimized) via the following SDP in variables
Afandwew)

T
. T Mnim d C C
min (M + ¢+ A3) — wTAf subject to dl(w-)'-T (;:) ] = [ eT ] [ eI | (30)
t wlL ]
LTw /,LI[ ] = 0’

where -

Sl/zAT Sl/2RT o

dw) = | “pe » U= 0 , e=—Rf.
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4 Extensions and variations

In this section, we examine extensions and variations on the problem. We assume throughout
that 2 and I" are given, with I’ > 0. The extension to moment uncertainty is straightforward.

4.1 Including support information

We now restrict the allowable probability distributions to be of given support 2 C R", and
seek to refine theorem 1 accordingly.

Hypercube support. First consider the case when the support is the hypercube 2 :=
[z z.], where z;, z,, are given vectors, with z; < £ < z,. Theorem 1 is extended as follows.
Its proof is in Appendix B.4.

Theorem 6 When the probability distribution of returns has known mean £ and covariance
matriz T, its support is included in the hypercube Q := [z; .|, and is otherwise arbitrary,
we can compute an upper bound on the worst-case Value-at-Risk by solving the semidefinite
programming problem in variables x, k*:

T

marimize —I'W
subject to [ @ _F:E)T :Z_e);c ] >0, (31)
k(e <& —z < K(e)?’zy, Ty <z <18

where k(¢) is given in (8).

If we let ; = —oo and z, = +o0, the last inequalities in (31) become void, and the
problem reduces to the one obtained in the case of no support constraints. Thus, the above
result allows us to refine the condition obtained by simply no taking into account the support
constraints. Contrarily to what happens with no support constraints, there is no “closed-
form” solution to the VaR, which seems to be hard to compute exactly; but computing an
upper bound is easy via SDP.

In fact, problem (31) can be expressed as an SOCP, which makes it amenable to even
faster algorithms. Again, we stress that while this approach is the best in the case of known
moments, or with independent polytopic uncertainty (as dealt with in section 2.3), the SDP
formulation obtained above is more useful with general convex uncertainty on the moments.
When I > 0, The SOCP formulation is

maximize —zTw
subject to ||[T~Y2(z — 2)||2 < &(€)?, (32)
k(€)?x <& —z < k(€)?zy, T <z < 20

Let us now examine the problem of optimizing the VaR with hypercube support infor-
mation. We consider the problem of optimizing the upper bound on the worst-case VaR
obtained previously:

. I T—Z%
w subject to [ (z—2)T K(e)? = 0,

k(€)*z) < & — x < K(€)?xy, T <z < Ty,

T70Pt :
Vp := minmax —z7
weEW T
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We can express the inner maximization problem in a dual form (in SDP sense), as a mini-
mization problem. This leads to the following result.

Theorem 7 When the distribution of returns has known mean & and covariance matriz I,
its support is included in the hypercube Q := [z; z,], and is otherwise arbitrary, we can
optimize an upper bound on the worst-case Value-at-Risk by solving the SDP in variables
w, t, A; u,v, ’\u,b Uyy?

Va'= min (A, T) + k(e)*v — 27w
+r(e)*(xT Ay — 2T N) + VT (2 — £) = v (31 — )
. A W+ M=+, —vy)/2
subject to (W+ X = ha + Ve — 1)T/2 ’ > 0.

(33)
In the above, when some of the components of x,, (resp. z;) are +0o (resp. —o0), we set the
corresponding components of Ay, vy (resp. Ai, i) to zero.

Again, if we set A, = A\ = v, = v = 0 in (33), we recover the expression of the VaR
given in (11), which corresponds to the exact conditions when first and second moments are
known, and no support information is used.

As before, we can express the above problem as an SOCP. To see this, it suffices to
express the dual, in the: SOCP sense, of problem (32).

Ellipsoidal support. In many statistical approaches, such as maximum-likelihood, the
bounds of confidence on the estimates of the mean and covariance matrix take the form of
ellipsoids. This motivates us to study the case when the support 2 is an ellipsoid of R",
given by

Q:={z | (z—z) PNz —z.) <1},

where z. is the center and P > 0 determines the shape of the ellipsoid.
Following the steps taken in the proof of theorem 6, we obtain the following result.

Theorem 8 When the distribution of returns has known mean £ end covariance matriz
T, and its support is included in the ellipsoid = {z | (z — z.)TP Y (z — z.) < 1}, we
can compute an upper bound on the worst-case Value-at-Risk by solving the semidefinite
programming problem in variables z, X, t:

F'-eX z-2 2z

Tw subject to | (x—2)T k()2 0| >0,

| 2T 0 1

tje=1—Tr P1X 42T P 'z — 2T Pz, > 0,
(1-t—TrP'T' -z,

& —zo)T P ] =0,

marimize — T

(34)

where k(€) is given in (8).
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4.2 Entropy-constrained VaR

The worst-case probability distribution arising in theorem 6, with or without support con-
straints, is in general discrete [3]. It may be argued that such a worst-case scenario is
unrealistic. In this section, we seek to enforce that the worst-case probability distribution
has some degree of smoothness. The easiest way to do so is to impose a relative entropy
constraint with respect to a given “reference” probability distribution.

We will assume that the probability distribution of returns satisfies the following as-
sumption, and is otherwise arbitrary. We assume that the distribution of returns, while
not a Gaussian, is not “too far” from one. Precisely, we assume that the Kullback-Leibler
divergence (negative relative entropy) satisfies

dP
KL(P,P) := / log 77 dP < d (35)

where d > 0 is given, P is the probability distribution of returns, and P, is a non-degenerate
Gaussian reference distribution, that has given mean £ and covariance matrix I' > 0. (Note
that a finite d enforces that the distribution of returns P is absolutely continuous with respect
to the Gaussian distribution F.)

The proof of the following theorem is in Appendix B.5.

Theorem 9 When the probability distribution of returns is only known to satisfy the relative
entropy constraint (85), and the mean & and covariance matriz T' of the reference Gaussian
distribution Py are known, the entropy-constrained Value-at-Risk is given by

Vo(w) = &(e, d)|IT?w|l; — 7w, (36)
where k(e,d) is given by
efA—d _ 1 —d 1) -1
el . e _ e (v+1)
F&(G, d) =0 f(ea d)’ f(ea d) = E:’\l;lg 61/)‘ -1 - igg v ’ (37)

where ® is the conditional distribution function of the zero-mean, unit-variance Gaussian
distribution.

The above theorem shows that, by a suitable modification of the “risk factor” x(e) ap-
pearing in theorem 1, we can handle entropy constraints (however we do not know how to
use support information in this case). For d = 0, we obtain «(¢,0) = —®~!(¢), as expected,
since we are then imposing that the distribution of returns is the Gaussian Py = N(%,T).
The risk factor x(e,d) increases with d. This is to be expected: as the set of allowable
distributions “grows”, the worst-case VaR becomes worse, and increases.

4.3 Imposing constraints on the covariance matrix

We have seen that the covariance matrix I'; which is assumed to be exactly known in the clas-
sical approaches, becomes an optimization variable here: our approach amounts to selecting
the most prudent one in the face of data uncertainty. We may impose additional constraints
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on the matrix I, if prior information is available. For example, we may impose some bounds
on the condition number of I', allowing us to rule out near-degenerate distributions if those
are deemed unrealistic. A condition number constraint has the form

1
—.I=<T=p-1,
” b

where p > 0 is given. The above is a simple linear matrix inequality constraint on I', which
can be added to problems such as (2) or (31).

4.4 Multiple VaR constraints

The framework we used allows to find a portfolio that satisfies a given level v of worst-case
VaR, for a given probability threshold e:

sup Prob{y < —r(w,z)} <e.

Such a constraint does not account for what happens to “extreme” cases when the loss
exceeds . To overcome this difficulty, we may consider multiple VaR constraints

sup Prob{y; < -r(w,z)} <€, i=1,...,m

where €; < ... < €, are given probability thresholds, and 7, < ... < 7, are the correspond-
ing acceptable values of loss. The set of values (7;, ¢;) therefore determines a “risk profile”
chosen by the user.

It is a simple matter to derive SDP conditions, under the assumptions used in this paper,
that ensure that the multiple VaR constraints hold robustly with respect to the distribution
of returns. For example, in the context of the assumptions of theorem (2), we have

Theorem 10 When the distribution of returns is only known via its first two moments, and
is otherwise arbitrary, the multiple worst-case Value-at-Risk constraints hold if and only if
there exist variables I', &, x,,...,Zm such that

z_. <<z, I-.<T<T,

I T;— I
T < —~; : P ;=
z;w < -7, (xi_i){r K(e:)? =0, 1=1,...,m.

The above theorem allows to optimize the risk profile by proper choice of the portfolio
weights, in several ways: we may minimize an average of the potential losses y; + ... + Ym,
for example, or the largest value of the losses, max; ;. Such problems fall in the SDP class.

5 Numerical example

In this example we have considered a portfolio involving n = 13 assets. Our portfolio weights
are restricted to lie in the set

W={w ’w_>_0, Zw,-=1}.

i=1
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This kind of set does not usually result in very diversified portfolios. In practice, one can (and
should) impose additional linear inequality constraints on w in order to obtain diversified
portfolios; such constraints are discussed in [11]. In a similar vein, we have not accounted
for transaction costs. Our purpose in this paper is not diversification nor transaction costs,
but robustness to data uncertainty.

Using historical one-day returns over a period of 261 trading days (from November, 1999
through October, 2000), we have computed the sample mean and covariance matrix of the
returns, £"°™ and I'"°™. With these nominal values, and given a risk level ¢, we can compute
a portfolio, using theorem 3, with I';, =T'_ =TI"™™ and £, = Z_ = £"™. We refer to this
portfolio—one resulting from the assumption that the data is error-free—as the “nominal”
portfolio, against which we can compare a robust portfolio.

We assume that the data (including our mean and covariance estimates) is prone to errors.
We denote by p a parameter that measures the relative uncertainty on the covariance matrix,
understood in the sense of a componentwise, uniform variation. Thus, the uncertainty in the
covariance matrix I' is described by

IT(E, 5) — T, 5)| < pIT™" (5, 5)I, 1<4,5 <n.

In practice, the mean is harder to estimate than the covariance matrix, so we have put the
relative uncertainty on the mean to be ten times that of the covariance matrix, i.e.

|Z — 2% (3)| < 10p|37™(3)], 1< 4 < n.

We have then examined the worst-case behavior of the nominal portfolio as the uncertainty
on the point estimates £"°™ and I"™™ increase. This worst-case analysis is done via theorem
2. We have compared the worst-case VaR of the nominal portfolio with that of an optimally
robust portfolio, which is computed via theorem 3.

Our results were obtained using the general-purpose semidefinite programming code SP
[22].

These results are illustrated in figure 1. The z-axis is the relative uncertainty on the
covariance matrix, p. The y-axis is the VaR, given as a percentage of the original portfolio
value. Figure 2 shows the relative deviation of the worst-case VaR with respect to the
nominal VaR, which is obtained by setting p = 0. For example, for p = 10% the worst-case
VaR of the nominal portfolio could be as much as 270% of the nominal VaR, while the VaR
of the robust portfolio is about 200% of the nominal VaR. The curves shown are for ¢ = 5%,
which is the level of probability we want to impose on potential losses.

We see that if we choose the nominal portfolio, data errors can have a dramatic impact
on the VaR. Taking into account the uncertainty by solving a robust portfolio allocation
problem dampens greatly this potential catastrophic effect. This is even more so as the
uncertainty level p increases.

In figure 3, we illustrate the behavior of our portfolios when the probability level ¢
varies. We compare the VaR in three situations: one is the VaR of the optimal nominal
portfolio (that is, obtained without taking into account data uncertainty), shown in the lowest
curve. The upper curve corresponds to the worst-case analysis of the nominal portfolio. The
middle curve shows the worst-case VaR of the robust portfolio. Again, we see a dramatic
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Figure 1: Comparison between the nominal and robust portfolios, as a function of
the size of data uncertainty, p. Dotted line: worst-case VaR of the nominal portfolio.
Solid line: worst-case VaR of the robust portfolio.
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Figure 2: Comparison between the nominal and robust portfolios, as a function
of the size of data uncertainty, p. Dotted line: deviation of worst-case VaR of the
nominal portfolio, relative to the nominal VaR (p = 0). Solid line: relative deviation
of worst-case VaR of the robust portfolio.
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Figure 3: Comparison between the nominal and robust portfolios, as a function of
the probability level €. Lower curve: nominal VaR of the nominal portfolio. Middle
curve: worst-case VaR of the robust portfolio. Upper curve: worst-case VaR of the
nominal portfolio.

improvement brought about by the robust portfolio. The latter is less performant than the
nominal portfolio if there were no uncertainty; the presence of data uncertainty makes the
nominal portfolio a poor choice over the robust one.

Note that the benefit of using a robust portfolio increases as the confidence level ¢ de-
creases: it turns out that the middle curve becomes closer to the lowest curve when ¢ tends
to zero. This can seem paradoxical: in a “nominal” context, that is, with error-free data,
decreasing e is a way to bring more certainty about “good” events. This is only seemingly
true: in our example, when data uncertainty is present, decreasing ¢ has a negative effect
on the nominal portfolio. This effect is tamed only by taking data uncertainty into account
explicitely, via robust optimization.

6 Concluding Remarks

Our results can be summarized as follows. The problem of computing the worst-case VaR,
or optimizing it, takes the general form

minimize ¢w(z) subject to (z,%,T) € V, (@ —Fa‘:)T -’17;2:0 ] >0,

where ¢y is the support function of a convex set, that describes the set of admissible port-
folio allocation vectors; the set V reflects the partial information (moments bounds and
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support) we have on the distribution of returns, and the risk factor x depends on the chosen
optimization model (entropy-constrained or moment-constrained).

The optimal variables I',Z in the above problem are selected to be the most prudent
when facing data uncertainty. The portfolio weights (w) are recovered as dual variables; in
a sense, they come “for free” if we use a primal-dual interior point method for solving SDP,
such as the one described in [23]. The duality between the portfolio weights and the worst-
case probability distribution information (Z,T") is reminiscent of the duality in option pricing
problems, between the optimal hedging strategy (for replicating the price of an option) and
the risk-neutral probability measure [15).

As noted in section 2.1, the above formulation has a deterministic interpretation, in which
the returns are assumed to be only known to belong to a union of ellipsoids of the form

{z | K(e)’T = (x - 8)(z — )T}

where the shape matrix I' and center £ are unknown-but-bounded, and the problem is to
best allocate resources in a “min-max”, or game-theoretic, manner. Our SDP solution illus-
trates a kind of “certainty equivalent principle” by which a problem involving probabilistic
uncertainty has an interpretation, and an efficient numerical solution, as a deterministic
game.

The numerical tractability of the above problem depends on the structure of the sets W,
V. We have identified some practically interesting cases when these sets result in a tractable,
semidefinite programming problem, namely componentwise and ellipsoidal bounds. In the
case of support constraints on the distribution of returns, the problem does not seem to be
tractable, but we have shown how to compute an upper bound on the worst-case VaR, via
semidefinite programming.
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A Semidefinite and Second-order Cone Programming
A semidefinite programming problem takes the form

m
minimize ¢”z subject to F(2) := Fo + Y _ z:F; = 0, (38)
i=1
where z is the m-vector of variables, ¢ € R™ represents the linear objective, the F;'s are
given p X p symmetric matrices, and the constraint (called a linear matrix inequality on 2)
‘means that F'(z) must be positive semidefinite. The main conceptual tool used in this paper
is convex duality, in particular, SDP duality. The dual of the above problem is also an SDP
in a p X p symmetric matrix variable Z:

maximize — Tr FyZ subjectto Z >0, TrF;Z =¢;, i=1,...,m. (39)

When either primal or dual problem are strictly feasible, strong duality holds, and both
problems share the same optimal value [23]. If both problems are strictly feasible, then any
pair z, Z such that = (resp. Z) is feasible for the primal (resp. dual) problem is optimal if
and only if
F(z)Z =0.
A second-order cone programming problem is one of the form
minimize Iz
subject to ||Cix +di|| < efz+ fi, i=1,...,L,

where C; € R"*™, d; € R, ¢, € R™, f; € R, i = 1,...,L. The dual problem of
problem (40) is an SOCP as well:

(40)

L
maximize — ) (d:,-rzi + fisi) )

L= (41)
subject to Y (C,Tz,- + e,-s,-) =c¢ |z||l<s,i=1,...,L,

i=1
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where z; € R™, s; € R, ¢ = 1,..., L are the dual variables. Optimality conditions similar
to those for SDPs can be obtained for SOCPs. SOCPs can be expressed as SDPs, therefore
they can be solved in polynomial-time using interior-point methods for SDPs. However the
SDP formulation is not the most efficient numerically, as special interior-point methods can
be devised for SOCPs [16, 12].

Precise complexity results on interior-point methods for SOCPs and SDPs are given by
Nesterov and Nemirovsky [16, p.224,236]. In practice, it is observed that the number of
iterations is almost constant, independent of problem size [23]. For the SOCP, each iteration
has complexity O((ny + . .. + ny)m? + m?); for the SDP, we refer the reader to [16].

B Proofs

B.1 Proof of theorem 1

We first prove the equivalence between propositions 1 and 3, then show that the latter is
equivalent to 2. As noted in the comments following the theorem, equivalence between
propositions 4, and 5, follows from simple SDP duality, and both are straightforwardly
equivalent to the analytical formulation given in proposition 2.

Computing the worst-case probability. We begin with the problem of computing the
worst-case probability for a fixed loss level 4. We introduce the Lagrange functional for
(p, M) € K(R") X Sp41

T
L,M) = [, xs(@p(@)dz+ (M5 - /R[”I”] [f] p(z) dz).

where (A, B) = Tr(AB) denotes the standard scalar product in the space of symmetric
matrices, M = M7 is a Lagrange multiplier matrix, and xs is the indicator function of the

set
S= {x | v < —:z:Tw}. (42)

Since T > 0, strong duality holds (see [8, 3] or [5]). Thus, the original problem is equivalent
to its dual. Hence, the worst-case probability is

owc = Ml——P{lT G(M)a (43)
where §(M) is the dual function
O(M) = sup,ecmry Lo, M) = (M, 5) +sup [ (xs(e) - I(a)) plz) de,

and [(z) is the quadratic function
| z 1" T
=[] w[z] »
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We have
(M,Z) if xs(z) < (z) for every z ,

6(M) = SI;P L(p, M) = { +00 otherwise.

The dual function is finite if and only if:
C.1 I(z) 2 0 for every z € R";
C.2 I(z) > 1 for every z € R™ such that v+ zTw < 0.

Condition C.1 is equivalent to the semidefinite positiveness of the quadratic form: M > 0.

In addition, Condition C.2 holds if there exist a scalar 7 > 0 such that, for every z,
l(z) > 1 —27(y + zTw). Indeed, with condition C.1 in force, an application of the classical
strong duality result for convex programs under the Slater assumption [7] shows that the
above condition is sufficient, provided there exist a zo such that v + z3w < 0, which is the
case here since w € W and W does not contain 0.

We obtain that conditions C.1, C.2 are equivalent to

There exist a 7 > 0 such that: M >0, M + OT Y = 0.
Tw' —=1+4+279

We obtain that the worst-case probability (43) is the solution to the SDP in variables
M,T:

. . 0 TW
>
inf (M,X) subjecttoT>0, M =0, M+ [ Y ] > 0.

Computing the worst-case VaR as an SDP. We obtain that the worst-case VaR can
be computed as
Vp(w) = inf 4 subject to (M,Z) <e 7>0, M >0,
0 TW (45)
M+ [ Twl -1+ 279 z0.

We now show that the 7-components of optimal solutions (whenever they exist) of (45)
are uniformly bounded from below by a positive number. This will allow us to divide by T
in the matrix inequality above, replace 1/7 by 7, and M/7, w/T by M,w, and obtain the
SDP in variables 7, M, v:

Vp(w) = inf v subject to (M,X)<71e, 7>0, M =0,
0 w (46)
M+[wT -'r+2'y]t0’

To prove our claim we first note that setting My = (¢/ Tr X) - I, with I the n x n identity
matrix, 7o = 1 and 7o such that v9 + wTZ > 0 and 27y > |w||*(Tr Z)/e + 1 yields a triple
(Mo, 10,70) that is feasible for problem (46). Therefore we can add the constraint v < 7o in
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(45) without changing its optimal value. When v < 70, and M, 7,7 are feasible for (45), the
last matrix inequality in (45) implies

0 TW
o < e | 2 T ]

<
< 2r(wTz+79)+e—1
< 21(wTa+7y) +e—1

Since wT'# + 49 > 0, we conclude that optimal 7 are uniformly bounded from below, as
claimed. Conditions in (46) are exactly those appearing in proposition 3. We have thus
shown the equivalence between propositions 1 and 3.

Analytical formula for the worst-case VaR. Finally, we show that the SDP (46) yields
the analytical formula (7). We first find the dual, in the sense of SDP duality, of the SDP
(46). Define the Lagrangian

0
‘C(MzTa'y’aau:X7Y) = 7_a(T€—<M:Z))—“T_(X1M)—<]/1M+[,wT -—TT-:,-Q’Y :|)$
so that
Vp(w) =  inf sup LM, 1,v,0,u,X,Y).

M=MT,1y a>0,420,X>0,Y >0

Partition the dual variable Y as follows:

Y=[ZT m}.

m’ v
We obtain the dual problem in variables X, Z, m, v, a:

sup —2mTw subject to
v=1/2, ae+p—v=0, >0, p2>0,
aX=X+Y,

Z m

X>_:0,Y=[ T Jto.
m 14

The above dual problem is strictly feasible and the feasible set is bounded. Therefore, strong
duality holds and both primal and dual values are attained. Eliminating the variables p, v, X
yields:

Vp(w) = max —2mTw subject to

Z m
1 =
0<a<sj, aXxzY [mT 1/2J:0.

Note that the constraint on Y imply @ > 1/2 > 0. Therefore, we make the change of
variables (Z,m,a) — (V,v,y) with V = Z/a, v =m/a, y = 1/2a € [¢ 1]. We obtain

Vp(w) = max —*¥ subject to T > 1;- v =0, e<y<1 47
Yy v ]
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If y = 1, we have v = & and the objective of the problem is —z7w.

Assume now that y < 1. In view of our partition of T given in (6), the matrix inequality
constraints in problem (47) are equivalent to

1
1-y
The above constraint holds for some V > 0 if and only if

S —

(E-v)(E-v)T >V iva.

gy 2 (- 0)(@- o) + %va, (48)

1—
or, equivalently,

P=8-z:T » (v — yi) (v — y&)T. (49)

y(1-v)
The dual problem now becomes

oT . ) on . .
Vp(w) = max,, —%* subject to: § — 227 = ol (v — y&)(v - y3)T, ye[e1].

Denote by ¢(y) the objective of the problem with y < 1 fixed. We have for y < 1:

1- )
o(y) = \/Tyurlﬂwnz — iTw.

The above expression is valid for y = 1. Maximizing over y:

_ [l1=¢ 1/2 T
max ¢(y) = | —— Tl - 2" w.

We thus have y = € at the optimum. This proves the expression of the worst-case VaR given
by (7). o

B.2 Proof of lemma 1

We have
¢ = max ||[Cu+d|s+eTu,
flull2<p
= max  v7(Cu+d)+ eTu.
flull2<e, fvll2<1
Defining
0 C d
M:=|CT 0 e,
T eT 0
We can express ¢ as
T
v v
2¢ = max [u} M[“} D ulle <o, Illl2 £1,
1 1 ,
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Thus, we can express ¢ via an SDP with a rank constraint:

Xu X2 o
2¢>=max(M,X) : X = Xil; X22 I tO,

¥ 2l 1

'I\erl < 1: 'I'rXQ‘Z < p2’ rank X = 1)

(50)

where Xn is N x N, X22 islxl.
Now consider the following upper bound on 2¢, obtained by relaxing the rank constraint:

Xu X2 7
w =max(M,X) : X = Xil; X22 T > 0, 'I\I‘Xu S 1, ﬁXQQ < p2. (51)
7 2 1
1 2
Problem (51j is an SDP, the dual of which is
Miy C  d
¥ =min A+ %A+ : M) :=| CT Xl e | =0. (52)
eT /\3

We obviously have 2¢ < ¢ < ¢'. Since both SDPs (51) and (52) are strictly feasible,
therefore strong duality holds. Thus, ¥’ = % is an upper bound on 2¢. ¢

B.3 Proof of theorem 5
Defining

Sl/2AT ]

Sl/2RT
d(w) = [ DL/2 [

0 ], e=-Rf, r(w)=LTw,

we may express the worst-case VaR as —wTAf + ¢(w), where

d(w) = fmax |CATr(w) + d(w)]|z + eT ATr(w)

= max _ ||Cu + d(w)||z +eTu

luliz<li(w)ll2
AlIn-ﬁ-m C d('w)
CT I e =0,
d('LU)T el )\3

where the last inequality is derived from lemma 1, with p = ||r(w)]|2. Using Schur comple-
ments [6], we may rewrite the linear matrix inequality in the last line as

M dw) ], fC][CT

dw)T X | =TT |||
where 2 = 1/)y. Introducing a slack variable ¢t > Xo||r(w)||3 = |Ir(w)||3/1, we can rewrite
the objective as A + ¢t + A3, where t is such that ¢t > |[r(w)||3/¢. The latter inequality
can be written as the linear matrix inequality in the theorem. (We note that this con-

straint is a second-order cone constraint and its structure should be exploited in a numerical
implementation of the theorem.) o

= (M + Ir@)l3rz + )
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B.4 Proof of theorem 6

The proof proceeds in the same three steps as in the proof of theorem B.1. Again, we denote
by ¥ the second-moment matrix defined in (6). From the assumption I" > 0, we have ¥ > 0.

Computing the worst-case probability. We begin with the problem of computing the
worst-case probability. We introduce the Lagrange functional: for (p,A) € K(2) X Sp41

Lo.8) = [xs@mp@do+ 5= [ 7] [”f]Tpm)dw).

Again, since T > 0, strong duality holds, and the original problem is equivalent to its dual.
Hence, the worst-case probability is

= inf (M),

A€Sn+1

where 6(A) is the dual function
0(A) = suPperee £(mA) = (A D)+ sup [ (xs(z) - Ua)) pla) dx,
peK(Q) I

where [(z) is the quadratic function defined in (44). We have

(A, D) if xs(z) < I(z) for every = € Q,
+o00  otherwise.

0(A) = {
First, we examine the condition C.1:
I(z) > 0 for every z, z; < z < z,.
The condition is true if, there exist two vectors A, > 0, A; > 0 such that
for every z, I(z) > 20 (z — =) + 20T (z, — ).
In turn, the above is true if and only if

0 Al = Ay

Az =) 20Tz, — Nz |

(53)

Note that, in the case when no support information is available, the above condition is exact,
provided we set A, = A; = 0. Indeed, condition C.1 then simply says that I(x) > 0 for every
z € R", while (53) reduces to A > 0.

Similarly, the condition C.2:

l(z) > 1foreveryz € Q, 27w+ <0
holds if there exist a vector v > 0 and a scalar 7 > 0 such that

for every z, l(z) > 1 - 27(y + z27w) + 20 (z — =) + 2wl (z, — x).
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In turn, the above is true if and only if

0 —Tw 0 N
-
Az [ —rwT 1-2ry } " [ (v —v)T 2(vfze —vfm) | 4

Again, in the case when no support information is available, the above condition is exact,
provided we set v, = v; = 0. Indeed, in this case C.2 reduces to the condition: I(z) > 1 for
every z € R" such that v+ zTw < 0. This holds if and only if there exist a scalar 7 > 0
such that

For every z I(z) > 1 — 27(y + z7w).

This fact, with condition C.1 in force, is an application of the classical strong duality result

for convex programs under the Slater assumption [7], which shows that the above condition

is sufficient, provided there exist a o such that v + z3w < 0, which is the case here since

w € W and W does not contain 0. The above condition is the same as (54) with v, = v, = 0.
To summarize, an upper bound on the dual problem

inf 6(A)

A€Sn41

is obtained by solving the SDP in variables A, 7, u, v:

inf (A,X) subject to
TZO) )\u.>_0, )‘1207 Vu>0; VlZO,

0 A=A
Azl 20T 20Tz, — ATa) ] ’
A 0 —TW 0 v — Uy
= | =0T 1-2794 (v — )T 2Wlz, —vfz) |

The above SDP results in a sufficient condition (expressed in an SDP form) ensuring that
the worst-case probability is below a given level €. This condition is exact when no support
information is available, if weset A, =\ =0and v, =y, = 0.

Computing the worst-case VaR as an SDP. We obtain that (an upper bound on) the
worst-case VaR can be computed as

Vp(w) = inf v subject to
(A,E)SG, T.>_0a Auzoa )\120, VuZOa VIZO?

0 Al— A
Az =207 203 Tz, — ATz) ] ’
A 0 —TW 0 Vi— U,
= | —tw?’ 1-279 (v =w)T 2Wlz, —vfm) |

We can assume 7 to be uniformly bounded away from 0. To see this, we first choose a set
of variables (Ag, 70,70) and A,y = v,y = 0 that is feasible for the above problem, and such
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that 7o + w'# > 0. When v < 79, and A, 7,7, Ay, t, are feasible for the above problem,
we have

0 Tiv—uz+vu
(A’ 2> + (2’ [ (Tw -y +Vu)T =14 27y — 2(1/322.; - VzTﬂ?t) ])

<
< 2'r(wT§:+’7)+e—1+2(V,T(:z“:—zu)+u}r(x¢-§:))
< 2r(wTE +v) +e—-1,

in view of our assumption that z; < z_ = £ = r, < z,. Since w7% + 7 > 0, we conclude
p

that 7 is uniformly bounded, as claimed.
Dividing by 7, we obtain the SDP in variables 7, Ay, A, v, vi, A, 7y

Vp(w) < Viye—up(w) :=inf v subject to
(A,E) STC’ 7201 A‘uZO) AIZO*) VuZO; Vl..>..0a

0 Al — Ay
AZ 1 (N= AT 20, - ATa) ] ’
0 —w 0 U — Uy
Az —w? T—2’)’]+[(V1—Vu)T 2Wlz, —vfm) |

(55)
In the above, when some of the components of z, (resp. z;) are +o0o (resp. —oo) , we set
the corresponding components of Ay, v, (resp. A;, 1) to zero. When no support information

is used, all components of A,;, v, are zero, and the upper bound is equal to the worst-case
VaR.

Dual form and analytical expression. Finally, we show that the SDP (55) can be
equivalently expressed in the form (31), and reduces to the analytical formula (7) when no
support information is used.

We first find the dual, in the sense of SDP duality, of the SDP (55). Define the Lagrangian

E(Ar Au,l, Vs Ty 7Y, Oy Uy Dyl Qu ly Xa Y) =
v —o(re— (A, T)) — p7 —p{ M =PI A — gf v — ¢Z v

0 /\l -‘)\u
A= o, o 20ge ey )
0 —w 0 U=
—(Y,A - [ —wT T — 27 ] + [ (Vl — Vu)T 2(1/3:1:,‘ —_ l/lel) jl))

so that
Vive—up(w) = inf sup L

A'—'ATIA"J’VH-I’T'.Y a20,u>0,py,1>0,9,,120,X=0,Y =0

Partition the dual variables X,Y as follows:
X=|:X%l x12],Y=[Yclrl yl2].
Ty T22 Yiz Y22
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We obtain the dual problem in variables X,Y, a:

sup —2yl,w subject to
Y2 =1/2, ae<ymp, a>0,

a=X+Y,
X=[X71~1 xm]tO,Y=[ ;,1 yl2]t0’
Tip T2 Yiz Y22

TiZTz2 < T12 < TuZT22, TiY22 < Y12 < TuY2o.

The above dual problem is strictly feasible and the feasible set is bounded. Therefore,
strong duality holds and both primal and dual values are attained. Eliminating the variable
X yields:

Vp(w) = max —2yl,w subject to

0<ac<g, aEtY:[Y}l Y12 > 0,
Yi2 Y22
T < 2y12 £ 224, (20— 1)3; < 2(af — 112) < (2 — 1)z,

Note that the constraint on Y implies a >.1/2 > 0. Therefore, we make the change of
variables (Y11, %12, @) — (V,v,y) with V = Y1/, v = y1a/a, y = 1/2a € [e 1]. We obtain

Vp(w) = max —"TT‘" subject to X > [,3;‘ :] =0, e<y<l, (56)

Q-9 <2-v<(1-y)2u, y21 < v < Yo

If y = 1, we have v = Z and the objective of the problem is —£Tw.
Assume now that y < 1. In view of our partition of ¥ given in (6), the matrix inequality

constraints in problem (56) are equivalent to

1 1
S—- g—)E—=v)T =V ==l
rCEICE -
The above constraint holds for some V > 0 if and only if
1
S = & —-v)(&—v)T + -wnT, 57
E { @ 0)@ -0+ 57)
or, equivalently,
F=S5-%iT » (v —y&)(v — yi)T. (58)

Ty(l-v)
The dual problem now becomes

ww T
Vp(w) = max,, ——y- subject to S — ZZ" >

y(]. _ y) ('U - yi:)(v - yi)T, y (S [€ 1],
(I-yn<E-v<(1-y)zw, yu <v< Yz
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Introduce the new variables z = v/y, k2 = 1/y — 1 € [0, k(€)?), where k(e) is defined in (8).
Since I' = § — £27T, using Schur complements we can rewrite the above as

Vp(w) = max, ., —z7w subject to [ (@ _F:;;)T x;z:t ] >0, k%e€(0, x(e)?, (59)

K2 <3 —x <Ky, 11 < T < Ty

The above problem is strictly feasible and its feasible set is bounded. We can form the dual,
in the SDP sense, to this problem, and there will be no duality gap. The dual is

min (A,T) + k(e)%v — £Tw
+5(e)2(xT Ay — 2T M) + VI (24 — &) — v (z1 — £) + tK(€)®
: A wHAN—A+v,—y)/2
subject to (W+ N = Do + v = 1)T/2 ( ! ; 1)/ ] =0, t>0.

At the optimum, we have ¢ = 0. The problem thus obtained is exactly the one we would
have obtained by setting x = x(¢) in (59). This proves the formulation (31).

If we let ; = —oo and z,, = +00, the last inequalities in the above problem become void,
and the VaR is exact. Its expression reduces to the one with no support constraints given
in (7). o

B.5 Proof of theorem 9

As before, we begin with the problem of computing the worst-case probability. We address
the following problem:

maximize /R" xs(z)p(z) dz subject to K L(p,po) < d, /R" p(z)dz =1, (60)

where p and po denote the densities of distributions P and F. For a given distribution with
density p such that K L(p,po) is finite, and for given scalars Ao > 0, A, we introduce the
Lagrangian

L(p 2o, A) = /R,, xs(2)p(z) dz + Ao (1 - /R" p(z) d:c) +A (d - /R" log ;(2) p(z)d:l?) ,

where as before, xs is the indicator function of the set S defined in (42). The dual function
is

p(z
(X, = s L(p, Mo, A) = do+ Ad +su n z)— X — Alo z) dz,
Oo) = sup Lip.dod) = doM-otp [ (x5(6) ~do = log 21} e
and the dual problem is:
inf 6( Ao, A).
(Mo)eR+xR

From the assumption that I' > 0, strong duality holds [20]. For any pair (A, Ag), with
A > 0, the distribution that achieves the optimum in the “sup” appearing in the expression
for © above has a density

ple) = (o) exp (=20 1), (61
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and the dual function expresses as

X
= do+Ad+A (e‘-':“-q-l Prob{y < ~zTw} + e~ 2! Prob{y > —xTw})
= do+Ad+ e (e - 1)g(r) +1),

0(Ao,A) = Ao+ Ad+ /\/po(a:) exp (m - 1) dx

where the probabilities above are taken with respect to po, and

i T _ Y + wTﬁ
#(7) :=Prob{y < —z'w}=1-0 (\/m) .
Taking the infimum over ) yields
inf 6(Xo,A) = Ad + Alog ((e¥/* — 1)p(v) + 1) . (62)

AoGR

The worst-case probability obtains by taking the infimum of the above convex function over

A>0.
The constraint §°P* < ¢ is equivalent to the existence of A > 0 such that

M+ Mog (€ = 1)¢(7) +1) < ¢,

that is,

v > k(e, d)VuwTTw — w' %,

where k(¢, d) is defined in the theorem. ¢
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