Avoiding communication in the Lanczos bidiagonalization
routine and associated Least Squares QR solver

Erin Carson

Electrical Engineering and Computer Sciences
University of California at Berkeley

Technical Report No. UCB/EECS-2015-15
http://www.eecs.berkeley.edu/Pubs/TechRpts/2015/EECS-2015-15.html

April 12, 2015




Copyright © 2015, by the author(s).
All rights reserved.

Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies are
not made or distributed for profit or commercial advantage and that
copies bear this notice and the full citation on the first page. To copy
otherwise, to republish, to post on servers or to redistribute to lists,
requires prior specific permission.

Acknowledgement

This material is based upon work supported by the U.S. Department of
Energy Office of Science, Office of Advanced Scientific Computing
Research, Applied Mathematics program under Award Numbers DE-
SC0004938, DE-SC0003959, and DE-SC0010200; by the U.S. Department
of Energy Office of Science, Office of Advanced Scientific Computing
Research, X-Stack program under Award Numbers DE-SC0005136, DE-
SC0008699, DE-SC0008700, and AC02-05CH11231; by DARPA Award
Number HR0011-12-2-0016, as well as contributions from Intel, Oracle,
and MathWorks.



AVOIDING COMMUNICATION IN THE LANCZOS
BIDIAGONALIZATION ROUTINE AND ASSOCIATED LEAST
SQUARES QR SOLVER

ERIN CARSON

Abstract. Communication — the movement of data between levels of memory hierarchy or
between processors over a network — is the most expensive operation in terms of both time and
energy at all scales of computing. Achieving scalable performance in terms of time and energy
thus requires a dramatic shift in the field of algorithmic design. Solvers for sparse linear algebra
problems, ubiquitous throughout scientific codes, are often the bottlenecks in application perfor-
mance due to a low computation/communication ratio. In this paper we develop three potential
implementations of communication-avoiding Lanczos bidiagonalization algorithms and discuss their
different computational requirements. Based on these new algorithms, we also show how to obtain
a communication-avoiding LSQR least squares solver.

1. Introduction. Classical implementations of Krylov methods, Lanczos bidi-
agonalization methods included, require one or more sparse matrix-vector multipli-
cations (SpMVs) and one or more inner product operations in each iteration. These
computational kernels are both communication-bound on modern computer architec-
tures. To perform an SpMV, each processor must communicate entries of the source
vector it owns to other processors in the parallel algorithm, and in the sequential
algorithm the matrix A must be read from slow memory (when it is too large to fit in
cache, the most interesting case). Inner products involve a global reduction (see [21,
§11.4]) in the parallel algorithm, and a number of reads and writes to slow memory
in the sequential algorithm (depending on the size of the vectors and the size of the
fast memory).

Thus, many efforts have focused on communication-avoiding Krylov subspace
methods (CA-KSMs), or s-step Krylov methods, which can perform s iterations with
a factor of O(s) less communication than classical KSMs; see, e.g., [3, 4, 6, 8, 9, 11,
14, 15, 22, 23]. In practice, this can translate into significant speedups for many
problems [18, 24]. In this paper, we will use the terminology ‘s-step methods’, which
was introduced in [5]. The reader should note this use of the term differs from other
works, e.g., [7, 16] and [13, §9.2.7], in which the term ‘s-step methods’ is used to refer
to a type of restarted Lanczos procedure.

In this manuscript we present three approaches to developing communication-
avoiding variants of Lanczos bidiagonalization. Each of the three approaches are used
to give both communication-avoiding upper and lower bidiagonalization routines. The
LSQR least squares solver of Paige and Saunders [19] is based on the Lanczos lower
bidiagonalization method, and we use this to derive two potential CA-LSQR methods
based on two of our approaches to communication-avoiding lower bidiagonalization.

The rest of this manuscript is organized as follows. Section 2 gives a brief overview
of the communication-avoiding approach and motivates such methods from a perfor-
mance perspective. In Section 3, we review the upper and lower Lanczos bidiago-
nalization procedures. In Section 4 we demonstrate three approaches to developing
communication-avoiding versions of the algorithms in Section 3. Section 5 first re-
views the LSQR method and then gives algorithms for two possible communication-
avoiding variants. Section 6 briefly discusses future work, namely, convergence and
performance studies to compare these new methods and determine guidelines for when
one should be used over another.



2. Background on communication-avoiding Krylov methods. The basic
idea behind the CA-KSMs introduced by Hoemmen, Mohiyuddin, and others (see
[15]), is to unroll the iteration loop by a factor of s > 1. One first builds bases for the
Krylov subspaces known to contain the iteration vectors to be computed in the next s
iterations, computes Gram matrices to store dot products between these basis vectors,
and then subsequently performs s iterations, updating the coordinates of the iteration
vectors in the precomputed bases rather than the iteration vectors themselves. For a
thorough treatment of communication-avoiding Krylov methods, see [1].

This algorithmic change allows use of communication-avoiding kernels which can
asymptotically reduce communication cost. The matrix powers kernel optimization
fuses together a sequence of s SpMV operations into one kernel invocation. This kernel
is used to compute the O(s)-dimensional Krylov bases, which are denoted by calli-
graphic letters in this and future sections. Depending on the nonzero structure of A (or
whatever matrix we must compute a basis for), this enables communication-avoidance
in both serial and parallel implementations, as described in paragraphs below. For an
in-depth treatment of the matrix powers kernel implementation, see [10].

Serial. In serial, the matrix powers kernel reorganizes the O(s) SpMVs to max-
imize reuse of A and the vector(s). This means ideally reading A and the starting
vector only once and writing the s output vectors spanning the Krylov subspace only
once. When the communication cost of reading A dominates that of reading/writing
the vectors (a common situation), this results in an s-fold decrease in both latency
(the number of messages sent) and bandwidth (the number of words moved).

Parallel. In a parallel implementation, the matrix powers kernel reorganizes the
computation in a similar way but with a slightly different goal. In a parallel SpMV
operation, only entries of the vectors need to be communicated. The parallel matrix
powers kernel avoids interprocessor synchronization by initially storing some redun-
dant elements of A and the starting vector on different processors and performing
redundant computation to compute the s Krylov basis vectors without further syn-
chronization in between SpMVs. Provided the additional bandwidth and latency
cost to distribute the starting vector is a lower-order term (equivalently, A® is well
partitioned; see [10]) this gives an s-fold savings in latency cost.

Serial and parallel variants of the matrix powers kernel, for both structured and
general sparse matrices, are described in [17] and [1], which summarize most of [10]
and elaborate on the implementation in [18]. Within [17], we refer the reader to
the complexity analysis in Tables 2.3-4, the performance modeling in §2.6, and the
performance results in §2.10.3 and §2.11.3, which demonstrate that this optimization
leads to speedups in practice.

For example, for a 2D five-point stencil on a y/n x y/n mesh with p processors,
assuming s < 1/n/p, the number of arithmetic operations grows by a factor 1 +
2s4/p/n, the number of messages decreases by a factor of s/2, and the number of
words moved grows by a factor of 1+ (s/2)/p/n [17]. Therefore since the additional
arithmetic operations and additional words moved are lower order terms, we expect
to see a ©(s) speedup when latency is the dominant cost. We note that matrix powers
kernel performance is sensitive to matrix structure and hardware parameters, making
it a good candidate for inclusion in auto-tuning libraries and specializers.

Besides SpMV operations, classical KSMs also must compute inner products in
each iteration, which incur a costly global synchronization on parallel computers. For
Lanczos-based methods like the ones in this paper, inner products are computed as
a block operation producing Gram matrices which are later used to compute dot
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products without additional communication. In parallel, this can lead to an s-fold
decrease in latency.

These communication-avoiding variants can lead to speedups in practice. We
direct the reader to recent performance results in [24], which demonstrate speedups
up to 4.2 for a communication-avoiding BICGSTAB implementation with s = 4.

3. The bidiagonalization algorithm. We first review classical algorithms for
reduction of a matrix to both upper bidiagonal and lower bidiagonal form. The
original procedure given by Golub and Kahan gives the procedure as a reduction to
upper bidiagonal form [12]. With some slight modifications, Paige and Saunders [19]
showed that a similar procedure could be used to produce a reduction to lower bidi-
agonal form, and that this formulation was more amenable to solving the full-rank
least squares problem min || Az — b||2. This observation forms the basis for the LSQR
algorithm. Both methods are connected in that they both produce the same sequence
of vectors Vi that would be produced by the symmetric Lanczos method applied to
AT A.

Let A be an m-by-n matrix and b be a length-m vector. After k iterations,
the Lanczos upper bidiagonalization procedure produces the m-by-k matrix P, =
[p1,D2, - .., pr] and the n-by-k matrix Vi, = [v1,ve, ..., vg] such that

V}c(elel) = ATb
AVy, = PRy,

ATPk = VkRg + 9k+1vk+1e£,
where

P1 0
p2 b3
Rk: )
pr—1 O
Pk

and in exact arithmetic, PkT P, =1Tand VkT Vi = I. The algorithm of Golub and Kahan
for reduction to upper bidiagonal form is shown in Algorithm 1. Note that here and in
the remainder of this paper bars over variables denote intermediate quantities which
are yet to be normalized. We note that one can formulate the upper bidiagonalization
algorithm as the Lanczos reduction to tridiagonal form. Letting

_ _ 0 pr 0 p2 ... 0 pg
Z_[Zl’ZQ""’Z%]_[vl 0 v 0 ... v 0O |’
F 0 ;
pr 0 6
b 0 po
~ 0 A ~ .
AE|:AT 0}, and T = pa 0 . ,
O
O, 0 pg
i pe 0




the procedure in Algorithm 1 is mathematically equivalent to
AZ = ZT + 6k+122k+16§k7

with ZHZ = I,;, and ZHZQk+1 = 0. This means that, in exact arithmetic, k steps of
the upper bidiagonalization procedure applied to A with starting vector v; produces
the same information as 2k steps of symmetric Lanczos applied to cyclic matrix A
with starting vector z; as defined above.

Algorithm 1 Lanczos reduction to upper bidiagonal form
Require: m-by-n matrix A and length-n vector b
1 01 = [|[ATD]l2, v1 = ATb/01, pr = Av, p1 = ||prll2, p1 = D1/p1

2: for ¢ = 1,2,... until convergence do
3: viy1 = ATp; — piv;

4 Oiv1 = ||Vit1]l2

5 Vip1 = Vit1/0ip1

6:  Pir1 = Avipr — O

7 pi1 = [Divall2

8: Pit1 = Di+1/Pit+1

9: end for

We will also consider reduction to lower bidiagonal form for the purpose of easy
connection to the LSQR method of Paige and Saunders [19]. Again, A is an m-by-n
matrix and b is a length-m vector. After k iterations, the Lanczos lower bidiagonal-
ization procedure produces the m-by-(k+ 1) matrix Uyy1 = [u1,us, ..., ug+1] and the
n-by-k matrix Vi, = [v1,va, ..., vx] such that

Uk+1(51€1) =b
AVy = U411 By

T T T
A Uk+1 = VkBk + Ok+1UK+1€% 415
where

(€3]
Bz o

By = B3 - )

ag
Br+1

and in exact arithmetic, Uk,THUkH =1 and VkTVk =1.

Again in this case, we can formulate the lower bidiagonalization algorithm as the
Lanczos reduction to tridiagonal form. Here we define

o 0 Ul 0 /1)2 oo 0 U}C
Z:[213227"'522k}: Uy 0 Us 0 L. Uk 0 ’
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a; 0 B
. B2 0 an
fl{g % ], and T = ay 0 - )
- B
Br 0 o
Qe 0

and then Algorithm 2 is mathematically equivalent to
AZ = ZT + Bey122k41€3y,

with Z#Z = I;, and ZH 25,11 = 0. Then in exact arithmetic, k steps of the lower
bidiagonalization procedure applied to A with starting vector u; produces the same
information as 2k steps of symmetric Lanczos applied to cyclic matrix A with starting
vector z; as defined above.

Algorithm 2 Lanczos reduction to lower bidiagonal form

Require: m-by-n matrix A and length-n starting vector b

1 B =|blla, ur = b/B1, 11 = ATur, aq = ||1]2, v1 = B /eva
2: for ¢ = 1,2,... until convergence do

3 Ui41 = Av; — i

4 B = [Tl

5 Uir1 = Uiy1/Bit1

6: Uip1 = ATuip — Biqavi

7 g1 = [|Vigall2

8 Vig1 = Vig1/ i1

9: end for

4. Communication-avoiding Lanczos bidiagonalization. There are at least
three ways to derive communication-avoiding variants of Algorithms 1 and 2, each with
associated pros and cons. The correct method to choose will depend on the structure
and conditioning of the matrix, the requirements of the particular application, and
machine-specific parameters such as cache size and relative latency/bandwidth cost.
We describe the three potential communication-avoiding variants in subsections below.

4.1. Equivalent form of CA-Lanczos. As discussed in Section 3, k steps of
either bidiagonalization procedure in Algorithm 1 or 2 will produce the same infor-
mation as 2k steps of symmetric Lanczos applied to the appropriately defined cyclic
matrix A and appropriately chosen starting vector z;. Therefore one can simply
use an existing version of CA-Lanczos (available in, e.g., [15, 1, 2]) run on input A
and z1, and recover the bidiagonalization matrices, either Py, Vi, and Ry for upper
bidiagonalization, or Ugt1, Vi, and By, for lower bidiagonalization, from Z and T.

This method is simple and allows us to use an existing communication-avoiding
method. The drawback is that the system is now twice the size, and extra work and
storage will be required unless the Lanczos method is modified to optimize for the
block non-zero structure of the matrix/vectors.

4.2. Forming Krylov bases. By introducing auxiliary quantities, yet another
version can be derived that works by building s-step Krylov bases with AAT and
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AT A. The benefit here is that other polynomial bases can be used in order to im-
prove numerical properties (e.g., Newton or Chebyshev). The drawbacks are that this
requires computing bases with powers of AAT and AT A, which squares the condition
number of A. Also, in order to satisfy the recurrences, we need 4s 4+ 1 basis vectors
in each iteration, which doubles the number of SpMVs per s iterations versus the
classical method (this is assuming we form and store A7 A and AAT offline; otherwise
the number of SpMVs required is 8s + 2). We note that this is equivalent (in exact
arithmetic) to the method described in the previous subsection, but takes nonzero
blocks into account and uses auxiliary quantities.

We derive this method below for both upper and lower bidiagonalization proce-
dures. Note that in communication-avoiding algorithms, we will switch from indexing
iterations by ¢ to indexing iterations by sk + j, where s is the iteration blocking
parameter, k is the outer iteration index, and j in the inner iteration index.

4.2.1. Reduction to upper bidiagonal form. Assume we are beginning it-
eration sk + 1 of Algorithm 1, where &k € N and 0 < s € N, so that vsgr1 and pggy1
have just been computed. Recall that

Poktit1 € K1 (AAT popin) + Ks(AAT, Avgpy1)  and
Vsk+j+1 € Ks (ATAa Usk+1) + Ks (ATAv ATpsk+1)7

for j € {0,...,s}.

We define basis matrices whose columns span these subspaces as follows. Let
Vi be a basis for K,(AT A, vgpi1), V) a basis for Ks(AAT | Avgpi1), Pr a basis for
Ksi1(AAT  psri1) and P, a basis for Ks(AT A, ATpyiy1). Assuming these polyno-
mial bases are generated using a three-term recurrence, we can write the recurrence
relations

(P)
- - T."’,0 0
(AAT)[Bk70,£k,0] = [kavk] [ * ] [T,Eff) 0]‘| e
V)
- _ [T 0] 0
AT A)Y,,0,P,,0] = [Vi, P, e 5 ;
(AT A)[V,0, P, 0] = Vi, P] [Tép)ﬂJ

where Py, Qk, V.., and Ek are the same as Py, f/k, Vk, and 75k, resp., but with the
last column removed, and the T} matrices are tridiagonal matrices of the form

a1
gl
By | (4.1)
&;
L Yi

where above i = s for T,EP) and i = s — 1 for Tév), T,iv)7 and TIEP). Note that the
entries &;, 45, and Bj can be set differently depending on whether we are constructing
polynomials in AAT or ATA. Also note that these recurrence coefficients could be
refined with each new outer loop. See Philippe and Reichel [20] for guidelines on
setting these entries such that the basis condition number is improved.
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To simplify notation, we will define Vi = [Py, Vi], Y, = [Bk,O,Qk,O], Z, =
[Vkapk]v ék = [EkaO’B]mO], and

T,Ey) =

o 10

", 0] 0 (2) _
F , T'=

This lets us rewrite the recurrences as
(AATYY, = W T) and  (ATA)Z, = 2,17,

The recurrences do not give us a way to represent multiplication by A and A7 in
these new bases, which are necessary to perform updates to the coordinate vectors
v;- 41 and p;v +1- The recurrences do however give ways to multiply by AAT and AT A,
and we introduce auxiliary quantities to make use of this. Let

. 4T T
Dsktjt1 = A Pskrjr1 = A (AVskyjr1r — Oskrj+1Dsk+5)/ Psk+j+1
T ~
= ((A" A)vskyjr1 — Oskrjt1Psk+s)/ Psktj1, and
- _ T
Vst jr1 = AVsirjr1r = A(A" Pskj — PsktjVsktj)/Osktj+1

= ((AAT)psk+j - psk+jﬁsk+j)/93k+j+1.

Then vector updates can then be written

Usktj+1 = Dsktj — Psk+jUsk+j
~ T ~
Uskrjr1 = ((AAD)Dskyj — Psk+jOskts)/Oskrjr1, and

Dsk+j+1 = Usk+j+1 — Osk+j+1Psk+j
for j e {1,...,s}, and

Potjr1 = (AT A gppja1 — Osttjr1Pokrs )/ Poktjtt

for j € {1,...,5 — 1} (Psk+s+1 is not needed). As before, vsiyj+1 = Usktjt+1/0sk+j+1
and Psktj+l = psk+j+1/Psk+j+1- Note that ﬁsk+j+1 € Y for j € {1,...,8} and
Dsktj+1 € Zx for j € {1,...,s — 1}, so no additional basis vectors are required to

represent updates to these auxiliary quantities. The classical version of this modified
upper bidiagonalization algorithm is given in Alg. 3.

We can then represent vsgp4j41, Usktj+1, Psk+j+1, and Psp4;4+1 by their coordi-
, - . . .
nates vy, Uj+1, Pj+1, and pjy1, resp., in Y and Zy, le.,

Usk+j+1 = Zk”§‘+17
ﬁsk:-ﬁ-j-‘,—l = ykﬁg»ﬂ, and
Pskyjr1 = VD, for je{l,...,s}, and
Dsktjt1 = Zkﬁ;_H for je{l,...,s—1}. (4.2)
Note that using (4.2), in each new outer loop we initialize the coordinate vectors to
pl = ey, v} =e1, P) = est1, and ¥] = es12, and update them in each iteration by the
7



Algorithm 3 Lanczos upper bidiagonalization with auxiliary quantities

Require: m-by-n matrix A and length-n vector b
1: 01 = [|ATb]|2, vy = ATb/61, p1 = Avy, p1 = [|P1ll2, p1 = P1/p1
2: 01 = Avy, p1 = ATpy

3: for i =1,2,... until convergence do
4: Vit1 = Pi — Pivi
5 Oip1 = [[Viga]l2
6:  Vit1 = Vit1/0i11
7 O = (AATp; — piti) /i
8: Dit1 = Viy1 — Oip1p;
9: pi+1 = |[Pit1ll2
10: Piy1 = Dit1/pit1
1 P = (AT Avigy — 04150/ pita
12: end for
formulas

~/ ~/ /

Vi+1 = Pj T Psk+iV;
/ —=/

Viy1 = @j+1/95k+j+17

- y -
“;ﬂ = (TIE )p; - Psk+jvé‘>/9sk+j+17

—/ /
Djp1 = Ujy1 — Osktj1p;, and

/ —/
Pjy1 = pj+1/ﬂsk+j+1a

for j € {1,...,s}, and

~ Zz ~
Pis1 = (ng )U}H — Ot j1105) / Pskritis

for j e {1,...,s—1}.
Now, it remains to determine how to compute the inner products 054,41 and
Psk+j+1- We can write

_ (=T — 1/2
Osksjir = (00 y i1 Oskrjrn)"

= ((Zx0)0) " (Zr07 )2
= (0 Z{ 20 )V (4.3)
and

_ (=T — 1/2
peitjt1 = (Dipsji1Psktsvr)”

= (V1) (Vibfia))?
= (pﬁlygykﬁ;‘ﬂ)lm- (4.4)
Defining the Gram matrices
GY =Yy, and G =zTz,
we can compute (4.3) and (4.4) by the formulas
_ Z)_ _ _
Osktj+1 = (’U;:Jrngc )U3'+1)1/2 and  pskyjr1 = (PQ‘THGJ(SJ)P;H)
8
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The resulting communication-avoiding version of Algorithm 3 is shown in Algo-
rithm 4. Note that in lines 19 and 20 of Algorithm 3, we have shown how to recover all
vectors that would be computed in the s iterations. For correctness of the algorithm
as shown, only the vectors for the most recent iteration need be recovered for use in
the next outer loop.

Algorithm 4 Communication-avoiding Lanczos upper bidiagonalization with auxil-
iary quantities

Require: m-by-n matrix A and length-n vector b

1: 01 = ||[ATb||2, vy = ATb/01, pr = Avy, p1 = ||P1ll2, p1 = D1/p1
2 0y = Avy, 1 = ATpy
3: for £k =0,1,... until convergence do ~
4: Compute Vi, a basis for ICS(ATA,vs;SH), Vi, a basis for Kq(AAT, Avgiq),
Py, a basis for ICS“(AAT,pSkH), and Py, a basis for K (AT A, ATpg.y1). Let
Ve = [Prs Vil Zr = Vi, Pr]-
z
5 G =Yy, P =zlz,
6: vy =e1, Py =e1, U] = €sy2, P = €541
7 for j=1,...,sdo
8: Vi1 = D) — Psk+jV; /
1/2

_ Z)_
9: Osk+j+1 = (Uﬁlai )”§+1)
10: ’U3-+1 = 6}+1/93k+j+1

- Y -
11: %H = (:{,5 )p} - psk+ﬂl)§)/9sk+j+1
12: Piy1 = Ujy1 = Oskgji1l]
1/2

_ V)
13: Psk+j+1 = (p;:-;-ngc )p;+1>
14: Plip1 = D1/ Psk+j+1
15: if j < s then

~ Z ~

16: Pip1 = (ng )U§'+1 — Osktj+1D5)/ Psk+j+1
17: end if
18: end for
19: [Vskt2, - - Vshgst1] = Zi[Vh, .., V5q1]
2. [okszrerrPokrost) = VilPhr- 1Pl
21: end for

4.2.2. Reduction to lower bidiagonal form. Now assume we are beginning
iteration sk 4 1 of Algorithm 2, where £ € N and 0 < s € N| so that usgy1 and vggq1
have just been computed. Recall that

Usk+j+1 € K:s (AAT7 AvskJrl) + ICS(AAT7 usk:+1) and
Vsirjt1 € Ksp1 (AT A vgpi1) + Ks (AT A, ATugr i),

for j € {0,...,s}.

We then define basis matrices whose columns span the desired subspaces as fol-
lows. Let Uy, be a basis for KCq(AAT  ugpi1), V). a basis for Ks(AAT | Avgpi1), Vi a
basis for Ksy1(AT A, vgpq1) and Uy, a basis for Ks(AT A, ATug ). Assuming these
polynomial bases are generated using a three-term recurrence, we can write the re-
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currence relations

)
- - [T, 0] 0
AATYU,,0,V,,0] = [Uy, V, 7 - and
( U, 0, Yy, 0] = [Uy, V] 0 ™),
%)
5 - 0] 0
AT AWV, 0,U,.,0] = [Vi, U, T - ,
( )[ k k ] [ k k] 0 [1’}5“)70]

where U, Qk, V., and Qk are the same as Uy, Vi, Vi, and Uy, resp., but with the
last column removed, and the T} matrices are tridiagonal matrices of the form given
in (4.1) with ¢ = s for T}gv) and i = s — 1 for T,gu), T,gv), and T}gu). As before the
entries &, 95, and ﬁj can be different depending on whether we are constructing
polynomials in AAT or AT A and could be refined with each new outer loop.

To simplify notation, we will define Vi = [Up, Vi], YV, = Uy, 0,V,,0], Z) =
Ve, Uz], Z, = [V, 0,U,, 0], and

T]gy) =

T, 0] 0 (2)
(f}) , Tk =

700 0
o [ro]f

This lets us rewrite the recurrences as

(AATYY, = W1 and
(ATA)z, = 2,17
Note that these are the same recurrences used in the communication-avoiding upper

bidiagonalization method of the previous subsection, but with different definitions of
Vi, 2k, Vi, and 2. Again, we introduce auxiliary quantities. Let

~ __ AT T
Ushtjpr = A" Usppjpr = A (AVshtj — Qg jliskts )/ Bsk+j+1
= ((ATA)vesj — Qskyjlsksj)/Bskrjr1, and
~ _ T
Vst jr1 = Avshpjtt = A(A Usktjr1 — Bsktj+1Vsk+j)/Qsktj+1

= ((AA" st j1 — Bsktjt10skrs )/ Qo jt1-

Then the vector updates become

Ushtjt1 = (Vsktj — QshpjUskis),
skt jr1 = (AT A)vsptj — st jlishts)/Bskrjt1, and

Vskjrl = (Usktj — Bsktj+1Vsk+s)s

for j € {1,...,s}, and
Bsktjr1 = ((AAT ) Ushijyr — Bsktjt1Oskhrs )/ Qo jtts

for j € {1,...,s — 1}. As before, uskijr1 = Uskyjt1/Bsktjr1 and Vepijpr =
Usk+j+1/0sk+j+1. The classical version of this modified lower bidiagonalization al-
gorithm is given in Algorithm 5.

Note that in Algorithm 5, G, ;41 € 2 for j € {0,..., s}, and Tspyj+1 € Vi for
j€{0,...,5—1}. Then we can represent s j4+1, Usk+j+1, Usktj+1, and Oskyjr1 by

10



Algorithm 5 Lanczos lower bidiagonalization with auxiliary quantities
Require: m-by-n matrix A and length-n starting vector b

1 B =|blla, u1 = b/B1, 11 = ATur, aq = ||1]]2, v1 = V1 /s
2. Uy = ATul, U = A’Ul

3: for i = 1,2, ... until convergence do

4: Uit = Vj — QU

5 Bit1 = Uil

6: Uiyl = Uir1/Biy1

T ﬂi+1 = (ATA”Ui — aiai)/ﬂi+1

8: Vig1 = Uit1 — Bi+1V;

9 aiy1 = [|Visall2

10: Vig1 = Vip1/Qit1

11: D1 = (AA w1 — Biga i) /i
12: end for

their coordinates u;-_H, Ujy1, Vj+1, and ¥;41, Tesp., in YV, and Zy, i.e.,
Ugh4j+1 = yku}+1,
ﬂ/sk;Jerrl = Zkﬂ;Jrl, and
Vsktji1 = Zrvjyy for je{l,...,s}, and
Ushtjy1 = Dty for je{l,...,s —1}. (4.5)

Note that using (4.5), in each new outer loop we initialize the coordinate vectors to
u) = ey, v] = ey, @) = esq2, and U] = €541, and update them in each iteration by the
formulas

=/ ~! /
Uj+1 = U QshtiU

’ —/

Ujpy = Uj+1/5sk+j+17

~ _ (Z) o ~/

Ujyy = (Tk U; — ask+j“j)/ﬂsk+j+1a

—/ o / /

Vjp1r = Ujp1 — ﬁskJerrlvj? and
!/ =/

Vit Uj-i-l/ask-‘rj-‘rlv

for j € {1,...,s}, and

~/ o ) 1 ~/
Ui = (T, W1 = Boktj+105) | Qshopj1s

for j€{1,...,s —1}.
Now, it only remains to determine how to compute the inner products Bgx4j+1
and agpyj 1. We can write
—T - 1/2
Bektjrr = (Uhyj 11 Uskrjrr)
- T(v) - 1/2
(V1) (Vrttyq)) /
T Ty = 1/2
(u;‘+1yk yk“;‘H) / (4.6)

and
Qa1 = (Olpy i1 Dskrjen) '/
= (210} 4) " (Za0) 1) 2
= (ﬁﬁlzgzk@;‘+1)l/2~ (4.7)
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Defining the Gram matrices
G =yIye  and  GP =zlz,
equations (4.6) and (4.7) become

)1/2 )=t )1/2.

V) - _ Z
Barsiir = (@5, Gy, and  agepjin = (05,GL7 ),
The resulting communication-avoiding version of Algorithm 5 is shown in Algorithm 6.
Again note that in lines 19 and 20 of Algorithm 5, we show recovery of all vectors
that would be computed in the s iterations, although only the vectors from the most

recent iteration need be recovered for correctness.

Algorithm 6 Communication-avoiding Lanczos lower bidiagonalization with auxil-
iary quantities

Require: m-by-n matrix A and length-n starting vector b

1: B1 = ||bll2, ur = b/B1, 1 = ATuy, aq = ||01]]2, v1 = U1/
2: ﬂl = ATU1, 1~}1 = AUl
3: for k=0,1,... until convergence do
4: Compute Uy, a basis for Ks(AAT ugii1), Vi, a basis for Ks(AAT, Avgy1),
Vi, a basis for Kqy1(AT A, v41), and Uy, a basis for K (AT A, ATug,,1). Let
Vi = [Uk,Vk] 2y, = Wi, U]
z
5: =Yy, 6P =zlz,
6: u’l =ey, V] =e1, U] = €512, V] = €541.
7 for j=1,...,sdo
—/ ~/ /
8: Uy = 0 — gy U
1/2
_ V) =1
9: Bsk+j+1 = ( afly Gy UJ+1>
/ — —/
10: j+1 = W41/ Bsk+j+1
(2) ~
11: /J+1 = (Tk v; = Oésk+j'y})/5sk+j+1
12: Uiy = Wjyy — Boktjt1V]
1/2
_ (T ~(Z2)
13: Ogltj+1 = (Uj-i-le “j+1)
14: U}+1 = 5}+1/ask+j+1
15: if j < s then
~r (), ~/
16: Vi = (T g — Bsktj+105)/ Qs j+1
17: end if
18: end for
19: [uskJer s 7psk+s+1} =V [ul27 s 7u/s+1]
20: [Usk+2,...7’05k+5+1] = Zk[v’z,...,vgﬂ]
21: end for

4.3. Alternating matrix powers. Another communication-avoiding variant
can be derived which builds two coupled Krylov bases, where basis vectors are com-
puted by alternating between multiplication by A and by AT. We still need to obtain
4s+1 basis vectors in order to take s steps of the algorithm, but in this case we do not
need to construct or multiply by AT A and AAT. It is less clear how to choose poly-
nomial basis parameters (entries of T ) in this case. Numerical and performance com-
parisons between these versions and the communication-avoiding versions discussed

12



in Section 4.2 remains future work. Note, as before, in both algorithms derived below
we show recovery of all iteration vectors after each inner loop, although only the last
vectors are needed to begin the next outer loop.

4.3.1. Reduction to upper bidiagonal form. Another version can be derived
by using coupled recurrences to generate bases for vgp4j4+1 and psryjri1. Recall that
for j € {0,...,s},

Pskrjr1 € Ksr1(AAT pain) + K (AAT Avgpy1)  and
Vsthtjr1 € Ks(AT A vgpq1) + Ko (AT A, AT pgrya).
Then assume that we have a 2s dimensional basis Zj such that vsp441 = Zkv; 11

and a 2s + 1 dimensional basis Vj such that psk+j+1 = Vkpjyq for j € {1,...,s}, and
that these bases satisfy the recurrences

AZ, =T, and ATY, = Z,T,

where Z,; and ), are the same as Zj and Y, resp., but with the last column removed.
The matrices Ty and T} are tridiagonal matrices of the form given in (4.1). Given
21 = Usk+1 and Y1 = psg+1, the columns of Zi and Yy can be generated by, e.g.,
computing

Y2 = (Az1 — dayn) /41,

29 = (ATy1 —&y21)/%1, and
Y1 = (Azg — éuye — Bo—1ye—1) /3 for L€ {2,...,2s+ 1},
zoa1 = (ATys — Gyzg — Bo1z0-1) /3 for L€ {2,...,2s},

where 2z, and vy denote the fth columns of Z; and Vg, respectively. Note that above,
the coefficients dy, ¢, and 4, could be different for computation of ye+1 and zp41.
Then

— T
Usk+j+1 = A DPsk+j — Psk+5VUsk+j
—/ _ AT / /
Zkvj-H =A lkpj - psk-&-jzkvj
‘2P /
= ZiTkp; — psitj 2rv;

and

Dsk+j+1 = AVskrjt1 — Oskrj+1Psk+j
—/ ! /
ykij = Aékvﬂ_l - 93k+j+1ykpj

= Vi Tiv} 1 — Oskrjrr Vipi-
Therefore in the inner loop we can update
Vi = Tkp; — Dsk45V and
D1 = Thv 1 — Oskrji1D},
and recover the iteration vectors by

12 /
Ushtjtl = Zkvjﬂ and  psptjt1 = ykpj+17
13



for j € {1,...,s}.
The scalars required for normalization can be computed by

_ 1/2 =z 1/2
Osktjr1 = [Usktjt1ll2 = ( J+1(Zgzk) J+1) = ( J+1G( 7 ]+1) and
12/ y 1/2
pattist = [Bokrgialle = B O V0BL) " = (BTG 0)
and then

!/ =/

Viy1 = Ui /0skrjr1  and
/ =/

Pjt1 = pj+1/ﬂsk+j+1~

The resulting communication-avoiding upper bidiagonalization algorithm is shown
in Algorithm 7.

Algorithm 7 Communication-avoiding upper bidiagonalization with alternating ma-
trix powers
Require: m-by-n matrix A and length-n vector b

1: 01 = |ATb]|2, vy = ATb/61, p1 = Avy, p1 = ||P1]|2, pr = D1/p1

2: for £ =0,1,... until convergence do

3: Compute Z; and YV such that AZ, = YT} and ATzk = Z.T.

Z y
g GP) =zlz, 6 = YTy,
5: vi=e, Pl =€
6: for j =1,...,sdo
T J+1 = Tkpj psk_,_jv;-
), 1/2
8: Osktjr1 = ( J+1G 7+1)
U;'+1 = {’;‘+1//0sk+3+1 .
10: Djy1 = Tk’l)j+1 — 09k+j+1pj
1/2
_ (5T )5
11 Psk+j+1 = (P}Jrle P;H)
12: Pit1 = D1/ Psktj+1
13: end for
14: [Vskt2,- -+ Vskrst1] = Zk[vy, ... ’v§+1]
15: [Dskt2s - - s Dsktst1)] = Vi[Pos - -, Dioya]
16: end for

4.3.2. Reduction to lower bidiagonal form. Now we derive a version of
lower bidiagonalization using coupled recurrences to generate bases for ugy4;4+1 and
Usk+j+1- Recall that for j € {0,...,s},

Usk+j+1 € ]CS(AAT, AvskH) + ’CS(AAT, usk+1) and
Usk+j+1 S le+1(ATAa 'UskJrl) + ICS (ATAa ATusk+1)~
Then assume that we have a 2s dimensional basis Vj such that wgpyjr1 = yku;- 41
and a 2s+ 1 dimensional basis Zj, such that vsyj41 = Zkv}ﬂ for j € {1,...,s}, and
that these bases satisfy the recurrences
AZ, =WT, and ATY, = 2Ty,
14



where Z, and ), are the same as Z; and )y but with the last column removed.
Given ugpy1 and vgg41, the columns of Vi, and Zi can be generated by computing

(Az1 — dawn) /51,

(ATy, — &121)/41, and

Yor1 = (Azg — duye — Be1ye—1) /A for €€ {2,...,2s},

2oyl = (ATyg — Qyzp — Bg_lzg_l)/’yg for £ € {2,...,25 + 1},

Y2 =
zZo =

where z, and vy denote the £th columns of Z; and YV, respectively. Note that above,
as in the upper bidiagonalization case, the coefficients &y, 8¢, and 4y can be different

for computation of yp41 and zp41.

Then
Usktj+1 = AVsktj — Ot jUsktj
—r / ) /
ykuj+1 = Agkvj - ask-i—]yku_j
! !
= Vi Tkv — skt Vi
and

_ T

Uskjr1 = A Uskyjr1 — Bsktjr1Vsk+j
—/ AT / /

2051 = A" Yy ujq — Bsktj+12k0]

2R /
= ZkaUj+1 - ﬁsk+j+IZkUj~

Therefore in the inner loop we can update

—/ _ / o
Wi = Thv; — Qskqju; and

~/ YAl /
Vjy1 = Tkuj+1 - Bsk-‘rj-‘rlvj;
and recover the iteration vectors by
I /
Usk+j+1 = Yk and  Vgppjr1 = Zpvjq,

for j € {1,...,s}.
The scalars required for normalization can be computed by

1/2
)1/2 = (ﬂg_lG,(cy)ﬂ;-H) and

Bakrjar = Tskrjrlla = (@5 (VE V)i,

T . = (3T (2T z &' 2 _ (T G(Z)—/ 1/2
Asktj+1 = ||vsk+J+1||2 = ('Uj+1( k k)’Uj+1) = ’Uj+1 L ’U]-Jrl ,

and then
i —/
Uy = Ujiq/Bsk+j+1  and

!/ =/
Vi1 = U1/ Oskpjtt-
The resulting communication-avoiding lower bidiagonalization algorithm is shown

in Algorithm 8.
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Algorithm 8 Communication-avoiding lower bidiagonalization with alternating ma-
trix powers

Require: m-by-n matrix A and length-n starting vector b

1: By = |bll2, ur = b/B1, 11 = ATuy, oy = ||01|2, v1 =01 /ey

2: for £k =0,1,... until convergence do R
3: Compute Zj, and Yy such that AZ; = VT, and ATY, = Z;,T.
eGP =zlz, 6 = YTy,

5: vl =ep, u] =ep

6: for j=1,...,sdo

7 ﬂ3‘+1 = Tkv;- — askﬂ-u;

1/2
_ (7T )=
Bsk+j+1 = (“§+1Gk “}+1>

8:
! — i/
Wipr = Wip1/ Bkt
=1 _ / ) ’
10: Vi = Thujyy — Bsk+J+1vj /
1/2
_ (T ~(2)
11: Olshotjtl = (”j+1Gk Uiy
/ =/
12: Vi1 = Uiy / Qskpjit
13: end for
li /
14: [usk+2> s 7usk+s+1] = yk[u27 s 7us+1]
/ /
15: [Usk+2a---7vsk+s+1] = Zk[vz,...,vs+1]
16: end for

5. Communication-avoiding LSQR. Paige and Saunders [19] showed that
the quantities generated by the lower bidiagonalization procedure in Algorithm 2 can
be used to solve the least-squares problem min ||b — Az|l2. We briefly review the
rationale behind the LSQR algorithm given by Paige and Saunders. For some vector
y;, define the quantities

ri=b— Ax;, and

tiv1 = Bie1r — Biy;.

Since for the lower bidiagonalization procedure we have U;11(f1e1) = b and AV, =
U;+1B;, it follows that r; = U;y1t;41, and since U;11 is orthonormal, this suggests
choosing y; such that ||¢;11]|2 is minimized, which gives the least-squares problem
min [|B1e1 — Biyil|2-

This problem is solved by updating the QR factorization of B; in each iteration,
given by

Qi[Bi pier] = [Ri fi ] ;

¢i+1

where R; is the upper bidiagonal matrix produced by Algorithm 1. (Coinciden-
tally, this factorization provides a link between the two bidiagonalization proce-
dures; see [19]). Above, Q; is the product of a series of plane rotations, i.e., Q; =
Qi,i+1 cee Q273Q172. We then have

x; = V;R; ' f; = Difi,
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where the columns of D; can be found successively by forward substitution on the
system RI DT = V;T'. This gives

d; = (1/pi)(v; — 0;d;—1) and
T =Ti—1 + ¢id;,

where do =g = 0.

The QR factorization is determined by constructing the ¢th plane rotation @; ;41
to operate on rows ¢ and 7+ 1 of the transformed [B; Bie1] and eliminate 5;41. This
recurrence relation can be written

|:Ci 3i:| [ pi 0 Q_Sz:| _ {Pz‘ Oiv1  Pi }

si —c¢i| [Bix1 a1 0 0 piy1 ¢it1

where p1 = a1, ¢1 = B1, and ¢; and s; are the elements of Qi i+1. Note that s
without a subscript still denotes the iteration blocking factor. In the algorithm,
vectors w; = p;d; are computed instead of d;. As in the previous section, quantities
with bars denote intermediate variables.

Thus, the LSQR algorithm proceeds as follows. One begins by setting

o1=0, pp=o01, wi=wv;, and z =0,1,

and proceeds with the Lanczos lower bidiagonalization process (Algorithm 2). In each
iteration, after (5;41, ®;4+1, and v;41 have been computed via the bidiagonalization
process, one updates

pi = (P} + B2,

ci = Pi/ Pis
si = Biy1/pis
Oiy1 = 80y,
Pi+1 = —CiQit1,
i = CiQy,
Pit1 = SiPi,
o
Tipl = T + — Wi,
1
041
Wi4+1 = Vi41 — ) Wy, and

?

Tit1 = [|b— Azt |2

The resulting algorithm is shown in Algorithm 9. Any of the communication-avoiding
variants of the lower bidiagonalization algorithm given in Section 4 can be adapted
to give a communication-avoiding version of LSQR. In Algorithm 11 we show a CA-
LSQR method based on the implementation in Algorithm 6. For reference, we give the
intermediate step in obtaining this new method, a classical LSQR algorithm which
uses auxiliary quantities, in Algorithm 10. In Algorithm 12, we give a CA-LSQR
method using the alternating matrix powers approach of the bidiagonalization in
Algorithm 8.

Note that in Algorithm 11 and 12, as in the previous section, although we have
shown the recovery of all iteration vectors for all s iterations at the end of each outer
loop, only iteration vectors for the last of the s iterations need be computed.
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Algorithm 9 LSQR

Require: m-by-n matrix A and length-n starting vector b

1 B1 = bll2, w1 =b/B1, 11 = ATy, ay = ||01]2, v1 = 01/
2: U = ATul, U] = A’Ul
33901 =01 pr=ar w=v z1=0,,
4: for i =1,2,... until convergence do
5: Ujp1 = Av; — aju;
o \1/2
6: Biv1 = (ui+1ui+l)
& Uit1 = Uip1/Bit1
8: Diy1 = ATuip — Biyav;
9: Qi1 = (@Zr1171‘+1)1/2
10: Vi1 = Vi1 /g1
1 pi= (P + B2
12: ci = pi/ pi, si = Bix1/pi
13: Oiv1 = 8iQiy1,  Pit1 = —CiQiq1
14: i = iP5, Giv1 = 5iP;
15: Tiv1 =z + (i) pi) wi
16: Wit1 = Vi1 — (Gip1/pi) wi
17: end for

Algorithm 10 LSQR with auxiliary quantities

Require: m-by-n matrix A and length-n starting vector b

1: B1 = ||bll2, ur = b/B1, 01 = ATus, aq = ||01]]2, v1 = U1/
20 Uy = ATul, U1 = Avy

391 =01, pr=o01, wi=v;, T1=0,
4: for i =1,2,... until convergence do

5: ﬂi+1 = 1~}1 — O, U;

6: Bit1 = (ﬂﬁﬂiﬂ)lﬂ

7: Uip1 = Uir1/Bit1

8 g = (AT Av; — i) / Bia

9: Vip1 = Uip1 — Bit1v;

o 1/2

10: Qjr1 = (Ui+1’l)7;+1)
11: Vig1 = @i+1/ai+1
122 Vg1 = (AA w1 — Bia0i) /i
13 pi= (0 + B
14: ¢i = pi/pi, si = Bir1/pi
15: Oiv1 = 8iiy1,  Pit1 = —CiQiq1
16: ¢ = cidy, Gir1 = sidi
17: Tiy1 = T; + ((bi/pi) W;
18: Wit1 = Vig1 — (Oig1/pi) wi
19: end for

6. Future work. In this manuscript, we have derived three communication-
avoiding variants of both upper and lower Lanczos bidiagonalization procedures, and
have given two corresponding versions of communication-avoiding LSQR solvers. Fu-
ture work involves evaluation of both the convergence and stability problems of the
various communication-avoiding methods presented here for a variety of different prob-
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Algorithm 11 CA-LSQR
Require: m-by-n matrix A and length-n starting vector b

1 B =|blla, u1 = b/B1, 11 = ATur, aq = ||1]]2, v1 = V1 /s
2: 1]1 = ATul, 'l~)1 = A’Ul
331 =01, pr=a1, wi=v1, =1=041
4: for £k =0,1,... until convergence do
5: Compute Uy, a basis for KCg(AAT  ugpi1), Uy, a basis for K(AT A, ATugpiq),
Vi, a basis for ICS+1(AT~A, Vsg+1), and Vi, a basis for Ks(AAT Avgpy1). Let
Ve = Ur, Vi), 2k = [Vi, U]
6 G =Yy, &P =zlz
7 ujp =eq, v] = ey, U] = €52, V] = €541.
8: w) = 01,2541, 17, @) = 025121
9: for j=1,...,sdo
10: ﬂ;Jrl = @; — a5k+ju;- i
11: Bsk+j+1 = (ﬂ;ﬂlGéy)a;Jrl) /
12: u;-Jrl = ’lj;—+1/ﬁsk+]‘+1
13: Wy = (T30 = ek 1))/ Baj
14: ’L_);-+1 = ﬂ;Jrl — ﬁsk+j+1v;
1/2
15: Qghtj+1 = (@}THG](CZ)’L_};le) /
16: U;—+1 = @;—+1/a5k+j+1
17 W41 = (Tl 4y = Banj15))/Qskrjn
18: Psktj = (Pagys T B§k+]‘+1)1/2
19: Csktj = Psktj/ Psk+» Ssktj = Bsktj+1/Psk+j
20: Osktj+1 = SsktjQsktj+ls  Psk+jtl = —CsktjQsktjt+1
21: Gsk+j = CsktjPsk+js Gsktjtl = SsktjPsk+j
22: Ty = T + (Psktj/ Psk+j) W)
23: Wiy = [V 007 = Osirjrn/poiri) W)
24: end for
25: [usk+2,...,usk+s+1] :yk[u’Q,...,u;H]
26: [U5k+2,...,vsk+s+1] = Zk[v’z,...,v;+1]
27 [Tskr2s - s Tshpst1] = [Zhs Wekr1)[@h, .- Thq] + Tsngrl1,s
28: [w8k+27 ey w8k+s+1] = [Zk, wskﬂ»][w’z, R ,w;+1}
29: end for

lems (and different s values), as well as a performance study for both sequential and
parallel versions. It is not clear from the derivations whether one method will always
win over the others in terms of best speed per iteration or best convergence rate. The
correct method to choose will depend on the structure and conditioning of the matrix,
the requirements of the particular application, and machine-specific parameters such
as cache size and relative latency/bandwidth cost.
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Office of Advanced Scientific Computing Research, X-Stack program under Award

19



Algorithm 12 CA-LSQR with alternating matrix powers
Require: m-by-n matrix A and length-n starting vector b

1: @1 = Hb”Q, Uy = b/ﬂl, v = AT’U,l, a1 = ||’l_)1H2, v = ’L_)l/Oél
291 =01, pr=a1, wy=v1, T1=0,1
3: for £k =0,1,... until convergence do
4: Compute Zj and Yy, such that AZ; = Vi T) and ATY, = Z,. Ty,
5. GP =z2Tz, QY =yTy
6: vl =ep, u] =e;
7: w = 01,2541, 17, ¥} = 025121
8: for j=1,...,sdo
9: ﬂ;+1 = Tkvg- — OzskJrju;
1/2
10: Barsiar = (aﬁlgéy)ﬂ;Jrl) /
11: Wiy = Wiy1/ Bkt
12: 17;+1 = Tku;-+1 — ﬂskJerrl’U;
1/2
13: Qsktj+1 = (17)3»,1;167'](62)17;_,'_1) /
14: 'L)3~+1 = 'L_);+1/Oésk+j+1
15: pakri = Py + Borgj)?
16: Csktj = Psk+j/Psk+ir  Ssktj = Bsktj+1/Psk+j
17: Osk+j+1 = SsktjQsktjtls  Psktj+l = —CsktjOsktj+1
18: Dsktj = CsktjPsktj Dsktjt1l = SsktjPsktj
19: vy =2 A (st i/ Pskrs) W)
20: Wiy = [k, 0 = (Oskrjr/psiry) W)
21: end for
22: [Uskt2, - s Ushpst1] = Vi[th, .., uhyq]
23: [Usk+2,...7’05k+s+1] = Zk[v’z,...,vgﬂ]
24: [l‘sk_i_g, S ,l‘sk+s+1] = [Zk, ’U)S/H_lM.’L‘é, ey a’,‘;+1] + xsk+111,s
25: [wsk+2, ey wsk+s+1] = [Zk, wsk+j][w’2, B ,w;_H}
26: end for
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