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Abstract

We consider the hypothesis testing problem of detecting a shift between the means of two mul-
tivariate normal distributions in the high-dimensional setting, allowing for the data dimension p
to exceed the sample size n. Specifically, we propose a new test statistic for the two-sample test
of means that integrates a random projection with the classical Hotelling T2 statistic. Working
under a high-dimensional framework with (p,n) — oo, we first derive an asymptotic power func-
tion for our test, and then provide sufficient conditions for it to achieve greater power than other
state-of-the-art tests. Using ROC curves generated from synthetic data, we demonstrate supe-
rior performance against competing tests in the parameter regimes anticipated by our theoretical
results.

1 Introduction

Application domains such as molecular biology and fMRI [e.g., [} 2| [3, 4] have stimulated consider-
able interest in two-sample hypothesis testing problems in the high-dimensional setting, where two
samples of data {X1,...,Xp, } and {Y1,...,Y,,} are subsets of R, and ni,n2 < p. The problem
of discriminating between two data-generating distributions becomes difficult in this context as
the cumulative effect of variance in many variables can “explain away” the correct hypothesis. In
transcriptomics, for instance, p gene expression measures on the order of hundreds or thousands
may be used to investigate differences between two biological conditions, and it is often difficult
to obtain sample sizes n; and ne larger than several dozen in each condition. For problems such
as these, classical methods may be ineffective, or not applicable at all. Likewise, there has been
growing interest in developing testing procedures that are better suited to deal with the effects of
dimension [e.g., [ [6] [7, [8, @].

A fundamental instance of the general two-sample problem is the two-sample test of means with
Gaussian data. In this case, two independent sets of samples {X7,..., X, } and {Y1,...,Y,,} CRP
are generated in an ii.d. manner from p-dimensional multivariate normal distributions N (u1, )
and N (p2,) respectively, where the mean vectors p; and ps, and positive-definite covariance
matrix 3 > 0, are all fixed and unknown. The hypothesis testing problem of interest is

Hy : pp = po versus Hy @y # po. (1)

The most well-known test statistic for this problem is the Hotelling 72 statistic, defined by

2= M2 (% yySL(X V), (2)

n1 + no



where X := 7’%1 > it Xj and Y = n% >_72,Y; are the sample means, and 5 is the pooled sample
covariance matrix, given by ¥ := 1 SUL(X = X)X - X) T+ £ (Y = Y)(Y; - Y)T, where we
define n := ny + n9 — 2 for convenience.

When p > n, the matrix S is singular, and the Hotelling test is not well-defined. Even when
p < n, the Hotelling test is known to perform poorly if p is nearly as large as n. This was shown
in an important paper of Bai and Saranadasa (abbreviated BS) [5], who studied the performance
of the Hotelling test under (p,n) — oo with p/n — 1 — ¢, and showed that the asymptotic power
of the test suffers for small values of € > 0. Consequently, several improvements on the Hotelling
test have been proposed in the high-dimensional setting in past years [e.g., 5] [6, [7), [§].

Due to the well-known degradation of ¥ as an estimate of ¥ in high dimensions, the line of
research on extensions of Hotelling test for problem . ) has focused on replacing S in the definition
of T? with other estimators of ¥.. In the paper [5], BS proposed a test statistic based on the
quantity (X — Y)T(X — Y), which can be viewed as replacing & with Ipxp. It was shown by
BS that this statistic achieves non-trivial asymptotic power whenever the ratio p/n converges to
a constant ¢ € (0,00). This statistic was later refined by Chen and Qin [§] (CQ for short) who
showed that the same asymptotic power can be achieved without imposing any explicit restriction
on the limit of p/n. Another direction was considered by Srivastava and Du [6] [7] (SD for short),
who proposed a test statistic based on (X — Y)TD LX —Y), where D is the diagonal matrix
associated with E i.e. D” = E” This choice ensures that D is invertible for all dimensions p with
probability 1. Srivastava and Du demonstrated that their test has superior asymptotic power to
the tests of BS and CQ under a certain parameter setting and local alternative when n = O(p).
To the best of our knowledge, the procedures of CQ and SD represent the state-of-the-art among
tests for problem ([I)! with a known asymptotic power function under the scaling (p,n) — co.

In this paper, we propose a new testing procedure for problem in the high-dimensional set-
ting, which involves randomly projecting the p-dimensional samples into a space of lower dimension
k < min{n,p}, and then working with the Hotelling test in R*. Allowing (p,n) — oo, we derive
an asymptotic power function for our test and show that it outperforms the tests of BS, CQ, and
SD in terms of asymptotic relative efficiency under certain conditions. Our comparison results
are valid with p/n tending to a constant or infinity. Furthermore, whereas the mentioned testing
procedures can only offer approximate level-« critical values, our procedure specifies exact level-a
critical values for general multivariate normal data. Our test is also very easy to implement, and
has a computational cost of order O(n?p) operations when k scales linearly with n, which is modest
in the high-dimensional setting.

From a conceptual point of view, the procedure studied here is most distinct from past ap-
proaches in the way that covariance structure is incorporated into the test statistic. As stated
above, the test statistics of BS, CQ, and SD are essentially based on versions of the Hotelling 72
with diagonal estimators of ¥. Our analysis and simulations show that this limited estimation of
3. sacrifices power when the data variables are correlated, or when most of the variance can be
captured in a small number of variables. In this regard, our procedure is motivated by the idea
that covariance structure may be used more effectively by testing with projected samples in a space
of lower dimension. The use of projection-based test statistics has also been considered previously
in Jacob et al. [I0] and Clémengon et al. [9].

!The tests of BS, CQ, and SD actually extend somewhat beyond the problem in that their asymptotic power
functions have been obtained under data-generating distributions more general than Gaussian, e.g. satisfying simple
moment conditions.



The remainder of this paper is organized as follows. In Section [2] we discuss the intuition for
our testing procedure, and then formally define the test statistic. Section [3|is devoted to a number
of theoretical results about the performance of the test. Theorem [1] in Section provides an
asymptotic power function, and Theorems [2| and [3|in Sections and give sufficient conditions
for achieving greater power than the tests of CQ and SD in the sense of asymptotic relative efficiency.
In Sections and we use synthetic data to make performance comparisons with ROC and
calibration curves against the mentioned tests, as well as some recent non-parametric procedures
such as maximum mean discrepancy (MMD) [11], kernel Fisher discriminant analysis (KFDA) [12],
and a test based on area-under-curve maximization, denoted TreeRank [9]. These simulations show
that our test outperforms competing tests in the parameter regimes anticipated by our theoretical
results.

Notation. We use § := p; — pg to denote the shift vector between the distributions N (pq, )
and N (ug,Y). For a positive-definite covariance matrix ¥, let D, be the diagonal matrix obtained
by setting the off-diagonal entries of ¥ to 0, and also define the associated correlation matrix
R = D;l/QEDOTl/Q. Let z1_, denote the 1 — a quantile of the standard normal distribution, and
let ® be its cumulative distribution function. If A is a matrix in RP*P, let ||A[|, denote its spectral

norm (maximum singular value), and define the Frobenius norm [|Af[ == /3>, ; A?j. When all

the eigenvalues of A are real, we denote them by Apin(A) = Ap(A4) < -+ <A (A) = Anax(A). If A
is positive-definite, we write A = 0, and A > 0 if A is positive semidefinite. We use the notation
f(n) < g(n) if there is some absolute constant ¢ € (0, 00) such that the inequality f(n) < cn holds
for all large n. If both f(n) < g(n) and g(n) < f(n) hold, then we write f(n) =< g(n). The notation
f(n) =o(g(n)) means f(n)/g(n) — 0 as n — oco. For two random variables X and Y, equality in

distribution is written as X 4 Y.

2 Random projection method

For the remainder of the paper, we retain the setup for the two-sample test of means with
Gaussian data given in Section 1. In particular, our procedure can be implemented with p > n or
p < n, as long as k is chosen such that & < min{n,p}. In Section we demonstrate an optimality
property of the choice k = [n/2], which is valid in moderate or high-dimensions, i.e., p > |n/2],
and we restrict our attention to this case in Theorems [2] and [3

2.1 Intuition for random projection method

At a high level, our method can be viewed as a two-step procedure. First, a single random projection
PkT € RF*P is drawn, and is used to map the samples from the high-dimensional space RP to a
low-dimensional space R¥. Second, the Hotelling T2 test is applied to a new hypothesis testing
problem, denoted Hg roj versus Hy 0, in the projected space. A decision is then pulled back to
the high-dimensional problem by simply rejecting the original null hypothesis Hy whenever the
Hotelling test rejects Ho proj in the projected space.

To provide some intuition for our method, it is possible to consider the problem in terms of a
competition between the dimension p, and the “statistical distance” separating Hg and H;. On one
hand, the accumulation of variance from a large number of variables makes it difficult to discriminate
between the hypotheses, and thus, it is desirable to reduce the dimension of the data. On the other



hand, methods for reducing dimension also tend to bring Hy and H; “closer together,” making
them harder to distinguish. Mindful of the fact that the Hotelling 72 measures the separation of
H, and H; in terms of the Kullback-Leibler divergence Dkr, (N (p1, X)||N(p2, X)) = 36" 714, with
§ = ju1 — j12,% we see that the relevant statistical distance is driven by the length of §. Consequently,
we seek to transform the data in a way that reduces dimension and preserves most of the length of
¢ upon passing to the transformed distributions. From this geometric point of view, it is natural to
exploit the fact that random projections can simultaneously reduce dimension and approximately
preserve length with high probability [14].

In addition to reducing dimension in a way that tends to preserve statistical distance between
Hy and H;, random projections have two other interesting properties with regard to the design of
test statistics. Note that when the Hotelling test statistic is constructed from the projected samples
in a space of dimension & < min{n, p}, it is proportional to [P (X —Y’)]T(PJEIP;C)_]L[PII(X—Y)].:3
Thus, whereas the tests of BS, CQ, and SD replace S in the definition of T2 with a diagonal estima-
tor, our procedure uses PJ f)Pk as a k x k surrogate for 5. The key advantage is that P,;r f]Pk retains
some information about the off-diagonal entries of ¥. Another benefit offered by random projection
concerns the robustness of critical values. In the classical setting where p < n, the critical values
of the Hotelling test are exact in the presence of Gaussian data. It is also well-known from the
projection pursuit literature that the empirical distribution of randomly projected data tends to be
approximately Gaussian [15]. Our procedure leverages these two facts by first “inducing Gaussian-
ity” and then applying a test that has exact critical values for Gaussian data. Consequently, we
expect that the critical values of our procedure may be accurate even when the p-dimensional data
are not Gaussian, and this idea is illustrated by a simulation with data generated from a mixture
model, as well as an example with real transcriptomic data in Section 77.

2.2 Formal testing procedure

For an integer k£ € {1,...,min{n,p}}, let P,;r € R¥*P denote a random matrix with i.i.d. N(0,1) en-
tries,* drawn independently of the data. Conditioning on a given draw of PkT , the projected samples
{P)X1,...,P] X, } and {P]Y1,..., P Y,,} are distributed i.i.d. according to N (P, p;, P, XPy)
respectively, with ¢ = 1,2. Since the projected data are Gaussian and lie in a space of dimension
no larger than n, it is natural to consider applying the Hotelling test to the following two-sample
problem in the projected space R*:

Ho proj : P,;r,ul = P]I/,LQ versus Hj proj P,;rul #+ P,:,ug. (3)

For this projected problem, the Hotelling test statistic takes the form

2. e T/v _ouT/pTSp\—-1ipT/(%v v
T = ——— [P, (X =Y)] (B, XP) " [B, (X = Y)],
ny + n
When p < n, the distribution of the Hotelling 7% under both Hy and H; is given by a scaled noncentral F
distribution 2= F}, n_p—1(n), with noncentrality parameter n := tL22 §"¥715. The expected value of T? grows

linearly with 7, e.g., see Muirhead [13, p. 216, p. 25].

3For the choice of P, given in Section the matrix P $P, is invertible with probability 1.

4We refer to P, as a projection, even though it is not a projection in the strict sense of being idempotent. Also,
we do not normalize P, by 1/v/k (which is commonly used for Gaussian matrices [T4]) because our statistic T} is
invariant with respect to this scaling.



where X, Y, and S are as stated in the introduction. Note that P,g— iPk is invertible with probability
1 when P, hasii.d. N(0,1) entries, which ensures that 77 is well-defined, even when p > n.
When conditioned on a draw of Pk,T , the T ,3 statistic has an %ka,kﬂ distribution under
Hj r0j, since it is an instance of the Hotelling test statistic [I3, p. 216]. Inspection of the formula
for T; k2 also shows that its distribution is the same under both Hy and Hg ,,0j. Consequently, if we
let to 1= #&F,ﬁlﬁﬁkﬂ, where F,i’;’fkﬂ is the 1 —a quantile of the F, ;41 distribution, then the
condition T,? > to is a level-a decision rule for rejecting the null hypothesis in both the projected
problem and the original problem (I)). Accordingly, we define this as the condition for rejecting

Hj at level « in our procedure for . We summarize the implementation of our procedure below.

Implementation of random projection-based test at level « for problem .

1. Generate a single random matrix P} € RF¥*? with i.i.d. N(0,1) entries.
2. Compute T,?, using PkT and the two sets of samples. (%)
3. If T, ,3 > tq, reject Hy; otherwise accept Hy.

3 Main results and their consequences

This section is devoted to the statement and discussion of our main theoretical results, including
an asymptotic power function for our test (Theorem , and comparisons of asymptotic relative
efficiency with state-of-the-art tests proposed in past work (Theorems [2{ and .

3.1 Asymptotic power function

Our first main result characterizes the asymptotic power of the T,? test statistic in the high-
dimensional setting. As is standard in high-dimensional asymptotics, we consider a sequence of
hypothesis testing problems indexed by n, allowing the dimension p, sample sizes n; and no, mean
vectors p1 and po and covariance matrix 3 to implicitly vary as functions of n, with n tending to
infinity. We also make another type of asymptotic assumption, known as a local alternative, which
is commonplace in hypothesis testing (e.g., see van der Vaart [16§14.1]). The idea lying behind a
local alternative assumption is that if the difficulty of discriminating between Hy and Hy is “held
fixed” with respect to n, then it is often the case that most testing procedures have power tending
to 1 under H; as n — oco. In such a situation, it is not possible to tell if one test has greater asymp-
totic power than another. Consequently, it is standard to derive asymptotic power results under
the extra condition that Hy and H; become harder to distinguish as n grows. This theoretical
device aids in identifying the conditions under which one test is more powerful than another. The
following local alternative (A0), and balancing assumption (A1), are the same as those used by Bai
and Saranadasa [5] to study the asymptotic power of the classical Hotelling test under (n,p) — co.
In particular, the local alternative (A0) means that the Kullback-Leibler divergence between the

p-dimensional sampling distributions, Dxr,(N(u1, X) || N(p2, X)) = 36" £716, tends to 0 as n — oco.

(A0) (Local alternative.) The shift vector and covariance matrix satisfy §' 71§ = o(1).

(A1) There is a constant b € (0, 1) such that ny/n — b.



(A2) There is a constant y € (0,1) such that k/n — y.

To set some notation for our asymptotic power result in Theorem let 6 := (9, %) be an ordered
pair containing the relevant parameters for problem , and define Ai as twice the Kullback-Leibler
divergence between the projected sampling distributions,

A2 =2 Dyy, (N(P,jm, PISP) || NP pa, P,jzpk)) — 5P (P TP) P4, (4)

When interpreting the statement of Theorem [1| below, it is important to notice that each time
the procedure (Eb is implemented, a draw of PkT induces a new test statistic Tk2. Making this
dependence on PJ explicit, let 3(6; P,;r ) denote the exact (non-asymptotic) power function of the
T ,3 statistic at level « for problem , conditioned on a given draw of PkT , as in procedure (x).

Theorem 1. Assume conditions (A0), (A1), and (A2). Then, for almost all sequences of projec-
tions P, the power function B(6; P]) satisfies

B(G;P,;r)<I><21Q+b(1b)1/12_yyAi\/ﬁ>%O as m — 0o. (5)

Remarks. Notice that if A7 = 0 (e.g. under Hp), then ®(—z1_4 + 0) = «, which corresponds
to blind guessing at level ar. Consequently, the second term b(1 — b) 12;yy A? \/n determines the

advantage of our procedure over blind guessing. Since Ai is twice the KL-divergence between the
projected sampling distributions, these observations conform to the intuition from Section 2 that
the KL-divergence measures the discrepancy between Hy and Hj.

Proof of Theorem . Let S (6; P,;r ) denote the exact power of the Hotelling test for the projected
problem at level a. As a preliminary step, we verify that

B(6; PY) = Bu(0; P, ), (6)

for almost all P,;r . To see this, first recall from Section 2 that the condition T; kQ >ty is a level-a
rejection criterion in both the procedure (ED for the original problem , and the Hotelling test
for the projected problem . Next, note that if H; : 0 # 0 holds, then Hj 05 : Pk,T 0 # 0 holds
with probability 1, since P, ¢ is distributed as N(0, [|6]|3 Ixxk). Consequently, for almost all P,
the level-a decision rule Tk2 > t, has the same power against the alternative in both the original
and the projected problems, which verifies @ This establishes a technical link that allows results
on the power of the classical Hotelling test to be transferred to the high-dimensional problem .

In order to complete the proof, we use a result of Bai and Saranadasa [5, Theorem 2.1]%, which
asserts that if A? = o(1) holds for a fixed sequence of projections P,|, and assumptions (A1) and
(A2) hold, then By(0; P, ) satisifes

ﬂH(G;P,;r)—q)<—21_a+b(1—b),/12_yyAz\/ﬁ> —0 as n — o0o. (7)

To ensure Ai = 0(1), we appeal to a deterministic matrix inequality that follows from the proof of
Lemma 3 in Jacob et al. [I0]. Namely, for any full rank matrix M € R¥*P and any § € R?,

STM(MTSM)IMTs < 5Tu1s

5To prevent confusion, note that the notation in BS [5] for § differs from ours.



Since PkT is full rank with probability 1, we see that A% < §T¥715 — 0 for almost all sequences
of PkT under the local alternative (A0), as needed. Thus, the proof of Theorem [1|is completed by
combining equation @ with the limit . O

3.2 Asymptotic relative efficiency (ARE)

Having derived an asymptotic power function in Theorem [I| we are now in position to provide
a detailed comparison with the tests of CQ [§] and SD [0, [7]. We denote the asymptotic power
function of our level-a random projection-based test (RP) by

Brp(0: P ) i= (— o(1- 01 o ﬁ) , (®)

where we recall § := (§,X). The asymptotic power functions for the level-a testing procedures of
CQ [8] and SD [6, [7] are given by

_ 20

foq(6) = q»(—zl_wW""";”mF), and (9a)
B b(1—b) 6TD;l6n

o) = (a4 250 S ) o

where D, denotes the matrix formed by setting the off-diagonal entries of 3 to 0, and R denotes the
correlation matrix associated to X. The functions Scq and Ssp are derived under local alternatives
and asymptotic assumptions that are similar to the ones used here to obtain Sgrp. In particular,
all three functions can be obtained allowing p/n to tend to an arbitrary positive constant, or to
infinity.

A standard method of comparing asymptotic power functions is through the concept of asymp-
totic relative efficiency, or ARE for short (e.g., see van der Vaart [16], ch. 14-15]). Since the term
added to —zj_, inside the ® function is what controls power, the relative efficiency of tests is
defined by the ratio of such terms. More explicitly, we define

2
3

ARE (Boq: fre) = (52 / /52 A2 Vi), and (10)
ARE (Bsp; frp) := (%/ %Aiﬁ)% (10b)

Whenever the ARE is less than 1, our procedure is considered to have greater asymptotic power than
the competing test—with our advantage being greater for smaller values of the ARE. Consequently,
we seek sufficient conditions in Theorems [2] and [3] below for ensuring that the ARE is small.

In classical analyses of asymptotic relative efficiency, the ARE is usually a deterministic quan-
tity that does not depend on n. However, in the current context, our use of high-dimensional
asymptotics, as well as a randomly constructed test statistic, lead to an ARE that varies with n
and is random. (In other words, the ARE specifies a sequence of random variables indexed by n.)
Moreover, the dependence of the ARE on Az implies that the ARE is affected by the orientation
of the shift vector 4.5 To consider an average-case scenario, where no single orientation of § is of

In fact, ARE (Bcq; Srp) and ARE (Bsp; Brp) are invariant with respect to scaling of 8, and so the orientation
/162 is the only part of the shift vector that is relevant for comparing power.



particular importance, we place a prior on §, and assume that it follows a spherical distribution”
with P(0 = 0) = 0. This implies that the orientation §/||d||2 of the shift follows the uniform (Haar)
distribution on the unit sphere. We emphasize that our procedure (ED does not rely on this choice
of prior, and that it is only a device for making an average-case comparison against CQ and SD
in Theorems[2] and [3] Lastly, we point out that a similar assumption was considered by Srivastava
and Du [6], who let § be a deterministic vector with all coordinates equal to the same value, in
order to compare with the results of BS [5].

To be clear about the meaning of Proposition [I] and Theorems [2] and [3] below, we henceforth
regard the ARE as a function of two random objects, P,;r and J, and our probability statements
are made with this understanding. We complete the preparation for our comparison theorems by
stating Proposition [1] and several limiting assumptions with n — oc.

(A3) The shift & has a spherical distribution with P(§ = 0) = 0, and is independent of P, .
(A4) There is a constant a € [0, 1) such that k/p — a.

(A5) Assume ﬁ #322) =o(1).

—1
(A6) Assume % =o(1).

As can be seen from the formulas for Sgp and the ARE, the performance of the T, ,3 statistic
is determined by the random quantity Ai. The following proposition provides interpretable upper
and lower bounds on Ai that hold with high-probability. This proposition is the main technical
tool needed for our comparison results in Theorems [2] and [3] A proof is given in Appendix

Proposition 1. Under conditions (A3), (A4), and (A5), let ¢ be any positive constant strictly
2
less than (1 — \/a)?, and let C be any constant strictly greater than Eiﬁgz Then, as n — oo, we

have

A2 ck
P(—£ > >—>1, and 11a
(HéH% =) (11a)
A2 Ck >
P ko< — 1. 11b
(H5H2 P () (116)

Remarks. Although we have presented upper and lower bounds in an asymptotic manner, our
proof specifies non-asymptotic bounds on A%/||§]|3. Due to the fact that Proposition [1|is a tool
for making asymptotic comparisons of power in Theorems [2| and [3] it is sufficient and simpler to
state the bounds in this asymptotic form. Note that if the condition tr(¥) < pAnin(2) holds,
then Proposition 1 is sharp in the sense the upper and lower bounds and match up to
constants.

3.3 Choice of projection dimension k = |n/2|

We now demonstrate an optimality property of the choice of projected dimension k = [n/2]. Note
that this choice implicitly assumes p > |n/2], but this does not affect the applicability of procedure

Tie. §  US for any orthogonal matrix U.



() in moderate or high-dimensions. Letting k/n — y € (0,1) as in assumption (A2), recall that
the asymptotic power function from Theorem [I]is

) <—zl_a +b(1 - b)ﬁAiﬁ) :

Since Proposition (1| indicates that Ai scales linearly in £ up to random fluctuations, we see that

formally replacing k with yn leads to maximizing the function f(y) := / 12_—;’ y. The fact that f is

maximized at y = 1/2 suggests that in certain cases, k = |n/2] may be asymptotically optimal in
a suitable sense. Considering a simple case where ¥ = o2 I, for some absolute constant o2 >0,
it can be shown® that under assumptions (A2), (A3), and integrability of ||5]|3,

p E(A})

n BBy Y (12)

for all y € (0,1), as n — oo. The following proposition is an immediate extension of this obser-
vation, and shows that k = |n/2] is optimal in a precise sense for parameter settings that include

¥ = o? I,xp as a special case. Namely, as n — oo, the quantity 1;—;’ AZ is largest on average for

k = |n/2] among all choices of k, under the conditions stated below.

Proposition 2. In addition to assumptions (A2) and (A3), suppose that ||0||3 is integrable. Also
assume that for some absolute constant o2 > 0, the limit holds for anyy € (0,1). Let y* =1/2,
and k* = |n/2]. Then, for any y € (0,1),

VELE(AZ)
2 L > 1. (13)

lim =
— 1— _
noee JSEEA?) 2vy(—y)

Remarks. The ROC curves in Figure [I] illustrate several choices of projection dimension, with
k = |yn] and y = 0.1, 0.3, 0.5, 0.7, 0.9, under two different parameter settings. In Setting (1),
Y = 02 I,xp with 0 = 50, and in Setting (2), the matrix ¥ was constructed with a rapidly
decaying spectrum, and a matrix of eigenvectors drawn from the uniform (Haar) distribution on
the orthogonal group, as in panel (d) of Figure |3| (see Section for additional details). The
curves in both settings were generated by sampling n; = ny = 50 data at points from each of the
distributions N (p1,Y) and N(u2,X) in p = 200 dimensions, and repeating the process 2000 times
under both Hy and H;. For the experiments under Hy, the shift 6 was drawn uniformly from a
sphere of radius 3 for Setting (1), and radius 1 for Setting (2)—in accordance with assumption
(A3) in Proposition [2 Note that k = |n/2| gives the best ROC curve for Setting (1) in Figure
which agrees with the fact that ¥ = 02 I« satisfies the conditions of Proposition [2| In Setting
(2), we see that the choice k = |n/2] is not far from optimal, even when ¥ is very different from
UQIpo.

sT
lloll2

8Note that |62 and §/||5||2 are independent, and E [
13 p. 38].

A ] = tr(A)/p for any A € RP*?, under (A3); see

Iz

Nej
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Figure 1. Setting (1) corresponds to ¥ = 02 I )y, with 0 = 50, and Setting (2) involves a covariance
matrix ¥ with randomly selected eigenvectors and a rapidly decaying spectrum. The ROC curves
indicate that k = |n/2] is optimal, or nearly optimal, among the five choices of y in the two settings.

3.4 Power comparison with CQ

The next result provides a sufficient condition for the T,f statistic to be asymptotically more powerful
than the test of CQ. A proof is given at the end of this section ((3.4]).

Theorem 2. Under the conditions of Proposition [l|, suppose that we use a projection dimension
k = |n/2|, where we assume p > |n/2|. Fiz a number e > 0, and let c¢i(e1) be any constant
strictly greater than m. If the condition

tr(2)?

; (14)
I=l1%

n > ci(€r)

holds for all large n, then P[ARE (Bcq; frp) < €1] = 1 as n — oo.

Remarks. The case of e = 1 serves as the reference for equal asymptotic performance, with
values €; < 1 corresponding to the T,? statistic being asymptotically more powerful than the test of
CQ. To interpret the result, note that Jensen’s inequality implies that the ratio tr(X)%/ ||Z|% lies
between 1 and p, for any choice of . As such, it is reasonable to interpret this ratio as a measure
of the effective dimension of the covariance structure.” The message of Theorem [2]is that as long
as the sample size n grows faster than the effective dimension, then our projection-based test is
asymptotically superior to the test of CQ.

The ratio tr(2)2/ [|Z[|% can also be viewed as measuring the decay rate of the spectrum of %,
with the condition tr(X)?/ IZ]|3 < p indicating rapid decay. This condition means that the data

9This ratio has also been studied as an effective measure of matrix rank in the context of low-rank matrix
reconstruction [I7].
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has low variance in “most” directions in RP, and so projecting onto a random set of k£ directions
will likely map the data into a low-variance subspace in which it is harder for chance variation to
explain away the correct hypothesis, thereby resulting in greater power.

Example 1. One instance of spectrum decay occurs when the top s eigenvalues of ¥ contain most
of the mass in the spectrum. When ¥ is diagonal, this has the interpretation that s variables
capture most of the total variance in the data. For simplicity, assume A1 = --- = Ay > 1 and
As+1 = --- = A, = 1, which is similar to the spiked covariance model introduced by Johnstone [18§].
If the top s eigenvalues contain half of the total mass of the spectrum, then s A\; = (p — s), and a
simple calculation shows that

tr(X)2 4N
= S ~
IS AT +M

(15)

This again illustrates the idea that condition is satisfied as long as n grows at a faster rate
than the effective number of variables s. It is straightforward to check that this example satisfies
assumption (A5) of Theorem [2{ when, for instance, \; = o(vk).

Example 2. Another example of spectrum decay can be specified by A\;(X) o i~ for some absolute
proportionality constant, a rate parameter v € (0,00), and i = 1,...,p. This type of decay arises
in connection with the Fourier coefficients of functions in Sobolev ellipsoids [1957.2]. Noting that
tr(2) < [P vdr and ||Z]|% < [P 22 da, direct computation of the integrals shows that

1 ifv>1
log? p ifv=1
tr(2)? 5
=P ifve(3,1).
=iz )Y ‘2.

p/logp ifl/:%
P if v e (0,3)

Thus, a decay rate given by v > 1 is easily sufficient for condition to hold unless the dimension
grows exponentially with n. On the other hand, decay rates associated to v < 1/2 are too slow for
condition to hold when n < p, and rates corresponding to v € (%, 1) lead to a more nuanced
competition between p and n. Assumption (A5) of Theorem |2 holds for all v € (0, 1), but when
v=1or v > 1, the dimension p must satisfy the extra conditions logp = o(vk) or p*~! = o(Vk)
respectively. '’

The proof of Theorem [2] is a direct application of Proposition

2
Proof of Theorem % Recalling ARE (Bcq; frp) = (ﬁgl‘f /ﬁAi) , with k = |n/2| and y = 1/2,

the event of interest,
ARE (Bcq; Bre) < €1, (16)

n 1 Az 2
2 o =\ )
1217 €1 116113

19Tt may be possible to relax (A5) with a more refined analysis of the proof of Proposition

is the same as

11



By Proposition (I, we know that for any positive constant ¢ strictly less than (1 — /a)?, the
probability of the event

ck A2
< Dk 17
w® = ol 17

tends to 1 as n — co. Consequently, as long as the inequality

n 1 ck2
\M@a<<mm>’ %)

holds for all large n, then the event of interest will also have probability tending to 1. Replacing
k with % - [1 — o(1)], the last condition is the same as

. tr(X)? ‘ 4
T =N et —o(W)

(19)

Thus, for a given choice of ¢;(e€1) in the statement of the theorem, it is possible to choose a positive
¢ < (1—+/a)? so that inequality is implied by the claimed sufficient condition for all large
n. 0

3.5 Power comparison with SD

We now give a sufficient condition for our procedure to be asymptotically more powerful than SD.

Theorem 3. In addition to the conditions of Theorem [, assume that (A6) holds. Fiz a number

€1 > 0, and let c1(e1) be any constant strictly greater than m. If the condition

o () (552 2

holds for all large n, then P[ARE (Ssp; frp) < €1] — 1 as n — oo.

Remarks. Unlike the comparison against CQ, the correlation matrix R plays a large role in
determining relative performance of our test against SD. Correlation enters in two different ways.
First, the Frobenius norm [|R||; is larger when the data variables are more correlated. Second,
if ¥ has a large number of small eigenvalues, then tr(D,!) is very large when the variables are
uncorrelated, i.e. when ¥ is diagonal. Letting UAU " be a spectral decomposition of ¥, with u;
being the ith column of U T, note that (Dy);; = uZTAuZ When the data variables are correlated, the
vector u; will have many nonzero components, which will give (D, ); a contribution from some of the
larger eigenvalues of ¥, and prevent (D, );; from being too small. For example, if u; is uniformly
distributed on the unit sphere, as in Example 4] below, then on average E[(D,);] = tr(X)/p.
Therefore, correlation has the effect of mitigating the growth of tr(D_1). Since the SD test statistic
[6] can be thought of as a version of the Hotelling 72 with a diagonal estimator of ¥, the SD test
statistic makes no essential use of correlation structure. By contrast, our Tk2 statistic does take
correlation into account, and so it is understandable that correlated data enhance the performance
of our test relative to SD.

12



Example 3. Suppose the correlation matrix R € RP*P has a block-diagonal structure, with m
identical blocks B € R along the diagonal:

B
R= . (21)
B

Note that p = m - d. Fix a number p € (0,1), and let B have diagonal entries equal to 1,
and off-diagonal entries equal to p, i.e. B = (1 — p)Igxq + p11T, where 1 € R? is the all-ones
vector. Consequently, R is positive-definite, and we may consider > = R for simplicity. Since
IBIZ = d + 20?(9), and ||R||5 = m || B||F, it follows that

RN = [1+ 6 (d = 1] p.

Also, in this example we have tr(X) = tr(D, ') = p and p/d = m, which implies

<tr<z>>2 <tr<Dgl> )2 I R
p 12l 7 1+p*(d—1) ~
Under these conditions, we conclude that the sufficient condition in Theorem |3| is satisfied
when n grows at a faster rate than the number of blocks m. Note too that the spectrum of X
consists of m copies of Apax(X) = (1 —p) + pd and (p —m) copies of Apin(2) = 1 — p, which means
when p is not too small, the number of blocks is the same as the number of dominant eigenvalues—
revealing a parallel with Example From these observations, it is straightforward to check that
this example satisfies assumptions (A5) and (A6) of Theorem (3l The simulations in Section

give an example where R has the form in line and the variables corresponding to each block
are highly correlated.

(22)

=l E

Example 4. To consider the performance of our test in a case where X is not constructed deter-
ministically, Section illustrates simulations involving randomly selected matrices 3 for which T,?
is more powerful than the tests of BS, CQ, and SD. Random correlation structure can be generated
by sampling the matrix of eigenvectors of ¥ from the uniform (Haar) distribution on the orthogonal
group, and then imposing various decay constraints on the eigenvalues of 3. Additional details are
provided in Section

Example 5. It is possible to show that the sufficient condition requires non-trivial correlation
in the high-dimensional setting. To see this, consider an example where the data are completely
free of correlation, i.e., where R = Ipx,. Then, ||R||; = \/p, and Jensen’s inequality implies that
2 —1y\ 2

tr(D;Y) > p?/tr(Dy) = p?/tr(%), giving (n(%)) (tr"fll;”“’F)) > p. Altogether, this shows if the
data exhibits very low correlation, then cannot hold when p grows faster than n (in the presence
of a uniformly oriented shift 0). This is confirmed by the simulations of Section Similarly, it is
shown in the paper [6] that the SD test statistic is asymptotically superior to the CQ test statistic!!
when ¥ is diagonal and ¢ is a deterministic vector with all coordinates equal to the same value.

' Although the work in SD (2008) [6] was published prior to that of CQ (2010) [8], the asymptotic power function
of CQ for problem is the same as that of the method proposed in BS (1996) [5], and SD offer a comparison against
the method of BS.
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The proof of Theorem [3] makes use of concentration bounds for Gaussian quadratic forms, which
are stated below in Lemma [1| (see Appendix |A| for proof). These bounds are similar to results in
the papers of Bechar, and Laurent and Massart [20, 21] (c.f. Lemma [3|in Appendix , but have
error terms involving the spectral norm as opposed to the Frobenius norm, and hence Lemma
may be of independent interest.

Lemma 1. Let A € RP*P be a positive semidefinite matriz with ||All, > 0, and let Z ~ N(0, Ipxp).
Then, for anyt >0,

P|ZTAZ > tr(A)<1 +t "?"2))2] < exp (—1%/2), (23)

tr(A)
and for any t € (07 TAL ~ 1), we have

< exp(—t*/2). (24)

2
T 1A IAl
P|Z"AZ < tr(A)< L= eay — 1 tr(A25>

Equipped with this lemma, we can now prove Theorem

Proof of Theorem[3 We proceed along the lines of the proof of Theorem 2] Let us define the event

of interest, &, : = {ARE (Bsp; Brp) < 61}, where we recall ARE (Bsp; Brp) = ("(S‘HR% 6/\fA2>
with & = [n/2]| and y = 1/2. The event &), holds if and only if

2 2

on 1 _ (A 1513 ”

2e ~ \|0]3 ™D i) (25)
IR € 16115 §"Ds'é

We consider the two factors on the right hand side of . 25) separately. By Proposition || l, for any
constant ¢ € (0, (1 — y/a)?), the first factor “?”2 satisfies

< ck A2
<

) = H5H2> —1 asn— 0. (26)

2
Turning to the second factor 5T”1(:5)”*21 5 in line ([25)), we note that /(|2 is uniformly distributed on

the unit sphere of RP, and so §/|d]|2 4 Z/||Z||2, where Z ~ N(0, I,xp). Next, using Lemma we
see that assumption (A6) implies

Z'D;17

———72_—— — 1 in probability.
tr(Dg 1) P Y

Since || Z]|3/p — 1 almost surely, we obtain the limit

§'D7'%6¢ p 4 Z'DJ'Z p

= — 1 in probability. 27
BIE woe)  w0:) 1213 probability 27
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~ . 1512 . G
Consequently, for any ¢ € (0, 1), the random variable 5 D;21 518 greater than - (Z’; 5

tending to 1 as n — co. Applying this observation to line , and using the limit , we conclude
that P (&,) — 1 as long as the inequality

H!I%nl\lfvﬁll = (trc(];)>2 (m(Zl))Q (28)

holds for all large n. Replacing k with 5 - [1 — o(1)], the last condition is equivalent to

r(2)\? [ tr(D;))* 4
nz( p > (IHRIIIF> e 2é[l—o(1)2 (29)

Thus, for a given choice of ¢1(e1) in the statement of the theorem, it is possible to choose ¢ <
(1—+/a)? and ¢ < 1 so that the claimed sufficient condition implies the inequality for all
large n, which completes the proof. O

with probability

4 Performance comparisons on real and synthetic data

In this section, we compare our procedure to a broad collection of competing methods on synthetic
data, illustrating the effects of the different factors involved in Theorems | and [3] Sections [4.1] and
[4.2] consider ROC curves and calibration curves respectively.

4.1 ROC curves on synthetic data

Using multivariate normal data, we generated ROC curves (see Figure [3) in five distinct parameter
settings. For each ROC curve, we sampled n1 = no = 50 data points from each of the distributions
N(u1,%) and N(ug,%) in p = 200 dimensions, and repeated the process 500 times with 6 =
1 — p2 = 0 under Hy, and 500 times with ||§]|2 = 1 under H;. For each simulation under Hy, the
shift 0 was sampled as Z/||Z||2 for Z ~ N (0, I,xp), so as to be drawn uniformly from the unit sphere,
and satisfy assumption (A3) in Theorems |2 and [3| Letting UAU " denote a spectral decomposition
of 33, we specified the first four parameter settings by choosing A to have a spectrum with slow or fast
decay, and choosing U to be Iy, or a randomly drawn matrix from the uniform (Haar) distribution
on the orthogonal group [22]. Note that U = I, gives a diagonal covariance matrix X, whereas
a randomly chosen U induces correlation among the variables. To consider two rates of spectral
decay, we selected p equally spaced eigenvalues Aq,..., A, between 1072 and 1, and raised them to
the power 15 for fast decay, and the power 6 for slow decay. We then added 1073 to each eigenvalue

to control the condition number of ¥, and rescaled them so that [|S[|, = /AT + -+ A2 = 50 in

each of the first four settings (fixing a common amount of variance). Plots of the resulting spectra
are shown in Figure 2] The fifth setting was specified by choosing the correlation matrix R to have
a block-diagonal structure, corresponding to 40 groups of highly correlated variables. Specifically,
the matrix R was constructed to have 40 identical blocks B € R®*% along its diagonal, with the
diagonal entries of B equal to 1, and the off-diagonal entries of B equal to p := ﬁ (c.f. Example

. The matrix ¥ was then formed by setting D, = %Ipxp, and X = DCI,/QRD},/2.
In addition to our random projection (RP)-based test, we implemented the methods of BS [5],
SD [6], and CQ [8], which are all designed specifically for problem in the high-dimensional
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Figure 2. Plots of two sets of eigenvalues Ai,...,A,, with slow and fast decay, both satisfying

Iz = /A +---+ A2 = 50. To interpret the number of non-negligible eigenvalues, there are 29
eigenvalues greater than %)\max(Z) in the case of fast decay, and there are 65 eigenvalues greater

than f—OAmaX(Z) in the case of slow decay.

setting. For the sake of completeness, we also show comparisons against two recent non-parametric
procedures that are based on kernel methods: maximum mean discrepancy (MMD) [I1], and kernel
Fisher discriminant analysis (KFDA) [12], as well as a test based on area-under-curve maximization,
denoted TreeRank [9]. Overall, the ROC curves in Figure [3| show that in each of the five settings,
either our test, or the test of SD, perform the best within this collection of procedures.

On a qualitative level, Figure [3] reveals some striking differences between our procedure and
the competing tests. Comparing independent variables versus correlated variables, i.e. panels (a)
and (b), with panels (c¢) and (d), we see that the tests of SD and TreeRank lose power in the
presence of correlated data. Meanwhile, the ROC curve of our test is essentially unchanged when
passing from independent variables to correlated variables. Similarly, our test also exhibits a large
advantage when the correlation structure is prescribed in a block-diagonal manner in panel (e).
The agreement of this effect with Theorem [3]is explained in the remarks and examples after that
theorem. Comparing slow spectral decay versus fast spectral decay, i.e. panels (a) and (c), with
panels (b) and (d), we see that the competing tests are essentially insensitive to the change in
spectrum, whereas our test is able to take advantage of low-dimensional covariance structure. The
remarks and examples of Theorem [2| give a theoretical justification for this observation.

It is also possible to offer a more quantitative assessment of the ROC curves in light of Theorems
and Table summarizes approximate values of tr(2)?/[|Z]|% and (“(pz))z ("m(g‘ﬁ:;))z from
Theorems [2| and [3| in the five settings described above.'? The table shows that our theory is
consistent with Figure[3] in the sense that the only settings for which our test yields an inferior ROC

12For the case of randomly selected 3, the quantities are obtained as the average from 500 draws.
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Figure 3. ROC curves of several test statistics for five different settings of correlation structure
and spectral decay of X: (a) Diagonal covariance / slow decay, (b) Diagonal covariance / fast decay,
(¢) Random covariance / slow decay, and (d) Random covariance / fast decay. (e) Block-diagonal
correlation.
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curve are those for which the quantity (”@))2 (“(D;I)f is drastically larger than n = 50 +50 —2 =

P [R3S

98. (In all of the settings where tr(2)?/ [|%[|5 and ("(E))2 (tr(Dgl)f are less than n, our test yields

P =1 =
the best ROC curve against the competitors.) However, if the entries in the table are multiplied

by a choice of the constant c;(e;) > %\/W from Theorems and we see that our asymptotic

conditions and are somewhalt( conservative at the finite sample level. Considering n = 98,
the table shows that cj(e;) would need to be roughly equal to 1.5 so that the inequalities
and hold in all the settings for which our method has a better ROC curve than the relevant
competitor. In the basic case that e; = 1 and a = 0, we have ﬁ = 4, which means that the

constant ——4— needs to be improved by roughly a factor of 4 /1.5 ~ 3 or better. We expect that

e1(1—v/a)?
such improvement is possible with a more refined analysis of the proof of Proposition

2 — 2
Table 1. Approximate values of the quantities tr(3)?/||%]% and (“(E)) (”(D”l)) in the five

P I =

parameter settings of the synthetic data experiments. Theorems [2] and 3| assert that these quantities
determine the relative performance of our test against CQ and SD respectively.

diagonal ¥, | diagonal ¥, | random 3, | random ¥, | block-diagonal
slow decay fast decay | slow decay | fast decay correlation
(Thm. 2| vs. CQ) tr(X)2/ 2% 54 25 54 25 41
2 TN 2
(Thm. |3 vs. SD) (“f)) (‘j"(j;ﬁ’;)) 46x10° | 3.5x10° 58 30 41

4.2 Calibration curves on synthetic data

Figure [4] contains calibration plots resulting from the simulations described in Section [f.I}—showing
how well the observed false positive rates (FPR) of the various tests compare against the nominal
level a. (Note that these plots only reflect simulations under Hy.) Ideally, when testing at level «,
the observed FPR should be as close to a as possible, and a thin diagonal grey line is used here as a
reference for perfect calibration. Figures || (a) and (b) correspond respectively to the settings from
Section where 3 is diagonal, with a slowly decaying spectrum, and where ¥ has random eigen-
vectors and a rapidly decaying spectrum. In these cases the tests of BS, CQ, and SD are reasonably
well-calibrated, and our test is nearly on top of the optimal diagonal line. To consider robustness
of calibration, we repeated the simulation from panel (a), but replaced the sampling distributions
N(pi, %), i = 1,2, with the mixtures 0.2 N (p; + d13, %) + 0.3 N(pi + do23,2) + 0.5 N (i + dsz 4, %),
where 0.2d;; + 0.3d2; + 0.5d3; = 0, and dy,1,d2,1,d1 2,d22 were drawn independently and uni-
formly from a sphere of radius ||2||%. The resulting calibration plot in Figure (c) shows that
our test deviates slightly from the diagonal in this case, but the calibration of the other three tests
degrades to a much more noticeable extent. Experiments on other non-Gaussian distributions (e.g.
with heavy tails) gave similar results, suggesting that the critical values of our procedure may be
generally more robust (see also the discussions of robustness in Section )

5 Conclusion

We have proposed a novel testing procedure for the two-sample test of means in high dimensions.
This procedure can be implemented in a simple manner by first projecting a dataset with a single
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Figure 4. Calibration plots on synthetic data under three different data-generating distributions.
The grey line is a reference for optimal calibration.

randomly drawn matrix, and then applying the standard Hotelling 72 test in the projected space.
In addition to deriving an asymptotic power function for this test, we have provided interpretable
conditions on the covariance and correlation matrices for achieving greater power than compet-
ing tests in the sense of asymptotic relative efficiency. Specifically, our theoretical comparisons
show that our test is well-suited to interesting regimes where the data variables are correlated, or
where most of the variance can be captured in a small number of variables. Furthermore, in the
realistic case of (n,p) = (100,200), these types of conditions were shown to correspond to favor-
able performance of our test against several competitors in ROC curve comparisons on synthetic
data. Extensions of this work may include more refined applications of random projection to other
high-dimensional testing problems.
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A Matrix and Concentration Inequalities

This appendix is devoted to a number of matrix and concentration inequalities used at various
points in our analysis. We also prove Lemma (1] which is stated in the main text in Section [3.5

Lemma 2. If A and B are square real matrices of the same size with A = 0 and B = BT, then
Amin(B) tr(A) < tr(AB) < Apax(B) tr(A). (30)

Proof. The upper bound is an immediate consequence of Fan’s inequality |28, p.10], which states
that any two symmetric matrices A, B € RP*P satisfy tr(AB) < >0, Mi(A)X\i(B), where \jy1(-) <
Ai(+). Replacing A with —A yields the lower bound. O

See the papers of Bechar [20], or Laurent and Massart [21] for proofs of the following concentration
bounds for Gaussian quadratic forms.

Lemma 3. Let A € RP*P with A= 0, and Z ~ N(0,Ipxp). Then for any t > 0, we have

P[2TAZ > tr(A) + 2| Allp Vi + 2| All

IN

exp(—t), and (31a)

N

p [ZTAZ < tr(A) — 2| Al » ﬁ} < exp(—t). (31b)

The following result on the extreme eigenvalues of Wishart matrices is given in Davidson and Szarek
[29, Theorem I1.13].

Lemma 4. For k < p, let P € R*¥*? be a random matriz with i.i.d. N(0,1) entries. Then, for
all t > 0, we have

P [Amax(%P,ij) > (1 +/E/p + t)2} < exp(—pt?/2), and (32a)
i [Amm(}?P,ij) <(1-k/p- tﬂ < exp(—pt2/2). (32b)

Proof of Lemma [1. Note that the function f(Z):= VZTAZ = ||AY/?Z||5 has Lipschitz constant
|”A1/2H|2 = /|[|A4]|, with respect to the Euclidean norm on RP. By the Gaussian isoperimetric
inequality [30], we have for any s > 0,

Pf(2) SEL(2)] - 5] < exp (571 ) (33)

From the Poincaré inequality for Gaussian measures [31], the variance of f(Z) is bounded above
as Var[f(Z)] < ||All,- Noting that E[f(Z)?] = tr(A), we see that the expectation of f(Z) is lower

bounded as
E[f(Z)] = y/tr(A) — [|All5-

Substituting this lower bound into the concentration inequality yields
_ g2
P |#(2) < o) - 1Al - 5| < e ()
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. . tr(A . . :
Finally, letting t € (O, m - 1), and choosing s* = t? || A||, yields the claim (24)).

The Gaussian isoperimetric inequality also implies P[f(Z) > Ef(Z) + s] < exp ( 2@]2)' By

Jensen’s inequality, we have

E[f(Z)] = EVZTAZ < \/E[ZT AZ] = \/tr(A),

from which we obtain P {f(Z) > /tr(A) + s] < exp ( s ), and setting s* = t?|| A, for t > 0
yields the claim ([23]).

B Proof of Proposition

The proof of Proposition [I] is based on Lemmas [f] and [6], which we state and prove below in
Section We then prove Proposition [1|in two parts, by first proving the lower bound (11a)), and

then the upper bound (11b)) in sections and respectively.

B.1 Two auxiliary lemmas

Note that the following two lemmas only deal with the randomness in the k x p matrix P, and
they can be stated without reference to the sample size n.

Lemma 5. Let PkT € R**P have i.i.d. N(0,1) entries, where k < p. Assume there is a constant
a € [0,1) such that k/p — a as (k,p) — oo. Then, there is a sequence of numbers c;, — (1 — \/a)?
such that

1 _ k
P [p tr(Py (P, ©P) P ) > tr(E)ck] — 1 as (k,p) — co.
Proof. By the cyclic property of trace and Lemma [2, we have
1 1
tr (Pk(P,jzpk)*lpm = tr ((PJZPk)*lp,ij) (34)
p p
1
> ((P,;r sz)—l) Amin (P,j Pk> . (35)

For a general positive-definite matrix A € R¥** Jensen’s inequality implies tr(A~!) > k2/tr(A).
Combining this with the lower-bound on )\min(PkT Py) from Lemma leads to

1 k2

“tr (PP PP ) > ——————— 1= k/p—ta]? 36

S (PBTER) k)_tr(PkTEPk)[ /o~ 1o] (36)
=:1—ro(t2)

with probability at least 1 — exp(—pt3/2).

We now obtain a high-probability upper bound on tr(Pl,;r Y P) that is of order k tr(X). First let
Y = UAUT be a spectral decomposition of ¥. Writing P £P; as (P U)A(UT Py), and recalling
that the columns of Py are distributed as N(0, Ipx,), we see that P,I Y. Py is distributed as P,I APy.
Hence, we may work under the assumption that ¥ and A are interchangeable. Let 0 < A\ <--- < A,
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be the eigenvalues of 3, with A; = A, and let Z € R(P¥)*1 he a concatenated column vector of k
independent and identically distributed N (0, I,xp) vectors. Likewise, let A € RPEXPE he a diagonal
matrix obtained by arranging k copies of A along the diagonal, i.e.

A
A= . (37)
A

By considering the diagonal entries of PkT APy, it is straightforward to verify that tr(P,;r APy) 4

Z"AZ. Applying Lemma 3| to the quadratic form Z'AZ, and noting that ||A]|,/tr(A) and
lIA[l5 / tr(A) are at most 1, we have

tr(P{ APy) < tr(A) + 2vE]| Al g + 2t | Al

= ktr(A) + 2vEsVE Al p + 265 1Al

< ktr(A) (1 + 2\‘}}? + 2%) (38)

=:14r3(t3)

with probability at least 1 — exp(—t3), giving the desired upper bound on tr(P, AP;). In order to
combine the last bound with , define the event

Ey = {;tr <Pk(P;jEPk)71PJ) = tré}) 1 %_— ZEZ; } 7

and then observe that P(E}) > 1 — exp(—pt3/2) — exp(—t3) by the union bound. Choosing t =
1/pl/4 and t3 = vk, we ensure that P(Ey) — 1 as (k,p) — oo, and moreover, that

el g e

1+ 7’3(t3)
which completes the proof. O
Lemma 6. Assume the conditions of Lemma H Then for any C > Ei%gz, we have
CvVk
P H’Pk(PJEPk)’lPJH’F < 3 \/(;) —1 as(k,p) = oo. (39)

Proof. By the relation H\AW% = tr(A?2) for symmetric matrices A, and the cyclic property of trace,
2 2 2
H’Pk(PJZPk)—lp,ij — tr ((Pk(PJsz)—lp,j) ) — tr <((P,jzpk)—1p,jpk) > .

Letting p(-) denote the spectral radius of a matrix, we use the fact that |tr(A)| < kp(A) < k|| A]|,
for all real k x k matrices A (see [32, p. 297]) to obtain

2 2
|prrsra |, < (ersroprn)

2
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Using the submultiplicative property of ||-||, twice in succession,

2 2
IPcrimrtrl |, < vl eismo el A

<kfjerzm, |7ed (1)
1
=k X\ (P]P).
)\Igmn(PI;rZPk) max( k k)
Next, by Lemma [4, we have the bound
)\max(Pk Pk < p-[1+ \/ D+ t4 ) (41)
=:1+’r‘4(t4)

with probability at least 1 — exp(—pt3/2).
By the variational characterization of eigenvalues, followed by Lemma [ we have

Amin(PYEP) = inf (:JP,I EPka:)

llzll2=1
f f ||P
Z i (v7=) oL 1 Pl (42)
— Amln(z) mm(P];rPk)
> )\mm(E) (1 — T2(t2)),

with probability at least 1 — exp(—pt3/2), and ry(tz) defined as in line (36).

Substituting the bounds and into line , we obtain

E o (14 7y(ty))?
T AL (D) (1= ra(t2)

H’Pk PIsP)P] H‘ (43)

with probability at least 1 — exp(—pt3/2) — exp(—pt3/2), where we have used the union bound.
Setting to = t4 = 1/p1/4, the probability of the event tends to 1 as (k,p) — oo. Further-

more,
() (1t V@)
(1=ra(t2))> (1= Va)’
and so we may take C in the statement of the lemma to be any constant strictly greater than

(1+va)®
(—vaP: -

B.2 Proof of lower bound (11a) in Proposition

By the assumption on the distribution of 0, we may write ¢/||0||2 as Z/||Z||2 where Z ~ N(0, Ipxyp)-
Furthermore, because ||Z|2/\/p — 1 almost surely as n — oo, it is possible to replace §/||d]|2

- AL _1,T T ~1pT :
with Z/,/p, H5|]|€§ = ,Z Py(P, XP,)" P, Z. Noting that we
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may take Z to be independent of P,: , the concentration inequality for Gaussian quadratic forms in
Lemma 2 gives a lower bound on the conditional probability

P[5k > Lo (PU(PTSP) ) = () | PT] 21— exp(—t), (44)

where (1) := Q‘F H‘Pk P,CTEP;C) lPkTH‘F is a random error term, and ¢; is a positive real number
that may vary Wlth n. Now that the randomness from § has been separated out in , we study
the randomness from P,;r by defining the event

Ep = {}3 tr (Pe(Py SP)~ ) — v(t1) > Ln} , (45)

where L,, is a real number whose dependence on n will be specified below. To see the main line
of argument toward the statement of the proposition, we integrate the conditional probability in
line with respect to P,;r , and obtain

P (i > Ln) = [1 - exp(—t1)] P(E), (46)

The rest of the proof proceeds in two parts. First, we lower-bound tr (Pk(PkT EPk)*lPkT ) / p on
an event &, with P(£)) — 1 as n — oo. Second, we upper-bound (t1) on an event & with
P(EY) — 1. Then we choose L, so that &, D & NE/, and take t; — oo so that implies
P(AZ/116]13 > Ln) — 1 as n — oo.

For the first step of lower-bounding tr (Pk(PJEPk)_lPJ) /p, Lemma asserts that there is a
sequence of numbers ¢, — (1 — y/a)? such that the event

&, :{ tr (Pp(P/ 2P,) "' P) > ufE)C”} "

satisfies P(£) — 1 as n — oo.

Next, for the second step of upper-bounding the error (1), Lemma |§| guarantees that for any

2
constant C' strictly greater than Ei%gw the event

&= {2 |IPETER) BT || < 29 ) (48)

satisfies P(£/) — 1 as n — 0.

Now, with consideration to &/ and &/, define the deterministic quantity

k QC tr(X)
w5y [on = VA 2f iy (49)
which ensures &, D & N &/ for all choices of t;. Consequently, P(£,) — 1, and it remains to
choose t; appropriately so that the probability in line tends to 1. If we let ¢ = Vk ’;f‘(“z“)“,
then t; — oo by assumption (A5), and the second term inside the brackets in line (49)) vanishes as
n — 00. Altogether, we have shown that

tr(%) ’“
-~ (1=Va)?’,  and P(naw 2L )

L, =

Ly,

It follows that P <H5II2 > trc(g) — 1 for any positive constant ¢ < (1 — y/a)?, which completes the

proof of the lower bound (|11al). O
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B.3 Proof of upper bound (11b)) in Proposition

|I5H2
%ZTPk(PkT YP,)"'P) Z. Conditioning on P/, Lemma [3 I gives a lower bound on the conditional
probability

2
As in the proof of the lower bound |11a]in Appendix we may reduce to the case that =

P [% < %tl‘ (Pk(P,;FEPk)—lpl;r) + w(Sl) + qb(sl) | P];T] >1-— exp(—sl)7 (50)

where s; is a positive real number that may vary with n, and we define

ey TR I

‘Pk plxp)tp] m (51)

Clearly, ¢(s1) < \/s1¢(s1). Again, as in the proof of the lower bound E, we let U, denote an
upper bound whose dependence on n will be specified below, and we define an event

D, = {;tr (Pk(P,szk)—lp,I) + (1 +/s1)9Y(s1) < Un} , (52)

and integrate with respect to P,;r to obtain

AQ
P <H5”r < Un> > [1 — exp(—s1)] P(Dy). (53)
2

Continuing along the parallel line of reasoning, we upper-bound % tr (Pk(PkT EPk)*lPkT ) on an event
", (defined below) with P(D),) — 1, and re-use the upper bound of 9 (s1) on the event & (see line

(48])), which was shown to satisfy P(E)/) — 1. Then, we choose U, so that D,, D D), N &/, yielding

P(D,,) — 1. Lastly, we take s; — oo at an appropriate rate so that the probability in line

tends to 1.

To define the event D), for upper-bounding %tr (Pk (P,;r ZPk)—lP,;r ), note that for a symmetric
matrix A with rank k, Jensen’s inequality implies tr(A) < y/ktr(A42), regardless of the size of A.
Considering A = Py(P]XP;)"'P), and \/tr(42) = ||A||p, we see that we may choose D), = &/
from line , and on this set we have the inequality,

1 CVk
tr(Py(PSP) P < VE—— 54
S PR DR D) < Vi (549)
with probability tending to 1 as n — oo, as long as C is strictly greater than Eiﬁ;j In order to
guarantee the inclusion D,, D D] N &/, we define
Ck
Uy = 14 (s1+ 55
vt [ v 2 (55)

Note that k = |n/2] implies k — co as n — oo, so choosing s; = k'/4 ensures that s; — oo and
the second term inside the brackets in line vanishes. Combining lines and , we have

p)‘min(z)

Ck — 1.

AZ
P (k < Un> —1, and U,
6115

It follows that P <|| 513 < mf(z)) — 1 for any constant C strictly greater than E}f%;z, which

completes the proof of the upper bound (11b]). O
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